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Abstract: Left and right Caputo fractional calculus is developed further with new interesting representation formulae. In that spirit we
introduce and develop in great generality the corresponding left and right proportional Caputo style fractional calculus. We establish the
analogous proportional fractional representation formulae. Based on all the above we derive left and right fractional integral inequalities
of Opial, Poincaré, Sobolev and Hilbert-Pachpatte types.
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1 Background

1.1 From Left Fractional calculus and more

Let @ € (0,1) and f € C' ([a,b]), [a,b] C R.
The left Riemann-Liouville fractional integral of f is given by

VEN @)= g [ =0 F 0 m

for a <x < b, where I is the gamma function.
We set JO := I, the identity operator.
By Theorem 1.5, p. 3, [1], J¥f € C([a,b]).
Here [-] denotes the ceiling of the number, i.e. [a] = 1.
The left Caputo fractional derivative of f is given by

a o 1 o N—agp
(D) ()= Frp—g |, =0 (0, @
V x € [a,b]. Clearly D, f € C([a,b]).
We set D! f := f" and DO, f = f.
By [1], p. 11, we get that
(JEDLS) () = (Jof') (x) (3)

:/axf,(t)dt:f(x)_f(a), YV x € [a,b].

When f (a) = 0, we obtain
(JaDZaf) (x) = f (x), Vx € [a,b]. )
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The left Riemann-Liouville fractional derivative of f is defined by

LDGf (x) =Dy “f (x) )
_ ﬁ%/a (r—1)"%f(1)dr, Y x€ [a,b].
By Lemma 3.5, p. 53, [2], we derive that
1Dg f = DL, f,
iff
f(a)=0.

And, by Theorem 3.7, p. 53, [2], we have that
DEJLf=f, (6)

given f is continuous over [a,b].

1.2 From Right Fractional Calculus and more

Leta € (0,1) and f € C! ([a,b]), [a,b] C R.
The right Riemann-Liouville fractional integral of f is given by

1

I f(x) = (o) / ' =0 f@)al, (7

Vx€la,b]. WesetI) :=1.
By Theorem 2.5, p. 37, [11, I f € C([a,b]).
The right Caputo fractional derivative of f of order ¢, is given by

Dy f(x):=~1,"%f'(x) =

_ b
Fima | U—er ®

V x € [a,b]. Clearly DY f € C([a,b]).
The right Riemann-Liouville fractional derivative of f is defined by

1 d rb
D(X — 7_/ _ -
R e ey A RO ©
Vx € [a,b].
We define gD _f:=1.
That is
’D}_f = —DI,"“f. (10)
Given f (b) = 0, by Theorem 23.9, p. 339, [3], we obtain that
rRDY_f = (DY_f), (11)
over [a.b].
We have that

Dy Iy f =r Dj Iy f =

(~)DL=“I f = (~1)DI_f = (~1)*f = f.
So when f (b) = 0, we have
Dy I f=F. (12)
Also, by [1], p. 43, we have
(LD f) () = (=1) (I,_f") () =

[ r@a= [ rmar=rw-re). (13)

Consequently, given f (b) = 0, we obtain
Iy Dy f=f. (14)
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1.3 Conclusion

Leta € (0,1), f € C' ([a,b]).
(i) Given f (a) = 0, we derive over [a, b] that

JiDZf = DI f = f. (15)
Hence J, D2, are functional inverses.
(ii) Given f (b) = 0, we get over [a, b] that
I Dy f=Dy Ij f=Ff. (16)
Hence Ij* , Di are functional inverses.
So that
(Ja D) (Ja D% f) = (I DY) (f) = £ (17)
and
Ja (D0 Jg ) DLf = f, (18)
and
Ji (g o DS DLf = f. (19)
That is ) )
(Ja) (D) f=T1. (20)
Hence for any N € N, we obtain
N N
Va) (D) f=T, 21
given that f (a) = 0.
By similar reasoning we derive that
N N
(L) (D) f= 1, (22)

¥V N €N, given that f (b) = 0.
Consequently, if (D%)'") f € C([a,b]), i=1,...,N, we get that

JEDE)N f = D)™ = DG, (23)
given that f (a) = 0.
Furthermore, if (D‘b"i)(l)f € C([a,b]),i=1,...,N, we obtain
i (D) r= (D )N =DV Dy, (24)

given that f (b) = 0.
So both cases are true for some N € N; ot € (0,1) and f € C' ([a,b]).

1.4 About New Conformable Calculus

Here all come from [4].

Definition 1.(A class of New Conformable Derivatives) ([4]) Let & € [0, 1], and let the functions ko, k; : [0, 1] x R — [0, 00)

be continuous such that
lim &y (et,t) =1, lim ko(at,2) =0, Vi €R,
a—0+ a—0+

lir? ki (a,t) =0, liIIll ko(a,t)=1, Vit eR, (25
o—1— o—1—
ki(o,t) #0, ¢ €[0,1), ko(ot,t) #0, ov € (0,1], Vi €R.
Then, the following differentiable operator D%, defined via
DS (1) = ki (a,0) f (1) + ko (et,1) £ (¢) (26)

is the New Conformable derivative given that [’ (t) exists fort € R.
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Definition 2.(/4]) (Conformable Exponential Function). Let a € (0,1], the points s,t € R with s < t and let the function
p:[s,1] = R be continuous. Let ko, ki : [0, 1] x R — [0, 00) be continuous and satisfy (25) with £ and L Riemann integrable
on [s,t]. Then the exponential function with respect to D* in (26) is defined to be

1 p(0)—k (a.7) T t k(@ T)d
ep(t,s):=e” Hf@?) . eo(t,s):=e @D 27

Using (26) and (27) we have the following basic results.

Lemma 1.(/4]) (Basic Derivatives). Let the conformable differential operator D* be given as in (26), where o € [0, 1]
Let the function p : [s,t] — R be continuous. Let ko, k; : [0,1] x R — [0,00) be continuous and satisfy (25), with £ and
Riemann integrable on [s,t]. Assume the functions f and g are differentiable as needed. Then

(i) D* [af + bg] = aD* [f] + bD% [g] for all a,b € R;

(ii) D%c = cky (@, ) for all constants ¢ € R;

(iii) D [fg] = fD“ [¢] + gD* [f] — fgki (@, ")

(iv) D® [ﬂ _ gDa[f»]gEfDa[g] + gkl ()

(v) for a. € (0,1] and fixed s € R, the exponential function satisfies

Di*lep (t,5)] = p(t)ep (t,5) (28)

forey(t,s) given in (27);
(vi) for a € (0,1] and for the exponential function ey given in (27), we have

D“[/ fkoeo” s]:f(t). (29)

Definition 3.(/4]) (Integrals). Let o € (0,1] and 1y € R. In the light of (27) and Lemma 1 (v) & (vi), define the
antiderivative via

/D"‘f(t)dat:f(t)+ce0(t,to), ceR.

Similarly, define the integral of f over [a,b] as

’ _ [ f()e(ts) L
/a f(s)eo(t,s)dys .7/(1 %o (0,9) ds, dgs:= ko () ds; (30)

recall that
¢ &y (o)

e (t,s) :==e (@D

_ effs’kl(oc,r)dar
Jfrom (27).

Lemma 2.(/4]) (Basic Integrals). Let the conformable differential operator D* be given as in (26), the integral be given
as in (30) with a € (0,1]. Let the functions ko,k| be continuous and satisfy (25), and let f and g be differentiable as
needed. Then

(i) the derivative of the definite integral of f is given by

De [/a[f(s)eo(t,s)das] — ) 31

(ii) the definite integral of the derivative of f is given by

/ DA (5)]eo (t,5) das = f (s) eo (1,5) [y i= £ (1) — f () o (t,a); (32)

(iii) an integration by parts formula is given by

/abf(t)D“ [g(1)]eo (byt)dat = f (1) g (1) o (1) [{—a—

[ @0 0] (@) £ ) 001 €8
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Remark.(to Lemma 2 (iii))
When f = g we get
b
/ F)D*[f (D)]eo (bt)dat = f* (b) — f*(a) eo (b,a) -
Ja
b b ’
[ £ @OD @) eo (b,1)dat + [k (0t) £ (1) e (b1) (34)
Ja a
Therefore it holds ) 5
b b)— f7(a)ey(b,a
[ 0D 0l dos = (FEZ O (39)
a
1 b
3 [ POk (e (bu1) da.
a
1.5 Proportional left Caputo Fractional Calculus
Proportional left Caputo Fractional Calculus was first introduced in [5], ¢ € (0,1).
Here we go more generally.
We define for f € C' ([a,b]) in the sense of D:
("DES) W)= e [ =0 Do (1 (36)
v x'_F(lfoc) ; X ,
VY x € [a,b]. Clearly PD% f € C(|a,b]).
The function DY, f is called the proportional left Caputo fractional derivative of f.
That is
("DSaf) (x) = 1~ (Df) (x).. (37)
The left proportional integral is given by (30):
1
(1) 0= [ £(5)e0(.9)dus. &
a
and PI,f € C([a,b]).
By (32) we get
("LDf) (1) = (1) = f (@)eo (t,a), (39)
and ’I,D%f € C([a,b]).
We define the left Riemann-Liouville proportional integral as follows:
t
(F151) (1) = [ DY F (9)e0 (¢.9)dus. (40)
a
Clearly PIRL f € C([a,b]) when f (a) = 0.
We have that .
(11 ("D%1)) (0= [ (DY ("D%1)) (5)eo (1.5) das, 41)
Ja
with (PIRL (PD2,£)) € C (a,b]).
We see that
PD*aa ILJI(Ifo (1) = (J;fa oDa) o (Pla oLD}[a)f(t)
31 - .
2 (o D) £ (1) (42)

(by [5]. p- 39) - ~
U9 " i g2 (@) = £ (1) - %

I'(a) z=a+t

=10~

0=f(@1), t#a.
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‘We have proved that
DI~ £, 1 £a 43)
Next we study
(trs" ("D%f)) () = ("lao 1Dy %) o (Ja~ D) £ (1) (44)
(by Theorem 2.14, p. 30, [2])
= ("1oD*) £ (1) 2 £ (1)~ f (@eo(t.0).
Assuming f (a) = 0, we have
(e "D%) f= 1. @5)
Conclusion: When f (a) = 0, we have

(LIX-PDY) f = (PDE TIFY f=f, t#a. (46)

That is IZIffL, P DY, are functional inverses over (a,b].
Clearly for any N € N we get

G (D2 r=f, 1 #a. (47)

given that f (a) = 0.
Thus, it holds

N N—1 (N-1)a
PR ("%)" = (Pp%) T = ("D £ 1 (48)
under the assumptions: f (a) = 0;
fi

and (PDfa)(i)fE C([a,b]), fori=1,...,N; where f € C' ([a,b]), @ € (0,1).

1.6 Proportional right Caputo Fractional Calculus
We define for f € C! ([a,b]) in the sense of D%, & € (0,1):

-1 b
(PD‘b"if) (x):= mfx (t—x)"*D%f (t)dt, 49)

V x € [a,b]. Clearly ’D¥ f € C([a,b]).
That is
("DE_f) (x) = =, =% (D*f) (x). (50)

We call © Dy _f the proportional right Caputo fractional derivative of f.
The right proportional integral of f is given by

("I,f) ( / f(s)eo(b,s)dys, (51)
Yt € [a,b]; with PI,,f € C([a,b]).
We have that .
(B D*N) ()= [ (D) () e0(b,5)das = £ (0) = F (1) (b,1): (52)
with (P, (D%f)) € C([a,b]).
If f ( ) = 0, we derive that
("lyoD*) (f (1)) = —f (1) eo (b,1), Vi € [a,b]. (53)
Next we define
b
(RIFEf) (1) = /, (rRD}) £ (5)) €0 (b,s) das, (54)

V t € [a,b], where gD, *f the right Riemann-Liouville fractional derivative of f of order 1 — o, & € (0,1). When
£(b) =0, itis ZIRLf € C ([a,b]).
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Furthermore we consider
b
(k15" ("DE_f)) (1) = / (kD= ("DY_ 1)) (5) €0 (b,5) das, (55)

V't € [a,b], where (RIRE (PDY f)) € C([a,b]).
Finally we observe that

(by (50), (53))
(b 5 ) £ 0™ P2

=~ (PL,oD¥) f(t) = f (t)eo (b.1),

PlI,orD) %) o (IL"%oD%) f (1) (56)

by assuming f (b) = 0.
Above we used that (see (11) and (12))

D,"%oI/~® =1, the identity operator.
Conclusion: When f (b) = 0, we get that
(=ly"o" D) f (1) = f () eo (b,1), (57)
Vitela,b].

2 Main Results

We start with a collection of Opial type inequalities.
Here o € (0,1), f € C' ([a,b]); p.g>1: 5+ 1 =1, NeN.

Theorem 1.Assume that o0 > é; f(a)=0, (D%f) € C([a,b]), i=1,...,N. Then

A

(x—a)‘”?lfé (DY) 1 2
l ; W (58)
24T () [(p(a—1)+ 1) (p(a—1)+2)]7 </a I )] >

(o) o 022)

V x € [a,b].
Proof.By (23) we have

JE(DNE) £ () =Dl F (), (59)
given that f (a) = 0, under the assumption (D'%f) € C([a,b]),i=1,...,N.
That is : »
(Nfl)a - W o o—1 No
(D) o) = g [ =0 ) W, (60)
foralla <w <x<b.
Hence, by Holder’s inequality we derive
‘(Dﬁk’;”l)“f / |(DY2f) ()] at
1 w g
< DNO! q 4 — 1
<ra ([ - ) ( )of'ar) ob
pla—1)+1 1
1 (w—a) 7 : DNoz |th>
@)\ (pa-1)+1)7
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Call .
2(w) ::/a (DY £) ()|, z(a) =0, (62)
a<w<x.
Then
7 (w) = (DYF) W), (63)
and |
|((DYF) w)| = (2 (w))?, alla<w<x (64)
Therefore we have (all a < w < x)
1 ( )p(a—l)+l
(N-1a Not w—a P , 1
Dig ) W) (D% f) (W)| < z(w)Z (w))?. (65)
ot 1%7) o080 = iy (2= ) o
Hence it holds

! . a1t 1
1 w—a P w / w7 dw
F(Oﬂ)(l’(a—l)+l)ﬁ/a (w=a) (z(w)2' (w)

(B51%7) tw)| | (D) ()

(by Holder’s inequality)

! ’ w—a)Pl % D+ gy
I (o) (p(a—1)+1)7 </( )

N—
<=
N
n\><
N
=
N\
=
QU
=
N———
Il

(a—1)+2
1 (x—a)p P

1 1 ' w)dz(w q:
I (@) (p(a= 1)+ 17 (p(a—1)+2)7 (f st ))
(x—a)* 7

1 T (66)
ra)[(pla=1)+1)(p(a—=1)+2)]r 29

(x—a)aJrTI’*% DY) q i
(1)|"dt ) .
24T (o) [(p(@—1)+1) (p(a—1)+2)] (/‘ | )
The claim is proved.

‘We continue with

Theorem 2.Assume that o« > 1; f (b)

b) =0, (Di* f) € C([a,b]), i=1,.

s...,N. Then
/b (Dl(ﬁl ) “ DNoc )‘dw<
(b—x)‘”%’é 2
20T (@) [(p (ot — 1)+ 1) (p(a— 1) +2)] (/ |2 W)‘qdw) ’ (67)
Vx€la,b].

Proof.As similar to Theorem 1 is omitted. It is based on (24)

Next comes a left proportional Caputo fractional Opial type inequality.
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Theorem 3.Here f (a) = 0 and ’Di%f € C([a,b]), fori = 1,...,N. Then, for every x € |a,b], we have

A

(PR () Dl (7)) 0 () <

A (( [ <w,s>das) e (x,w) daw) :

{ (f;f ‘LD(II?OC (PDQ]aa ) (s)‘qeo (xvs)das)z—f—

2
[/ (/ |LDl o PDNO‘ ) (s )| eo (w,s)das) ki (o, w) eo (x,w)daw] }q ) (68)
Proof.By (48) we have
PR ("DNE) £ = ("DYTV) £, on (a,) (69)

given that f (a) = 0, under the assumption ((*D%) f) € C([a,b]),i=1,...,N.
That is

("DEF) ) = [ (DL (D)) (5) 0 () s, 70

foralla s w<x<b.
Hence by Holder’s inequality we derive

("D ) 0] < [ 0 09)7 |uDL ("DNEF) (5) 0 0w,5) das (71)
< </Weo w, s das) (/ L Dl ("D f) (s )| eo(w,s)das)q.
Call »
2w)i= [ DL (D) ()" eo (w.8) dus, 2(a) =0, (72)
a<w<x.
By (31) we have
D% (w) = [.Dy* (DY f) ()|, (73)
and |
LD~ ("DYZf) (w)| = (D¥2(w)) ¥ , (74)
alla <w<ux.

Therefore we have (all a < w < x)

‘ (PD(N De f) (W)‘ ’LD;AX (PDQ]aaf) (w)‘eo (x,w) <

([ omsras)’ competont o

Q=

((/aweo (w;s) docS) €o (x,W)); (z(w) D%z (w)eq (x,w))7 . (75)

Next, we apply again Holder’s inequality and finally we use (35) to get that

A

/{: ((/aweo (st)das) eo (x,w)) : (z(w) D%z (w)eg (x,w))é dgw <

(PD(N Ha ) “ Dl o PDNa )(w)‘eo(x,w)dawg
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</ x << [ etms) das> o (x,w)> daw) :

(/Xz(w)Daz(w) ep (x,w) daw) ! =:(&).
By (35), we derive that

/x (w) D¥z(w)eq (x,w) dew =

2/ w)ky (o, w) e (x,w)dgw =
(fa LD ("DYEF) (5)|“ 0 (x,9) das)”
2

1

: [ I (/ C|LDE (DY) (5)| e (w.5) das) ki (,w) e (x,w) daw} -

Consequently, we obtain that

&= ([ ([ womoas) eo<x,w>daw)’l’

{ (i DL (PPN ) (5)] 0 (x,5) das)® +

2

1

1

! [/ax (/aW‘LDgza (PpNe )(s)‘qeo(W,S)dtxs) ki (oc,W)eo(x,W)daw} }q

The claim is proved.

We continue with a left Poincaré type inequality.

Theorem 4.Here a. € (0,1), f €C' ([a,b]); p,g>1: %—i—é =1, N € N. Assume that o > é;f(a) =

i=1,....,N. Then

pi-he (b—a)* .
H / Ly(fab]) = (@) (p(e—1)+1)7 (ga) % a1l s
Proof.As in (61) we have
pla—)+1 1
D) ()| < o) T ( DY f) qd)q<
‘( f)(x)‘_F((x)(p(a_])+l); /‘( (t)’ ! -
(x_a)a7211 HDN(Z
1 *a f” a )
I (o) (p(o— » Ly([ab])
YV x € [a,b].
Hence it holds
D) (o« — =) o f
(k) 0] & e 1P
and ) b )qa
Dg;;ffl)af (x)qug —a i f
,/a ( ) ‘ F(Ol)q(p((x—l)—i-])ﬁq H HLq a,b))
The last results into
"1 (-1 a ); (b—a)®
D, fl)| de) < 1 - af b
WAl ) F@ia 1+t | e

The claim is proved.

(76)

(77)

(78)

0, (D'%f) € C([a,b]),

(79)

(80)

(81)

(82)

(83)
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Next comes a right Poincaré type inequality.

Theorem 5.Again o € (0,1), f € C'([a,b]); p,g > 1: % }1 =1, N € N. Assume that o0 > L f(b)=0, (Di* f) €
C([a,b]),i=1,...,N. Then

(b—a)*

(N=1)e No
|2 E [/ me (84)
Proof.As similar to Theorem 4 is omittted. It is based on (24).
Next comes a left Sobolev type inequality.
Theorem 6.Here all as in Theorem 4, r > 0. Then
1 1
N-1 (b—a)* a*7
(X 10X oy (85)

A oy (p (@) 17 (ke 1) 1)

Proof.From (80) we get (r > 0)

. ~ (a ‘)
Dl e S 86
’( f) (X) —F((X)r(p(a H fHLq ab ( )
Vx € [a,b].
Hence it holds ( )
. h— r a,$ +1 D]*\;a r
/b (Dy;’il)af) (x) dx§ ( a) Hr fHLq ab (87)
a F(oc)’(p(oc—l)—H)F( (oc——)+1)
That is

(B7) )

_
dx)§

1,1
bodl (L 89)
(@) (pla-1)+17 (r(a-1)+1)’
The claim is proved.
It follows the right Sobolev inequality.
Theorem 7.Here all as in Theorem 5, r > 0. Then
11
2211, < et =122y 9

Ly([a,b 1 7
D r @) (pla—1)+ 1) (r(a=1)+1)
Proof.As similar to Theorem 6 is omitted.

Next comes a left proportional Caputo fractional Poincaré type inequality.

Theorem 8.Here o € (0,1), f € C' ([a,b]); p,qg > 1 %—i—é =1, N € N. We assume f(a) =0, ’Di%f € C([a,b]), i
1,...;,N. Then
HPDN o ¥

Lyg([a.b].dax) -

1

b "X % q
(/a </a EO(X,S)docS> dax> HLD;W(PDjfaaf)HLq([a,b],dax)' (90)
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Proof.As in (71) we have
(D7) )] <
1
q
(/ ep (x,s das) ( ‘ Dl PDNO‘f)( )’ eo(x,s)das) <
(ﬁm@n%g”(ﬁhma«bwﬁ@W@qu
1
X q
(/ eo (x,s das) (/ ’ Dl o PDNO‘ (s)’qdas) =
1
X P
</a eo (x,s) das) HLDzlfa ("D ) HLq([a,b],das) :
That is

1
L I Y R o B Py o

a

Vx € (a,b].
Hence it holds

q
‘GDQ]mf)Qw%§<L€ML®dﬁ>pWDiQFD$7WZWMmg’

and

b
/ (PD(N Do f) (x)‘qdaxg
b ’ - (P yNa 4\ |19
[ ([ eotns)dus) a0l CD2EDE o

1
Y 1
(/ (PD(N 1)af) (x)‘qdax) g -

b * % é I—-a (PHNa

([ ot dus) x| 02 D), 0

It follows a right proportional Caputo fractional Poincaré type inequality.

‘We derive

proving the claim.

Theorem 9.Here o € (0,1), f € C' ([a,b]); p,g > 1: %—l—é =1, f(b) =0. Then
€0 (B,) |1, (fa.b).dor) <
1
b b % ! l—a (Pnyo
[ ([ 0.90dus) ) 1D CDE 1) o
ProofBy (57), when f (b) = 0, we have
f(0)eo(byt) = RIFH("DY_ (£ (1)) =

/tb (rDy-* ("Dy_f)) (s) €0 (b,s) das,
YVt € la,b].

oD

92)

(93)

(94)

95)

(96)
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Hence by Holder’s inequality:

==

[f(#)]eo (b,t) < /tb eo(b,s)7 | (RD}J:“ (PD‘b"ff)) (s)|eo (b,s)é dgs < 97)

1

</beo(bs d"‘s) </ | (xDy-* ("DF_£)) (5)[* eo(bas)daS)q <

1
[ e0(v.5de5)” of= ()| 9
; 0\0,8)da RZp— b— Ly([a.bl,eo(b,)dat)’
Vi€ la,b].
Hence q
b b
(1F ()] eo (b)) < ( /, 60(b,s)das> =25 =% ("D )2, 0ot 1) (99)
and b
/(|f(t)|eo(b,t))qdat§
q
/b /be (b,s)des ) dat | kDL~ (PDE_£)|| (100)
, A 0\0, o o RE, b— Ly([a.b).eo(b,)dat)
We obtain

( [ 1r@leo (b,r>>qdar)q <

1

b b % ! I—o (Ppyo
[ ([ tvs)des)” dat ) 1D CDED) )0 (on

The claim is proved.
A left proportional fractional Sobolev type inequality follows:

Theorem 10.All as in Theorem 8, r > 0. Then

e, <
Ly([a,b])
broe ’ ' l—a (P
/ (/ €0 (x,s)das) dx | ||LDi* ("DYY )HLq([a,b],das)' (102)
Proof.By (92) we get
’ (nggg—na f) ol < ( / ¢ (x,s)das) "Lk (PDe D st (103)
V x € (a,b].
Hence it holds "
/ ( D(N Da f) (x) rdxg
b "X 3 -
( / ( [ eots) das> ’ dx) DL (DY), s (104)
That is

( D( ~De f) (x) rdx)]r <

(L
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b X
(/a (/a eo (x,s) das> ) || Dl*a (PDl*vaa )HLq([a,b],das)' (105)

The claim is established.
A right proportional fractional Sobolev type inequality follows:

Theorem 11.All as in Theorem 9, r > 0. Then

[17e0 By )1, (ap)) <

b/ b 5
</ </t eo(b,s)das> dt) 16D CDE ) et (106)

~i—

Proof.From (98) we have

r b P — r
(If (O)leo (b,1))" < ( /t o (b,s)das) RD=% ("D 1)1 ot ) (107)
YVt € la,b].
Hence it holds

[ Ur@len(enyar<

(/ab </zb €0 (b’s)docs) "t

b ;
([ rolap.ora) <
b/ b ;’, ;
</ </t eo(b,s)das> dt) 16D CDE ) et (109)

Next we proceed with a left fractional Hilbert-Pachpatte type inequality.

) |&D,~* ("Dy_f) qu([a,b],eo(b,-)das) : (108)

That is

Theorem 12.Here j=1,2; a; € (0,1), f;€C' ([a;,bj]); p.g>1: +$ =1, N; € N. Assume o > é, o > %;fj (aj)=0,
(DY £7) € Clajbsl), iy = 1,....Nj. Then

by by *121]: lalf)( )’ ( *1;12 lazfz) ()CZ)’dxlde
/ / plag=1)+1 —ay)a(x2=1)+1 = (110)
ay (x1—ay) (xa—ap)
p(plar—1)+1) q(g(op—1)+1)
(bl o N> o
F( HDQ]&] lleLq([al,bl]) HD*gz 2f2‘ Lp(laz,ba])
Proof:-We have by (23) that (j = 1,2)
plie LY =y s (DN 1) (1)) e, 11
) )= ey ) (PR ) (1)
J

ij' (S [aj,bj].
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Then
( ) 1 i aj—1 N 0
*a] f] ( ) F(aj) (xjitj) ’( *aj f]) t] ’dt]a (112)
aj
j=12,Vx;¢e [aj,bj].
We get as before
1 ( )p(al;l)+1
Nl 1 OC] X1 —daj (x
*a fi) (xr) say 1 (113)
‘( 1 ) ‘ F(Oll) (p(OCl—])-i-])% H 1 ||Lq ([ay,b1])”
and - )q(%il)“
Nz 1 062 X2 —az 4 N> Ot
) )| < D%, . (114)
‘( 2 ) I'(n) (g (0 — 1)_’_1)% || 2 ‘L[7([a2!b2])
H h
ence we have ‘( . ]a]f)( | ( . lazf)( )‘
*dy *dp
p(alfl)ﬁ»l q(ag—l)ﬂ
(r1—a)) 7 (n—a) 7
1 1
I'(o)I' (o) (p(o —1)+1)7 (g0 — 1)+ 1)
N, W
HD*alIalf] HLq([al,bl]) HD*gngz‘ L[,([az,bQ]) (115)
(using Young’s inequality for a*,b* > 0, a b < % + b—;)
1 (xl _al)P(a]*l)JFl (xz o az)q(a271)+]
<
“I'(o) () \ p(plon—1)+1) * q(g(z—1)+1)
N, W
||D*$1alf' HLq([al,bl]) HD*ézazfﬂ Lp([az,b2))° (116)
ijse [faj,bj]iljz 1,2.
o far we have T o
(o) ol (") ]
(xlial)p(a]—l)Jr] (x27a2>q(052—])+l -
Pplar DT T qlglon-1TD)
N]oq N20!2
H @y bmH % L2 ) (117)
I'(on)I' () ’

Vxj€laj,bj]; j=1,2.
The denommator in (117) can be zero only when both x; = a; and x; = a;. Therefore we obtain (110), by integrating
(1 17) over [al,bl] X [az,bz] .

The right fractional Hilbert-Pachpatte type inequality follows:

Theorem 13.Here j=1,2; a; € (0,1), f; €C' ([a;,b}]); p,g>1: %+é =1, N; € N. Assume oy > é, 0> 1—17;fj(bj) —0,
ijo ;

(Dbjjlfj) S C([aj,bj]), ij=1,....,Nj. Then

Pl =D+ T glgloa—T)+T)

/b / (2 [I:.lexl.? <( )1> (Dl 1) ()| < (118)

(bzxz)q("Ql)+1:| -

(b1 —a1) (by —a2) H phi

N2062
I'(o)I (o) b /i f2

by—

Ly(larb1]) H Ly(faz o))
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Proof.As similar to Theorem 12 is omitted. It is based on (24).

Next we continue with a left proportional fractional Hilbert-Pachpatte inequality.

Theorem 14.Here it is j = 1,2. Let f; € C' ([a;,b}]), @; € (0,1), fj(a;) = 0; and (PD*’aJ fj) C([aj,bj]), forij=
1,....N; € N. Then

/bl /bz Pl V1) e[| ("Dl ) (o) didee - (119)
ay Jay falleo(x],sl)daIS]+fu260(X2,82)deS2 B
p q
(bl—al)(bz—az HLDI a (PD],:Iallalfl)HLq (lar b ] day 51)
-, (P
H D, a2( ngzoczf HLI,([aQ,bQ],dgasz)'
Proof.Based on (48) (j = 1,2) and as in (92) we have
("D ) )| <
X1 1
[7
d Dl-o (Pphio 120
(/al eo (x1,51) 0615]> LDy, ( oy fl) Lo(lar i) (120
Vx| € (a],b]],
and

("Dl ) ()| <

1
X2 q
eo (x2,80) dg, s H D!~ ‘)‘Z(PD]*VZO‘2 ) , 121
(/a2 0(x2,52) da, 2) 22 f L (e bahays) (121)
Vxp € (Clz,bz].
Therefore we have
(7Dl ) )| ("D ) ()| <
1 1
X P "X q
(/ eo(xl,sl)da.sl) (/ eo(x27sz)dazsz) ]
Jaj aj
Dl o (PpNia H Dl o (PDN2a2 ) 122
H ( *a f])HLq([“l’bl]vd‘XlSl) *ay f2 Ly(laz.bo)day52) (122)
B axll €0 (xlvsl)dalsl + f;j €0 (-xZasz)dOQsQ
14 q
leoq (PDN'O“ ) H D] %) (PDNZOQ ) .
HL a1 *ay f Lq([a],b|],da18|) *ay f Lp([aZ;bZ]adeSZ)
Consequently it holds
("Dl ) || (D) ()|
<
Jat eo(x1,51)day 51 n JuZ €0(x2,52)day 52 a
P q
Dl (" fy) Dl e ("Dl ) . (123)
HL a1 al fl Lq([alabl]adalsl) L @ a f Lp([aQ,bQ],dgasz)

The denominator of (123) is zero only when both a; = x; and a, = x».
Inequality (119) comes after integrating (123) over [a;,b;] X [a2,b2].

We finish with the right proportional fractional Hilbert-Pachpatte inequality.
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Theorem 15.Let j = 1,2, and o € (0,1), f; € C' ([a;,bj]); p,g > 11 5+ 5 =1, f;(bj) = 0. Then

/"‘/"2 i (0)[1f2(22)[ €0 (b1s11) eo (ba,12) dtrdtn (124
ay f, () b| S|)dals| + f,iZEO(bZaSZ)d‘”zsz =
q

(b1 —ai) (b2 — a2) HRD] . (PDZ‘I',ﬁ)

Ly([ar.br]eo (b1, )doy 51)

1
H Dbzftz (PDotz fz)

Ly(laz bal.eo(b2,)day52)

Proof.Similar to (98), based on (57), we derive

|f1(t1)|eo (b1,11) <

b 1

1

(/ eo(bl,sl)da.s1) HRDl “ (”DZ‘I',fl)
1

|2 (t2)|eo (ba2,12) <

(125)

)
Lg(lar,b1]eo (b1, )day 51)

and

</b2 e (bz,sz)dazsz) HRDl % <PDO‘2 f)

15}

(126)

Ly(faz.ba)eo(b2,)deys2)

Hence it holds
If1 (t1)[|f2 (22)] eo (b1,t1) €0 (b2,12) <

by 1_17 by é
(/t €o (bhsl)da]Sl) </ 2 (bZ;SZ)dazsz)
1 1%)

Js2h = ("25-)

Lg([arbi]eo (b1, )day s1)

HRDIIJZ:XZ (PD(ZZ f )

127
Lyg([az,ba)eo (b2, )days2) — (127)

[ff' eo (by,51)dg, s N f,fz eo (b2,52) docZSz]
V4 q

o= (71

Ly([ar.br]eo (b1, )doy 51)

HRD},;“Z (P Df,‘j,fz) (128)

Ly([az.ba] 0 (b2 )day52)

Consequently we get
fi (0] 12 (12)| €0 (b1, 11) €0 (ba,12)
|:£f};l eo(b1,s1)da 51 n f,’? eo(bzysz)dazsz} N

p q

o (02.5)

Ly(lar.b1).eo(br.-)doy s1)

H Dl (PDa2 f) (o) (129)

The denominator in (129) is zero only when both #; = b and t, = b;.
Inequality (124) is implied by integration of (129) over [a;,b;] X [a2,b3].
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