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Abstract: Within the definition of the local fractional derivative, we present a reliable and effective method for solving the Lane-
Emden and Emden-Fowler models in the current article. Numerous fields of research and engineering can benefit from the use of these
models. The proposed technique is named the local fractional homotopy analysis method. The method is applied for both models of
k order and tested for several examples. This method proves to be effective in handling such models when compared to other similar
models. The results indicate the robustness of the technique and the possibility of its application to other models in the future.
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1 Introduction

The Lane-Emden and Emden-Fowler equations are two nonlinear differential equations of the second order, which are
credited to Jonathan Lane who was the first to propose his first equation, in 1870, in a work presented as the first to study
the internal structure of a star. Then, after the discovery of these models, researchers over the years were trying to find
several solutions to such models to understand their behaviors. In addition, the discovery of fractional calculus along with
its several definitions opens the door to better simulate such models and add more to their physical significance. Given
the importance of this type of equation in mathematical physics, theoretical physics, and chemical physics, a lot of work
has solved these two equations of integer order using several methods [1,2,3,4]. Also, Fazly et. al in [5] discovered some
finite Morse index solutions for the fractional-order Lane-Emden equation. Also, the homotopy perturbation method was
adapted for solving the fractional lane Emden equations by Wei et al. in [6]. The existence of positive weak solutions
to the fractional-order Lane-Emden model was found in [7] by Ao et al. Saadah et al. [8] investigated the solution if
the fractional Lane-Emden model through the Laplace transforms technique with the verification through the residual
error approximation. The fractional Mayer neuro-swarm heuristic technique has been proposed for solving the fractional
singular Lane-Emden model by Sabir et al. [9]. Many other works are introduced for solving both the integer-order and
the fractional-order models. We only mention some of them and the rest can be found as [10,11,12,13, 14]. As for the
Emden-Fowler equation of the integer-order or the fractional-order, there are also many works that have been interested
in solving it and discussing its solutions, we mention some of them [15,16,17,20].

The homotopy analysis approach, created in 1992 by Liao Shijun, is one of the best techniques for solving linear
or nonlinear issues in engineering, chemistry, medicine, etc [21,22,23,24]. This method was also developed by Shehu
Maitama and Weidong Zhao in [25] to the fractal case for solving non-differentiable problems in the sense of the local
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fractional operator. So, in this work, we are interested in applying the local homotopy analysis method (LFHAM) to solve
the Lane-Emden and Emden-Fowler models on Cantor sets. The LFHAM method is considered an efficient technique for
solving such a model due to its robustness and the ability to provide accurate solutions closed with the exact results.

The paper is organized as follows: Some basic definitions and properties of the local fractional derivative, local
fractional integral, and some important results has been presented in section 2. Section 3 provides an analysis of the
suggested approach. In section 4, the two proposed equations are solved by using the LFHAM. Finally, section 5 gives
the conclusion of the study.

2 Notions of Local Fractional Calculus

The fundamental definitions and theories of local fractional calculus, such as the local fractional derivative and integral,
as well as several significant findings, are presented in this section.

Definition 1. ¢({) € C¢la,b] of order & at § = o has the local fractional derivative as follows ([26]-[28]):

dt A% (9(§) — 9(%0))
@)= T2l iy 22LP5) — 9leo M
AR i ST AT
=0
as well as
A% (9() = 9(8) =T (1+8) [(9(8) — (&) ()
the class of functions known as local fractional continuous on the interval [a,b] is denoted by Ce (a,b).
Definition 2. In the interval [a,b], the local fractional integral of (&) of order & is defined by ([26]-[28])
ey — L /"’ :
al == d
00 = mrrg [ 9©@0)
1 N—-1 ¢
=—+ i (AL 3
F(1+6)A§IE>OJ;0 (p(Cj)( CJ) ’ ( )
with
ACj = CjJrl — ij AC = max{ACo,AC] ,ACz,“-} and [ijCjJrl] , C() =a, CN = b, is a partition of[a,b].
2.1 Several Interesting Local Fractional Calculus Results
Definition 3. In fractal space, the sine, cosine, and the Mittag-Leffler functions are defined as ([26]-[28])
oo
E(C) =Y ———— 0<&<], “)
(€)= X rrragy 0
o 2n+1)§
; &y — n 9
sin = —1 , 0<& <, )
(=L U g 0 °
Feo mé
PR PRI S
cos = 1 , 0<¢§ <1, (6)
(6= L gy 0
The characteristics of certain functions’ local fractional derivative and integral are provided by ([26],[27],[28])
d¢ gné gm-18 N
dgér(1+né)  I(1+(n-1%E)
dé
i &y — ¢
TR (E) = Es (), ®)
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£
d%siné(gi) — cosz (¢%), ©)
£
d% cos (§°) = —sing (£°), (10)
(&) Cné B C(n+1>5
Mg T P+ DE) b

3 Implementation of Homotopy Analysis Method

The fundamental concept of this approach was presented by Maitama and Zhao [25], wherein they took into consideration
the subsequent nonlinear local fractional partial differential equation:

O[a)(y,C)] =0, (12)

The nonlinear operator is 8; the independent variables are u and §; the local fractional unknown function is @(u, §).
Applying the principles of the usual homotopy analysis technique as suggested by Liao [21], we construct a convex
non-differentiable homotopy called the zero order deformation equation:

(1=p)Ulw(u,C;p) — wo(u,8)] = phH (1, )0y (u, E;p)], (13)

in when p € [0,1] is the embedding parameter, / # 0 is the nonzero convergence-control parameter, H (i, ) # 0 is
the local fractional nonzero auxiliary function, w (i, {;p) is the local fractional unknown function, @y(®, §) is an initial
5

estimate of w(u, ), and Us = 528

. The linear local fractional operator has the following property:

U},: [W(ua C)] =0, when W(N7C) =0. (14)

A lot of choice is available when selecting the auxiliary linear operator and the first guess when using the homotopy
analysis method. It follows naturally if p =0 and p = 1:

W(N7C7O):w0(u7C) and ‘I’(N7C§1):w(l17§)a (15)

Consequently, the solution w(u,{;p) differs from the initial guess wo(u, &) to the solution w(u, ) as p increases
from O to 1. Applying the local fractional Taylor series to expand y(u, ;p) with respect to p, we arrive at the following
deduction:

—+oo
w(u, &) = wo(u, §)+ Y @q (1, 8)p", (16)
n=1
as well as
_ [ 1 "y(u,Cp)
wn(ﬂaC)* |:n' apr’ :|p0' (17)

In the event that the convergence-control parameter, auxiliary function, auxiliary linear operator, and starting guess
are all appropriately selected, (16) will converge at p =1

Foo
w(u7C):w0(u7C)+ ZIWTI(N7C)a (18)
n:

is a solution to the initial problem (12). The zero deformation (13) can be used to infer the governing equation, as
mentioned in (16).
A local fractional vector is defined as follows:

Wn = {wO(l'La C)vwl (N7C)awl (I'La C)v"'?wﬂ (N7C)} (19)
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By dividing by 1! and differentiating (13) n-times in relation to the embedding parameter p, setting p = 0, and so on,
we derive the nth-order deformation

Ug[oy (14, C) — xn@n—1 (1, 8)] = hH (1, &) Ry (Wi, 1, §), (20)
in which
1 9" 'oly(u,C5p)]
cﬁn(anlaliaC)— |:(T]1)' apn71 p:07 (2])
and
07 < 1)
We determine the following by using the local fractional integral operator on both sides of (20):
n—l ké
® (ot S
w("LvC):%w*(”aC)*x 607([.1,0 )7
n nWn-1 nk:ZO n—1 F(ké—i—])
ol [H (14, §) Ry (w1, 18,)]. (23)

The following are the simple series solutions of @y (i, &) for n > 1 at nth-order deformation equation that may be
obtained by using Mathematica:

+oo
ou,8) =Y, oy(u.). (24)
n=0

You can see the paper [25] for the convergence of the serie (24).

4 Applications to Some Local Fractional Models
In this part, we will solve the Lane-Emden equation of index k with local fractional derivative and the Emden-Fowler

equation of index k with local fractional derivative using the approach indicated above [25], which combines the HAM
method with the local fractional derivative to find his non-differentiable solutions on Cantor sets.

4.1 The Local Fractional Lane-Emden Equation of Index k
We take into account the following equation:

9*T(8)  2I(1+8)9°T(()

UK(8)=0,0< &<, 25
under the following conditions:
95T (0)
7(0)=1, ——==0. 26
To facilitate the solution of (27), we use the following transformation:
Vv ¢t T 27
(€)= T+ (©), 27
so that
V(L) g5 9°T(Y)
o g o T 1) (28)
PV _ L5 9%T(Q) | 50°T(L)
9c T T+ 9% acE
@© 2024 NSP

Natural Sciences Publishing Cor.



Progr. Fract. Differ. Appl. 10, No. 2, 241-250 (2024) / www.naturalspublishing.com/Journals.asp NS e 245

After replacing (27) and (28) in (25), the new local fractional differential equation that results is as follows:

FEV(()  CUbE
05 rare)

vE() =0, k=0,1,2,.., (29)

with the initial conditions

95T (0)
T(0)=1, —==0. 30
=1 S 60)
It makes sense to use Vo(§) = (IC g the first guess in accordance with (29) and the steps of this procedure.
The linear operator that we can use is:
9%
Ue [w(C:p)] = 9cE [w(S:p)], €2))

with Ug [C] = 0 as its property, and C being an integral constant:
The nonlinear operator is defined as follows:

% y(Lp) g8

0[w(§:p)] = + “(Cp).

[w(&:p)] 2028 raiey Y (&:p)
The zero-order deformation equation is as follows, based on the preceding LFHAM steps:

(1=p)Uw(E:p) = Vo(8)] = phH (E)O[w(E:p)]- (32)
This leads to: when p =0and p =1, we get

W(C:0) =W(&), and w(C:1) =V(L). (33)

Next, the following is the definition of the 1nth-order deformation equation:

Ue[Vi () = Vo —1(8)] = 1H (&) Ry (Vi -1, 8), (34)
as well as

9> Vi-1({) S

mn(Vn,],C): 8(;25 +(F(]+€))[,kvnfl(C)a (35)
and
<1,
w={7 15) G6)

Applying the local fractional integral on the 1¢h-order deformation of (34) while setting H({) = 1 yields the following
result:

Vi (&) = xnVp-1(8) — 2y (0)

(1-k)§

—H’lo[éz‘:) _ T
(r(1+¢))

According to (16), (17) and (37), we obtain:

_ g 28 [_gURE Vi
Vi =hol; {F(lJr )(3‘ '

%1@ﬂ. G37)

Va = (14 W)Vi + hpl (™ - o TV 'Vl}
(28) g(l —k)& C ( k-2 k—1 (38)
Vs = (1+1)Va+ ol [ reoy k( Dyk-2y2 4 gk VQ)]
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The first terms of the local fractional homotopy analysis technique of (29) are obtained by the formulas (38) and the
first guess Vj(§) are as follows

4

Vo(£) = =gy
3¢

Vi(§) = i

Va(8) = (n+ 1) o + ki

o 5(1+3.’;) I(1+58) ;55 (39)
V3(C):h(1+h> (l+3§)+2k(h2+h37)§ 1158)
3 K2+ ( 1 (1+§) (1+5¢) ¢
+h {k :|F(l+7<§)’

I(14+3&)2

and so forth. The similar method can be used to compute the other LFHAM terms.
The use of formula (27), gives the first terms of the approximate solution of equation (25), as follows:

(C)*l 15
T1(8) = st 6%,
TQ(C (h+h2) ll:llj‘fé C2<§ +kfl2 Fllj‘si: C4§

T3<c>fh<1+h>zi — c:hzké(h%hz) F,‘if.g g4 (40)
3 k(k=1) D(14+E) (145 1+
+h [k2+ 2 r(14+3&)2 }F(1+75)C6§’

Then, the approximate series of the solution function of equation (25), becomes:

T(g)—1+h(3+3h+h2)§(l‘jf G2 + ki (3 +20) 1 §45 p
49 [0+ ><1+(é]>+3<£)+55} g g “h
Substiting 7 = —1 in (41) and according to the formula (24), we get:
_ o T48) poe T4S) 4
re=1 F(1+36)C +kF(1+5€)C
2 kk=)T(1+EI1+58)] T(1+E) e
P I(1+3E)? }F(1+7:§)C o “2)

We’ll go over the solutions in the three previously stated scenarios, even for the equation containing the local fractional
derivative.
Case 1 : For k = 0, the following provides the exact solution to the equation (25):

ra+é)

T =1- <3
=1 iy
Case 2 : For k = 1, the solution T({) in the form of a series, is given by:
(1 1 CZ{: CM’: CG& 43
T(C)=I(1+ - + —~ +o .
O =T+ = Fi 38 " T 158 TG 178) @3
As a result, we obtain the exact solution that follows:
Sil‘lé (Cé)
T(¢) = - (44)
r(i+g)
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Case 3 : The series form solution 7({) for k = 5 is as follows:

| & sg [25+ 10F(1+55)r(1+5)}
T()=T(1+§) T(1+38) F(1+5526§ (F(1438))? (45)
XFEE) T

If & = 1, in each of the above three cases, we obtain the same results as those reported in the papers [29] and [30].

4.2 The Local Fractional Emden-Fowler Equation of Index k

Let the equation be

IET(§) 2 (1+48)9°T(¢) .
SoE T 58 +al*TH)=0,0< &<, (46)
with
T(0)=1, T} (0) =0. (47)

Note that the exact solutions for the case & = 1, are only available for k = 0;1 and 5.
The equation can only be solved if we eliminate the value { = 0, which is the sole value that gives us trouble.
Using the transformations from (27) and (28) into (46), we are able to solve this problem and obtain the new local
fractional differential equation that follows:
azév(g) ac(lwtrfk)é
+
9g* (r(+¢)'"

considering the initial condition

vE()=0, r=0,1,2,.., (48)

V() =0, V¥ 0) =1. (49)

¢

It makes sense to start with V(§) = % as suggested by (48) and the LFHAM’s steps.

The linear operators that we use are:

4
Us w(C:p) = a% w(C:p)l, (50)

with the integral constant C having the property Ug [C] = 0.
The nonlinear operator has the following definition:

0% y(g;p) | agltrhs
95 (r(1+&)'*

The zero-order deformation equation is as follows, based on the preceding LFHAM steps:

Bly(&:p)] = v (C:p). (51)

(1=p)Uly(E:p) =Vo(8)] = phH(E) B[y (E:p)). (52)
As aresult, if p =0 and p = 1, we obtain:
¥(£:0) =W(£), and y(E:1) =V(C). (53)

The definition of the nth-order deformation equation is thus:

Ue[V(8) = 2 Vn-1(8)] = hH () Rn (Vi -1, 6), (54)

as well as

9%€v. at+r=k)¢&
Ry (Vp-1,8) = ;’2251(@) + (F(C] _’_é))lka?]”I{*l (9% (55)
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and

0, N <
n {1 n>1 (56)

When we use the local fractional integral on the nth-order deformation of (54), setting H({) = 1, we obtain:

V(&) = xnVn-1(8) — xnV(0)

a (14r—k)&
+holézé) ﬁvﬂ 1(@)] (57)

According to (16), (17) and (57), we obtain:

_ g (28) [_ag(HrRE Ly
V1 =Ry [(Hué())"‘k; ’
a 14+r— _
Vo= (Vi + Rl | k=i,
_ (2£) [ _ag(ttr b8
= (L4 mVs Rl |

(58)

. (k(";')vg‘*zv%kvg*lvz)} ,

The local fractional homotopy analysis approach of (48) yields the following initial terms, which lead to the formulas
(58):

¢
el ('a)?f

- TI+(r+1 13
M(6) =g 6

2 [1+(r+1)¢] +3) 252 _ L4+ DEXT[14(2r+3)E] 245
Va(§) = a(n+ 1) rrg sy S + @ pry AEGRLT e (A :

I'(1 ’
Vs(C) = ah (1 +h)? 1+[51+([ri1)5] g3 1 2a2kn? (1 +1) 1 C[14(r+1)EXT[14+(2r+3)E] )5]C(2r+5)§ (59)

I'[1+(r+3)€] T(1+E)I1+( r+3)5]><1"[1+(2r+5
3,3 [1+(r+1)5]><1"[1+(2r+3)5] k— 1F[1+(r+1)5] ><F[1+(3r+5)5] 3r+7
tka'h [k TOFOIMHr3E T 2 T(1+EC[1+(r+3)EP F[1+(3r+7 C

and onward. This method can also be used to compute the other terms by the LFHAM.
The preliminary terms of the approximate solution of (25) are given by using the formula (46), as follows:

() =1,
Ti(8) = ah Hr e ¢ 2%,
0 =0 ) PR e g s
Ty(§) = ah(1+h)" HEEERH CU D8 4 2a2kn? (14 1) 1 g;jggiﬂ}jg;jggg<2r+4>5 (60)
3
)E]

Ve
3)¢
k33 [k [l+r+l i

I[1+(2r+3) ]Jrk 1 T[1+(r+1) ] L[1+(3r+5)& C3r+6
L[14+(r+3)&]xI"] I

1+(3r+5)&] T[1+(r+3)E ] T1+(3r+7)8

By replacing 7 = —1 in (60) and using the formula (24), we arrive at the following:

T(C) -1 _AC(r+2)§+BC(2r+4).§_Cc3r+6+m 61)
where
Ao DEL o DL+ (r DE[X D[+ (2r+3)]
L1+ (r+3)&] L1+ (r+3)E]x T [1+(2r+5)&]
= ok | TIA G+ 1DE XTI [14(2r+3)E] k=10 [1+(r4+1)E7 L[1+(@r+5¢]
L+ (r+3)8]xC[1+Gr+5¢] 2 ri4(r+3)E7 | L1+Gr+7)¢]
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We’ll go over the solutions in the three previously stated cases, even for the equation containing the local fractional
derivative.
Case 1: If r =0 also k = 0, the exact solution to (46) can be found as follows:

ria+¢)
T(C):lfam

Case 2 : If r =0 also k = 1, the following is the exact solution to (46):

< (62)

(vact) (vage)”  (vac)’
T =T+ - rame t rassg rase T | (63)

Consequently, the following is the exact solution in the form of:

- sing (Va¢?)

64
Vatt (64)
r(1+&)
Case 3 : The series form solution 7'({) for r = 0 and k = 5 is as follows:
% 504 3 10 (1+5E) (14+€)
l—a—" ta? — g3 |25+ WLUSEL(ES)
T()=T(1+§) r{1+3¢) F(l+5§)6§ { (I (1438))? . (65)

XFog T

The results achieved in the study described in the publications [29] and [30] are identical in all three of the preceding
situations if £ = 1,.

5 Conclusion

The local fractional derivative was utilized in this research to solve the local fractional nonlinear Lane-Emden equation
of index k and the local fractional Emden-Fowler equation of index k using the local fractional homotopy analysis
method (LFHAM). We were able to solve these two nonlinear differential equations with local fractional derivative,
which demonstrated the method’s strength and efficacy. Additionally, if an exact solution exists, this method yields it in
the form of a series that converges quickly to it. Due to the ease of using this method, its power, and its accuracy in
solving the examples presented in this study, we can conclude that this method (LFHAM) can solve other nonlinear
differential equations with a local fractional derivative and can be applied to other problems involving Cantor Sets.
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