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Abstract: In this study, we developed a cholera model using the Caputo fractional operator with optimal control strategies to address
the dynamic nature of cholera transmission, employing bifurcation analysis. Initially, by applying fixed point theory, we analyzed the
existence and uniqueness of the solutions of fractional order derivatives. Furthermore, utilizing the next-generation matrix, we
computed the basic reproduction number, crucial for assessing disease dynamics. If this number falls below unity, the equilibrium
point remains disease-free, both locally and globally stable, as verified through the Jacobian matrix, Metzler matrix, and Lyapunov
function. Otherwise, cholera persistence equilibrium occurs. In addition, we extended the model to include optimal control by
integrating three controls: a prevention effort to protect susceptible individuals from contracting the disease and Vibrio cholera, a
treatment for those infected with cholera through quarantine, and water sanitation strategies to reduce infectious transmission. These
controls were determined using the Pontryagin minimum principle. The model validation was done using numerical experiments.
Based on the numerical simulation of fractional order, we observed that the order of derivatives has an impact on controlling disease
transmission. The study of this work underscores the benefit of integrating fractional order derivatives with optimal control strategies
to mitigate cholera outbreaks effectively. The proposed optimal control framework provides a systematic approach to evaluate the
impact of various interventions and inform public health policies. Future research directions include model extensions to incorporate
spatial heterogeneity and real-world data integration to further enhance the applicability and robustness of the control strategies.
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1 Introduction

Cholera is a incredibly contagious acute watery dehydrating diarrheal ailment due to Vibrio cholerae and commonly
propagated by contaminated water and food [1]. Infectious diseases shows immense diversity, and their outbreaks render
millions of people vulnerable to infection, resulting in a significant economic burden on the healthcare system [2].
Nowadays, mathematical modeling plays a vital role in investigating and analyzing the transmission dynamics of
diseases, as well as predicting the potential impacts of intervention strategies to manage their distribution. These models
help in making informed decisions and establish policies to mitigate the dissemination of diseases, [3,4,5]. In past years,
there has been significant study conducted by numerous authors on the complex dynamics of the cholera model.
Theoretical analysis of such systems have resulted in a multitude of interesting findings, which have been published in
various studies [6,7,8,9], along with the references cited within those publications. These authors have focused on
mathematical models that describe the interactions between populations, contaminated water, and poor sanitation. By
employing these models, valuable insights into the dynamics of cholera can be obtained, contributing to a better
understanding of the disease and the development of effective control strategies.

Tilahun et al. [9] developed a stochastic mathematical model to investigate the behavior of cholera disease, with a
specific focus on the direct contact transmission pathway. They extensively studied the qualitative and quantitative
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behavior of the model. Adewole and Faniran [11] developed a human host and environment model to examine the
complex dynamics of cholera infection. In their model, they considered the fraction of infectious individuals who do not
adhere to treatment as part of the overall human population. Their findings suggest that while compliance with treatment
is necessary, it alone is not sufficient to eradicate cholera. These studies contribute to the understanding of cholera
dynamics by incorporating various factors and transmission pathways into mathematical models. The results emphasize
the importance of considering both direct contact transmission and the impact of treatment adherence in devising
effective strategies for cholera control.

Fractional operators, which extend the concept of differentiation and integration to non-integer orders, find extensive
applications in various fields of knowledge, including physics, biology, finance, and control theory [12,13,14,15]. Their
popularity has been on the rise due to their ability to model systems with complex, non-linear, and non-local behavior.
One of the main merits of fractional operators is their capability to describe systems with memory effects, which are
prevalent in physical and biological systems. Moreover, they can effectively capture the behavior of systems with
long-range interactions, making them a valuable tool for modeling complex systems [16,17,18,19]. In [20], a stochastic
computational model of cholera infection was proposed in the context of a direct contact transmission pathway applying
fractional calculus theory. The study results suggest that policymakers should consider measures such as reducing
interactions, improving treatment rates, and encouraging hygiene facilities to eradicate cholera.

Clearly, all of the above-stated works are primarily based fractional derivative and classical integer-order derivatives.
However, to some extent, the deterministic model cannot fully account for the natural behavior of the disease [21]. The
essential motive is that the community operator of the integer Order calculus does now no longer convey any records
approximately the mastering and reminiscence mechanisms of the population that influences disease transmission.
Conversely, the non-neighborhood operator of the fractional-order calculus can expound the worldwide traits of sickness
transmission process, and the derived results are more general nature. Additionally, they not consider indirect
transmission by applying optimal controls and Caputo fractional operators to cholera model with logistic growth for
V.cholerae. Thus, to cover the observed gap, we are motivated to propose a cholera model with optimal control and
Caputo fractional operators analysis. In this section, the formulated SIQR-B mathematical model of the cholera epidemic
model is analyzed to show the impact of optimal control and memory effect on dynamics of cholera infection.

The remainder of this paper is structured as follows: Section 2 presents the formulation of the cholera model in a
deterministic and Caputo fractional order framework. In Section 3, we discuss qualitative analysis and sensitivity
analysis of the model. Optimal control formulation is detailed in Section 4, followed by numerical simulation results
using MATLAB software in Section 5. We present our discussions and conclusions in Section 6. Finally, we present our
conclusions in Section 7.

2 Cholera Model Description and Formulation

Based on the condition of their diseases, the model separated all people into four groups. Those are susceptible
individuals S(¢), are individuals who are vulnerable to the cholera infection over a period of time, infected individuals
I(t), are those individuals who have developed the symptom of cholera infection, quarantined individuals Q(¢), are
individuals who are infectious and compulsory quarantine to reduce the spread of cholera and get treatment based on the
patients clinical results, and recovered individuals R(¢), are individuals who are recovered from cholera disease by
treatment at a time. Moreover, B(t), is the concentration of Vibro cholerae bacterium in an aquatic environment is
tracked as an additional compartment.

Moreover, the model assumed that the human population recruited to susceptible compartment at a rate Il and the
concentration of the environmental bacteria is described by a logistic growth model with the intrinsic growth rate r and
the carrying capacity K. The parameters ; and o represents the rate of contribution from an infected individuals and
quarantined individuals to the bacteria population in the environment respectively, and ip is the bacteria removal rate.
Susceptible individuals may acquires cholera infection either directly through human to human transmission at a rate

BoSI or indirectly from environment to human by ingestion of contaminated water and food by Vibrio cholerae
SB
Gol
percent chance of cholera infection [6], and ; ingestion rate. Cholera infected individuals are quarantined to control the
transmission of cholera infection and joined the quarantined compartment at a rate 6. Individuals in quarantined
compartment recover as a result of cholera treatment at a rate 8. The recovered individuals who lose immunity become
susceptible at a rate . In all compartments, u is the natural death rate of individuals, but in the infectious compartment
& is cholera disease induced death rate. All parameters in the model are non-negative. The schematic diagram of cholera

model is shown in Figure (1).

bacterium at a rate where k is the concentration of Vibrios cholera in contaminated water and food that causes 50
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Fig. 1: Schematic Diagram of Cholera Model

Based on the basic assumption with the description and schematic diagram we obtain the following model equations.

B0 = 11— (BS2 1 B,SI) — S + R,

A — (BB 1 BST) — (04 04 + u+ &),

%_gé(&iaz;m&)g, (1
dgét): B R

T—rB(]—f)—l—(Xl[-f—OCzQ—NBB,

with initial condition
S(0) > 0,1(t) >0,0(t) > 0,R(r) > 0,B(r) > 0. (2)

As aresearch, fractional derivative modelling capabilities are enhanced by its non-fixed order. The selection of the Caputo
operator in this study is motivated by the fact that it permits for the use of local initial conditions to be included in the
formulation of the model solution. Besides, the Caputo derivative for a given constant function is zero; thus, it takes
the same outcome for integer order derivatives. Upon the memorability nature of the Caputo fractional derivate, model
parameters can be estimated well. For this merits, we use the Caputo fractional derivatives to model cholera infection.
Taking the above interrelationship and the explanation of the time-dependent kernel defined by the power law correlation
function, the new fractional model for the cholera dynamics is as the following system.

CDES(1) =T — (B35 4 B,s1) — S+ wR,

CDXI() = (if§+BzSI) 0+ 0y +p+E),

6DFO(t) = 01— (6+ 0+ u+§)0, 3)
GDR(t) = 80 — (0 + )R,

SDYB(t) = rB(l —3)+ oy I+ 0 — B,
with initial condition
S(0) > 0,1(r) = 0,0(r) > 0,R(z) > 0,B(r) > 0. 4)

where all the parameters are assumed to be non-negative, and gD,‘X denotes the Caputo fractional derivative (CFD) of
order o € (0, 1] for function f(z) such that [8].

2.1 Preliminaries
In this section, we review several key definitions, lemmas, and concepts that are necessary to understand our suggested

model.

Definition 1.(/42,43]). Given a function u : Rt — R,anda € (n— 1,n),n € N. The left Caputo fractional derivative of
order o of the function u is defined as,
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D (u(1)) = pray Jo w" (k) (t — k)"~ Vak,
and the Mittag-Leffler function Ey(z) with C the set of the complex number is given by,
o P
EO((Z) = ZB:O mv o,z¢€ Cvm(a) >0

Definition 2.(/42,43]). The corresponding Riemann-Liouville fractional integral associated with the power-law kernel is
defined as,

61 (u()) = Fgy Jot =k)* Vulk)dk,1 > 0.
Definition 3.7he Laplace transform of the Caputo fractional derivative is,
[ED%u(r)ss) = s*F(s)— K5} s+ 1) (0),
wheren—1< o <n.

Lemma 1.(/45,46]). Assuming there is a function u(t) € C[0,n] of order o. € (0, 1), the solution of fractional differential
equation,

§DX(u(t)) =Y (t,u(t)),t € [0,n],
u(0) = uo,

is given by
u(t) —u(0) = =L~ [ Y (k,u(k))(t — k)*~'dk.

3 Basic Properties of Cholera Model

3.1 Existence and Uniqueness of the Solutions

This part shows that the system has a unique solution. First, we construct the system (3) as follows;

CDO‘S() Fi(2,8(1)),

6D (1) = B(1,1(1)),

6D (1) = F3(1,0(1)),

6DR(1) = F4(1,R(r)),

6Df'B(1) = Fs(1,B(t)),

Fi(1,8(1)) =M — (ifngsz) 1S+ oR,
Fa(t,1(0) = (RS + BaSD) = (B -+ o+ + &)1,
Fi(,0(1)) = 01— (5 + oy +  + £)0,
Fy(t,R(1)) = 8Q — (0 + )R,

Fs(t,B(1)) = rB(1 — ) + ey + 000 — 1B

S(1) = S(0) = gy Jo(t —k)*~ " Fi (k. S)dk

I(t)—1(0) = % Jot —k)* 'Ry (k,I)dk

0(t) — 0(0) = gy Jo(t —k)*~'Fs(k, Q)dk, )
R(t) — R(0) = ﬁ) Jo(t — k)1 Fy(k,R)dk,

B(t) - B(0) = ﬁ) Jo(t — k)~ F5(k,S)dk,

we show that the kernel F;, fori = 1,2,3,4,5 follows the condition of Lipschitz and contraction.
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Theorem 1.1f the following inequality holds 0 < r; < 1, then the function F; for i = 1,2,3,4,5 fulfill with the condition of
Lipschitz and contraction mapping as well.

Proof-We have for S and S

| Fi(e.8) = Fa(e,8) =1 (B +BaD) ($1 =)+ (51 =) |
<[ BE+BD I+ 1 ull ] Si=9)]
“f*ly,\+ 1B I T+ s (D1 (S1=8) |
[(BLE B2 1T )+l [ (S1=9) |
<[P+ Boza) +u) | (S1=5) I

Where there are positive constants z1,22,23,24,25 such as

IS@) <21, 1) [I< 22,
Q@) 1< 23, [ R() [[< 2, || B(1) || < zs,

and r; = (( ,&‘2 + B2z2) + 1) are non-negative bounded functions.

Hence

[ Fi(2,8) = Fi(e,81) [< (1 S() = Si0) ] (6)

Similarly, we can prove that F; , for i = 2,3,4, 5 fulfill the Lipschitz condition as following:

| Ba(t.1) = Bx(t, 1) IS 2 ([ 1(2) = 1a (2) |

| F5(2,0) = F5(2,01) 1< r3 || Q(1) — Q1 (2) |,
| Fa(t,R) — Fu(t,Ry) | <ra || R() = Ri(2) |,

| Fs(t,B) — Fs(t,B1) |[<rs || B(r) = Bi(z) || -

Therefore, F; satisfies the Lipschitz condition. Furthermore, under the condition 0 < r; < 1, the functions are contractions.
Depending on the system (3), consider the following recursive forms:

Sut) = pag o= )% Fy (k. S, )k,

(1) = gy Jolt =)' Fa(k, 11 )k,

On(t) = p(‘a Jot = k) F3(k, Qu—1)dk,
R,(t) = F('a> Jo(t — k)4 Fy(k, R, )dk,
B,(t) = r(a) Jo(t —k)* ' F5(k,B,—1)dk.

The difference between two terms can be expressed as follows:

Py () = Su(t) = Su-1(t) = gy Jot =) *~ (Fi (K, Su1) — Fi(k, Sp—2) )k,
Doy (1) = In(t) —Ti-1(1) = 1y fo(f - )“7' (F2(k,In—1) — Fa(k,I,—2))dk,
D3 (1) = On(t) = OQn1 (1) = gy Jo (1 = ) * (B3 (k, Qnr) — Fi(k, Qn-2) )k,
Py (1) = Ra(t) — R (1) = gy Jo(t — ) '(Fa(k,Ru—1) = Fy(k, Ry—2))dk,
Ps(t) = Ba(t) = Bu-1(1) = 1y Jo(t = k)%~ (Fs(k, Bu-1) — Fs(k, By-2))dk,

using the initial condition S(¢) = S(0),(¢) =1(0),0(t) = Q(0),R(¢) = R(0),B(t) = B(0). We continue the first equation
of the preceding method with the norm and through Lipschitz condition (13), we get;

I <Pm()|\f||Sn() Sn—1(2) [|= IIF Jot = k)% N (Fy(k,Sp—1) — Fi(k,Su—2))dk ||,
ey Jo Il (1 =k)*~ I(Fl(k Sn—1) = Fi(k,Su—2) ||))dk, @)
H (0 1< 155 Jo I @1 (n = 1)(k) || dk,
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likewise, we get

| ou(0) < 755 Jo || P2l = 1)(K) || dk,
| ®ou(0) < 755 Jo Il P2l = 1)(K) || dk,
I D3 () 1< 757 Jo I| @3(n— 1) (k) || dk,
| Pan () 1< 7 Jo Il Paln— 1) (k) || dk,
Il Psu() 1< 75 Jo I| @s(n— 1) (k) || dk.

Then we can write that;

{saozyl¢”oxho>2?l¢ya»

On(t) = X0 Dai(t), Ra(t) = Xy Pai(t), Bu(t) = Li | Psi(t).

In the following theorem, we prove the existence of a solution.

®)

Theorem 2.If there exists t| > 1 such that ﬁtl <1, fori=1,2,3,4,5 then, there exist at least one solution of system

given by the fractional cholera SIQR-B.

Ti

Proof.Suppose their exist t such that 'l <1

From the recursive scheme and from (7) as well as (8), we have obtained that || @y, () || <

Replacing n by n - 1 in the above inequality

| @ui (1) || ) | @1 (n—2)(k) || dk,
S(ra)fo||¢1(n 2)(k) || dk.

Again replacing n by n - 2 in the given inequality

I a2 (1) 1< 757 Jo || 1 (= 3) (k) || dk,
< ()’ fé || @i (n—3)(k) || dk.

If we keep substituting in this way and use the initial condition, we obtain

| @1a(0) 1 <11 $2(0) || [p2]"-

Similarly, we get

I @20 (1) 1< 1.(0) || [
| @3 (2) [|<I] ©a(0) |

| Pan(t) [[<]| Ra(0) ||
| @sn () | <[l Ba(0) |

[(
[Fa ]",
Vs

Ol @y (n— 1) (k) || dk.

This system has a solution, so it is also continuous. We will show that CDI,,(t), Dy, (1), D3y (t),4n(t), Psy, (1) converge to

system of solution (3).
Consider D1,y Dan(r)s Dan(e)s Dan(e) s Dsn(r)» @s fixed point iteration method, so that

8(1) = 8(0) = Su(t) = Dua(0),
I(1) =1(0) = In(2) — D1(1),
0(t) — Q(0) = Qu(t) — Dia(t),
R(t) = R(0) = R(t) — D1 (1),
B(t) = $(0) = Bu(t) — D1a(t)-

Using the triangular inequality with the condition of Lipschitz F}, we are getting:

1 D1a () =11 gy Jo (Fi(k, Sn) = Fi(k, Su—1))dk |,

< P RS2 Rk Sy 1) 1))k,
< %rl | Sn—Sn—1]z¢.

(C))
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By applying the above process recursively, we obtain
I D1n(e) |== (e i)™k,

here K is the Lipschitz constant.
As aresult, the sequence is valid and follows the described conditions as

[ D2a(t) | = 0, || D3n(2) [[— 0, [| Dan(t) [0, [ Dsa(t) [|— O,

as n —» oo,

+l Yn+r+l

I Snir(t) = Salt) 1< Ty ¥ = A,
+1 ++1

| Futrle) = Ia(e) 1< X7 V= Hf— T —.
ntr +1 Yn+r+|

H Qn+r(t) Qn(t) ”S i:n+1Yl = 1— Y ’
Yn+| Yn+r+|

| Rytr(1) = Ra(t) | S TPy Ve = == 7
it ; Yn+l Yn+r+l

H Bn+r(t H(t) HS Zi:nJrl Y = 17Y5 .

By hypothesis ﬁtl <1, S,I,0,R,B are Cauchy sequences. For this reason, it can be deduce that they are uniformly
convergent. Hence, the limit of the sequences is the unique solution of the fractional system (3).

Theorem 3.1f the condition (1 — =+=)t > 0, for i = 1,2,3,4,5 holds then the SIORB model of Cholera is unique solution.

I' (o)

Proof.-We assume that another solution is possible for the system to highlight the uniqueness of the solution, such a
S1(2),1,(¢),01(t),R1 (¢) and By () then we have

S(t)—Si(1) = %oc) /(: (Fi(1,S) — Fi(1,8)))dk

Now, we take the norm of above equation
1S(e) = S1(0) =11 gy Jo (Fi(1,S) = Fi(e,80) || dk, < 5 Jo Il (Fi(£,8) = Fi(t,81)) || dk.
From the Lipschitz condition (7) it follows that,
1S(t) = S1(2) 1< prgymt I (S(2) = S1(2)) .

consequently,

1S(e) = $1(0) || mgyrae || (S(6) = $1(1)) [[< 0,

1) =S$i1(e) || [1 = nt] <0. (10)

1
Fla)
By the hypothesis (1 — F(rix) )t > 0 the previous (7) become the form,

| S(t) = Si(r) |=0.

This means that S(z) = S (¢). Apply similar technique to all solution for i = 2,3,4,5 we get
1 1(t)—1(¢) [|=0,|| Q@) —0:1(r) |=0,]| Q(¢) — Q1 () |=0,]| () — Q1 (¢) ||=0. Hence, the theorem is proved. Therefore
based on analysis and discussion described above, the solutions of the system (3) remain positive and bounded. Hence,
system (3) is both mathematically and epidemiologically well-posed.
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3.2 Invariant region

In the following analyses, we shall demonstrate that the model performs well-posed in both epidemiologically and
mathematically.

Theorem 4.The epidemiologically feasible region of model (3) is given by

_ 5 i (a1 + o)
Q= {(S,I,Q,R,B) ERLIOSNG) < B < = - HK}. 11

Proof.The boundedness of the solutions are performed in two parts: the human population and bacterial population. For
the human population, the first four equations of system (3) are summed to give

GDEN(1) = IT— puN(t) — Ty — EI — Q0 — EQ < IT— pN(1). (12)

Applying the Laplace transform of the above inequality, we have

I

ASUN(@] =A% IN(0) < 5 — [N ()], (13)
that can be written as
/'Lfl )Locfl

IIN(1)] < II 14
VO < g T 7N O) (14)

applying the inverse of the Laplace transform on inequality (6) gives

o a a H o H

N(t) <It°Eq g1 (—ut”)+Eq 1 (—ut*)N(0) = (_E +N(0))Eq1(—ut )+H’ (15)

where

oo zk
Eap(2) = Xilo Farrmy

is Mittag-Leffler function with parameters a and b. It is clear that N(0) < % when ¢ = 0. Then, N(¢) < % can be derived

from Eq 1 (—ptla)) > 0.
Next, for the bacterial population, it follows that

I
u

B
GDPB(t) <rB(1— L)+l + @0 — b, (16)

thus, one has

(a1 +0p)
B(1) < - TIK.

As such, the feasible region for system (3) is given by

_Q:{(S,I,Q,R,B)eRi:OSN(t)<%,B(t)§MHK}. (17)
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3.3 Positivity of Solutions

Theorem 5.For the given initial conditions (4), the solutions of system (3) are positive and bounded for all t > 0.

Proof.One of the important characteristics of epidemiological models is that their solutions are both positive and bounded.
In order to ensure this, we establish that all of the state variables are non-negative for any time m > 0, which implies that
a trajectory starting with a positive initial condition will stay positive for all m > 0. Thus, system (3) gives

$DXS(t)|S=0=IT+ wR >0,

§D2I(r)|1=0=25 >0,

EDEQ(1)|Q=0=61>0, (18)
GDIR(1)|R=0=580>0,

EDEB(t)|B=0= oyl + 00 > 0.

Based on analysis and discussion described above, the solutions of the system (3) remain positive and bounded.

3.4 Cholera Disease-free equilibrium point

A disease-free equilibrium Ey = (So,ly, Qo,Ro,Bo) of cholera model is a point where cholera infection is not in the
population. Hence, setting

EDS(t) = 0,5 DX (t) = 0,5 D¥Q(t) = 0,5 D*R(t) = 0,5 D¥B(t) = 0,1 = 0,B = 0 in the cholera model (3), then computed
cholera-free equilibrium is given by

) (19)

Which means

11— (B35 4 .S — pus+ @R =0,
(ﬁf+&ﬂ><e+m+u+éﬂ=o
—(0+m+u+8)0=0, (20)
6Q—(w+u)R=0,
rB(1—2)+ oyl + 0 — usB=0.

Then the system of equations (20) is simplified, which gives

11— (8158 4 B,5T) — uS+ wR =0,
by solving above equation we get
So= 4

Therefore, our disease-free equilibrium point is Ey = (% ,0,0,0,0).

3.5 Endemic Equilibrium

The endemic equilibrium point E* = (S*,I*, 0*,R*, B*) of cholera model is the point where the infection persists in the
population or where rate of change of fractional derivatives vanish and it is obtained by solving the following equations:
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11— (B35 4 BSI) — S+ wR=0,
(ifngsn (6+ 0 +p+E)=0,
—(6+m+u+&)0=0, 2n
5Q*(w+u)R:0,
rB(1—2)+ oyl + Q0 — upB = 0.
Hence, the solution of preceding equation is given by
=(8°.I",Q",R",B"). (22)
Where

0* = (o+p)R*
K] )
I = (6+oc2+,uJ(;§)(co+u)R*

)

B* = (r—ug)+ \/(I'LB —r)?+ 4—,(’(“1"“‘5;“)’** + aZ(“’g”)R* ),

S — (6+a1+u+5
k+B* +ﬂl]*

A Bs ) us 11

(0] )

(23)

)

R* =
where,b=0+ o +u+E.

3.6 Basic Reproduction Number

Here, the threshold parameter that governs the spread of disease known as the basic reproduction number is obtained. It
is nothing but the spectral radius of the next-generation matrix. For the purpose, the system of model (3) is rearranged
starting with those representing newly infective classes.

§§5é(é)> ~ s +ﬁzi& s oy )LLQ+5)I, (24)
%Dt;"B(t) = rB(1-8)+ oc,21+ 00— I-ZBB.
Let Z = [1,0Q,B]" denote a vector of infectious variables,
(O+ar+u+&)I

Bi1SB
CDIZ=F(Z)—-V(Z) = [ma gﬁzsq I+ (S+omp+u+E)0 |,
—rB(1—2)— oyl — Q0+ usB
with the next-generation matrices,
ﬁzSoOﬁl—Igo 0+ +u+é 0 0
F:_ag(zz)|E0: 0 0 0 ,V:‘W g, = -6 o+m+u+& 0 |,
0 0 0 —0 —r+ Ug -0
which leads to,
B1So(—=6(=r+up)+oy (8+op+u+f)) BiSo(=r+up) —BiSoxm
- PaSo(d + o+ p+ 5) + K(0+a+p+&)(—ond—ad—pon—Eop) K(apd+ai+uon+Eay) K
FV— = 0 0 0 ,then, R
0 0 0

Here, by the next generation matrix principle, the largest eigenvalue is the basic reproduction number.
Therefore, our basic reproduction number is

BiII6(—r+ up)+ BoII(8+ o+ 1+ E)? K (0 + oy +pu+ &) — Billoy (§+ 0+ p+&)

Ro UK(O+ar+u+8)(6+m+u+§) *
or
Ry = B]H9(7r+u3)+B2Hm2a2Kn7ﬁ1Ha] m
o uKnm ’
where

m=86+m+u+&n=0+a+u+é.
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3.7 Local Stability of Disease-Free Equilibrium

Theorem 6.Disease-free equilibrium Ey of system of equations given in (1) is locally asymptotically stable if Ry < 1 and
unstable if Ry > 1.

Proof.To show that the DFE point of our model system 3 is locally asymptotically stable, we need to show that all the
eigenvalues of Jacobian matrix J of system of Equation (3) evaluated at DFE point satisfies the condition |arg(4;)| > o
%. Let us find the Jacobian matrix J of model system of Equation (3) at DFE point. Jacobian matrix J of (3) evaluated at
DFE point is given by

CDES(r) = — (B384 B,s1) — us+ wR = fi,
CpeI(t) = (€f§+BQSI) (O+0+u+EI=f,
§DrO(t) = 01— (8 +aa+u+8)Q = fs,
GDR(t) = 5Q (0+u)R = f,

§DPB(1) = rB(1— )+ oul + a0 — ipB = f5.

Then the Jacobian matrix is given by equation(26).

[ffe%zl] —BaS 0 o DSk
ByBd  BoS—(6+ay+pu+&) 0 0 BiS(K+B)—p 5B
J= k+B B (26)
a 0 ] —(8+am+p+E) 0 0
0 0 5 —(0+p) 0
0 o @ 0 -2y,

Then the Jacobian matrix evaluated at Ey becomes

— —&I 0 o B
0 Bl (0+a+u+é) 0 0 8z
J(Eo)= | o 0 S+ m+u+é) 0 0 27
0 0 ) —(w+u) 0
0 o o 0 r—ug
From equation(27) the eigenvalues are evaluated as follows:
—u—=A —BZTH 0 0] *B—lkn
0 Bl _(6to+u+é)-4 0 0 %
J(Eo)=| o 0 (5o +utE)—A 0 0 (28)
0 0 o —(o+u)—2A 0
0 (041 (0%) 0 —(NB—V)—A

The Characteristic Polynomial of equation (28)becomes

(*M*M(TH*(GHXI+M+§)*/1)(*(5+O€2+M+§)*l)(*(vaM)*l)(*(ﬂB*r)*l):0- (29)

By factorizing the Characteristic Polynomial of equation,eigenvalues are as follows:
M=—pdo=—(0+a+p+8)-BI) A= —(8+m+pu+E)l=—(0+u),As=—(up—r)
Since

A< 0,4, < 0,43 < 0,44 <0,As < 0 for up < r, know the sign of all eigenvalues are negative.
Therefore,our disease-free equilibrium point is locally asymptotically stable if and only if Ry < 1.
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3.8 Global Stability of Disease-free Equilibrium

Model(3) can be rewritten in the following form:

dx
% =G(X,Z),G(X,0) =0.
The disease -free equilibrium E(} of the preceding system is
E} = (X°,0,0),
where X0 is the disease-free equilibrium of the disease-free system.
According to [19] ,to guarantee global asymptotic stability,we verify the following conditions H; and H, to be satisfied:
1.H: for ‘2—)[( =H(X, O)lX Ois the: globally asymptotically stable equilibrium.
ii.Hy: G(X,Z) =PY —G(X,Z),G(X,Z) >0 for (X,Z) € Q.

Here,P = DzG(X,0) satisfy the condition of the Metzler matrix, and £2 is a region of feasible solutions.
Now,we state the following theorem.

Theorem 7.The disease-free equilibrium of the cholera dynamic model is globally asymptotically stable if Ry < 1 if
conditions Hy and H, are satisfied and unstable whenever Ry > 1.

Proof.From model (3), we have

H(X,0)=IT— uS = H(S,0). (31)

Solving H(X,0) = 0, we obtain § = I,
Hence, X? = (%,O).
Here, XY is the globally stable equilibrium of equation.

=

7). 4
—- =H(X.0). (32)
From the infected compartments of model (3), we obtain;
—(0+oai+pté) 0 0 T[] [-BS5—g,s1
G(X,Z) = 0 —(0+om+u+é&) 0 0l- 0
o o r—ug| |B %

At the disease -free equilibrium, the preceding equation reduces to the following form:

—O0+oa+u+8&) 0 0 1| |0
G(X,Z) = 0 —(6+m+u+é) 0 Qol-10
(04] (05) r— Uup B 0

G(X,Z) =PY - G(X,2),

Where
—(0+o+u+§) 0 0 A 0
P= 0 —(0+m+u+&) 0 |andG(X,Z)=|0]|>0.

(04] o r— Uup 0

Now,it follows that the formulated model satisfied the hypothesis conditions required as,
G(X,Z) =PY - G(X,Z),

where G(X,Z) > 0,VX,Z.
Therefore, Ey is globally asymptotically stable if Ry < 1.
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3.9 Global Stability of Endemic Equilibrium Point (EEP)

Theorem 8.If Ry > 1,then the endemic equilibrium point E* of model (3) is globally asymptotically stable in the region
Q.

Proof.Define a Lyapunov function candidate by;
F(S.1,O.R) = 3[(S—§)+(I—I')+ (Q— 0") + (R—R").
Then F(S,1,0,R) > 0 and F(S*,I*,0*,R*) = 0. Moreover,
=[(S+I+Q+R)— (S*+I"+ Q" +R")| 4

Since
and
N — T — uN(t) — onl — &I — 0 — Q.
we have

= (N*%)(H*MNU)*OCII*&*OﬂfoéQ)
— & (IT = uN)* = (IT = pN) (o] + &1+ 00 + £Q) < 0.

Note that at the EEP we have N < % Hence,it follows that ”él—f
leq0 and ”fi—f =0if and only if S = S*,1 =I",0 = O*,R = R*. Therefore the largest closed and bounded invariant set in,

{(S,1,Q,R,B)e 2 :F =0}

is the set

(E*:E* = (S".I",0",R",B")}.
By LaSalle’s invariance principle the unique equilibrium point E* is globally asymptotically stable when Ry > 0 in the
region .

3.10 Bifurcation analysis

In this subsection, we establish the conditions on the parameters using Theorem 4.1 from [22] and center manifold theory
[21]. In this theorem, there are two coefficients that represent dynamics on the center manifold. If we say these coefficients
that decide’ the bifurcation B; and B>, we have B; < 0 and B; > 0 for the occurrence of forward bifurcation.

For the governing system (3), we will designate the effective cholera transmission rate, 3,, as the bifurcation parameter.
Consequently, model (3) can be expressed in vector form by renaming the variables as follows:

S=x1,l =x,0 =x3,R =2x4,B = x5. That is,

dX
dt

Where»X - (_XI,_XZ,_X3,X4,X5)T,F(X) = (f17f27f3af47f5)-
Then, model (3) becomes

=F(X). (33)

§DES(1) = 11— (B35 4 BoSI) — S+ @R = fi,

CDEI(t) = (€f§+BQSI) (0404 +u+E)=fr,

SDFQ(t) =601 — (5 + o+ u+&)0 = fi, (34)
GDER(t) = 8Q — (0 + W)R = fi,

6DPB(r) = FB(l — )+ oul+0mQ—usB = fs.

Here, from preceding system of nonlinear equation, choosing f3; as a bifurcation parameter and setting Ry = 1, we have

B*:B :L_ﬁle(_r—i_“B) ﬁlal
2 2 IIm m2opKn moprKn'

(33)
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Wheren=0+o +u+Eandm=56+0p+u+&.
So that the disease-free equilibrium, Ey, is locally stable when B, < B} and is unstable when B, > B;. The linearized
matrix of the system around the disease-free equilibrium E and evaluated at 3] is given by

_u _ﬁ2_n O _7ﬁ11_[
m 3”’1‘7
0 BT _(0+oy+u+é) 0 0 hIT
J(Eo,B5) = g b (36)
0, P2 0 0 —(0+tam+u+é) 0 0
0 0 S —(w+p) 0
0 (04] (0%) 0 r— upg.

The system (36) with 8, > B, has a simple zero eigenvalues, hence the centre manifold theory will be used to analyse the
dynamics of the system near 8, = ;. The Jacobean matrix near 3, = 5 has a right eigenvector associated with the zero

eigenvalue given by, w = (w1, wz, w3, w4, ws)” from the system;

—u —% 0 Tgﬁ—lkn wi 0

. 0 BT (6+a+u+¢) 0 0 BE | w 0

J(Eo, B3 )w = 0 2] —(6+m+u+é) 0 0 wy| = |0
0 0 s —(w+p) 0 ||ws] Y

0 (041 (04} 0 r— Uug W5 0

The system of equation becomes

bo o
—Uwy — %Wz + Ows — [Ll_KWS =0,

(B — (0+0q+p+E&)wr+Ellws =0,

0wy — (8 + o+ u+E)ws =0, (37)
ows — (0+ 1)ws =0,

0wy + Opws + (r*,LLB)W5 =0.

After solving system of equation (37) we obtained

BI1 B
TW2+(DW47“TW5

wp = m )
Wy = wp > 0,

O+)w
wy = L@t (38)
W4 = Wy > 0,

(B (0o tptE)w
ws = M .
UK

The left eigenvectors of JE associated with the zero eigenvalue at $, = 35 is given by v = (vl,vz,V3,V4,vs)T, from the
system (36),

—u 0 0 0 0 V1 0
~BL B0+ +utE) 0 0 o |lnl |0
J(Eo,By)v=1{ 0 0 —(6+tom+p+s) 6 %) vi| = |0
® 0 0 —(w+u) 0 V4 0
Bt e 0 0 ropg] sl 1O
—Hvq :0,
_327”\,14_(327”_(9+a1+u+.§))\;2+9v3+a1vs:O,
7(6+062+[J+§)V3+5V4+062V5:0, (39)
vy — (04 U)vy =0,
By, + By + (r — pp)vs.
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Solving system of equation (39) gives

V1 = 0,
V4 = 0,
Y i R
3T Graptpil) — (40)
b,
__uk "2
ST )
vy =vy >0

To study the stability of endemic equilibrium points, the center manifold theory is used to compute B and B; such that,

n azf
B :k;]VkWinm(SO,O,O,O,O), 1)
Jhi=
n azf
By VEW -, “2)
k,lzzl la taﬁz
where
- (B35 4 Brxivy) — i + oxg = fi,

(%if + Boxix2) — (0 + o+ u+E)xa = fo,

(43)

Ox; — (64 0+ pu+E)x3 = fi,
Oxz — (0 —+ U)xs = fs,
rxs(1 — %)+ aixy + apx3 — lipxs = fs.

We employ the center manifold theory as in [16] to compute the coefficients B;(i = 1,2) in equation (27), thereby
finalizing the bifurcation analysis. This involves determining the nonzero second-order partial derivatives of
Sfi(k=1,...,5) with respect to x;(i = 1,...,5) around the disease-free equilibrium.

The center manifold theory allows us to simplify the analysis of the dynamical system by reducing the dimension of
the system around the bifurcation point. By computing the coefficients B;, we can classify the type of bifurcation and
predict the qualitative changes in the system’s behavior as the bifurcation parameter, in this case the effective cholera

transmission rate 3, varies.

2n _ 9P _ Pp _ Ph _ A A 2hH . Ph
oxt T oxidxy; T dxpdxy T 9x3 T Oxudxy  dxpdxy T 7 dxzdxy T dxpdxz T
Pfi _ Ph _ Ph _ 2h _ *h _*A _ A _ ’A _

6,{% - aX]an; - 8X39X| - aX4aX3 - 6ngX4 - axi - aX|8X4 - aX4aX] -
Pf _ % _ % _Ph _ Ph _ Ph _ Ph _ Ph _

8x% T dx10xp T dxpdx; T 9x2 ~ 0dxzdxy ~ Oxpdxy ~ dxgdxp ~ dxpdxg

Pfh _ P _ Ph _ Iph _ PhH _ M _ I Ph o
axg dx10x3 dx30x dx40x3 dx30x4

3)6% - BX38x2 = 3X48x2 ?
Pl _ Pp P Pp . Ph _Ph . Ph
axg T Odxgdxz T Odxjdxz T dxjdxg T dxgdx; 3)(% T dxjdxp T
Pfs _Pfs _ P _Pfs _ P _Pfs . Pfs
)

ax§ - 3ff - z9x1z9x4 - ax% - 3)61(9)62 - a)% - 8x38x2
s _Pfs _ 0% _ s _ s _ 9%s -0
0x40x) axg dx10x3 dx40x3 3)(% dx10xy

Also,

92
Wgzﬁz*(EO7ﬁ2*) = X1,

9°f _
TB%E&(E(%[&‘Z*) _Oa
vz (Eo.B5) =0, #0.
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Since B} < 0 and B, > 0, the model exhibits forward bifurcation at Ry = 1.
Next, following procedures given in [13], we compute the bifurcation coefficients B and B, to identify the direction of
bifurcation at Ry = 1. Thus, we have

4 3% f; 4
B, = Zk,i,j:lwkvivjvakaj(Emﬁ;) = sz | W3Vivj ax5aX5 (Eo,B5) = < 0,
32
By =Y} WkViTasz*(EOaﬁz*) = WZVZW(Emﬁz) = WZVZW(EO;ﬁz) = waVax| (44)
= WQVZ% =B, > 0.

Given that all parameters in model (1) are nonnegative, and additionally w3 and v3 are positive, we can deduce that
B; < 0 and B; > 0. Consequently, following the findings of [9], model (3) demonstrates a supercritical bifurcation as
Ry crosses the threshold Ry = 1. This implies the existence of a locally asymptotically stable endemic equilibrium point
Ef = (8*,I",Q",R*,B*) for Ry > 1. Drawing on the outcomes of the aforementioned discussion and referencing [10], the
following theorem is formulated.

Theorem 9.The trans-critical bifurcation of model (3) at Ry = 1 is characterized as a supercritical bifurcation. This
implies the presence of a locally asymptotically stable endemic equilibrium point E\ = (S*,I*,0*,R*,B*) for Ry > 1.

Remark.Theorem 10 indicates that when Ry > 1, even a minor influx of infectious individuals into a fully susceptible
population can lead to the sustained presence of cholera within the population.

3.11 Sensitivity Analysis and Its Interpretations

In this section we perform the sensitivity analysis of the reproductive number. Sensitivity analysis tells us how important
each parameter is to disease transmission. Such information is crucial not only for experimental design, but also to data
assimilation and reduction of complex nonlinear models. Sensitivity analysis is commonly used to determine the
robustness of model predictions to parameter values, since there are usually errors in data collection and presumed
parameter values. It is used to discover parameters that have a high impact on basic reproduction number and should be
targeted by intervention strategies. The normalized forward sensitivity index of a particular variable, Ry, with respect to a
parameter,p , is defined as
Y!fo 8R0 ﬂ
8p R()

It is already shown that the explicit expression of Ry is given by

BiIIO(—r+ pup) + BoII(8 + 0+ 1+ &)’ oK (0 + 0+ + &) — ﬁ]H(xl(8+(x2+;,L+§)
UK(O+a+u+E)(d+am+p+8)

Ry =

The normalized forward sensitivity indices of Ry with respect to parameters in its are given as follows

yRo _ 9Ro o B _ 8B ((pp—r)—a(S+op+p+8))

ljel ggl II? B16(up—r)+P2(8+on+pu+E) oK (0+as +pu+E)—Pron (§+on+u+&)’

Y0 =250 x 4L =]

II oIl Ry ?
yRo _ R0 o 6 _ BO(up— r)+ﬁ2(5+0¢2+li+f§) ®K) _ 0
o 96 " Ry BO(up—r)+Ba(S+0n+u+E)2 K (0+a+u+E)—Prag (+am+u+)  auK(d+ap+u+E)’
YRU — % X LA B]G

”R ;Rr Ro " Bi6(up—r)+pa(d+0n+u+&)? azlé g+a1+u+5 —Broy (§+op+u+é)’

0 _ 9Ko HB 1

Vs = Guw > Ry = 505 B0 o0t i LK (0 a1 TR TE) Proa (3 toatATE)’
yRo _ 9Ro B Brook(§+06+p+-E)*(6+ 0ty +1+E)

B — 9B “ Ry B16(up—r)+B2(8+ 0 +u+E) > K (640 +u+&)—Bro (5+on+u+&)’

yRo _ 9Ro 04 _ ﬁza2k(5+062+#+5 Koy _ o
% T day 7 Ry T Bi0(up—r)+Pa(8+an+u+E)2amK(0+ou+utE)—Piou(S+optuts)  uK(S+ap+pu+E)(0+a+u+l)’
yRo _ Ry oy _ B8 (0+ou+pu+E)k(6+20m+pu+8) Py _ (620 +u+E)uKan (0+ay+u+E)
‘;‘; ggz 120 B]G(MBfr)Jrlzzz(ﬁ&(rda%w%)Zazlg)(%l(ozbw%)*ﬁgﬁ]ﬁ(b‘wﬁwé) auK(%wl+u+~§)(delta+az+u+§)’
0 _ 9dRy o _ n (delta+-0 41+ )0 +0o U+ o
Ys' =735 X ’20 BlG(HB*’)WLBZ(EﬁLO‘zﬂLg*é)zéoz%K(eJra]Jrlg;gé)*ﬁlal(5+0‘2+H+‘:) (S+aptu+l)’
Ry % < 053¢ +o+ U+ - S -
Yé =9 “R — Bi0(up—r)+Ba(6+0n+u+E) 2K (0+0+u+E)—Broy (+ap+u+s)  (S+a+uts)  (6+a+u+d)”
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where,

P = BiI16(—r+ up) + BoIIm*ayKn — BiIToym,
m=0+a+u+é,
n=0+o+u+é.

Table 1: Sensitivity Indices Table

Parameters Symbol

Description

Sensitivity indices

I Recruitment rate into the human population 1

13 Cholera induced death rate 0.654
13 Rate of recovery using the available cholera treatment from Q(z) 0.437
o Rate of contribution from Q(¢) to B(r) 0.365
Bi Ingestion rate 0.235
r Intrinsic growth rate 0.0002
0 Rate of infected individuals join Q() class -0.125
B Transmission rate -0.136
o Rate of contribution from /(¢) to B(t) -0.459
Up Bacteria removal rate -0.812

The sensitivity analysis interpretation of our basic reproduction number is described as follows. The parameters that have
negative sensitivity indices (f3,,0, o, ttg)) have the effect of reducing the burden of cholera from the community if the
values of the parameters are decreasing (which means that the basic reproduction number of the disease decreases as their
parameter values decrease) by keeping other parameter constant. Also, those parameters with positive sensitivity indices
(€,8,a,B1,r) have an important role in the expansion of Cholera in the community if their values increase (this means
that if their parameter values increase, then the secondary infection in the community increases). Due to the reason that
Ry (effective reproductive number) increases as its parameter cost will increase, the common wide variety of secondary
contamination will increase withinside the population; and Ry decreases as its parameter value decreases, which means
that the average number of secondary contamination decreases withinside the human population and illustrated as Figure

Q).

1N o o
kS o <)

o
)

Model Parameters in R0

3 4 5 6 7 8 9
Normalized Sensitivity Indices

Fig. 2: Sensitivity indices of basic reproduction number R
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4 Optimal Control Model

The aim of this section is to extend model equation (1) into an optimal control problem. The controls are defined as
follows;
i)uy (¢) a prevention effort that protect susceptible individuals from contracting the disease and Vibrio cholerae.
ii)uy(¢) a treatment for cholera-infected individuals through quarantine , with 0 < u,(7) < 1 [14].
iii)u3 () is a water sanitation , with
0<uj (l‘) <0.1

[17].

After in corporating the controls , the corresponding state system for model equation (1) is given as ;

45 — 11— (1 —uy (1)) (B8 4 B,ST) — uS+ R,

;1—22: (1= w1 (6)(B5E 4 BoST) — (0 + o + s+ & +uar(1))],

7:9"'”2() —(6+m+u+é)o, (45)
=060~ (0+ )R,

‘Z?—Ms()rB(1—§)+a11+a2Q—uBB.

‘With initial condition
S(0) >0,1(t) >0,0(t) > 0,R(t) > 0,B(t) > 0.

and a bounded lebesgue measurable control set .

4.1 Construction of Objective Function

Although L' type cost function is more robust than L? type cost function, most papers done on optimal control problems
adopt L? type cost function aim for a simply calculations [15]. In this subsection we apply L? type cost function to define
the objective functional J that describes the optimal level of effort required to control cholera infection. Moreover, the aim
of objective functional is to minimize the number of infected humans I(¢), the concentrations of Vibrio cholerae in the
environment B(¢),the quarantine human and the cost of providing and applying the controls uj,u; and u3. Here, similar
to the works done in [5], we choose the quadratic cost on controls. Thus, under these control measures, we consider the
following optimal control problem:

'ty 1 3
J(I,U,l‘) :}’i’til’l,’{],uz,u3 /0 M1+ MB+ M350 + E(Z W,'Ltiz)dx, (46)
. i=1

subject to the control system

@ =T — (1 —u(r ))(kngrﬁzSI) US + R,

A — (1 —uy (1)) (B8 1 BoST) — (6 + o + p+ & +un(0))],

%=(9+uz< N — (8 + 0+ +E)Q, 47)
iz? = u3(t)rB(1 _%)‘i‘al”‘ 00 — UpB.

Where i = 1,2,3 and M, M>, M3, 3+, 3 and % are positive weights that balance the size of the integrand terms to reduce
the domlnance of any of the term 1n the integral. The constants M , M, and M3 measures the cost or effort required for
the implementation of each of the three control measures adopted while u;, u; and u3 measures the relative importance of
reducing the associated classes on the spread of the disease.The parameter T is the duration of time in years of prevention
and treatment progress. Thus, we need to find the optimal controls

u* = (uj,u’,uy) such that;

J(u*) = min,J (uy,uz,u3)

Hence, the basic setup of the optimal control problem is to check the existence and uniqueness of the optimal controls and
to characterize them.

© 2025 NSP
Natural Sciences Publishing Cor.



Progr. Fract. Differ. Appl. 11, No. 1, 87-117 (2025) / www.naturalspublishing.com/Journals.asp %N Sy 105

4.2 Existence of an Optimal Control
Theorem 10.Consider the objective function J(u) as (46) with the set of admissible control 2 subject to the system ,then
there exist an optimal control (uf,u’,u}) € Q such that
J(uj, w5, ul)=min(uy,up, i € 2)J (uy,uz,u3)

the subsequent situations are satisfied.
Let the control set

u=1[0,1%v= (ur,ur,uy) € u,x = (S*,I*,Q*,R*,B*)
and f(¢,x,v) the right hand side of state system (46), is given by

dS — IT— (1 —uy (1)) (B3 4 B,ST) — S+ wR,

dr k+B
= (1 —uy (1)) (B8 1 BoSI) — (6 + o + p+ & +un(n))1,
Fle,,0) = 2 = (0 +w () - (§+ o +u+&)0, (48)

9B — y3(t)rB(1 - £) + ay I + 020 — ppB.

The proof is based on the following assumption and by Fleming and Rishel’s theorem.

1.The set of controls and corresponding state variables is nonempty.

2.The admissible control set £2 is convex and closed.

3.All the right hand sides of equations of system (1) are continuous, bounded above by a sum of bounded control and
state, and can be written as a linear function of u, v and w with coefficients depending on time and state.

4.The integrand of the objective functional M1 + MaB -+ M3Q + swiu? + woud + Swiu? is convex.

5.The integrand of the objective functional is bounded below by

MiI+M>B++M30 + %wlu%—i— %wzug + %ww% > ¢+ colup|" 4+ eslua|t + calus|®.
where ¢y,cp,c3,c4 >0and 7 > 1.

Proof.-The non trivial requirement on the set of admissible controls and the set of end conditions are followed by[2]
theorem.

Condition 1: Using theorem 3.2 of Picard-Lindelof, if g(z,x,v) is bounded, continuous and Lipschitz in the state
variables, then there exists a unique solution corresponding to every admissible control £2. Hence, for every u; € 2 and
the state variables, we have

IT o+ o
0<n() < T gy < 1T (49)
H Hppr
and non empty by model assumption. Furthermore, with the bounded done in (10) it implies that the state variable is
af

continuous and bounded. Additionally, the partial derivative 3= exist and finite (i.e. are all continuous). Therefore, there
exists a unique solution (S,1,Q, R, B) that satisfies the initial conditions. Hence, the set of controls and the corresponding
state variables is nonempty and condition 1 is satisfied.

Condition 2: Assume that

Q={uecR:||u| <1—¢e}.Letu,up € Q such that ||us|| < 1—¢€and ||up|| < 1 — &. Then for any p € [0, 1],

pur+ (1= p)uzl| < pllur|[+ (1 —p)|luaf| < 1—e.
This implies that 2 is convex and closed.
The existence of the result in (10) for the equation of system (1) with bounded coefficients is used to hold the condition
under (2). The control set u is convex and is closed by definition. The RHS of the state variables in (1) holds. Condition
(10) as the state solutions is a priori bounded. The integrand of the objective functional M1+ M,B+M30+ % 21'2:1 wiuiz(t)
is clearly concave on u. Finally, n; > 0,7, > 0and 8 > 0.

1 & a
M1+ M>B+ M0+ 3 Zwiuiz(t) <mn —nz(u%,u%,ug)f. (50)
i=1

The state variables are bounded. Hence, there exists an optimal control (u1,uy,u3) that minimizes the objective functional
J(u1,uz,u3).
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4.3 Construction of Hamiltonian Function

The necessary condition that an optimal control must satisfy comes from Pontryagin’s Maximum Principle [1]. The
principle converts equations of objective functional into a problem of minimizing point wise a Hamiltonian H, with
respect to the controls uy,uy, and u3. Let A1, 45,43,A4 and A5 be the adjoint variables with respect to state variables S, 1,
Q, R and B, respectively. Then Hamiltonian function can be constructed as follows:

1 1 1 dl dQ dR dB
H =MI+M>B+ M 7L A A A A
I+ MB+ M0+ — W1“1+2W2“2+2W3M3+ 1=~ +2d+3d +4dt+ S
With conditions:
1d)L17 OH dhy _  JH dl3 _ _9H dds _ _9H dAs _ _OH
T T 9S'dr — 9l dt — T 9Q° dt — ~ OR’dr — ~ 9B
8H JoH JoH
28141*0’814 70’314370

4.4 Characterization of optimal control solution

According to Pontryagin’s minimum principle (22), and using the results described in [4], if u* € Qis optimal solution
for the objective functional (21), then there exists an adjoint vector A = (Ag(), Azr)s Aow)» Arr)> As(r)) € RS, satisfies:

(i)the control system

d\ _ _9H
dt a2
dhy _ _oH
A A
H
s — o, (51
dAy _ _9H
dt JR’
dAs _ _oH
dt =  OJB

(ii)the adjoint system

dh _ OH dhy_ OH & _ OH ddy _ OH dls_ OH )
dt 9SS’ dt  9I’dt  9Q dt IR’ dt 9B’

(iii)the stationary condition

JH JH JoH
8_u1_0’8_u2_0’8_u3_0’ (53)

(iv)the transversality conditions

Asep) = 0,415) = 0,A9(,) = 0, Agr) = 0, A(s) = 0 (54)

in which the Hamiltonian functlon 1s defined as
H= M11+MzB+M3Q+ wlu]—i— W2M2+ W3u3+3,1 +)~2 +k3 —|—3,4 —l—ls

Theorem 11.Ler (S*,I*,Q*,R*,B*) be optimal state variables set related to optimal control solution U* = (u},u},u3)
which minimizes the objective function for the optimal control problem (21)-(22), then there exists an adjoint variable

A’ = (A’S;A’IaA’Q;A/R,A/B) Satisfying

P = (1= ) B3 + Bol + ] — Ao (1 — ) (P25 + Bab),

D — 20((1—u1)BaS) — Ma(1 — 1) BaS+ A2 (0 + 01 + 1 + & + u2) — A3(6 + ua) — Asau,

zd_?:)L 30+ +Uu+E)— b —As0n, (55)
4

=Moo+ (o+pu),

P = (1 — ) (BB )) 20 (1 =y ) (BB ) — A5y — 242 — ).
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And with transversality conditions,

) =0,224,) =0,431,) = 0,A4(,) =0,25(,) = 0. (56)

Byt
. M=) (g +B2SI
uj = min § max O,% ,ulmax},

uy = min § max {O @} ,uzmax} , (57)

AsrB
u = min {max {O, —% } ,u3max} )

Therefore, we obtain the optimal controls and states by solving the optimal system which includes the state system with

initial conditions, the adjoint system, and the characterization of the optimal controls. Thus, substituting optimal controls
ui(t),u;(t), and u3(r) in the control model equations, we arrived at the optimality system.

45 — I1— (1 —uy (1)) (B35 1 B,SI) — uS+ wR,
9= (1= (1)) (B +BaST) — (04 o + p+ & +ua(t))1,
L= (0+ur(t)—(5+ 0 +p+E)0

fz—?:”3@)’3(1——)+0611+062Q—MBB, sg
i = 21— ur) B2 4 Bl + 1] — A1 — ) (BL5 4 o), (58)
Do — (1= u1)BaS) — Ma(1 —ur) oS+ A2(6 + 01+ + & +uz) — A3(6 +uz) — Asou,

dis

7 =l3(6+062+[i+5)—3,46—2,5062,

=Moo+ (o+u),

G =M= un) (PEGEEP)) = 2a((1 = ) (PEGEPE)) = A (s — 25 — )

With initial conditions: §(0) > 0, 1(0) > 0, Q(0) > 0,R(0) > 0 and B(0) > 0 Transversality conditions: A;(t7) = A2(t) =
A3(ty) = Aa(tr) = As(tr) = 0 and control conditions: 0 < u; < 1,0 <uy(r) <1, and 0 < u3z < 1. Moreover, the controls u;

are in function of time t. Also, due to the boundedness of the state and adjoint variables, the optimality system has unique
solution for small time ;.

Table 2: Parameters in model and their descriptions in model

Symbols Parameters Initial values | Reference
Bi rate of transmission from environment to human 0.001 Assumed
Bi rate of transmission from human to human 0.5 Assumed
u rate of natural death 0.001 [23]

[0 rate of recovered individuals who lose immunity 0.05 [23]

k Concertaration of vibrios cholera 10° [23]

0 rate of infection 0.03 [4,5]
o rate of contribution from /() 0.09 Assumed
13 Induced death rate 20 [23]

0 rate of recover as a result of cholera treatment 0.33 [23]

o rate of contribution from Q(t) 0.007 Estimated
r intrinsic growth rate 0.004 Estimated
K carrying capacity 200 Estimated
Up bacterial removal rate 0.006 Estimated

5 Numerical Results and Discussion

5.1 Numerical simulation I

The objective of this section is to explain the impact of different values of fractional order & in model (3). To this end,
we give several numerical simulations of the model using the MATLAB software. The parameters presented in Table 2
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are used in the simulation of solutions of SIQR-B model and are either assumed or taken from the literature and and
the initial conditions S(0) = 9000,7(0) = 6000,Q(0) = 4000, R(0) = 1000, B(0) = 1200 in the model equations (3) and a
simulation study is conducted and the results are given in the following Figures. In Fig.2, the memory effect is displayed by
considering the level of impacts imposed. The more the memory impact considered, the more the possibility to influence
the growth of V. cholerae in the environment. The high-order of fractional derivative value indicates more impacts on the
growth of V. cholerae. In Figure 2, the order of fractional derivative shows the influence of memory effect on cholera
recovered individuals. The more the memory effect on the community, the more individuals shows cholera recovered
with immunity. In Figure 3, the impact of memory effect on cholera recovered individuals is illustrated. Cholera infected
individuals decrease when the order of fractional derivative is more. The memory effect on individuals descend the number
of individuals who become infected with cholera disease.

100 35
e ————]
90 alpha=1
3 alpha=0.75
alpha=1 alpha=0.50
= 80 - g
H alpha=0.75 g
£ = 5 25
] alpha=0.50 2
7 alpha=0.25 £
e =
>3 =
= 60 <2
15
50
%0 s s s s s s s s s 4 1 2 " s s
0 1 2 3 4 5 6 7 8 9 10 0 1 2 3 4 5 6 7 8 9 10
Time(days) Time(days)
3000
= alpha=0.99
alpha=0.8
2500 = alpha=0.6
alpha=0.4

N,
S
S
S

1500

1000

Bacteria population

500

0 1 2 3 4 6 7 8 9 10

5
Time(days)

Fig. 3: (a) Effects of memory (order of derivatives) (alpha) on L. (b) Effects of memory (order of derivatives) (alpha) on Q. (c) Effects
of memory (order of derivatives) (alpha) on B.
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Fig. 4: Caputo fractional-order dynamical behavior of each state variable

Using different combinations of the controls such as one control only at a time and also all controls at a time, that we
analyse and compare numerical results from simulations with the following scenarios. Moreover, the applied control
strategies are described as follows:

1.Strategy 1:
2.Strategy 2:
3.Strategy 3:
4. Strategy 4:

apply combination of prevention and treatment of effected human

apply combination of prevention and sanitation of water

apply combination of treatment of effected human and sanitation of water
apply combination of prevention, treatment of effected human and sanitation of water

The optimal control problem is obtained by solving the optimality system. We used fourth-order Runge-Kutta’s methods,
both forward and backward methods were used to analyses the optimality problem. The details of control strategy are
described as follows:
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5.3 Cost-effectiveness Analysis

In this subsection, we have identified a strategy that is benefit compared to other strategies. To get this strategy, we used
the method of incremental cost-effectiveness ratio ICER), which is performed by dividing the difference of costs between
two strategies to the difference of the total number of their infections averted. This approach was defined as follows:

- CostofstrategyA — CostofStrategyB
" TotalinfectionssavedbyStrategyA — Totalin fectionssavedbyStrategyB’

ICER(A)

Applying one intervention only might to be effective to eliminate the disease from the community. Therefore, we analysed
strategies that used more than one intervention method. In Table 3 we obtain the total number of infectious averted and
total cost for the implemented strategies. To find the total cost for the applied strategies we used the cost function given
by M3 (t), 3Mou3(t)and $M5u3(t) over time. We used the parameter values in Table 2. and to apply /CER technique
first we ordered the intervention strategies for pairwise comparison as in Table 3 from A to C with increasing order of
effectiveness. First we in comparison the price effectiveness of approach A and B.

Table 3: Total amount of infection averted and total cost for all strategies.

Strategies Description Total infectious averted | Total cost ($) | ICER
A Prevention and treatment 1,404.79 3564.75 2.534
B Prevention and sanitation of water 4881.05 3813.248 0.0052
C sanitation of water and treatment 5133.94 8118 16.96

o
=3
S
S

Total number of infectious averted

0

Strategies

Fig. 14: Total infectious averted plots indicating the effect of control strategies A, B and C

3564.75
ICER(A) = 212 2 534
CER(A) = Taoa70 = 253
3813.248 — 3564.75
ICER(B) = —0.0052
CER(B) = 1388005 — 140470  -00%%
118.98 — 3813.24
ICER(C) = S8 = 3813248 (o

©5133.94 —4880.05
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Fig. 15: Total infectious averted plots indicating the effect of control strategies A, B and C
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Fig. 16: Comparison of the ICER of each control

From ICER (A) and ICER (B) we can see that strategy B saves 0.0052 than strategy B. Therefore, we exclude strategy
B, because it is a bit expensive and continue to compare strategy B and C. From ICER (B) and ICER (C) we can see
that strategy A saves 0.0052 than strategy C. Therefore, we exclude strategy C, because it is a bit expensive. Therefore,
we conclude that strategy B is the cheapest of all compared strategies, that meant it is the most cost-effective for cholera
disease control interventions strategys.

The amount of people averted in strategies A, B and C in an increasing rank is given in Table 3. We can observe that,
from the strategies A and B in Figure (16), the ICER (A) is less than ICER(B). This implies that strategy B is dominated
by strategy A. It means that strategy B is more expensive than strategy A. Thus, we have deleted B from the strategies.
For further explanation, we plotted a cost function graph, Figure (15) that shows applying only one intervention costs the
least interims of price but we didn’t consider this, due to the reason that a single intervention is not effective to eradicate
the disease. Additionally, the figure indicates that, applying all the two intervention at once is the most expensive of all
the applied intervention strategies. From the strategies A and B with their comparison in Table 3, we can observe that
ICER (A) is less than ICER (B). This implies that strategy A is dominated by strategy B. It means that strategy B is more
expensive than strategy A. Thus, we have deleted B from the comparison strategies. Then again re-calculate the ICER for
the remaining comparison strategies A and C as given in Table 3

6 Results and Discussions

In this section, dynamics of cholera infection is described with analytical and numerical analysis. The fractional and
optimal control effects are described. Moreover, the numerical simulation results obtained in Figure (3) shows that
decreasing order of fractional derivative reduces the V. cholerae accumulation in the environment, the quarantine
population size , the number of cholera infected individuals size decrease. Moreover, the numerical simulations results
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obtained from Figure (5 -13 ) depicts the combined controls reduces the outbreak of infections in the community and
ascend the cholera-free human population. Moreover, numerical simulation output indicates applying control strategy
that includes control measures u; and u3 from the beginning results in more effective techniques to manage further
transmission of cholera disease. Moreover, applying prevention with treatment, and water sanitation is preferred among
two and three controlling measures in the presence of cholera treatment. In Fig.4 the dynamics of individual size is
simulated. The output shows that the numbers of susceptible individuals descend in the presence of cholera infection.
The fractional derivative analysis results is supported by results achieved in [15]. In Figure (12), the impact of control
strategies on the individuals is simulated along with associated coasts and applied control measures. The applied control
reduces the number of infected individuals and V. cholerae concentration. Moreover, applying prevention controlling
measures both on human and environment is effective from the starting to the end of the infection. The cost of applying
all control is highly relative to others. However, the cost of including prevention and treatment in applying three control
measures is less compared to other control measures. The optimal control analysis is supported with results obtained in
[26,28].

7 Conclusion

In this study, we formulated mathematical model of cholera disease using Caputo fractional order to study the dynamics
of cholera disease in the population taking into consideration memory effect. In Section 2, we described the model
assumptions and formulated the deterministic model represented by systems of ordinary differential equations and the
model extended to fractional order. In Section 3, model analysis was done by proving positively invariant region in
which the solution to the fractional order model is bounded and non-negative, finding equilibrium points and basic
reproduction number. Local and global stability analyses of both disease-free and endemic equilibrium points are
presented. In Section 4, Extension of model into optimal control. In Section 5, numerical simulation was performed to
investigate the effect of memory on cholera disease and we used MATLAB to perform numerical simulation. Applying
numerical simulations, we investigated the impact of memory on the number of cholera-infected individuals,quarantine
cholera individuals and bacteria population by using different values for the order of fractional derivative. Generally, our
output shows that memory has great influence on disease dynamics and the result of the comparison between
cholera-infected,quarantine cholera and bacteria population shows that decreasing order of fractional derivative is better
to eliminate cholera disease from community. The dynamics of the cholera is complicated and needs further research
both biologically and mathematically. Although the modern fractional order models developed in research study could
produce better results in the comparison of existing classical models, we strongly believe that this research analysis can
further be enhanced. However, we notice that the models with fractional derivatives are more complicated than the ones
with classical derivatives. The authors declare that this manuscript is far from being complete because of the fact that the
model does not fit to the cholera real data. It is a theoretical discussion with different assumptions on the parameters and
initial state variables. Therefore, we recommend any interested researchers to apply the parameter estimation of cholera
disease model for more novelty.
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