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Abstract: If a graph’s 0 — 1 labeling meets specific criteria, it is referred to as cordial. The graph that is produced from the path P, by
adding edges that connect each vertex u and v with d(u,v) = 3 is known as the third power of paths P3. In this work, we examine the
cordiality of the join and the union of graphs with one path and one cycle, as well as the third power of paths.
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1 Introduction

Numerous other academic disciplines, such as chemistry,
physics, biology, psychology, communication, operations
research, sociology, economics, engineering, and
particularly computer science, can benefit from the use of
graph theory. Graph labeling is one area of graph theory
that has seen a lot of recent research. Many problems that
are simple to articulate but difficult to solve stem from
graph labeling. They have a vast body of literature.

In a specific kind of labelling, the edges have an
induced labelling that is prescribed, the vertices are
assigned values from a given set, and the labelling needs
to meet certain requirements. A great resource on this
topic is Gallian’s survey [11]. Cordial labelling is one of
the most significant categories of labelling. Cahit [1]
introduced cordial labelling on his own.

More precisely, cordial graphs are defined as follows.
Let G = (V,E) be a graph, where V (or V(G)) and E (or
E(G)) are vertex set and edge set of a graph G
respectively. Let & : V — {0,1} be a labeling of its
vertices, and let g : E — {0,1} is the extension of 4 to
the edges of G by the formula
glvw) = h(v) + h(w)(mod2). As a result, for any edge e,
if both of its vertices have the same label, g(e) = O;
otherwise, g(e¢) = 1. Let ¢y and e; be the corresponding
numbers of edges, and let vo and v; be the numbers of

vertices labelled 0 and 1, respectively. When both
[vo—vi| <1 and |eg — ;| < 1, the labelling is referred to
as cordial. If a graph has a cordial labelling, it is referred
to as cordial. Given two disjoint graphs G and G*, their
join G+ G* is derived from G U G* by adding all edges
that bind a vertex of G to a vertex of G*.

The union GU G* is just the unions of their sets of
vertices and edges.

Cahit [2] proved the following: A complete graph Kn
is cordial iff » < 3 and an Eulerian graph is not cordial if
its size is congruent to 2(mod4). Seoud, Diab, and
Elsakhawi [12] have proved the following graphs are
cordial: The join P, + P, for all m and n except for
(myn) = (2,2) and Oy, + Q, for all n and m except for
m = 0(mod4) and n = 2(mod4) (or vice versa). Diab [3,
4,5,6,7,8,9] proved the following graphs are cordial:
Om + B, iff (m,n) # (3,3),(3,2),(3,1), 0y UP,, is cordial
iff it is not isomorphic to Q, UP; with n = 2(mod4),
P, + Ky, n iff (mn) = (1,2), P, UK;, n iff
(m,n) # (1,2), Qm UK} 1, Om + N, for all m and n except
m = 3(mod4) and n odd, and m = 2(mod4) and n even,
Om UN,, for all m and n except m = 2(mod4), Py + Ny,
P, U N, P,,21 + P,% except for  (m,n) =
(1,3),(3,1),(2,3), (3,2),(4,2), (2,4), (3.4),(4,3),(2.2)
,(3,3)  and (4,4), P2 U P> except for
(m,n) (2,2)and(3,3), P? + P, except for
(3,1),(3,2),(2,2),(3,3) and (4,2), P> U P, except for
(n,m) = (2,2),P? + Q,, iff (n,m) # (1,3),(2,3) and
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(3,3), If (n,m) # (3,3) and P? U Q,, is not isomorphic to
Py UQ, with n = 2(mod4), then the union P? U Q,, of the
second power of the path P,% and a cycle Q,, is cordial for
all n and m, F,, + F,, is cordial iff n,m =4, F,UF, is
cordial if and only if (n,m) # (1,1),(2,2), F, + Py is
cordial iff (n,m) # (1,2),(2,1),(2,2),(2,3), or (3,2),
F,UP, is cordial if and only if (n,m) # i
cordial iff (n,m) # (1,3),(2,3) or (3,3
cordial iff (n,m) # (2,3).

The third power of a path P} is the graph obtained
from the path P, by adding edges that join all vertices u
and v with d(u,v) = 3. So, the order of the third power of
a path P} is n and its size is 3n — 6, in particular
P]3 UpP,P) = PZ,P33 = Q3 and P} = K;. This means that is
cordial for all n < 3 and is not cordial for n = 4 [2].

Seoud and Abdel Maqusoud [13] proved that P} is
cordial iff n # 4 and E.A. Elsakhawi [10] used a different
approach to re-prove the last result. Also, it is clear to see
that from Tables 1 and 2 below that P; is cordial for all
n > 7 and from the particular cases of P; that P, is
cordial forall 1 <n <3 [3,12]. Inthe casesof4 <n <7,
we may use the following labeling 01001,010011 and
0010111. Therefore P,f is cordial for all n, where
1<n<3and4<n<7. Inthecaseofn:4,szK4 is
not cordial from known result (see Cahit [2]). This means
that we have proved the previous result, which state that
the third power of a path P is cordial iff n # 4.

The main purpose of this paper is to extend some
results on paths P, and second power of paths P> to the
third power of paths P,? [3,4,6]. In section 3, we show
that the join P,? + P, of third power of a path P,? and a
path P, is cordial for all n and m iff
(nom)  #(2,2),(3,1),(3,2),(3,3),(4,1),(4,2),(4,3),
(5,1),(5,2),(5,3). In section 4, we show that the union
P2 UP,, of third power of a path P} and a path P, is
cordial for all n and m iff (n,m) # (2,2). In section5, we
show that the join P} 4 Q,, of third power of a path P}
and a cycle Q, is cordial for all n» and m iff
(n.m) # (1,3),(2.3),(3.3),(4,3), (4,4),(5.3). In section
6, we show that the union P,f U Qp, of third power of a
path P} and a cycle Q,, is cordial for all n and m iff
(n,m) # (5,3) or 3 +m # 2(mod4) or P3 U Q,, is not
isomorphic to Py U Q,, with m # 2(mod4).

2 Notations and Terminologies

We present some vocabulary and notation for a graph
with 4o vertices, we let Ly, denote the labeling
00110011...0011, R4 denote the labeling 11001100...11

00, one exception to this is the labeling L), obtain from
L4q by adding an initial 0 and deleting the last 1, that is,
L), is 000110011...001, Ordenotes the labeling
0000...0000 (zero repeated «-times) and, Irdenotes the
labeling 111...1111 (one repeated «-times) ,i.e., Os is

00000, Is is 11111, M, denotes the labeling
0101...(x-times)...01 (zero-one repeated -times), and
M, denotes the labeling 10101...(ct-times)...101
(one-zero repeated a-times), this means that if o is odd
then M, is 0101...1010 and M(’x is 1010...10101, and if
o is even then M, is 1010..0101 and M is
1010...1010, ie., Ms is 01010, Mg is 010101, M% is
10101 and M is 101010.

For the labeling of vertices of P, we have four cases:
Case (1): n = 0(mod4) or n = 4a ,where @ > 1. We have
the following two sub-cases:

Sub-case (1). o is an even number greater than one.

The labels assigned to the vertices of Pfa are used by us:
Eqq 03[3M:1M4M:1M4 . ((k — 1)- times). . .
MyUMyMuM4M;, for o = 2k, it is simple to confirm that
Xo = x; = 200 and gy = a; = 60 — 3, or
Eé/‘a : O3I3M:‘M4M:‘M4. .. ((k — ])- times). ..
MyMsMyM4M, for a = 2k, it is simple to confirm that
xXo=x1=20,a90=6a—4and a; =60 —2, or

Bl — BLO3R4L4R4Ly. .. ((k — l) — times)....R4L4M2 o>2
40— E{ : LM 03 =2

for o = 2k, it is simple to confirm that xp = x; = 2a,
ap = 60 —2 and a; = 6 — 4. For example, P§4 we have the
following labeling of its vertices as
E», :000111101001011010010110, it is simple to confirm that
xo = x3 = 12 and a = a = 33, or
E’, :000111110000111100001110, it is simple to confirm that
Xp = X1 = 12, apg = 32 and ay = 34, or
EY, :000111110000111100001110, it is simple to confirm that
xo =x1 =12, ay = 34 and a; = 32.

Sub-case (2). « is an odd number greater than one.

The following labels for the vertices of Pfa are used by us:
D4O£ : 0313M4/1M4M2M4 “ee ((k - 1)- times). .. M£M4M2M4M£
for ¢ = 2k + 1, it is simple to confirm that xp = x; = 2¢ and
ag = a; = 6a-3, or Déla : O33R4L4R4Ly. .. ((k — 1)- times). ..
R4L4R4L4Mé for ¢ = 2k + 1, it is simple to confirm that
xXp =x1 =2, ap = 6 —2 and a; = 604, for example, P230 we
have the following labeling of its vertices as
Dy : 0001111010010101001, it is simple to confirm that
xo = x3 = 10 and a = a = 21, or
DY, : 00011111000011110010, it is simple to confirm that
xg =x1 = 10, ag =28 and a; = 26.

Case (2): n = 1(mod4) or n = 400+ 1, where o« > 1. We have
the following two sub-cases:

Sub-case (1). & is an even number greater than one.

The labels assigned to the vertices of Pfa 41 are used by us:
E4O£ : 03I3R4L4R4L4 cee ((k - l)- times). .. R4L4R4L4R4 for
o = 2ky, it is simple to confirm that xo = 2+ 1,x; = 2« and
ap = 6a — 2,61] =601, or Eé/t(x+1 : 0313L4R4L4R4. .. ((k — l)-
times)... RqL4R4L4 for o = 2k + 1, it is simple to confirm that
xo=20,x1 =2+ 1,ay =6 —2and a; = 6a-1, or

E o LO3R4L4R4Ly. .. ((k* l) ftimes)....R4L4101 a>2
4o+l E{ : 50310 o=2
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where o = 2k + 1, it is simple for o« < 2 that xp = 2@, x; =
2a+ 1 and ayp = 6 — 1 and a; = 602, or

E" | O33R4L4R4Ly. .. ((k— l) —times).4.4R4L4010 a>2
dotl = Ell : 04101 a=2

where a = 2k + 1, it is simple for o < 2 that xy =2 + 1,
x; =20 and ag = 6 — 1 and a; = 6-2. For example, P]37 we

have the following labeling of its vertices as
Ey7 : 00011001111001100, it is simple to confirm that
x = 9x = 8a9p = 22 and a = 23, or
E}, : 11100001111000011, it is simple to confirm that
x = 9x =8 aq = 22and = a = 23, or

E{; : 11100000111100101, it is simple to confirm that
x9 =9,x1 =8, ap = 23 and a; = 22. In case of o = 1, we may
use the following labeling P53 100011 (i.e.,xg =3,x1 =2,ap0 =4
and a; =5).

Sub-case (2). o is an odd number greater than one.

The labels assigned to the vertices of Pfa 41 are used by us:
Dyg+1 @ O313R4L4R4 L4...((k — ])— times)... R4L4 for
a = 2k+ 1, it is simple to confirm that xg = 2a + 1,x] = 2«

and ap = 6a — 2 and ap = 6a-1, or
Dga+1 : 0313L4R4L4R4...((k — 1)- times)... L4R4 for

o = 2k+1, it is simple to confirm that xo = 2a,x; =2 + 1
and a = 6a — 2 and ap = 6a-1, or
DZOHLI = 1303L4R4L4R4. .. ((k - l)-times). .. L4R4L4101 for
o = 2k+1, it is simple to confirm that xo = 2a,x; =2 + 1
and ag = 6 — 1 and a; = 6a-2. For example, P23] we have the

following labeling of its vertices as
D,y : 000111100001111000011, it is simple to confirm that
X0 = 1l,x1 = 10, ayg = 22 and a = 23, or
D}, : 111000011110000111100, it is simple to confirm that
xo = 10,xy = 11, a9 = 22 and a3 = 23, or

DY, : 111000001111000011101, it is simple to confirm that
xo =10,x; =11, a9 =23 and a; = 22.

Case (3): n = 0(mod4) or n = 40t +2 ,where o > 1. We have
the following two sub-cases:

Sub-case (1). o is an even number greater than one.

The labels assigned to the vertices of Pfa 4o are used by us:
E4a+2 : 0313M4/1M4 M£M4. .. ((k - l)- times). .. M£M4M£M4M£
for ¢ = 2k, it is simple to confirm that xo = x; = 20t + 1 and
ag = a; = 6w, or Emez : O33R4L4R4Ly. .. ((k— 1)- times)...
RyL4R4L4Ry for o = 2k, it is simple to confirm that
xo=x; =20+1, gy =6a+1 and a; = 6a-1. For example,
P138, we have the following labeling of its vertices as
Eg : 000111101001011010, it is simple to confirm that
xp =x1 =9and ayg = a; = 24, orEi8 :000111110000111100, it
is simple to confirm that xy = x| =9,a¢p = 25 and a| = 23.

Sub-case (2). o is an odd number greater than one.

The labels assigned to the vertices of Pfa 4o are used by us:
D4a+2 : 03I3M4/1M4 M£M4. .. ((k* 1)- times). .. M£M4M£M4M£
for ¢ =2k + 1, it is simple to confirm that xo = x; =20t + 1 and
apg = a; = 6a, or DgaJrz : O33R4L4R4Ly. .. ((k—1)- times)...
RyLy for a = 2k + 1, it is simple to confirm that
xo=x1 =20+1, ay =6a+1 and a; = 6a-1. For example,
P232, we have the following labeling of its vertices as
Dy, : 0001111010010110100101, it is simple to confirm that

xo = x3 = 11 and a = a = 24, or
D/, : 0001111100001111000011, it is simple to confirm that
xo =x1 = 11,09 =31 and a; =29.

Case (4): n = 3(mod4) or n = 40+ 3, where oo > 1. We have
the following two sub-cases:

Sub-case (1). o is an even number greater than one.

The labels assigned to the vertices of Pfa 43 are used by us:
E4a+3 : 0312R4L4R4 L4. .. ((k - l)- times). .. R4L4R4Mé for
a = 2k+ 1, it is simple to confirm that xo =2 +2,x =2 +1
and a9 = 6a + 1 and a; = 6a + 2, or
E£a+3 : 1302L4R4L4R4. .. ((k - 1)- times). .. L4R4L4R4L4M2
for o« = 2k + 1, it is simple to confirm that
xo=2a+1,xy =20¢+2 and ag = 6 + 1 and a; = 6 + 2, or
E:‘/a+3 1 BO3L4R4L4Ry. . . ((k — ])— times)... L4R4L4Myl for
o = 2k+1, it is simple to confirm that xo =2+ 1,x; =20 +2

and a = 6a + 2 and a = 60 + 1, or
Ei/&+3 : O33R4L4R4Ly. .. ((k — 1)- times)... R4L4M"1(), it is

simple to confirm that xy = 200 + 2,x; = 2 + 1 and
ap = 60+ 2 and a; = 60 + 1. For example, we have the

following labeling P139 of its vertices as
E9 : 0001111000011110010, it is simple to confirm that
X0 = lO,xl = 9,610 = 25 and ay = 26, or
Ejy : 1110000111100001101, it is simple to confirm that
X0 = lO,xl = 9,610 = 25 and ay = 26, or
Efy : 1110000011110001011, it is simple to confirm that
x = 9x = 10,ap = 26 and a = 25, or

E{§ : 0001111100001110100, it is simple to confirm that
xp = 10,x; =9,a9 = 26 and a| = 25. In case of o = 1, we may
use the following labeling P73: 0001101  ( ie.,
xg = 4,x1 = 3,ap =7 and a; = 8) or 0010111 ( i.e.,
xo=3,x1 =4,ap=8and a; =7).

Sub-case (2). o is an odd number greater than one.

The labels assigned to the vertices of Pfr 3 are used by us:
D4a+3 = I302L4R4 L4R4. .. (k- times)... L4R4L4R4M£ for
o = 2k+1, it is simple to confirm that xo =20+ 1,x; =20 +2
and ap = 6+ 1 and a; = 6 + 2. For example, we label the
vertices of P135 as Dys : EO2L4R4M}, = 111000011110010, it is
simple to confirm that xo = 7,x; = 8,ap = 19 and a; = 20, or
Dﬁt(x+3 0312R4L4R4L4. .. (k-times). .. R4L4R4L4M2 for
a = 2k + 1, it is simple to confirm that
xo=20+2,x1 =2+ 1,ap = 6a+ 1 and a; = 6 + 2. For
example, we label the  vertices of P135 as
D'15 : O3 R4 L4My = 000111100001101, it is simple to confirm
that x9 = 8x; = 7,a0 = 19 and a; = 20, or
DZa+3 2 [3O3L4R4L4Ry. . . (k—times). .. L4Ryl for oo =2k +1, it
is simple to confirm that x) =2+ 1,x] =20 +2,ap = 60 +2
and a; = 6r+ 1. For example, P§’3, we label the vertices of as
Dfs :=1303L4R41 = 111000001111001, it is simple to confirm
that xo = 7,x; = 8,ap = 20 and a; = 19. Also, for example, we

have the following labeling of its vertices as
Dy3 : 11100001111000011110010, it is simple to confirm that
xg = 12,xy = 1l,ap = 31 and a = 32, or
D/, :=00011110000111100001101, it is simple to confirm that
xg = 1l,xy = 12,ap = 31 and a = 32, or

D/}; :=11100000111100001111001, it is simple to confirm that
xo=11,x; =12,ap =32 and a; = 31.
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We let [L; M] signify the joint labeling for specific labeling
L and M of G+ G* or GUG™*, where G is the third power of a
path and G* is a path or cycle. A bijection between the vertex
sets of G and G* such that any two vertices of G, u and v, are
adjacent in G if and only if A(u) and h(v) are adjacent in G* is
an isomorphism of graphs G and G*, h: V(G) — V(G*). When
two graphs can be transformed into each other, they are said to
be isomorphic and are represented by the notation G = G*.

3 Join Between Two Third-Power of Paths

In this section, we show that the join P,f + P, of third power
of a path P3 and a path P, is cordial for all n and m iff
(n7m) 7é (272)7(37])7(372)7(373)’
(47 1)7 (472)7 (473)7 (57 1)7 (572)7 (573)

Lemma 3.1. The join P2 4 P,, of third power of a path P> and
P, is cordial for all n > 7 and m > 3.

Proof. For specified i and j values, where n = 4 + i,
m=4p + j with 0 <, j <3, we have two cases:

Case (1): o even.

We use the labeling E; or E!” for the third power of a path P}
and B; for the path P, as given in Table 1 and Table 3. Using
Tables 1 and 3 and fact that vg — vy = (xo —x1) + (yo —y1) and
eo—ey = (ag—ayr) + (bo —by) + (xo —x1)(yo — y1), the values
displayed in Table 4’s final two columns can be calculated. The
lemma follows as these are all 0,1, or —1.

Case (2): o odd.

We use the labeling D;, D! or D for the third power of a path P}
and B;j or B’j for the path P, as given in Table 1 and Table 3.
Using Tables 1 and 3 and fact that
vw — v o= (o — x) + (o — y) and
eo—ey = (ag—ayr) + (bo — by) + (xo —x1)(yo — y1), the values
displayed in Table 5’s final two columns can be calculated. The
lemma follows as these are all 0,1, or —1. Lorem ipsum dolor
sit amet, consectetuer adipiscing elit. Ut purus elit, vestibulum
ut, placerat ac, adipiscing vitae, felis. Curabitur dictum gravida
mauris. Nam arcu libero, nonummy eget, consectetuer id,
vulputate a, magna. Donec vehicula augue eu neque.
Pellentesque habitant morbi tristique senectus et netus et
malesuada fames ac turpis egestas. Mauris ut leo. Cras viverra
metus rhoncus sem. Nulla et lectus vestibulum urna fringilla
ultrices. Phasellus eu tellus sit amet tortor gravida placerat.
Integer sapien est, iaculis in, pretium quis, viverra ac, nunc.
Praesent eget sem vel leo ultrices bibendum. Aenean faucibus.
Morbi dolor nulla, malesuada eu, pulvinar at, mollis ac, nulla.
Curabitur auctor semper nulla. Donec varius orci eget risus.
Duis nibh mi, congue eu, accumsan eleifend, sagittis quis, diam.
Duis eget orci sit amet orci dignissim rutrum.

Lorem ipsum dolor sit amet, consectetuer adipiscing elit. Ut
purus elit, vestibulum ut, placerat ac, adipiscing vitae, felis.
Curabitur dictum gravida mauris. Nam arcu libero, nonummy
eget, consectetuer id, vulputate a, magna. Donec vehicula augue
eu neque. Pellentesque habitant morbi tristique senectus et netus
et malesuada fames ac turpis egestas. Mauris ut leo. Cras viverra

Table 1: Labeling of P,f where n =40 +1i,i =0,1,2,3 and « is even

n=4o0+ labeling of P} X0 X ap a
ii=0,1,2,3

i=0 Esq plod plod 60 —3 60 —3
E}, 20 20 60—4 | 60—2
i=1 Esgt1 200+ 1 2a 6a—2 6a—1
Aot ] 20 20+1 | 600—2 | 6a—1
E{yy 2a 2a+1 | 6aa—1 | 6a—2
Ejt 200+1 20 6o—1 | 6a—2

i=2 Ejgin 200+ 1 200+ 1 6a 6
Ejgin 20041 | 2a+1 | 6a+1 | 60—1
i=3 Ejg:3 20042 200+ 1 60 +1 600+2
Ejyi3 2004+1 | 2a+2 | 6a+1 | 6042
Efy i3 2a+1 | 20042 | 6a+2 | 60+1
EY s 200+2 | 2041 | 6a+2 | 60+1

metus rhoncus sem. Nulla et lectus vestibulum urna fringilla
ultrices. Phasellus eu tellus sit amet tortor gravida placerat.
Integer sapien est, iaculis in, pretium quis, viverra ac, nunc.
Praesent eget sem vel leo ultrices bibendum. Aenean faucibus.
Morbi dolor nulla, malesuada eu, pulvinar at, mollis ac, nulla.
Curabitur auctor semper nulla. Donec varius orci eget risus.
Duis nibh mi, congue eu, accumsan eleifend, sagittis quis, diam.
Duis eget orci sit amet orci dignissim rutrum.

Table 2: Labeling of P: where n =40 +i,i =0,1,2,3 and o is odd

n=4a+ labeling ofP,? BY)) X ap a
i,i=0,1,2,3
i=0 Dy 2a 2a 60 —3 60 —3
D}, 20 20 602 | 6a—4
i=1 Dagt1 2 +1 2a 60 —2 60— 1
D)y 2a 2a04+1 | 6a—-2 | 60—1
Dy 20 2a4+1 | 6a—1 | 600—2
Dy 20041 2a 60—1 | 6a—2
i=2 Dygin 200+ 1 200+ 1 6 60
Diyyir 20+1 | 2a+1 | 6a+1 | 6a—1
i=3 Daa+s 2a+2 | 2a+1 | v+l | 6a+2
D3 2a+1 | 200+2 | 6a+1 | 6a+2
D3 2041 | 2a+2 | 6a+2 | 60+1
Table 3: Labeling of P,
m=4B+ j, labeling of P2 Yo yi by by
j=0,1,2,3
7=0 Bo = Lag 2B 2B 2B 2B—1
By =L 28 28 28-1 28
j=1 By = Rypl 26 | 2P+1 | 2P 2B
By =Lj;0 2B+1 2B 2B 2B
j=2 By=Ly10 | 2B+1 | 2B+1 | 2B +1 2B
ji=3 By=Ly011 | 2B+1 | 2B+2 | 2B+1 | 2B +1
By =L,5001 | 2842 | 2B+1 | 28+1 | 2B+1
BY = Ry5011 28+1 | 2B+2 | 2B+2 2B

Remark 3.1. It is clear to see from Tables 1 and 2 below
that P} is cordial for all n > 4 and from the particular cases of
P3 that P is cordial for all 1 < n < 3 [3,12]. This means that P.
is cordial for all n, where 1 < n < 3 and n > 4. In the case of
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Table 4: Combination of Labeling

n=do i, Case ‘(2): a odd. . .
where « even, m=4B +j, P Py | vo—vi | eo—er For given values of m, where 0 <i < 3, we use the labeling D,,
a>1 Jj=0,1,2,3 or D)) for the third power of a path Pn3 as given in Table 1 and
andi=0,1,2,3 A or A), for the path P, as given in Table 6 and Table 1. Using
0 0 T Bo 0 I Table 6 and fact that vog —v; = (x9 — x1) + (yo — y1) and
0 1 Esq By -1 0 ep—e1 = (ag —ay) + (bo — by) + (xo — x1)(yo — y1), the values
0 2 Esa By 0 1 displayed in Table 8’s final two columns can be calculated. The
9 ) Poo 1B | 1 | 0 I foll h 10,1, or —1
I 0 Fanrr | Bo i ) emma follows as these are all 0, 1, or —1.
I I Esar1 | B I —1
1 2 Esur1 | B2 1 0
I 3 Ey. | Bs 0 0 '
2 0 Esqi2 By 0 1 Table 6: Labeling of P, where 1 <m <3
2 1 Eswrz | Bl —1 0
2 2 Eiaiz | By 0 ! 1<m<3 || labelingof P, | x | x1 | a0 | &
2 3 Eyuin B3 —1 0
3 0 Esq13 | Bo 1 0 m=1 A =0 1 0 0 0
3 1 £l | B 0 0 Al =1 o | 1|0 o
3 2 Esq13 B, 1 0 m=2 A, =01 1 1 0 1
3 3 Ey . | Bs 0 0 Ab =00 2101 |o
Al =11 o]l 2]1]o
m=3 A; =001 2 1 1 1
Table S: Combination of Labeling
n=4a+i,
where a odd, m=4p + j, P} P, | vo-vi ep—e
o> 1 i=0,1,23
andi=0,1,2,3 / o Table 7: Combination of Labeling
0 0 Dyq By 0 —1 n=40+i,
0 1 Dyqo B, —1 0 where a even, 1<m<3 P} Pu | vomi ep—ei
0 2 Dy By 0 1 a>1
0 3 D | By | -1 0 andi=0,1,2,3
1 0 Daar | Bo I 0
1 1 Di,... | B 0 0 0 1 Esq | Al —1 0
1 2 Dior1 | B> 1 0 0 2 Esq A, 0 —1
1 3 D, | B, 0 0 0 3 Eiq B; 1 0
2 0 Digi2 | Bo 0 1 1 1 Ej. | Al 0 0
2 1 Digi2 | B —1 0 1 2 Er | A 1 0
2 2 Diaiz | B2 0 1 1 3 El | As 0 0
2 3 Dioi2» | B3 -1 0 2 1 Ejoarn | A 1 0
3 0 Dita+3 B() 1 0 2 2 E4a+2 A’l 0 —1
3 1 Dj,.; | B 0 0 2 3 Eiarr | A3 1 0
3 2 Dz | B2 1 0 3 1 Els | Al 0 0
3 3 Dj,n | B ] 0 ] 0 3 N N AP A R B
3 3 El s | As 0 0
n=4and P} = K4, we see that PS is not cordial from known
result ( see Cahit [2]). Therefore, we have proved the fact that
has been proved by E.A. Elsakhawi [10], and Seoud and Abdel Table 8: Combination of Labeling
Maqusoud [13], which state that Pn3 is cordial iff n # 4. posi
n=4a+i,
. 3 . 3 where o even, 1<m<3 P,? P, Vo—V] ep—e)
Lemma 3.2. The join P; 4 P, of third power of a path P, a>1
and a path P, is cordial for all 4 > 7 and m, where 1 <m < 3. andi=0,1,2,3
p
) ) 0 1 Daa A7 —1 0
Proof. Let n = 4 + i, where o« > 1 and 0 < i < 3, then we 0 B Dia A 0 -
have two cases: 0 3 Day A, 1 0
I I Dl | A 0 0
1 2 D A —1 0
Case (1): a even. 1 3 DZ’M: Ai 0 0
. . . ot 2
For given values of m, where 0 <i < 3, we use the labeling E, 2 1 Dintr | Al 1 0
or E for the third power of a path P> as given in Table 1 and 2 2 Diarr | A 0 —1
n P P n a8 g
Ap or A, for the path P, as given in Table 6 and Table 1. Using g ? gf,"“ 23 (1) 8
4 1
Tables 1 and 6 and fact that vo — vy = (xg —x1) + (yo —y1) and 3 > Di’jﬁ A, T 0
eo—ey = (ap—ay) + (bo —b1) + (xo —x1)(yo — y1). the values 3 3 Dl,., | A 0 0
displayed in Table 7’s final two columns can be calculated. The
lemma follows as these are all 0,1, or —1.
© 2024 NSP
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Lemma 3.3. The join P73 + P, of third power of a path P73
and a path P, is cordial for all m.

Proof. We consider the cases of m separately.

Case (1): 1 <m <7, the following labeling suffice:
P34 P:[0010111:0],

P34 P,:[0010111:01] and

P34 P3:[0010111:001].

Case (2): m>3.Letm=4B+ j, where  >1and j=0,1,2,3,
then the following labeling suffice:

P3 + Pyg:[0001101; Lyg],

P? + Pyp41:[00101115 Lyg 101,

P3 +Pyg 5:[0010111; Lyg 501], and

P? +P4ﬁ+3:[00101 11; L4g+3001], the lemma follows.

Lemma 3.4. The join P63 + P, of third power of a path P63
and a path P, is cordial for all m.

Proof. We consider the cases of m separately.

Case (1): 1 <m < 3, the following labeling suffice:
P2 + P;:[000111:0],

P2 4 P:[000111:01] and

P2+ P3:[000111:001].

Case (2): m>3.Letm =4+ j, where § > 1 and j =0,1,2,3,
then the following labeling suffice:

P2+ Pyp:[000111; Lyg],

P+ Pyp1:[000111; Ly 0],

P2+ Py5.,5:[000111; Ly ,01], and

Pg’ +P4ﬁ+3:[0001 11; L4ﬁ+3001]’ the lemma follows.

Lemma 3.5. The join P53 + P, of third power of a path P53
and a path Py, is cordial for all m iff m # 1,2,3.

Proof. We consider the cases of m separately.

Case (1): 1 <m < 3, it is easy to verify that by investigating all
possible labeling of vertices of P53 and Py, where 1 < k <3 that
Pg + Py ,Pg + P, and P53 + P3 does not have a cordial labeling.

Case (2): m>3.Letm =4+ j, where § > 1 and j =0,1,2,3,
then the following labeling suffice:

P3 + Pyg:[00011; Lyg],

P3+ Py 1:[00011; Lyg 1],

P3 +Pyg.»:[00011; Lg . ,10], and

Pg + P4543:[00011; Lyg, 3011], the lemma follows.

Lemma 3.6. The join Pf + P, of third power of a path Pf
and a path Py, is cordial for all m iff m # 1,2,3.

Proof. We consider the cases of m separately.

Case (1): 1 < m < 3, then from the facts that Pj = K4 and
consequently Pf + P = Ky + P = K;s and
Pf + P, = K4 + P, = K6, we obtain that the graphs Pf + P and

Pf + P, are not cordial (see Cahit [2]). Also, by investigating all
possible labelings of K4 and Ps, it is easy to see that K4 + P3
does not has a cordial labeling.

Case (2): m>3.Letm =4+ j, where § > 1 and j =0,1,2,3,
then the following labeling suffice:

P} + Pyg:[0011; Lyg],

P} +Pyp1:[0011; Lyg 1],

P} +Pyg 5:[0011; Lg . ,10], and

Pf + P4543:[0011; Lyg 3001], the lemma follows.

Corollary 3.1. The join P33 + Py, of third power of a path Pn3
and a path Py, is cordial for all m iff m # 1,2,3.

Proof. Since Pg = (3, then the proof follows directly from
the fact that Q, + P, is cordial for all n and m iff
(n,m) # (3,1),(3,2),(3,3) [3], the corollary follows.

Corollary 3.2. The graphs P23 + P, is cordial for all m and
P]3 + P,, is cordial for all m iff m # 2.

Proof. Since P13 = P; and P23 = P,, then the proof follows
directly from the fact that the join P, + P, of two paths P, and
P, is cordial if and only if (n,m) # (2,2) [8], the corollary
follows.

We can construct the following Theorem based on the final
facts.

Theorem 3.1. The join P,f + P, of third power of paths P,f
and P is cordial iff (n,m)  #
(2,2),(3,1),(3,2),(3,3),(4,1),(4,2),(4,3),(5,1),(5,2),(5,3).

Proof. The proof follows directly from Lemma 3.1, Lemma
3.2, Lemma 3.3, Lemma 3.4, Lemma 3.5 , Lemma 3.6, Corollary
3.2 and Corollary 3.3, the theorem follows.

4 Union between Third Power of Paths and
Paths

In this section, we show that the union P2 U P, of third
power of a path P,f and a path B, is cordial for all n and m iff

(nm) # (2.,2).

Lemma 4.1. The union P,f U P, of third power of paths P,f
and a path P, is cordial for all n > 7 and m > 3.

Proof. For given values of i and j, where
n=4a+i,m=4B+j withi=0,1,2,3 and j =0,1,2,3, we
have two cases:

Case (1): o even.

We use the labeling E; or E!” for the third power of a path P}
and B; for the path P, as given in Table 1 and Table 3. Using
Tables 1 and 3 and fact that vy —v; = (xo —x1) + (yo —y1) and
eo —e1 = (ap —ay) + (bp — by), the values displayed in Table
9’s final two columns can be calculated. The lemma follows as
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these are all 0,1, or —1.

Case (2): a odd.

We use the labeling D;, D or D/ for the third power of a path P,
and B; or B’j for the path P, as given in Table 1 and Table 3.
Using Tables 1 and 3 and fact that
vo — v o= (o — x) + (o — ¥y1) and
ey —e1 = (ap —ay) + (bg — by), the values displayed in Table
10’s final two columns can be calculated. The lemma follows as
these are all 0,1, or —1.

Table 9: Combination of Labeling

n=4a+i,
where o even, m=4B+ j, P} Py Vo—Vi ep—e|
a>1 i=0,1,23
andi=0,1,2,3
0 0 Esq By 0 1
0 I Ewe | B I 0
0 2 Esq B> 0 1
0 3 Esq Bs —1 0
1 0 Erarr | Bo 1 0
1 1 Evarr | By 1 1
1 2 Esor1 | B2 1 0
1 3 E’ . | B | 0 0
) 0 Eswrr | Bo 0 I
2 T Finiz | B1 | -1 0
2 2 Finiz | B2 0 I
) 3 Eigrr | By | -1 0
3 0 Esas | Bo 1 0
3 1 o [ B 0 [0
3 2 E4oy3 B 1 0
3 SR 74P A N
Table 10: Combination of Labeling
n=4a-+i,
where a odd, m=4B + j, P} Pu | vo—vi ep—ei
a>1 j=0,1,2,3
andi=0,1,2,3
0 0 Diw | Bo 0 1
0 1 D | B | -1 0
0 2 Dayg B> 0 1
0 3 Dia | By | -1 0
I 0 Diwst | Bo I 0
I i DL | B 0 0
1 2 D4a+| By 1 0
T 3 Dl | B, 0 0
2 0 Diwz | Bo 0 1
2 1 Diga | B1 | -1 0
2 2 Diwsr | B> 0 I
2 3 Diwsr | By | —1 0
3 0 Dy | Bo T 0
5 ] A T I
3 2 Diys | B2 1 0
3 3 Dy | B, 0 0

Lemma 4.2. The union P,? U Py, of third power of paths P,?
and a path P, is cordial foralln > 7 and 1 <m < 3.

Proof. For given n =4 +iand o > 1 withi =0,1,2,3, we
have two cases:

Case (1): o even.

For given values of m, where 1 < m < 3, we use the labeling E,
or E)/ for the third power of a path P;? as given in Table 1 and
Ap or A}, or Al for the path P, as given in Table 6. Using
Tables 1 and 6 and fact that vy —v; = (xo —x1) + (yo —y1) and
eo —e1 = (ap —a1) + (bg — by), the values displayed in Table
11’s final two columns can be calculated. The lemma follows as
these are all 0,1, or —1.

Case (2): a odd.

For given values of m, where 1 <m < 3, we use the labeling D,
or D!! for the third power of a path P> as given in Table 1 and
Ap or A}, or AJ for the path P, as given in Table 6. Using
Tables 1 and 6 and fact that vy — vy = (xo —x1) + (yo —y1) and
eo — ey = (ap —ay) + (bp — by), the values displayed in Table
12’s final two columns can be calculated. The lemma follows as
these are all 0,1, or —1.

Table 11: Combination of Labeling

n=40+1i,
where @ even, 1<m<3 P} Py Vo=V ep—ey
a>1

andi=0,1,2,3
0 1 Esq Al —1 0
0 2 Esq Ay 0 —1
0 3 Eyq B; 1 0
1 1 Efy A 0 1
1 2 EX(Hl Ay —1 0
1 3 Ejl/a+| A3 0 1
) I Eiarz | Ar I 0
2 2 Eaarz | A2 0 ~i
2 3 Esqrr | Az 1 0
3 1 E!t/aﬁ A 0 1
3 2 Eyai3 A,z/ —1 0
3 3 EX(HB A3 0 1

Table 12: Combination of Labeling
n=40+1i,
where a even, 1<m<3 P’ Py Vo—Vi eo—ey
a>1

andi=0,1,2,3
0 I Diw | A, =1 0
0 2 Dyqy A 0 —1
0 3 Dyqy As 1 0
1 1 Dgaﬂ A 0 1
I 2 Dl | A2 | 1 0
1 3 Dl | As 0 1
) I Divi2 | Al I 0
2 2 Diciz | Az 0 ~1
2 3 Dygir | Az 1 0
3 1 Dga+2 A 0 1
3 2 Digy2 | AY —1 0
3 3 Di,, | As 0 1

Lemma 4.3. The graph P73 U Py, of third power of paths P73
and a path P,, is cordial for all m.

© 2024 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

1202 N SS ¥

E. A. Elsakhawy, A. T. Diab: On Cordial Labeling of Third Power of...

Proof. We consider the cases of m separately.

Case (1): 1 < m < 3. Appropriate labeling are the following:
P; U P3:[0010111:001],

P73 UP:[0010111:01] and

P3UP;:[0010111:0].

Case (2): m>3.Letm =4+ j, where § > 1 and j =0,1,2,3,
then the following labeling suffice:

P UP4p:[0001101; Lyg],

P73UP4B+1:[0010111; L4101,

P§UP413+2:[0010111; L4p4-01] and

P73 UP4B+3:[00101 11; L4B+3001]’ the lemma follows.

Lemma 4.4. The graph P63 U By, of third power of paths P63
and a path P, is cordial for all m.

Proof. We consider the cases of m separately.

Case (1): 1 < m < 3. Appropriate labeling are the following:
P2 UP;:[000111:001],

P2 UP»:[000111:01] and

P2 UP;:[000111:0].

Case (2): m>3.Letm =4+ j, where § > 1 and j =0,1,2,3,
then the following labeling suffice:

P3 UPyg:[000111; Lyg],

PUPyg1:[000111; Lyg 0],

P3 UPyg»:[000111; Lyg.,,01] and

Pg UPyp.3:[000111; Lyg 3001], the lemma follows.

Lemma 4.5. The graph PS3 U By, of third power of paths P53
and a path P, is cordial for all m.

Proof. We consider the cases of m separately.

Case (1): 1 < m < 3. Appropriate labeling are the following:
P2 UP3:[00011:011],

P3UP,:[00011:11] and

P3UP:[00011:1].

Case (2): m>3.Letm =4+ j, where § > 1 and j =0,1,2,3,
then the following labeling suffice:

P3UP:[00011; Lyg],

P3UPsg.1:[00011; Lyg 1],

Pg U Pyg42:[00011; Lyg 5 11] and

PS3 UPy543:[00011; Lyg 3110], the lemma follows.

Lemma 4.6. The graph Pf U By, of third power of paths Pf
and a path P, is cordial for all m.

Proof. We consider the cases of m separately.

Case (1): 1 < m < 3. Appropriate labeling are the following:
Pf U P5:[0001111:001],

P} UP,:[0001:11] and

P} UP;:[0001:1].

Case (2): m>3.Letm=4p+ j, where § > 1 and j =0,1,2,3,
then the following labeling suffice:

P} UPyg:[0011; Lyg],

P} UPsp1:[0011; Lyg 1],

P} UPg.:[0011; Ly ,10] and

Pf UPyg43:[0011; Lyg, 3001], the lemma follows.

Lemma 4.7. The graph PS’ U By, of third power of paths PS’
and a path P, is cordial for all m.

Proof. We consider the cases of m separately.

Case (1): 1 < m < 3. Appropriate labeling are the following:
P§ UP;:[001:110],

P§ UP,:[001:11] and

P§ UP;:[001:1].

Case (2): m>3.Letm=4+ j, where § > 1 and j =0,1,2,3,
then the following labeling suffice:

P UPyg:[001; Lyg],

PJUPyg 1:[011; Lyg 0],

P§ UPyg.»:[001; Lyp ,,10] and

P; UPyp3:[011; Lyg, 3001], the lemma follows.

Lemma 4.8. The graph P23 U Py, of third power of paths P23
and a path Py, is cordial for all m iff m # 2.

Proof. We consider the cases of m separately.

Case (1): 1 <m <3 and m # 2. Appropriate labeling are the
following: P U P3:[01:011] and
P3 UP:[01:0].

Case (2): m>3.Letm=4f+ j, where § > 1and j =0,1,2,3,
then the following labeling suffice:

P UPy:[01; Lyg],

P3 UPyg1:[01; Lyg 0],

P3UPyg 5:[01; Lyg10] and

P23 UPyp13:[01; Lyg 1 3001], the lemma follows.

Lemma 4.9. The graph Pl3 U By, of third power of paths Pl3
and a path P, is cordial for all m.

Proof. Since P13 = Py, then we consider the cases of m
separately.

Case (1): 1 < m < 3. Appropriate labeling are the following:
P UP;:[1:001]

Py UP:[0:01] and

Py UP:[1:0].

Case (2): m>3.Letm=4B+ j, where § > 1 and j =0,1,2,3,
then the following labeling suffice:

P} UPyg:[0; Lyg],

P13UP4[3+11[1§L413+10L

P}UPsg.5:[1; Lyg»01] and

Pf UPyp13:[1; Lyg13001], the lemma follows.
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Theorem 4.1. The union P U P, of third power of paths P

Table 14: Combination of Labeling

and a path P, is cordial iff (n,m) # (2,2). n— o 4B+ ], P 0 | voerr | eoer
where a even, =0,1,2,3
Proof. The evidence is clear from the above Lemmas, the i=0,1,2,3
heorem foll .
theorem follows 5 0 o o 0 5
0 I Eiw | A I T
0 2 E | A 0 0
. . 0 3 E4 As —1 —1
5 Joins of Third Power of Paths and Cycles . o Fowr | Ao : —
1 1 Esar1 | Al 0 —1
1 2 Esur1 | A2 1 1
. . s . 1 3 Epy | AT 0 -1
In this section, we show that the join P; + O,y of third power ) 0 Fawir | A 0 0
of a path P3 and a cycle Oy, is cordial for all n and m iff (n,m) # 2 1 Einrz | Al -1 1
(173)(273)(373)(473)(474)(573) 2 2 Eiger A2 0 0
2 3 Eygin Aj -1 —1
3 0 Esrs | Ao 1 —1
3 1 Esars | Al 0 —1
3 2 Esnrs | A2 1 1
Table 13: Labeling of a cycle O, 3 3 Bl A 0 1
b o+3
m=4B+j, labeling of X0 X1 ao a
j=0,1,2,3 acycle Op,
Table 15: Combination of Labeling
J Ao = Lag 2B 2B 2p 2p
j=1 AL =Lyl 26 | 2p+1 ] 2B 2p n=dati, || m=4p+j, | P
- = , = Js On | vo—vi ep—e)
j=2 Ay=0Lgl | 2B+1 [ 2B+1 [ 2B+2 | 2B where @ odd, || j=0,1,2.3 !
Ab =01Lyg 2B+1 | 2B+1 2B 2B+2 i=0.1.2.3 T
j=3 A3 =L4gO11 | 2B+1 | 2B+2 | 2B+1 | 2B+2 o
A%:L_wllo 2B+1 | 2B+2 | 2B+3 28 0 0 Dia Ao 0 0
A =1L4001 | 2B+2 | 2B84+1 | 2B+1 | 2B+2 0 I Dia A I 1
0 2 D, | 4 0 0
0 3 Dig A; —1 —1
.. . 1 0 D, A 1 —1
Lemma 5.1. The join P,? + O of third power of a path P,? 0 I DjZ: A? ) =
and a cycle Pnzq is cordial for all n > 7 and m > 6. 1 2 Dig+1 | Az 1 1
I 3 Dl | As 0 —1
Proof. For given values of i and j, where n = 4o + i with ; (1) g“*z 20 01 (1)
. . . . 4042 1 _
0<i<3ando>Il,andm=4B+jwith0<;j<3and > 1, 3 5 Diir | A 0 0
we have two cases: 2 3 Dioi2 | A3 —1 —1
3 0 Dy | Ao 1 —1
. . 3 1 J A 0 —1
Case (1): a is an even number. We use the labeling E; for the 3 5 D?“‘” A; i i
. 4043
third power of a path P;? and A; or A’j or A’j’ for the cycle Q,, as 3 3 D’JZ; Al 0 -]

given in Table 1 and Table 13. Using Tables 1 and 13 and fact
that v — v = (x — x1) + (o — y1) and
ep—ey = (ap—ay) + (bo — bl)(xo —x1)(yo —¥1), the values
displayed in Table 14°s final two columns can be calculated. The
lemma follows as these are all 0,1, or —1.

Case (2): alpha is an odd number. We use the labeling D; or Dg
for the third power of path P} and A; or A’; or A7 for the cycle
Om as given in Table 1 and Table 13. Using Tables 1 and 13 and
fact that vo — vi = (x — x1) + (o — y1) and
eo —e1 = (ap —ar) + (bo — b1)(xo —x1)(yo — y1), the values
displayed in Table 15°s final two columns can be calculated. The
lemma follows as these are all 0,1, or —1.

Lemma 5.2. The join P,? + Q3 of third power of a path P,?
and a cycle Q3 is cordial for all n > 7.

Proof. We consider the cases of n separately.

Case (1): n = 0(mod4) or n = 4a and o > 1. The following
labelings suffice.

Pfa + 03 : [E4¢;001] if & is even, and

P}, + 03 : [D4ai;001] if ot is odd.

Case (2): n = 0(mod4) or n =40+ 1 and « > 1. The following
labelings suffice.

PjaH + 03 1 [Efy415001] if o is even, and

P, 1 +03:[Dlfy.:001] if o is odd.

Case (3): n = 0(mod4) or n =40, +2 and « > 1. The following
labelings suffice.

P2a+2 + 03 : [E4¢+2;001] if & is even, and

P}in+ 03t [Dyg2;001] if o is odd.
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Case (4): n = 0(mod4) or n =40+ 3 and o > 1. The following
labelings suffice.

P33+ 031 [E"4a+3;001] if o is even, and

P3a+3 + Q3 : [D"4a+3;001] if « is odd, the lemma follows.

Lemma 5.3. The join P73 + QO of third power of a path Pn3
and a cycle Q,, is cordial for all m.

Proof.

Case (1): Let m = 3, the following labeling suffice:
P34+ 05:[0010111:001].

Case (2): Let m > 3 and m = 4 + j, where j =0,1,2,3, then
the following labelings suffice:

P} +Q4p : [0001101; Lyg],

P +Qyp11 1 [0001101; Lyg1],

P3 +Q4p.17 : [0001101;0L451] and

P+ Q4p+3 (00101115 L45001], the lemma follows.

Lemma 5.4. The join P63 + QO of third power of a path Pn3
and a cycle Q,, is cordial for all m.

Proof.

Case (1): Let m = 3, the following labeling suffice:
P2+ 05:[000111:110]..

Case (2): Let m > 3 and m = 4 + j, where j =0,1,2,3, then
the following labelings suffice:

P2+ Q4p 1 [000111; Lyg],

P3+Qup11 :[000111;Lyg 1],

P2+ Q4p42 1 [000111;0Ls51] and

P+ Q4p+3 : [000111;L45001], the lemma follows.

Lemma 5.5. The join PS3 + QO of third power of a path Pn3
and a cycle Qy, is cordial for all m iff m # 3.

Proof.

Case (1): Let m = 3, then it is simple to confirm that the graph
PS3 + Q3 does not have a cordial labeling.

Case (2): Let m > 3 and m = 4 + j, where j =0,1,2,3, then
the following labelings suffice:

P3+Q4p : [00011;Lyg],

P +Qyp.1 1 [00011;Lyg 1],

P3+Q4p42 1 [00011;0Ls51] and

P+ Q4p+3  [00011;L45110], the lemma follows.

Lemma 5.6. The join Pf + QO of third power of a path Pn3
and a cycle Q,, is cordial for all m iff m # 3,4.

Proof.

Case (1): Let 3 < m < 4, then from the fact that
Pf + 03 = K4 + K3 = K7, which is not cordial (see Cahit [2]).
Also, by investigation all possible labelings of K4 and Q4 it is
easy to verify that Pf + Q4 = K4 + C4 does not have a cordial

labeling.

Case (2): Let m > 4 and m = 4 + j, where j = 0,1,2,3, then
the following labelings suffice:

P} +Qup.11 1 [0011;Lyg0],

P} +Qup42 1 [0011;0Ly51] and

P} +Qu4p13:[0011:Ly5110],

Now, for j = 0, we labeling the vertices of Pf as 0001 ( i.e.,
xo = 3,x1 = l,ap = 3 and a; = 3) and Q4 as
I503R45_g = I50301010101. .. (3 —2)-times ... 01010101 for
B >2 (e, yo=28—-1,y1 =28+ 1,bp = 2 +2 and
by =2f —2), therefore vp—v; = 0 and eg—e; = 0. For § =2, we
may use the labeling of vertices of Qg as Osl3 = 00000111 (i.e.,
yo = 5,y1 = 3,bg = 6 and b; = 2), hence we obtain that
vo—v1 = 0 and eg—e; = 0, the lemma follows.

Lemma 5.7. The join P33 + QO of third power of a path P33
and a cycle Qy, is cordial for all m iff m # 3.

Proof.

Case (1): Let m = 3, then the graph P; +03=03+03 =Kj is
not cordial [2].

Case (2): Let m # 3, The evidence is clear from the facts that
P33 = (3 and the join of two cycles O, and Qy, is cordial except
for n = 0(mod4) and m = 2(mod4) (or vice versa) [12], the
lemma follows.

Example 5.1. If n < 3, then P,f + Q3 are not cordial.

Solution. The solution follows directly from the fact that
PP+ Qs = P+ 03 = K + K3 = Ky
PP+ Qs = P + 03 = K, + K3 = Ks and
P33 + 03 = 03 + Q3 = Kg, which are not cordial (see Cahit [2]).

From the above Lemmas and Example 5.1, we can
introduce the following theorem.

Theorem 5.1. The join P,? + O, of third power of a path Pn3
and a cycle Q, is cordial for all n and m iff
(n,m) #(1,3),(2,3),(3,3),(4,3),(4,4),(5,3).

Proof. The proof follows of the above Lemmas and
Examples.

6 Unions of Third Power of Paths and Cycles

In this section, the union Pn3 U Qp of third power of a path
P2 and a cycle Qy, is cordial for all n and m iff (n,m) # (5,3) or
3+ m # 2(mod4) or P,f U @y, is not isomorphic to Py U O, with
m # 2(mod4).

Lemma 6.1. The union Pn3 U Oy, of third power of a path Pn3
and a cycle Oy, is cordial for all n > 7 and m > 3.

Proof. For given values of i and j, where n = 40 4 i with
0<i<3anda>Il,andm=4f+jwith0<;j<3and > 1,
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we have two cases:

Case(1): a is an even number. We use the labeling E; or E{’ or
E!" for the third power of a path P and A; or A" for the cycle
Om as given in Table 1 and Table 13. Using Tables 1 and 13 and
fact that vo — vi = (v — x1) + (o — y1) and
ey —e1 = (ap —ay) + (bg — b1), we may calculate the values
displayed in Table 16’s final two columns. These are all 0,1, or
—1, therefore the lemma is evident.

Case (2): o is an odd number. We use the labeling D; or D} or
D! or D'for the third power of path P} and A; or A’; for the
cycle O, as given in Tables 2 and 13. Using Tables 2 and 13 and
fact that vo — vi = (xo — x1) + (o — y1) and
eo —ey = (ap —ay) + (bo — b1), we may calculate the values
displayed in Table 17’s final two columns. These are all 0,1, or
—1, therefore the lemma is evident.

Table 16: Combination of Labeling

n=40+1i, m=4f+j, P} Om | vo—vi ep—e)
where a even, =0,1,2,3

i=0,1,2,3
0 0 E4q Ao 0 0
0 1 E4q A -1 1
0 2 Ei, Ay 0 0
0 3 E4q As —1 —1
1 0 J A 1 —1
I I Eiur1 | Al 0 0
I 2 Eiar1 | A2 I I
1 3 Efpi Af 0 0
2 0 E4pi2 Ao 0 0
2 1 JI A -1 1
2 2 Ejyr Al 0 0
2 3 J As —1 —1
3 0 Eigrs | Ao I 1
3 1 E4043 A 0 0
3 2 Eaars | A2 I I
3 3 Efis As 0 0

Table 17: Combination of Labeling
n=4o0+i, m=4p + j, P; O Vo1 ep—e)
where & odd, j=0,1,2,3

i=0,1,2,3
0 0 Dy Ao 0 0
0 1 Dyg Ay —1 1
0 2 D, Al 0 0
0 3 Dyg As —1 —1
I 0 Daa1 | Ao T -1
1 1 Dy A 0 0
1 2 Dy Ay 1 1
1 3 DZDH»I 43 0 0
2 0 Dygi2 Ao 0 0
2 I Diarz | Ar I I
2 2 Dyr | A 0 0
2 3 Diarr | As I I
3 0 Dy | Ao 1 1
3 1 a3 A 0 0
3 2 D}y .3 Ay 1 1
3 3 Dy,.4 A 0 0

Lemma 6.2. The union P2 U Q3 of third power of a path P.
and a cycle Q3 is cordial for all n > 7.

Proof. We consider the cases of n separately.

Case (1): n = 0(mod4) or n = 4a and o > 1. The following
labelings suffice.

Pfa UQj3 : [E4q;001] if « is even, and

P}, U Q5 : [D4a;001] if ot is odd.

Case (2): n = 0(mod4) or n =40+ 1 and « > 1. The following
labelings suffice.

P}, V03 [E), 1:001] if o is even, and

P}, UQ3: [Dyy,;001] if ot is odd.

Case (3): n = 0(mod4) or n =40, +2 and « > 1. The following
labelings suffice.

P2a+2 UQ3 : [E4042;001] if @ is even, and

P}y 2 UQ3 : [D4g42:001] if ot is odd.

Case (4): n = 0(mod4) or n =40+ 3 and « > 1. The following
labelings suffice.
P},.3UQ03: [E"4a+3;001] if o is even, and

P}, 4UQ3: [D"4a+3;001] if ot is odd, the lemma follows.

Lemma 6.3. The union P? U @, of third power of a path P3
and a cycle Q,, is cordial for all m.

Proof.

Case (1): Let m = 3, the following labeling suffice:
P73 UQ3:[0010111:001].

Case (2): Let m > 3 and m = 43 + j, where j =0,1,2,3, then
the following labelings suffice:

P3UQyp 1 [0001101; Lyg],

P3UQup1: (0001101 Lyp1],

P3UQyp5 1 [0001101;0L451] and

P73 UQ4p3 : [0010111;L4001], the lemma follows.

Lemma 6.4. The union Pg U Oy, of third power of a path P;?
and a cycle Q,, is cordial for all m.

Proof.

Case (1): Let m = 3, the following labeling suffice:
P63 UQs3:[000111:110]..

Case (2): Let m > 3 and m = 4 + j, where j = 0,1,2,3, then
the following labelings suffice:

P3UQup : [000111; Lyg],

P3UQ4p1 :[000111;Lsp1],

P3UQu4p. : [000111;0Lyg 1] and

P} UQ4p3 : [000111;L45001], the lemma follows.

Lemma 6.5. The union Pg’ U Oy, of third power of a path P,?
and a cycle Qy, is cordial for all m iff m # 3.
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Proof.

Case (1): Let m = 3, then it is simple to confirm that the graph
Pg U Q3 does not have a cordial labeling.

Case (2): Let m > 3 and m = 4 + j, where j = 0,1,2,3, then
the following labelings suffice:

P3UQup : [00011; Lyp],

P3UQup1:[00011;Lsp1],

P3UQup 5 1 [00011;0Lsp1] and

P3 U Qyup3 ¢ [00010: 3M4Ryp5 4] for B> 1 and for B = I,
P3UQ7:[00010;1110101], the lemma follows.

Lemma 6.6. The union Pf U Oy, of third power of a path P,f
and a cycle Qy, is cordial for all m.

Proof.

Case (1): For m = 3, we may use the following labeling:
P} UQ3 =K4UKj : [1110;001].

Case (2): Let m > 3 and m = 4 + j, where j = 0,1,2,3, then
the following labelings suffice:

PyUQup 1 - [0011;L450],

P} UQup: [0011;0L,51] and

PyUQup.3: [0011;L,5110],

Now, for j =0, P} UQqup : [11 10:Lj] (ie., P3 =K, = 1110,
we have xo = 1,x; = 3,ap = 3 and a; = 3) and Qup = Lﬁtﬁ’ we
have yo = 2B + 1l,y; = 2B — 1,bp = 2 and by = 2fB),
therefore vo—v| = 0 and ep—e; = 0, the lemma follows.

Lemma 6.7. The union PS’ U Oy, of third power of a path PS’
and a cycle Qy, is cordial for all m iff 3 +m # 2(mod4).

Proof. The evidence is clear from the facts that P; = Q3 and
the union of two cycles Q, and Q, 1is cordial iff
n+m # 2(mod4) [8], the lemma follows.

Lemma 6.8. The union P23 U Oy, of third power of a path P23
and a cycle Qy, is cordial for all m iff 3+m # 2(mod4).

Proof.

Case 1): Let m = 3, then the
PyUQs =P, +Q5:[11;001].

graph

Case (2): Let m > 3 and m = 4 + j, where j =0,1,2,3, then
the following labelings suffice:

P3U 048 =PUQyp : [01; Lyg],

P3UQup 1 =PrUQup. : [01:L450],

P3UQup 2 =PrUQup 5 : [01:0Lypg1] and

PU O4p+3 =P2UQ4p,3 1 [01;L45011], the lemma follows.

Lemma 6.9. The union P13 U Qy, of third power of a path P13

and a cycle Q,, is cordial iff P13 U Q) is not isomorphic to
Py U Qy, with m # 2(mod4).

Proof. The evidence is clear from the facts that P13 =P and
the union P, U Oy, of a path P, and a cycle Q,, is cordial iff it is
not isomorphic to Py U Oy, with m = 2(mod4) [8], the lemma
follows.

Theorem 6.1. The union P;? U Qy, of third power of a path
P32 and a cycle Oy, is cordial for all n and m iff (n,m) # (5,3) or
3+ m # 2(mod4) or P} U Q,, is not isomorphic to P U Qy, with
m # 2(mod4).

Proof. The proof follows directly from the above Lemmas,
the theorem follows.

7 Conclusion

A graph is termed cordial if its 0 — 1 labeling satisfies specific
criteria. The third power of a path P, is created by adding edges
to connect each pair of vertices u and v where the distance
d(u,v) = 3. This study explores the cordiality of the join and
union of graphs involving one path and one cycle, as well as the
third power of paths.
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