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Abstract: Here, we first describe the new conformable derivatives and integrals ([1]). Then, we establish Opial, Ostrowski, Poincaré,
Sobolev, Polya and Hilbert-Pachpatte type integral inequalities.
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1 Background

All in this section come from [1].
The motivation though comes from control theory [2]. A proportional derivative (PD) controller for controller output
u at time ¢ with two tuning parameters is given by

d
u(t) =kyE (t)—i—kdEE(t), (1)

where k), is the proportional gain, k, is the derivative gain, and E is the error between the state variable and the process
variable.
The above motivate the following:

Definition 1.(A class of New Conformable Derivatives) ([1]) Let & € [0, 1], and let the functions ko, k; : [0, 1] x R — [0, 00)
be continuous such that
lim k; (a,t) lim ko(a,t) =0, Vi €R,
a—0+ oa—0+

=1,
lim k; (a,t) =0, lim ko(o,t) =1, VieER, (2)
a—1— a—1—

ki (o,t) #£0, ¢ €[0,1), ko(et,t) #0, a€(0,1], VreR.

Then, the following differentiable operator D%, defined via

D¥f (1) =k (a,t) f(t) +ko (o) f' (1) 3)

is the New Conformable derivative given that ' (t) exists fort € R.

Here, ky is a type of proportional gain kp, ko is a type of derivative gain ky, f is the error, and u = D f is the controller
output. For example, one may choose ki == (1 — o) @* and ko := a®'~% for any o € (0,%); or ky := (1 —a)[t|* and
ko := oc|t|'""% on R — {0}, so that

DOf (1) = (1= o) || f (6) + le] = f' (1), 4)
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Another class of conformable derivatives is

o _ E o . E 1—o g
Df (1) = cos (az) 11| £ (¢) + sin (az) 171 (). )
In general we have that DPD® # D*DP for o, B € [0,1].

Definition 2.(/1]) (Conformable Exponential Function). Let o € (0,1], the points s,t € R with s < t and let the function
p:[s,1] = R be continuous. Let ko, ki : [0,1] x R — [0, 00) be continuous and satisfy (2) with £ and t Riemann integrable
on [s,t]. Then the exponential function with respect to D% in (3) is defined to be

o ple)—ky (o) g g
ey (t,5) = o@D e

S ko(a,T) (6)

T

e (t,8) :=
Using (3) and (6) we have the following basic results.

Lemma 1.(/1]) (Basic Derivatives). Let the conformable differential operator D* be given as in (3), where a, € [0, 1]
Let the function p : [s,t] — R be continuous. Let ko,ky : [0,1] x R — [0,e0) be continuous and satisfy (2), with and
Riemann integrable on [s,t]. Assume the functions f and g are differentiable as needed. Then

(i) D* [af + bg] = aD* [f] + bD% [g] for all a,b € R;

(ii) D%c = cky (@, ) for all constants ¢ € R;

(iii) D* [fg] = fD“ [¢] + gD* [f] — fgki (@, ")

(iv) D® [ﬂ _ gDa[f»]é;fDa[g] + gkl (a,);

(v) for a € (0,1] and fixed s € R, the exponential function satisfies

D [ep (t,5)] = p(t)ep (t,5) ©)

forep(t,s) given in (6);
(vi) for a € (0,1] and for the exponential function ey given in (6), we have

D% U fkoei“)s)ds] — ). @®)

Definition 3.(/1]) (Integrals). Let a € (0, 1] and ty € R. In the light of (6) and Lemma 1 (v) & (vi), define the antiderivative
via

/D"‘f(t)dat:f(t)+ce0(t,to), ceR.

Similarly, define the integral of f over [a,D] as

’ _ [T f()e(ts) L
/af(s)eo(t,s)das.f/a %o () ds, dgs:= ko(%s)ds, ©)

recall that
€ (l,s) =e ola,T) = Js TPl

Jfrom (6).

Lemma 2.(/1]) (Basic Integrals). Let the conformable differential operator D% be given as in (3), the integral be given

as in (9) with a € (0,1]. Let the functions ko, k| be continuous and satisfy (2), and let f and g be differentiable as needed.
Then

(i) the derivative of the definite integral of f is given by
t
D¢ U f(s)eo(t,s)das] — 1) (10)
a
(ii) the definite integral of the derivative of f is given by

/ DO [f (5)]eo (,5)das = f () €0 (1,5) [y = £ (1) — f (a)e0 (t,a): 11
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(iii) an integration by parts formula is given by

[ FOD* s 0leo 1) dut = 1 ()8 (1) 0 1) -

[ 2O @1 @]~k (0r) 7)o (0,1 (12)

(iv) a version of the Leibniz rule for differentiation of an integral is given by

D® [/atf(t,s)eo(t,s)das] _ (13)

| DELF (150~ () £ () 0 (1:5) das + £ 1),
using (15); or, if eq is absent,

De [ / tf(hS)daS] = £+ [ DI 0.5 das (14)

Definition 4.(/1]) (Partial Conformable Derivatives). Let a € [0, 1], and let the functions ko,k; : [0,1] x R — [0,00) be

continuous and satisfy (2). Given a function f : R*> — R such that % f(2,5) exists for each fixed s € R, define the partial
differential operator D¥ via

d
Dzaf(tas):kl (aat)f(tvs)+k0(a7t)Ef(tvs)- (15)
Next comes the important Taylor’s formula.

Theorem 1.(/1]) Letn € N, o € (0, 1], and suppose f is n times continuously differentiable on [ty,). Let t,s € [ty, o),
and define the functions hy by

ho(t,s) =1 and hk+1(t,s):/thk(7:,s)daf fork e N,. (16)
Then .
F@)=eo(t,5) Y (1) hye(s,1) (D) £ (5) +
k=0
(—1)"*'/thn,1(r,t) (DY) £(2)eo (1, 7) dat a7

Sort € [ty,o0).
Example 1.([1]) For a € (0,1], let @y, @; € (0,0), let k; satisfy (2), and take

ko (o,1) = aw) 7. (18)
By (9),

1

dgT = dt = ———dr.
« ko (o, T) (xa)(;*o‘
Letting Ao (¢,s) = 1, we calculate i via (16) to get

! 1 4 t—s
h](t,s):/ //l()(T,S)daT: ﬁ/ ldt = ﬂ’
s aaw, s o,

additionally,

2
! 1 t—s
h2(tvs):/ hy (Tvs)d(XT:E <W> :
s ! o
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In general we have that
n
1 t—s
hn (l,S) = n (F&a) :

i (1,5) = = (£ — 5"

n!

Note that at ¢ = 1 we have

as expected.
Example 2.([1]) For o € (0, 1], let wy, @ € (0,0), let k; satisfy (2), and this time take
ko (0r) = o (ant)' %, 1€ [0,90).

By (9).

Again starting with g (¢,s) = 1, we see that

hl(tas):/ hO(Tas)daT:ﬁ/ AT = ———,
s (Xa)o s o a)o

2
t 1 [ t*—s%
hz(faS)Z/YhMT,S)daT:g(m) -
‘ ! .

n
1 [ t%—s®
hy (t,s) = p} (W )

and

Continuing, we find that

which is just 1 (r —s)" at o = 1.

2 Main Results

Motivation comes from [3]-[5]. We need

Remark.(to Lemma 2 (iii))
When f = g we get

/abf(t)D“ [f (D)] eo (b,1)dat = £ (b) — £ (a) eo (b,a) -

b b
/f(t)D“[f(t)]eo(b,t)dat—l—/ ki (00,1) f2 () eq (b,t) dgt.

Therefore it holds

./a‘bf(t)D“ [f (t)] o (b,1) dgt = (f2 (b)—fz(a)eo(b,a)> N

2

%/abf2 (t) ki (0t,1) eq (b,t)dgt.

We present the following Opial’s type inequality:

19)

(20)

ey

(22)

(23)
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Theorem 2.All as in Theorem 1. Further assume that t > s, (D®)* £ (s) =0, for k=0,1, ...

P S
p,q>1.p+q—1.Then
/|f ) [(D*)" f(w)|eo (t,w)daw <

Ust (/SW |1 (T, w)|” €0 (w, T) docT> eo (t,w) docw] »

{ (102" f ()l €0t w)dew)” |

2

% [/SI </SW‘(Da)nf(T)|q60 (w, ‘L')da‘l:>2k1 (o, w) e (t,w)daw] }q .

Proof.Since (D“)kf(s) =0,fork=0,1,...,n— 1,1 > s, we have

= )" '/hn 1(7,1) V' £ (T)eo(t,7)dyT,

and -
700 = (1 [ s (2.0) (D) £ (2) 0 (w.7) do.

foralls <w <t.
By Holder’s inequality we obtain

PO [ et (20) [ (D7) £ (5) 0 (0,7t =

[ Va1 () eo (7))

,n—1;a€(0,1], n € N; and

(24)

1

(25)

(26)

q

(/ |hy—1 (T,w) [P (e (W, T) dar) (/ |(D*)" £ (7)|" (e0 (w, r))dar) . (27)

Call

/ [(D*)" £ (7)| (0 (w. 7)) da, 2(s) =0, (28)
s<w<t.
Then (by (10))
D%z (w) = |(D*)" f (w)|*, (29)
and 1
|(D*)" f (w)] = (D%2(w))¥, alls <w <t (30)
Therefore we have (all s <w <)
lf W) [(D*)" f (w)] eo (t,w) <
([ s P et 0)dar ) eattn]” E 00Dzt a1

Next, we apply again Holder’s inequality and finally we use (23) to get that

/|f ) [(D*)" f(w)|eo (t,w)daw <

1

/ { ([ s P eats0)dac ) o (r,w>] ”

(2 (w) D% (w) o (1,w)] } daw
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< (/t </w 1 (7, w)|7 €0 (,7) dar) eo (6,) daw)’_l’ (32)

</Slz(w)Daz(w)eo (t,w)daw> - (&).
By (23), we derive that
/s z(w) D%z (w)eg (t,w) dgw =

ZZ

2(t) +%/Zzz(w)k1 (a,w)eo (1, w)daw =

(L0 F ) eo(t0)daw)”

> (33)
3 [ [ ([ 10 r@ftentmm1der) o @mye (nw)daw] .
Consequently, we get that
&= | [ ([ toer (w0050 ) (1) ] :
{ (L1021 ()l eo 1) daw)” )

1
2 q

% [/S[ (/SW|(Da)"f(r)‘qe0(w,r)dar)

Corollary 1.(t0 Theorem 2, for n = 1) Here f is continuously differentiable on [ty,), t,s € [tg,o0), t > s, f(s) =0,
o € (0,1]; and p,g > 1: %—l—é = 1. Then

ki (o, w)eq (t,w) daw] }

The claim is proved.

/: |f(W)| |D0‘f(w)|€() (t,w)daw <

Uf ( [ eotmm) dar) oo (1) daw] ;

{ (Jy ID%f ()| 0 (1. w)dw)* |

> (35)

% l/j <KW|D06f(r)|‘ieo (w, T)dar>2k1 (a,w)ep (t,w)dawl }q .

Corollary 2.(t0 Theorem 2, for n = 2) Let f be twice continuously differentiable on [ty,), t,s € [ty,0), t >s, f(s) =

D%f(s)=0, ¢ €(0,1]; and p,g>1: %+é = 1. Here it is hy (t,s) = [! %. Then

[ sl @2 o

eo (t,w)dgw <

M </w [ (207 €0 (w,7) dar) eo (r,w)daw] p
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(Da)zf(w) qeo (t,w) daw)z

2

(1

+ (36)

1
q

0 £ o) )
eo(w,T)doT | ki(a,w)eq(t,w)dgw .

i

It follows an Ostrowski like inequality.

Theorem 3.Let n € N, and f is n times continuously differentiable over [a.b] CR; hy asin (16). For fixed s € |a, D], assume
that (D) f () =0, k=1,...n— 1, @ € (0,1], and let p,q > 1: L+ L = 1. Then

< [ 170 -eos) s 6lar<

[[C i PR - ( / ( /, (hu—1(1,1))" eq (¢, 7) daf> ! dt) n (37)
b/ ot >
0 Ay ( [ ([ s tmirent.ae) )] |

Proof.Here (Da)kf(s) =0,k=1,...,n—1;2,5 € [a,b], s is fixed.
We have by (17) that

[ G0 —eote) 7 6)a

FO=e0(t.9)76) = (1" [ b1 (20 D £ () eo 7).

Lett > s, then by Holder’s inequality, we get

70 =t £6)] < [ Thaos (2] [0 £ (0] e (0,0t =

[ (s w0l o, 0)7) (|09 £ (2)] e 1,0)7) dat <

N

</St 1 (,0)]" € (t,f)daf) ’ (/’ (D% £ (2)|“ e (t,‘L’)da‘L'){II < (38)

(/|hnlrt)| eotrdar) (/‘D“ dar)é:

1
‘ Z
H(Da)”fHLq([s,b],dar) (/S 1 (7,2)|" e (1, 7) daT) :

So when, s <t < b, we got that

If (1) —eo(r,5) f ()] < (39)

n ! P
H(Da) fHLq([s,b],da‘r) (‘/S |hn*1 (T,t)|pe() (taT) dOtT)

Let now ¢t < s, then

—(f ()~ eot,5) f(5)) = (~1)" 1/ ho 1 (£,) (D) £ (F) o (1, T) daT. (40)
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Hence, it holds (again by Holder’s inequality)

£ =0t 7O [ hat (1) |09 £ (7)o 0,7) da =

(41)
/t'shn,l (2,1) (e0 (1.7))7 | (DY)" £ (%) | e0 (1, 7)7 doeT <
</S(h 1(1,1)) eot‘L'da‘L') (/ |(D*)" f eo(t,f)dai')ag
(/S(h 1(7,1)) eotrdar) (/ |(D*)" f eo(a,r)dar)az
([ tr e <m>dar) 1O™ oy asteacrian )
Thus, when, a <r <, we found that
[f (1) —eo(r,5) f(s)] <
H(Da)”f"Lq([a,s],eo(oc,-)dar) </ls (hp—1 (T,l‘))peo (I,T)daf) ! . 43)
Consequently, it holds
b b
"0 —eoten) 16D at| < [ 170~ eo(t5) 7 (5) i =
s b
[0 =eotws) r@ld+ [1r )=o) 7 (9)]dr < @

l( / S < [ (et (5.))e0 (1,7) daf) : dt) [
( [ ([ tnreoras o) dr) ||<D“>"fHLqus,b]M] -

Next comes a Poincaré type inequality.

The claim is proved.

Theorem 4.Lert all as in Theorem 3, including f (s) =0, and a < s <t < b. Then

1
b t % q "
||fHLq([S,b]) < (/S (/s |1 (T,1)|P eg (l‘,’L’)da’E) dt) ||(DO‘) fHLq([s,b],dar)' (45)

Proof.Since (D%)* £ (s) = 0, fork=0,1,....,n— 1;1 > 5, we have

!
_ 1"*‘/ Bt (7,1 (DY) £ (T) €0 (1, 7) darT. (46)
N
By Holder’s inequality we obtain

FO1 [ Tt (501D (7)o (1,0)dat =

[ e 0l eo ) (D) £ (8)] o 1,0 dat <
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1

(/S’ o1 (2,07 €0 (;,r)dar)’_l’ (/I (D% £ (1) o (t,r)dar)a < @7)

<[MnwnM%ﬂnw@gP([«uwvuw%uﬁwﬂ>{
[F@Of <
(/ |hn—1 (,1)[P e (1,7) don:>Z </ (D) f eo(t,f)daf) -
(Jcorotose)| ([ o o)

(/mnlrwiwuwmw)ru P 71 e

Vrelsb].
Hence it holds

Consequently, we get that

b
[irorar <

b t 11)
</S (/S |hn1(T,t)|peo(t,T)daT) dt) ||(Da)"fHZq([S,b]’dM). (49)
b 0
([vora) <

b t q a
(/S </S |hn—1(T,0)[" eo (1, 7) docT> ! dt) ||(D°‘)"f||Lq([S7b]ydar). (50)

Thus, we derive

The claim is proved.
It follows a Sobolev type inequality.

Theorem 5.All as in Theorem 4, r > 1. Then

1

b/ gt > r .
||f||Lr([s,b]) < /S <[ |hn*1 (T,t)|p€() (taf)daf) dt ||(Da) f||Lq([S,b],da1:) . (51
Proof.As in (47) we obtain
t 7', b é
101 = ([ et e ) (1097 @) e 0.5 duc 52
< (I (20 0,)dut) 0% 100 53

Vrelsb].
Hence, by > 1, we obtain

01 = ([ s a0 109 A1 3059
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Vrels,b].
Consequently, it holds

b
[ lroras

b t ﬁ .
(/S (/S [hn—1 (7,2)|" eo (I,T)daf) dt) H(Da)anLq([s,b],daf)' (55)

(/sb|f(r>|rdr)% <

b t r -
(/S (/5 |hn1(T,t)|f’eo(t,f)dar)th> H(Da)anLq([s,b],daf)' (56)

Finally we get

The claim is proved.

We continue with Polya type inequalities.

Corollary 3.(t0 Theorem 3) Let n € N, and f € C" ([a,b]); hy as in (16). For fixed s € [a,b], assume that (D%)* f (s) =0,
k=0,1,...n—1,a € (0,1], and let p,g > 1 ;+% = 1. Then

b
| ria
1O Ay st ( [ ([ turmirestoder)’ dt> ¥

b t 7',
1% ey a0 (/ </ (Ihnl(T,t)l)pEO(t,f)daf) dr)]. (57)

ProofBy (37), just set f (s) = 0.

< [1rwlar<

We give the following result.

Theorem 6.Let n € N, f € C"([a,b)); hy as in (16). Assume that (D®)* f (a) = (D¥)* f(b) =0, k=0,1,..n—1, o €
(0,1], and let p,g > 1 : %Jr% = 1. Then
b
[ rwar
a

atb

1O“Y" Fll1, (0,252 ) (/ ’ (/al(lhn1(T,t)|)peo(t,r)daf)]tdt>+

b b 3
H(D"‘)"fHLq([%”,b],eo(a,-)dar) (/M </I (hn—1(7,1))" e (t,r)dar> dt).

2

< [(1r@jar <

Proof.Let s = a and instead of b we choose #. Then, by (57), we derive

| rwal< [T irola<
1Ol (02421 ) ( | < / (s (@) eo (t,r)dar) th) : (59)
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Next, assume that s = b and instead of a we choose ‘”b

Then, again by (57), we obtain
b
< [\l <

2

f()

a+b

2

IO F iy ([252 5o tee) ( /i ( / (a1 (2.0))7 0 (0,7) dar) ’ dr) : (60)

Finally, we have that (by (59), (60))

atb

< [irwia= [T 1w [ o

1% Al s8] e ( L7 (]t waire (t,r>dar>”dt> ¥
b b 3
1Y |y ([252 1] 0@ )ta) ( /_ ( / (hnn(r,t))"eo(t,r)dar) dt>. 1)

The claim is proved.
We finish with a Hilbert-Pachpatte type inequality.

Theorem 7.Here j = 1,2. Let nj € N, and f; € C" ([a;,b)]); h,; as in (16). For fixed s; € [a},b;], assume that
(DY fi(s;)) =0, k;=0,1,....n; — 1, € (0,1}, and let p,qg > 1 L4 =1.Then

q

/b' /b2 i (1)[1f2 (2)drrdty -
[ St (n n—1(T1h ) eO(tlvfl)doch) (fsz( - 1(T2:02)) eo(t2,f2)daf2)] B

1

b 1 b 1
(b —s1) (b2 —s2) </ 1 ‘(Da)"l fi (7;])|qda7:]) ! (/ ? ‘(Do‘)"2f2 (12)‘pda7:2) ' . (62)
ProofHere j = 1,2. Since (D“)kf'fj (sj))=0,kj=0,1,...,nj — 1;1; > s, we have
L 0
fi () = (—1)""71/& hnj—1(T)st;) (DY) [ (t)) eo (t), 7)) daT. (63)
As in (27) we get
1
1] P
Ifi ()] < (/ hny 1 (T1,11)|” €0 (t1,T1)daT1)
s1
1 1
J q
(/ |(DE)" fi (m)["eo (tuTl)doch) : (64)
s1
and
15 1
If2(22)] < (/ |y —1(T2,12)|? €0 (tz,Tz)daTz)
15 1
(/ ’(Da)nzfz (Tz)’peo (tz,Tz)da‘L'z) . (65)
$2
Hence

Lfi (1) f2 ()] <
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1

( [ o9 si@eo (n,mdan); ( [ 109 p @) eo (rz,mdarz> ' (66)

1 2

Lo, . s
(using Young’s inequality for a*,b* > 0,a"?b"4 < “7 + %)

(fs[f [y -1 (71,11) [P e (11, Tl)doﬂl) (.fs? fny—1 (2,12)|* €0 (t27T2)daT2)
+
p q

(/:] |(D*)™ fi(11)|" eo (l17T1)daT1)§ (./:2 [(D*)" 5 ()| e (tz,Tz)dafz) ’ : (67)

Thus, it holds

q

/b' /b2 [fi (t)]1f2 (12)|drrdry
Jsi sy [(f:ll ([, 1 (= J1)|)p€0(f|,fl)d¢xf|) n (ff§(|hn21(Tz,f2)|)q€0(t2,fz)dafz>1
P
(denominator can be zero only when both #{ = 51 and 1, = s7)

= ( Da)n'fl (Tl)\qeo(tl,ﬁ)daﬁ)5dt1>

by %
</ ( Da nzf2 Tz | eo tz,Tz)dafz) dlz) <
(/ (D™ fi ()| da‘n)thl) (68)

</ 0" fi (@) darl);d;]>
</b2 </ (%)™ f2 (TZ)\pdarz>;dt2> -

i by ’
(b1 —s1) (b2 — 52) (/ (D)™ fi (z)]* da‘51> </ ’(Da)nzfz(fz)’pdai’z) ;

proving the claim.

References

[1] D. R. Anderson and D. J. Ulness, Newly defined conformable derivatives, Adv. Dyn. Syst. Appl. 10(2), 109-137 (2015).

[2] Y. Li, K .H. Ang and G. C. Y. Chog, PID control systems analysis and design, /EEE Contr. Syst. Mag. 26(1), 32-41 (2006).
[3] G. A. Anastassiou, Probabilistic inequalities, World Scientific, New Jersey, Singapore, 2010.

[4] G. A. Anastassiou, Advanced inequalities, World Scientific, New Jersey, Singapore, 2011.

[5] G. A. Anastassiou, Intelligent comparisons: analytic inequalities, Springer, Heildelberg, New York, 2016.

© 2024 NSP
Natural Sciences Publishing Cor.



	 Background
	 Main Results

