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Abstract: In this paper, we are concerned with the existence of infinitely many solutions for the following fractional Hamiltonian
system

ey

{ng(,me‘u)(t) +L(t)u(t) =VW(t,u(t)), t e R
u € H*(R),

where _o.D¥ and ;DZ are left and right Liouville-Weyl fractional derivatives of order % < a < 1 on the whole axis respectively,

Le C(RRNZ) is a symmetric matrix valued function unnecessary coercive and W (z,x) € C' (R x RYR). The novelty of this paper is
that, assuming that L is bounded from below and unnecessarily coercive at infinity, and W is only locally defined near the origin with
respect to the second variable, we show that (1) possesses infinitely many solutions via a variant Symmetric Mountain Pass Theorem.

Keywords: Fractional Hamiltonian systems, infinitely many solutions, variational methods, locally defined potentials, symmetric
mountain pass theorem.

1 Introduction

In the present paper, we are interested in the existence of infinitely many solutions for a class of fractional Hamiltonian
systems of the following form
DZ(_oD%u)(t) + L(t)u(t) = VW (t,u(t)), t € R

a 1o t ’ )
(FHT) {ueH“(R),

where _.D¥ and ;D& are left and right Liouville-Weyl fractional derivatives of order % < oo < 1 on the whole axis

respectively, L € C(R,R"") is a symmetric matrix valued function unnecessary coercive and W : R x RY — R is a
continuous function, differentiable in the second variable with continuous derivative %—V)‘(/ (t,x) = VW (t,x).

Recently, equations including left and right fractional derivatives have attracted extensive attentions because of its
applications in mathematical modeling of processes in physics, mechanics, control theory, viscoelasticity,
electrochemistry, bioengineering, economics and others. Therefore, the theory of fractional differential equations is an
area intensively developed during the last decades. The existence and multiplicity of solutions for fractional differential
equations have been established by the tools of nonlinear analysis, such as fixed point theory [1], topological degree
theory [2], comparison methods [3], and so on.
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It should be noted that critical point theory and variational methods serve as effective tools in the study of integer-order
differential equations. The underlying idea in this approach rests on finding critical points for a suitable energy functional
defined on an appropriate function space. During the last three decades, the critical point theory has developed into a
wonderful tool for investigated the existence criteria for the solutions of differential equations with variational structures,
for example, see [4,5] and the references cited therein.

Motivated by the classical works in [4, 5], for the first time, the authors [6] showed that critical point theory and variational
methods are an effective approach to tackle the existence of solutions for the following fractional boundary value problem

{,D%(tho‘u)(t) = VW (r,u(t)), t € [0,T]
u(0) = u(T),

and obtained the existence of at least one nontrivial solution. Inspired by this work, Torres [7] consider the fractional
Hamiltonian system (% .5¢.%’). Assuming that the functional L is positive definite symmetric matrix for all r € R and
coercive, and the potential W (z,x) satisfies some suitable conditions, he showed that (.7 .77.%) possesses at least one
nontrivial solution using the Symmetric Mountain Pass Theorem. Since then, the existence and multiplicity of solutions
for problem (& ¢ .') via critical point theory have been investigated in many papers, see [7]-[22] and the references
cited therein. In all these papers, W (¢,x) was always required to satisfy some kinds of growth conditions at infinity with
respect to x, such as superquadratic, subquadratic or asymptotically quadratic growth. Besides, the function L is required
to satisfy one of the following conditions:

(1.1) There exists an [ € C(R, R, ) such that [(r) — +oo as |t| — e and

L(t)x-x > 1(t) |x]*, ¥(1,x) e R x RV,

Here and in the following, ”.” denotes the usual inner product of RV and |.| is the induced norm.
(1.2) There are constants 0 < 7; < Tp < oo such that

| <LO)x-x< o |x]*, V(t,x) e Rx RV,
(1.3) (i) There exists an / € C(R,R) such that
infl(1) > 0 and L(t)x-x > () |x|*, V(t,x) € R x RV,

1eR

(ii) There exists a constant ry > 0 such that

‘ ‘lim meas({t Els—ro,s+ro[: L(r) < blN}) =0,Vb>0,
§|—>o0

where meas denotes the Lebesgue’s measure on R. The conditions (1.1), (1.2) and (1.3) guarantee the compactness of the
Sobolev embedding.

In the present paper, we will study the existence of infinity many solutions for (% %) in the case where W (z,x) is
still only locally defined near the origin with respect to x and L satisfies some weaker conditions than (1.1) — (1.3). More
precisely, we make the following assumptions:

(L) There exists a constant [y > 0 such that

1(r)= ‘rér‘li:nlL(t)é &>y, Vi eR.

There exists a constant 0 > 0 such that W € C(R x Bg(0),R) is continuously differentiable in the second variable with
continuous derivative VW (£,x) = %—VX (t,x), where Bg(0) is the open ball in R" centered at O with radius §, and satisfies
(Wi) W(t,x)is eveninx and W(r,0) = 0,Vt € R;
(W) There exist constants v €]1,2[, B € [1,2], B> € [1, 72| and nonnegative functions a € LPI(R,R*), b € LP>(R,R™)
such that

[VW (t,x)| < a(t)+b(t) |x|"~", ¥(t,x) € R x B5(0);

W (t,x)

x[—0 x|

(W3) = oo, uniformly int € R.

Our main result reads as follows.

Theorem 1.Suppose that (L) and (W) — (Ws) are satisfied. Then the fractional Hamiltonian system (F 7. possesses
a sequence of solutions (uy) such that

max |ug(1)| — 0 as k — oo.
teR
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2 Preliminaries

In this Section, for the reader’s convenience, first we will recall some facts about the fractional calculus on the whole real
axis. On the other hand, we will give some preliminary lemmas for using in the sequel.

2.1 Liouville-Weyl Fractional Calculus

The Liouville-Weyl fractional integrals of order O < or < 1 on the whole axis R are defined as (see [23,24,25])

—lZu(t) = ﬁ ./jm(t —x) % Lu(x)dx, (2)
and
J%u(r) = ﬁ /t (r— )% Lu(x)dx. 3)

The Liouville-Weyl fractional derivatives of order 0 < o < 1 on the whole axis R are defined as the left-inverse operators
of the corresponding Liouville-Weyl fractional integrals (see [23,24,25])

d _
—oD%u(t) = d—(,ml,‘ “u)(1), 4)
t
and J
D%u(t) = —E(,Io]jau)(t). ®)
The definitions of (4) and (5) may be written in an alternative form as follows
1 *u(t) —u(t—x)
—oD%u(t) = / d
MO F—ah T o ©
e L - ulx)
“u(t)—u(t+x
D2u(t) = / = dx. 7
t oou( ) F(l _a) 0 thJrl X ( )

We establish the Fourier transform properties of the fractional integral and fractional differential operators. Recall that the
Fourier transform u of u is defined by

(s) = /:e*mu(t)dt.

Let u be defined on R. Then the Fourier transform of the Liouville-Weyl integrals and differential operators satisfies (see
[4,12])

“elu(s) = (is)"“is), ®)
d2u(s) = (—is) " a(s), ©
“D%u(s) = (is)%als), (10)
DZus) = (—is)“als). (1n

Next, we present some properties for Liouville-Weyl fractional integrals and derivatives on the real axis, which were
proved in [12].
Denote by L”(R) (1 < p < ), the Banach spaces of functions on R with values in RY under the norms

1
July = ([ )7 d) .
R
and L™ (R) the Banach space of essentially bounded functions from R into RN equipped with the norm

||| = esssup {|u(z)| /t € R}.
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Proposition 1.7) Let p,q € [1,00], & > 0. The operators _I* and I% are bounded from LP(R) to L1(R) if and only if

__ D
1—ap’

1
0<(X<1,1<p<a,q

2) If a > 0, for "sufficiently good” function u, the relations
(oD (ool u)) (1) = ut), (:DL(AZu))(t) = u(r) (12)
are true. In particular, these relations hold for u € L' (R),
3)Let o, 3 > 0and p > 1 be such that a+ B = %. Ifu e LP(R), then
(el Colu)) (1) = 17 Pult), (IB(12)) () = 18P ue), (13)
4)Ifoc > B >0, then
(cDf (Cealf0))(1) = I Pu(e), (DEGI)) (1) = 1 Pu(s). (14)

Proposition 2.If o > 0, then the relations

Low- Catrwd= [ (120)0) -y, (1)

/ u(t) - (D) (1)dt = / (.D%u) (1) -v(1)dr, (16)
R R

are valid for "sufficiently good” functions @,y ,u,v. In particular, (15) holds for functions ¢ € LP(R) and y € L1(R),
while (16) holds for u € (J%(L? (R)) and v € _oI*(LY(R)) provided that p > 1, ¢ > 1 and % + % =1+ a, where

e (LP(R)) = {u/3¢ € L’ (R),u = IS0},

similarly, _I*(L1(R)) can be defined.

2.2 Fractional Derivative Spaces

In order to establish the variational structure which enables us to reduce the existence of solutions of (% 7.7 to find
critical points of the corresponding functional, it is necessary to construct the appropriate functional spaces.
For o > 0, define the semi-norm
_ (04
lulje = [l-=Di"ul 2

and the norm .
llullye = (lloell 2 + [l )7,
and let
I 70.0—(}1@”-”\19&
—co — &

where Cj'(R) denotes the space of infinitely differentiable functions from R into RN with vanishing property at infinity.
Now, we can define the fractional Sobolev space H*(RR) in terms of the Fourier transform. Choose 0 < o < 1, define the
semi-norm

|u|a = H |s|auHL2

and the norm |
leell e = Cllully2 +ulg) 2,
and let
H%(R) :W\\-lla'

Moreover, we note that a function u € L?(R) belongs to I%_, if and only if

15| € L2(R).
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Especially, we have
— o~
Julge, = [[1sl %l 2
Therefore, I%,, and H*(R) are equivalent with equivalent semi-norms and norms. Analogous to /%, we introduce IZ.

Define the semi-norm
|ulja = || Deull 2

and the norm
ol = lll 2 + )2,
and let
e :WH-\H@

Then 1%, and IZ are equivalent with equivalent semi-norms and norms. Let C(R) denotes the space of continuous
functions from R into R". Then we obtain the following Sobolev lemma.

Lemma 1([7], Theorem 2.1). If & > 1, then H*(R) C C(R), and there exists a constant C = Cq such that

il = suplu(r)] < Ca flullg Ve € H(R). (7
te

Remark 1. From Lemma 1, we know that if u € H*(R) with § < a < 1, then u € L?(R) for all p € [2, 0], because
' —2),112
[ ol de < s (1)

In what follows, we introduce the functional space in which we will construct the variational framework of (% 7#.7).
Let

X% = {u € HG(R)/.é[|,ngu(t)|2 FL(u(t) - u(t))dt < oo}

then X% is a reflexive and separable Hilbert space with the inner product
< uyv>ya= / [LoD%u(t) oo D%v(t) + L{t)u(t) - v(2)]dt
R

and the corresponding norm [|u|%e =< u,u >yxa. Evidently, X% is continuously embedded into H%*(R). Hence X% is
continuously embedded in L”(R) for all p € [2,e0] and compactly embedded in L] (R) for all p € [2,e0], where L} (R)
denotes the space of measurable functions u from R into RY such that for all compact K C R, [i |u(t)[P dt < .

Consequently, for all p € [2, 0], there exists a constant ), > O such that
ullLr < Mp llullge, Vi € X% (19)

To prove our main result via critical point theory, we shall use the following symmetric mountain pass theorem developed
by Kajikiya [26]. We will first recall the notion of genus.
Let X be a Banach space and let A be a subset of X. A is said to be symmetric if u € A implies —u € A. For a closed
symmetric set A which does not contain the origin, we define the genus y(A) of A by the smallest integer & for which there
exists an odd continuous mapping from R to R\ {0}. If such a k does not exist, we define y(A) = -+oco. Moreover, we set
v(¢) =0. Let

I ={A C E/Ais a closed symmetric subset, 0 ¢ A, y(A) > k}.

The properties of genus used in the proof of our main result are summarized as follows.

Lemma 2([26], Proposition 7.5.). Let A and B be closed symmetric subsets of E that do not contain the origin. Then the
following hold.

(i) If A C B, then y(A) < ¥(B).

(ii) The N—dimensional sphere SN has a genus of N + 1 by the Borsuk-Ulam theorem.
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Lemma 3./26] Let X be an infinite-dimensional Banach space and ® € C'(X,R) an even functional with ®(0) = 0.
Suppose that @ satisfies

(1) @ is bounded from below and satisfies the (PS)—condition;

(2) For each k € N, there exists Ay, C I}, such that

sup @ (u) < 0.

UEA
Then (a) or (b) below hold
(@) There exists a critical point sequence (uy) such that ®(uy) < 0 and limy__oo uy, = 0;

(b) There exist two critical point sequences (uy) and (vi) such that ®(ur) =0, uy # 0 and limy__eou = 0, () <0,
limg 0o @(vi) = 0 and (vi) converges to a non-zero limit.

3 Proof of Theorem 1.1.

In order to prove our main result via critical point theory, we need to modify W (z,x) for x outside a neighborhood of
the origin to get W(t,x) as follows. Choose a constant r €]0, g[ and define a cut-off function y € C'(R*,R*) such that
x(s)=1for0<s<r, x(s)=0fors>2rand —2 < y'(s) <0 forr <s<2r. Let

W(t,x) = x(|x)W(t,x), ¥(t,x) € R x RV, (20)
Combining (W;), (W,) and the definition of y, we obtain
W] < al) al + b0 ", ¥(1,x) € RxRY, @n

and
‘Vﬁ/(t,x)‘ <5 (a(t) b)) ! ) V(t,x) € R x RY. 22)

Now, we introduce the following modified system

(FAF) {LDeé‘i;I;ggft)(t) +L(t)u(t) = VW (r,u(t)), t € R

and define the variational functional ¢ associated with (5% ) by

D (u) = %/RﬂfoeDf‘u(tﬂz-i-L(t)u(t)-u(t)]dt—/RW(t,u(t))dt .

1
=3 el = @ (u)
where @(u) = [ W(t,u(r))dr.

Lemma 4.Assume that (L), (Wy) and (W) are satisfied. Then ¢ € C'(X* R) and ¢' : X% — (X*)' is compact, and
hence ® € C' (X% R). Moreover

¢/l — /R VW (1, u(t)) - v(t)dr 24)

and

D (u)yy=<u,v>— ./]1‘% VW (t,u(t)) - v(t)dt (25)

for all u,v € X%, and nontrivial critical points of ® on X* are homoclinic solutions of (F . H.7).
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Proof.In the following, we will note

B Bi VB
T B—1

It is easy to see that B, B, € [2,c0]. By (19), (21) and Hélder’s inequality, we have for u € X*

B

732: (Blzoo732:oo, ifﬁlzlorﬁZZU- (26)

/’W(t,u(t))‘dt§/a(t)|u(t)|dt+/b(t)|u(t)|vdt

R R R
< llall g, llull 5, + 1150, el 5, @7
< g, lalle, llull +mng 1151l ]V < oo,

which implies that ¢ and @ are both well defined. Now, we prove that ¢ € C' (X%, R) and ¢’ : X* — (X*)' is compact.
By (22), for any u,v € X* and s € [0, 1], there holds

VW(t,u—i—sv)-v‘ <5 [a(t) +b(t) |u+sv|v71} vl
< 5a(r) +b(e) (Jul ™"+ )| v
< 5[a(t)+b(t)<|u|v71 |+ MV)} v].

Hence, by the Mean Value Theorem and Lebesgue’s Dominated Convergence Theorem, we get for all u,v € X*

_ 1
lim Plutsv) = ou) = lim // VW (t,u+ rsv) - vdrdt
s—0 S s—0JR JO
:/VW(t,u)wdt:f(u)v.
R
Moreover, it follows from (19), (22) and Holder’s inequality that
L ()| g/ [V ()| v] s
R
gs[/ a(t)|v|dt+/a(t)|u|vf' Iv] di
R R
—1
< 5[ llallp, V1,5, + 18l Il '3, 1Vl 5, |

<5[ng, lallp, 13 10l | I, v € X2,

(28)

which means that % (u) is bounded. This means that ¢ is Gateaux-differentiable on X* and its Gateaux-derivative at  is
Z(u). Letu, — uin X% as n — oo, then (uy) is bounded in X and

up — uin Ly, (R) as n — oo. (29)
Therefore, there exists a constant ¢; > 0 such that
leea| V=" + el < 1, VnEN, (30)

By (W,), for any € > 0, there exists Re > 0 such that

1
B Br €
(/‘t‘zRg(a(t)) ‘dt) ' < o, 31)

1
B By €
(/). ey < st 32)
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Combining (22) with (30)-(32), the Holder’s inequality implies

/ VW (t,u,) — VW (t,u)]| |v|dt
[t{>Re
<5 [ [2a()+b(e) (ual "+ [l )] vl e
[t{|>Re
1
B B B
<10( [ (at)ar) " i,
1
ﬁ E V:l V:l B
+5(/‘I‘ZRE(b(t)) 2t )2 (Yl 5, + el 5, ) V15, 33)

< 107, (/\t\zRe (a(t))ﬁldt) B

1
v B B v—1 v—1
55, ([, (o)) = (" 1)
) €
< 4=

€
=,V =1.
, VneN, and Hv||

For the R, given above, by (19), (29) and the continuity of VW, there exists ng € N such that for all n > ng and vl =1
Re
L.

Combining (33) with (34), we get
2 (un) = L ()| (xay = sup (L (un) — L (u))v|

~ ~ R
VW (1, 0) VW (1) o] i < nw/
“R

€
€

VW@MQ—VWUM)m<§. (34)

Ivli=1
— sup / (VW (t,) — VW (1, 10)) v
wii=1 /R
Re ~ ~
< sup VW(t,u,,)—VW(t,u)Mth
Ivlj=17~Re

+ sup/ VW (1, ) — VW (1) ]
[v|=1lt|=Re

€ €
<§+§:8f0ralln2n0.

This implies that . is continuous. Thus ¢ € C'(X%*,R) and (24) holds with ¢’ = .Z. This together with the reflexivity of
the Hilbert space X implies that ¢’ is compact. In addition, due to the form of &, we see that @ € C' (X%, R) and (25)
also holds. The proof of Lemma 3.1 is completed.

Lemma 5.Assume that (L), (W) and (W) hold. Then ® is bounded from below and satisfies the (PS)—condition.

Proof.Firstly, we prove that @ is bounded from below. By (27), it follows

1 e~
D) > 3 lulf = [ [V (e,)]ds
2 JR

] (35)

2 \% \4
> 5 lull” =ng llall e llull =g 160, lel™
Since v < 2, it follows that ¢ is bounded from below. Next, we show that @ satisfies the (PS)—condition. Let (u,) be a

(PS)—sequence, that is
|®(uy)| <M, VneN, &' (u,) — 0asn—s oo, (36)

for some constant M > 0. By (35) and (36), it holds

1 2 v
M 2 2 |luall” =g, llall s, Nunll =ng 11bllp, [l

© 2024 NSP
Natural Sciences Publishing Cor.



Progr. Fract. Differ. Appl. 10, No. 2, 231-240 (2024) / www.naturalspublishing.com/Journals.asp N S 239

which implies that (u,) is bounded in X% since v < 2. Hence, up to a subsequence if necessary, we can assume that
Uy —uinX%asn —s oo (37

for some u € X*. By virtue of the Riez Representation Theorem, @ : X* — (X%*)" and @' : X% — (X %)’ can be viewed
as @ : X% — X% and @' : X* — X respectively. This together with (24) and (25) yields

up = D' (uy) + @' (uy), Vn € N. (38)

By Lemma 3.1, ¢’ is compact. Combining this with (36)-(38), the right side of (38) converges strongly in X% and hence
up, — uin X% as n — oo. Then @ satisfies the (PS)—condition. The proof of Lemma 3.2 is completed.

Lemma 6.Suppose that (L) and (W3) hold. Then for each k € N, there exists an Ay, C X* with genus yY(Ay) > k such that
supye4, P(u) <0.

Proof.Let (e,) an orthonormal basis of X*. Then for each k € N, let
X, = @y_yspan{en} .
Since X} is finite dimensional, there exists a constant 7, > 0 such that
lu|l < 7 ||ul|,2, Yu € Xk. (39)
By (W3), there exists a constant R > 0 such that
W(t,x) >t |x*, Vi € R, |x| < Rq. (40)
Let u € X% such that [ju]| < %. By (19), we know that |u(r)| < Ry for all t € R, thus by (40), it holds
W(t,u(r)) > ¢ lu(t)*, Vi € R. (41)

Therefore, by (39) and (41), for all u € X; \ {0} with 0 < [[uf| = MM — p, we have

qmzéww—AvW@mm

: .

<3l = [ 2 u(n)dr

JR
1
e
1

= _Epkzv

which implies
1
{0\ 0}/l = pi} = {ue /@) < 302} @)

Thus, by Lemma 2.1, (42) implies

YA = y({u e X\ {0}/ lull = pe} ) = &
hence, by the definition of I, we have A, C I;. Moreover, the definition of Ay implies
1,
sup @(u) < —=p; <O0.
UEA, 2
The proof of Lemma 3.3 is completed.

Consequently, & possesses a sequence of nontrivial critical points () satisfying uy — 0 in X% as k — oo. By

virtue of Lemma 3.1, (u;) is a sequence of solutions of (ﬂ/j\i’?}”) By (19), it follows that max;cg |ug(z)] — O as
k — oo, Therefore, there exists a positive constant kg € N such that for all k > ko, u is a solution of (% .%). This
ends the proof of Theorem 1.1.
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4 Conclusion

In the present work, we established the existence of infinitely many solutions for a class of fractional Hamiltonian systems
when the potential is only locally defined near the origin, via critical point theory and variational methods.
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