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Abstract: In our article we define special kinds of Smarandache ruled surfaces according to quasi frame called TqNqBq- Smarandache

ruled surfaces. We investigated the first and second fundamental forms, the Gaussian curvature and Mean curvature of these surfaces.

The necessary and sufficient conditions for such surfaces to be developable surfaces will be introduced. Also, the condition for such

surfaces to be minimal surfaces is obtained. Finally the normal curvature, and geodesic curvature for these surfaces are investigated.
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1 Introduction

In differential geometry, ruled surfaces hold a special
place as a distinct type of surface, simply a ruled surface
is defined by selection of a curve and a line along that
curve. Garspard Monge discovered and studied these
surfaces, and he established the partial differential
equation that satisfies all ruled surfaces. A(differential)
one-parameter of (straight) lines {α(t),w(t)} can be
considered as a correspondence that assigns to each t ∈ I,
where I is a subset of the real numbers R a point
α(t) ∈ R3 and a vector w(t) ∈ R3, w(t) 6= 0, the line Lt

which passes through α(t) and parallel to w(t) is called
the line of the family at t, the parametrized surface
σ(t,v) = α(t) + vw(t), t ∈ I,v ∈ R is called the ruled
surface generated by the family {α(t),w(t)} where
{α(t),w(t)} a one-parameter family of lines. The lines Lt

are called the rulings, and the curve α(t) is called a
directrix of the surface σ(t,v) [1]. Many properties of
ruled surface have been investigated in both Euclidean
and non- Euclidean spaces from the past to today as seen
in [2,3,4,5,6,7,8,9,10,11,12,13]. Ruled surface have
applications in civil engineering, computer programing,
architecture and solid modeling for examples one can see
the references [14,15].
Ouarab presents the concept of Smarandache-ruled
surface according to Frenet-Serret frame of a curve in E3

in [16]. The author investigates TN-Smarandache-ruled

surfaces, TB-Smarandache-ruled surfaces, and
NB-Smarandache-ruled surfaces. The author determine
the essential conditions for these ruled surfaces to be
classified as developable surfaces and minimal surfaces.
Ouarab investigates Smarandache-ruled surface according
to Darboux frame in E3 [17]. The author introduces a new
approach of constructing special ruled surfaces and
definitions of Smarandache-ruled surface according to
Darboux frame of a curve lying on an arbitrary regular
surface in E3. Senyurt, Canli, and Hilal, in their work[18],
introduce the concept of Smarandache-ruled surface
according to Bishop frame in E3. In [11] the authors
investigated the fundamental forms and the corresponding
curvatures and they provided several examples. Some
special Smarandache-ruled surfaces by Frenet frame in
E3 introduced by Senyurt, Canli, and Con [19,20]. The
authors present some new special ruled surfaces with the
base TNB- Smarandache curve where the unit-vector of
the generator is taken as one of other Frenet vectors and
their linear combinations. In [21], Al-dayel and Solouma
introduce a special type of ruled surface known as type-2
Smarandache-ruled surface. These surfaces are
specifically related to the type-2 Bishop frame in E3. The
authors define and investigated the characteristic
properties of type-2 Smarandache-ruled surfaces,
providing insights into their unique features and
behaviors within the context of the type-2 Bishop frame.
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Ouarab introduces two types of Smarandache-ruled
surfaces according to alternative moving frame in E3,
these are NC- Smarandacehe-ruled surface and NW-
Smarandache-ruled surface [22].

2 Preliminaries

Let α = α(s) be a curve in three-dimensional Euclidean
space E3 parameterized by arc length s, denoted by
α : I −→ R3. We define the Frenet-Serret frame of the
curve α as the orthonormal frame t(s),n(s),b(s), where
t(s) represents the unit tangent vector field of α(s), n(s)
represents the principal normal vector field of α(s), and
b(s) = t(s)× n(s) represents the binormal vector field of
α(s). Throughout this paper, we denote the derivative of
α(s) with respect to the arc length parameter s by α ′(s),
which is equivalent to t(s). The principal normal vector

field n(s) is given by n(s) = α ′′(s)
‖α ′′(s)‖ , and the binormal

vector field b(s) is obtained by taking the cross product of
t(s) and n(s), that is b(s) = t(s)× n(s). In this article, we
use the notation κ(s) and τ(s) to represent the curvature
and torsion of the curve α(s), respectively. The curvature
κ(s) is computed as κ(s) =‖ α ′′(s) ‖, and the torsion τ(s)
is given by τ(s) = − < b′(s),n(s) >. The arc-length
derivative of the Frenet-Serret frame can be expressed
using the following formula.





t ′(s)
n′(s)
b′(s)



=





0 κ(s) 0
−κ(s) 0 τ(s)

0 −τ(s) 0









t(s)
n(s)
b(s)





The Frenet-Serret frame is not defined at inflection points
(where the curvature is zero), and it is also not
continuously defined for C1-continuous space curves. To
address these issues, Coquillart, Mustafa etal [?,?]
introduced a New frame called a quasi-frame. For a unit
speed curve α(s), the quasi-frame along α(s) can be
expressed as follows:

Tq(s) = t(s), Nq(s) =
t(s)× ζ

‖ t(s)× ζ ‖ , Bq(s) = Tq(s)×Nq(s),

The quasi-frame along a unit speed curve α(s) consists of
the projection vector ζ , as well as the unit tangent vector
field Tq(s), quasi-normal vector Nq(s), and
quasi-binormal vector Bq(s). The relationship between
the Frenet-Serret frame and the quasi-frame can be
described using the following formula [23,10,26,25]:





Tq(s)
Nq(s)
Bq(s)



=





1 0 0
0 cosϕ sinϕ
0 −sinϕ cosϕ









t(s)
n(s)
b(s)



 (1)

Where, as shown in Figure 1, ϕ the angle between the
principal normal n(s) and the quasi-normal Nq.The Frenet-
Serret frame is written as {t(s),n(s),b(s)} while the quasi-
frame is {Tq(s),Nq(s),Bq(s)}. If ϕ = 0 the quasi frame

becomes to the Frenet-Serret frame, and if k3 = 0 the quasi
becomes to Bishop-frame. The variation equations of the
quasi-frame, as stated in equation (1), can be simplified to
the following formula:





T ′
q(s)

N′
q(s)

B′
q(s)



=





0 k1 k2

−k1 0 k3

−k2 −k3 0









Tq(s)
Nq(s)
Bq(s)





Fig. 1: Relation between Frenet and quasi frames

The quasi curvatures functions of the curve α(s) are
represented by the triple k1(s), k2(s), and k3(s). They are
given by:

k1 =< T ′
q(s),Nq(s)>= κcosϕ ,

k2 =< T ′
q(s),Bq(s) >=−κsinϕ ,

k3 =< N′
q(s),Bq(s)>= τ(s)+ϕ ′(s).

The quasi-frame provides many advantages over the
Frenet-Serret frame and Bishop frame. For instance, the
quasi-frame can be defined along a line where the
curvature (κ) is zero. The quasi-frame becomes singular
when the torsion (τ) and the projection vector (ζ ) are
parallel. In this cases, the projection vector ζ can be
chosen as (0,0,1), (0,1,0), or (1,0,0). The parametric
equation of the ruled surface σ(s,v) is defined by:

σ(s,v) = α(s)+ vX(s).

Where α(s) is a curve and X(s) is a generator vector.
Suppose M is a surface in E

3 defined by the
parametrization σ(s,v). M is regular if the cross product
of the partial derivatives of σ(s,v), denoted as σs and σv,
is non-zero for all points on M, i.e., σs ×σv 6= 0. Where
σs and σv represent the partial derivatives of σ(s,v) with
respect to s and v. The coefficients of the first
fundamental form for the surface M are obtained by [1].

E =< σs,σs >, F =< σs,σv >, G =< σv,σv > .
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The unit normal vector field of the regular surface M is
defined using the Euclidean inner product denoted by
<,>:

U =
σs ×σv

‖ σs ×σv ‖
.

The coefficients of the second fundamental form of M are
calculated by the following equations:

e =< σss,U >, f =< σsv,U >, g =< σvv,U > .

The Gaussian curvature and mean curvature of the surface
M can be expressed as follows:

K =
eg− f 2

EG−F2
, and

H =
Eg+Ge− 2F f

2(EG−F2)
.

The distribution parameter, denoted as λ for the ruled
surface σ(s,v) = α(s) + vX(s), is determined by the
following expression:

λ =
det(α ′(s),X(s),X ′(s))

‖ X ′(s) ‖ .

The geodesic curvature, the normal curvature and the
geodesic torsion which associate with the curve α(s) on
the surface σ(s,v) can be calculated as follows [21]:

kg =<U ∧ t(s), t ′(s)>,

kn =< α ′′
,U >,

τg =<U ∧U ′
, t ′(s)> .

For a curve α(s) lying on a surface, it is important to note
the following definitions:

I.α(s) is a geodesic if and only if kg ≡ 0.
II.α(s) is a asymptotic line if and only if kn ≡ 0.

III.α(s) is a principal line if and only if τg ≡ 0.
IV.A regular surface if flat(developable) if and only if K ≡

0.
V.A regular surface is a minimal surface if H ≡ 0.

3 Results and Discussion

In this section, we will define TqNqBq- Smarandache ruled

surfaces in Euclidean 3-space E3 according to quasi
frame {Tq(s),Nq(s),Bq(s)}. The following are seven
types of TqNqBq- Smarandache ruled surfaces.























































Γ (s,v) = 1√
3
[(1+

√
3v)Tq +Nq +Bq]

M(s,v) = 1√
3
[Tq +(1+

√
3v)Nq +Bq]

ω(s,v) = 1√
3
[Tq +Nq +(1+

√
3v)Bq]

φ(s,v) = ( 1√
3
+ v√

2
)(Tq +Nq)+

Bq√
3

Ω(s,v) = ( 1√
3
+ v√

2
)(Tq +Bq)+

Nq√
3

σ(s,v) =
Tq√

3
+( 1√

3
+ v√

2
)(Nq +Bq)

ϒ (s,v) = ( 1√
3
+ v√

3
)(Tq +Nq +Bq)

3.1 TqNqBq- Smarandache ruled surface with

unit vector Tq

In this subsection we will define the TqNqBq-
Smarandache ruled surface according to quasi frame with
unit vector Tq. We will compute the first and the second
fundamental forms of such surface. We will also
investigate the mean curvature and the Gaussian
curvature.

Definition 1.Let α(s) be a regular curve in E3 with a

quasi frame {Tq(s),Nq(s),Bq(s)}, the

TqNqBq-Smarandache Ruled Surface with unit vector Tq

defined by the following equation

Γ (s,v) =
1√
3
[(1+

√
3v)Tq +Nq +Bq]. (2)

Theorem 1.Suppose Γ (s,v) be Smarandache Ruled

Surface defined as in equation(2).Then the mean

curvature HΓ (s,v) of Γ (s,v) will be given by

HΓ (s,v) =

√
3

[(k2(1+
√

3v)+ k3)2 +(k1(1+
√

3v)− k3)2]
3
2

[(1+
√

3v)2(k′1k2 − k1k′2 − k2
2k3 − k2

1k3)

+ (1+
√

3v)(k′1k3 + k′2k3 − k′3k2 − k1k′3 − 2k2
3k2

+ 2k1k2
3)+ 2k1k2k3 − 2k3

3 + k2
1k3 + k2

2k3],

and the Gaussian curvature KΓ (s,v) of Γ (s,v) will be given

by

KΓ (s,v) =
−3k2

3(k1 + k2)
2

[(k2(1+
√

3v)+ k3)2 +(k1(1+
√

3v)− k3)2]2
.

Proof. Let Γ (s,v) be Smarandache Ruled Surface defined
by equation (2), the first and second partial derivatives of
Γ (s,v)are given as follows:

Γs(s,v) =
1√
3
[−(k1 + k2)Tq +((1+

√
3v)k1 − k3)Nq+

(1+
√

3v)k2 + k3)Bq],

Γv(s,v) = Tq, Γvs(s,v) = k1Nq + k2Bq, Γvv(s,v) = 0,

Γss(s,v) =
1√
3
[(−(1+

√
3v)(k2

1 + k2
2)− k′1 − k′2 + k1k3

− k2k3)Tq +((1+
√

3v)(k′1 − k3k2)− k′3 − k2
1 − k2

3

− k1k2)Nq +((1+
√

3v)(k′2 + k1k3)+ k′3 − k2
2

− k2
3 − k2k1)Bq].

The unit normal of Γ (s,v) will be obtained by the
following equation

UΓ (s,v) =
(k2(1+

√
3v)+ k3)Nq − (k1(1+

√
3v)− k3)Bq

√

(k2(1+
√

3v)+ k3)2 +(k1(1+
√

3v)− k3)2

.
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The coefficients of the first and second fundamental forms
of Γ (s,v) are given by

EΓ (s,v) =
1

3
[(k1 + k2)

2 +(k1(1+
√

3v)− k3)
2+

(k2(1+
√

3v)+ k3)
2],

FΓ (s,v) =
−(k1 + k2)√

3
, GΓ (s,v) = 1,

eΓ (s,v) =
1√
3

[(k2(1+
√

3v)+ k3)
2 +(k1(1+

√
3v)− k3)

2]
−1
2

[(1+
√

3v)2(k′1k2 − k1k′2 − k2
2k3 − k2

1k3)

+ (1+
√

3v)(k′1k3 + k′2k3 − k′3k2 − k1k′3 − 2k2
3k2

+ 2k1k2
3)− 2k1k2k3 − 2k3

3 − k2
1k3 − k2

2k3],

f Γ (s,v) =
k3(k1 + k2)

√

(k2(1+
√

3v)+ k3)2 +(k1(1+
√

3v)− k3)2

,

gΓ (s,v) = 0.

The mean curvature HΓ (s,v) of Γ (s,v) and the Gaussian

curvature KΓ (s,v) of Γ (s,v) as follows:

HΓ (s,v) =

√
3

[(k2(1+
√

3v)+ k3)2 +(k1(1+
√

3v)− k3)2]
3
2

[(1+
√

3v)2(k′1k2 − k1k′2 − k2
2k3 − k2

1k3)

+ (1+
√

3v)(k′1k3 + k′2k3 − k′3k2 − k1k′3 − 2k2
3k2

+ 2k1k2
3)+ 2k1k2k3 − 2k3

3 + k2
1k3 + k2

2k3],

KΓ (s,v) =
−3k2

3(k1 + k2)
2

[(k2(1+
√

3v)+ k3)2 +(k1(1+
√

3v)− k3)2]2
.

Corollary 1.Γ (s,v)-Smarandache-Ruled Surface

satisfying equation (2) is developable if and only if k3 = 0
or k1 =−k2.

Corollary 2.Γ (s,v)-Smarandache-Ruled Surface

satisfying equation (2) is minimal surface if and only if

k3 = k2 = 0 and k1 6= 0.

Corollary 3.The geodesic curvature, and the normal

curvature for the Smarandache curve lying on the surface

Γ (s,v) satisfying equation (2) is given by

k
Γ (s,v)
g =

k3(k1 − k2)− (k2
1 + k2

2)(1+
√

3v)
√

(k2(1+
√

3v)+ k3)2 +(k1(1+
√

3v)− k3)2

,

k
Γ (s,v)
n =

1
√

3

√

(k2(1+
√

3v)+ k3)2 +(k1(1+
√

3v)− k3)2

[(k2(1+
√

3v)+ k3)(k
′
1 − k′3 − k2

1 − k2
3 − k1k2 − k2k3)

− (k1(1+
√

3v)− k3)(k
′
2 + k′3 − k2

2 − k2
3 − k1k2

+ k1k3)].

Corollary 4.TqNqBq-Smarandache curve lying on the

surface given by equation (2) is a geodesic if and only if

k1 = k2 = 0.

Corollary 5.TqNqBq-Smarandache curve lying on the

surface given by equation (2) is asymptotic line if and

only if k1 = k3 = 0.

Corollary 6.The distribution parameter for the

Γ (s,v)-Smarandache Ruled surface is given by

λΓ (s,v) =
k3(k1 + k2)
√

3

√

k2
1 + k2

2

.

3.2 TqNqBq- Smarandache ruled surface with

unit vector Nq

In this subsection we will be introduce the TqNqBq-
Smarandache ruled surface according to quasi frame with
unit vector Nq. We will compute the first and the second
fundamental forms of such surface. We will also
investigate the mean curvature and the Gaussian
curvatures.

Definition 2.Let α(s) be a regular curve in E3 with a

quasi frame {Tq(s),Nq(s),Bq(s)}, the

TqNqBq-Smarandache Ruled Surface with unit vector

Nqdefined by equation

M(s,v) =
1√
3
[Tq +(1+

√
3v)Nq +Bq]. (3)

Theorem 2.Suppose M(s,v) be Smarandache Ruled

Surface defined by equation(3).Then the mean curvature

HM(s,v) of M(s,v) will be given by

HM(s,v) =

√
3

2[(k3(1+
√

3v)+ k2)2 +(k1(1+
√

3v)+ k2)2]
3
2

[(1+
√

3v)2(k′1k3 − k′3k1 + k2
1k2 + k2

3k2)

+ (1+
√

3v)(2k2
2k3 + 2k2

2k1 + k′1k2 + k′2k3

− k′3k2 − k′2k1)+ 2k3
2 + 2k1k2k3 − k2k2

1 − k2
3k2],

and the Gaussian curvature KM(s,v) of M(s,v) will be given

by

KM(s,v) =
−3k2

2(k1 − k3)
2

[(k3(1+
√

3v)+ k2)2 +(k1(1+
√

3v)+ k2)2]2
.

Proof. Let M(s,v) be Smarandache Ruled Surface defined
by equation (3), the first and second partial derivatives of
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M(s,v)are given as follows:

Ms(s,v) =
1√
3
[(−k1(1+

√
3v)− k2)Tq +(k1 − k3)Nq

+(k3(1+
√

3v)+ k2)Bq],

Mv(s,v) = Nq, Mvs(s,v) =−k1Tq + k3Bq, Mvv(s,v) = 0,

Mss(s,v) =
1√
3
[(−(1+

√
3v)(k2k3 + k′1)− k′2 − k2

1 + k3k1

− k2
2)Tq +(−(1+

√
3v)(k2

1 + k2
3)+ k′1 − k′3 − k1k2

− k2k3)Nq +((1+
√

3v)(k′3 − k1k2)+ k′2 − k2
2

− k2
3 + k1k3)Bq].

The unit normal of M(s,v) will be obtained by the
following equation

UM(s,v) =
−(k3(1+

√
3v)+ k2)Tq − (k1(1+

√
3v)+ k2)Bq

√

(k3(1+
√

3v)+ k2)2 +(k1(1+
√

3v)+ k2)2

The coefficients of the first and second fundamental forms
of M(s,v) are given by

EM(s,v) =
1

3
[(k1(1+

√
3v)+ k2)

2 +(k1 − k3)
2+

(k3(1+
√

3v)+ k2)
2],

FM(s,v) =
k1 − k3√

3
, GM(s,v) = 1,

eM(s,v) =
1√
3

[(k3(1+
√

3v)+ k2)
2 +(k1(1+

√
3v)+ k2)

2]
−1
2

[(1+
√

3v)2(k′1k3 − k′3k1 + k2
1k2 + k2

3k2)

+ (1+
√

3v)(2k2
2k3 + 2k2

2k1 + k′1k2 + k′2k3 − k′3k2

− k′2k1)+ 2k3
2 − 2k1k2k3 + k2k2

1 + k2
3k2],

f M(s,v) =
k2(k1 − k3)

√

(k3(1+
√

3v)+ k2)2 +(k1(1+
√

3v)+ k2)2

,

gM(s,v) = 0.

The mean curvature HM(s,v) of M(s,v) and the Gaussian

curvature KM(s,v) of M(s,v) will be given by:

HM(s,v) =

√
3

2[(k3(1+
√

3v)+ k2)2 +(k1(1+
√

3v)+ k2)2]
3
2

[(1+
√

3v)2(k′1k3 − k′3k1 + k2
1k2 + k2

3k2)

+ (1+
√

3v)(2k2
2k3 + 2k2

2k1 + k′1k2 + k′2k3

− k′3k2 − k′2k1)+ 2k3
2 + 2k1k2k3 − k2k2

1 − k2
3k2],

KM(s,v) =
−3k2

2(k1 − k3)
2

[(k3(1+
√

3v)+ k2)2 +(k1(1+
√

3v)+ k2)2]2
.

Corollary 7.M(s,v)-Smarandache-Ruled Surface

satisfying equation (3) is developable if and only if k2 = 0
or k1 = k3.

Corollary 8.M(s,v)-Smarandache-Ruled Surface

satisfying equation (3) is minimal surface if and only if

k1 = k2 = 0 and k3 6= 0.

Corollary 9.The geodesic curvature, and the normal

curvature for the Smarandache curve lying on the surface

M(s,v) satisfying equation (3) is given by

k
M(s,v)
g =

−k1(k1(1+
√

3v)+ k2)
√

(k3(1+
√

3v)+ k2)2 +(k1(1+
√

3v)+ k2)2

,

k
M(s,v)
n =

1
√

3

√

(k3(1+
√

3v)+ k2)2 +(k1(1+
√

3v)+ k2)2

[(−k3(1+
√

3v)− k2)(−k′1 − k′2 − k2
1 − k2

2 + k1k3

− k2k3)− (k1(1+
√

3v)+ k2)(k
′
2 + k′3 − k2

2 − k2
3

+ k1k3 − k1k2)].

Corollary 10.TqNqBq-Smarandache curve lying on the

surface given by equation (3) is a geodesic if and only if

k1 = 0.

Corollary 11.TqNqBq-Smarandache curve lying on the

surface given by equation (3) is asymptotic line if and

only if k1 = k2 = 0.

Corollary 12.The distribution parameter for the M(s,v)-
Smarandache Ruled surface is given by

λ M(s,v) =
k2(k1 − k3)
√

3

√

k2
1 + k2

3

.

3.3 TqNqBq- Smarandache ruled surface with

unit vector Bq

In this subsection we will define the TqNqBq-
Smarandache ruled surface according to quasi frame with
unit vectorBq. We will compute the first and the second
fundamental forms of such surface. We will also
investigate the mean curvature and the Gaussian
curvature.

Definition 3.Let α(s) be a regular curve in E3 with a

quasi frame {Tq(s),Nq(s),Bq(s)}, the

TqNqBq-Smarandache Ruled Surface with unit vector Bq

defined by equation

ω(s,v) =
1√
3
[Tq +Nq +(1+

√
3v)Bq]. (4)
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Theorem 3.Suppose ω(s,v) be Smarandache Ruled

Surface defined by equation(4).Then the mean curvature

Hω(s,v) of ω(s,v) will be given by

Hω(s,v) =

√
3

2[(k1 + k2(1+
√

3v))2 +(k1 − k3(1+
√

3v))2]
3
2

[(1+
√

3v)2(k′2k3 − k′3k2 − k2
2k1 − k2

3k1)

+ (1+
√

3v)(k′1k3 − k′2k1 − k′3k1 + k′1k2 + 2k2
1k3

− 2k2
1k2)− 2k3

1 + k1k2
2 + k1k2

3 + 2k1k2k3],

and the Gaussian curvature Kω(s,v) of ω(s,v) will be given

by

Kω(s,v) =
−3k2

1(k2 + k3)
2

[(k1 + k2(1+
√

3v))2 +(k1 − k3(1+
√

3v))2]2
.

Proof. Let ω(s,v) be Smarandache Ruled Surface defined
by equation (4), the first and second partial derivatives of
ω(s,v)are given as follows:

ωs(s,v) =
1√
3
[(−k1 − k2(1+

√
3v))Tq

+(k1 − k3(1+
√

3v))Nq +(k2 + k3)Bq],

ωv(s,v) = Bq, ωvs(s,v) =−k2Tq − k3Nq, ωvv(s,v) = 0,

ωss(s,v) =
1√
3
[((1+

√
3v)(k1k3 − k′2)− k′1 − k2

1 − k2
2

− k2k3)Tq +((1+
√

3v)(−k′3 − k1k2)+ k′1 − k2
1

− k2
3 − k2k3)Nq +((1+

√
3v)(−k2

2 − k2
3)+ k′2

+ k′3 − k1k2 + k1k3)Bq].

The unit normal of ω(s,v) will be given by the following
equation

Uω(s,v) =
(k1 − k3(1+

√
3v))Tq +(k1 + k2(1+

√
3v))Nq

√

(k1 − k3(1+
√

3v))2 +(k1 + k2(1+
√

3v)2

.

The coefficients of the first and second fundamental forms
of ω(s,v) are given by

Eω(s,v) =
1

3
[(k1 + k2(1+

√
3v))2 +((k1 − k3(1+

√
3v)))2

+(k2 + k3)
2],

Fω(s,v) =
k2 + k3√

3
, Gω(s,v) = 1,

eω(s,v) =
1

√
3

√

(k1 − k3(1+
√

3v))2 +(k1 + k2(1+
√

3v)2

[(1+
√

3v)2(k′2k3 − k′3k2 − k2
2k1 − k2

3k1)

+ (1+
√

3v)(k′1k3 − k′2k1 − k′3k1 + k′1k2 + 2k2
1k3

− 2k2
1k2)− 2k3

1 − k1k2
2 − k1k2

3 − 2k1k2k3],

f ω(s,v) =
−k1(k2 + k3)

√

(k1 − k3(1+
√

3v))2 +(k1 + k2(1+
√

3v)2

,

gω(s,v) = 0.

The mean curvature Hω(s,v) of ω(s,v) and the Gaussian

curvature Kω(s,v) of ω(s,v) will be given by:

Hω(s,v) =

√
3

2[(k1 + k2(1+
√

3v))2 +(k1 − k3(1+
√

3v))2]
3
2

[(1+
√

3v)2(k′2k3 − k′3k2 − k2
2k1 − k2

3k1)

+ (1+
√

3v)(k′1k3 − k′2k1 − k′3k1 + k′1k2 + 2k2
1k3

− 2k2
1k2)− 2k3

1 + k1k2
2 + k1k2

3 + 2k1k2k3],

Kω(s,v) =
−3k2

1(k2 + k3)
2

[(k1 + k2(1+
√

3v))2 +(k1 − k3(1+
√

3v))2]2
.

Corollary 13.ω(s,v)-Smarandache-Ruled Surface

satisfying equation (4) is developable if and only if k1 = 0
or k2 =−k3.

Corollary 14.ω(s,v)-Smarandache-Ruled Surface

satisfying equation (4) is minimal surface if and only if

k1 = k2 = 0 and k3 6= 0.

Corollary 15.The geodesic curvature, and the normal

curvature for the TqNqBq-Smarandache curve satisfying

equation (4) is given by

k
ω(s,v)
g =

−k2(k1 + k2(1+
√

3v))
√

(k1 − k3(1+
√

3v))2 +(k1 + k2(1+
√

3v)2

,

k
ω(s,v)
n =

1
√

3

√

(k1 − k3(1+
√

3v))2 +(k1 + k2(1+
√

3v)2

[(k1 − k3(1+
√

3v))(−k′1 − k′2 − k2
1 − k2

2 + k1k3

− k2k3)+ (k1 + k2(1+
√

3v))(k′1 − k′3 − k2
1 − k2

3

− k1k2 − k2k3)].

c© 2024 NSP

Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci. 18, No. 4, 685-699 (2024) / www.naturalspublishing.com/Journals.asp 691

Corollary 16.TqNqBq-Smarandache curve lying on the

surface given by equation (4) is a geodesic if and only if

k2 = 0.

Corollary 17.TqNqBq-Smarandache curve lying on the

surface given by equation (4) is asymptotic line if and

only if k1 = k2 = 0.

Corollary 18.The distribution parameter for the ω(s,v)-
Smarandache Ruled surface is given by

λ ω(s,v) =
−k1(k2 + k3)
√

3

√

k2
2 + k2

3

.

3.4 TqNqBq- Smarandache ruled surface with

unit vector
Tq+Nq√

2

In this subsection we will define the TqNqBq-
Smarandache ruled surface according to quasi frame with

unit vector
Tq+Nq√

2
. We will compute the first and the

second fundamental forms of such surface. We will also
investigate the mean curvature and the Gaussian
curvature.

Definition 4.Let α(s) be a regular curve in E3 with a

quasi frame {Tq(s),Nq(s),Bq(s)}, the

TqNqBq-Smarandache Ruled Surface with unit vector
Tq+Nq√

2
defined by equation

φ(s,v) = (
1√
3
+

v√
2
)(Tq +Nq)+

Bq√
3
. (5)

Theorem 4.Suppose φ(s,v) be Smarandache Ruled

Surface defined by equation(5).Then the mean curvature

Hφ(s,v) of φ(s,v) will be given by

Hφ(s,v) =
1

6 f1(s,v)µ1(s,v)
[(k2 + k3)(k3 − k2)

2 + 3(ν1(s)

(
1√
3
+

v√
2
)2 +ν2(s)(

1√
3
+

v√
2
)+ν3(s))],

and the Gaussian curvature Kφ(s,v) of φ(s,v) will be given

by

Kφ(s,v) =
−(k2

3 − k2
2)

2

6 f1(s,v)µ2
1 (s,v)

,

where

f1(s,v) = (k1(
1√
3
+

v√
2
)+

k2√
3
)2 +(k1(

1√
3
+

v√
2
)

− k3√
3
)2 +((k2 + k3)(

1√
3
+

v√
2
))2 − (k2 + k3)

2

6
,

µ1(s,v) = [2((k2 + k3)(
1√
3
+

v√
2
))2

+(−2k1(
1√
3
+

v√
2
)+

k3 − k2√
3

)2]
1
2 ,

ν1(s) = (k2 + k3)(k
2
2 − k2

3 + 2k′1)− 2k1(k
′
2 + k′3)

+ 2k2
1(k2 − k3),

ν2(s) =
1√
3
(2k1(k

2
2 + k2

3)− 4k1k2k3 − 2k′3k2 + 2k′2k3),

ν3(s) =
−(k2

2 + k2
3)(k3 − k2)

3
.

Proof. Let φ(s,v) be Smarandache Ruled Surface defined
by equation (5), the first and second partial derivatives of
φ(s,v) are given as follows:

φs(s,v) =−(k1(
1√
3
+

v√
2
)+

k2√
3
)Tq +(k1(

1√
3
+

v√
2
)

− k3√
3
)Nq +((k2 + k3)(

1√
3
+

v√
2
))Bq,

φv(s,v) =
Tq +Nq√

2
,

φvs(s,v) =
1√
2
[−k1Tq + k1Nq +(k2 + k3)Bq],

φvv(s,v) = 0,

φss(s,v) = (−(
1√
3
+

v√
2
)(k′1 + k2

1 + k2
2 + k2k3)−

k′2√
3

+
k1k3√

3
)Tq +((

1√
3
+

v√
2
)(k′1 − k2

1 − k2
3 − k2k3)

− 1√
3
(k′3 + k1k2))Nq +((

1√
3
+

v√
2
)(k′2 + k′3

− k1k2 + k1k3)−
1√
3
(k2

2 + k2
3))Bq.

The unit normal of φ(s,v) will be given by the following
equation

Uφ(s,v) =
1

µ1(s,v)
[−(k2 + k3)(

1√
3
+

v√
2
)Tq

+(k2 + k3)(
1√
3
+

v√
2
)Nq

+(−2k1(
1√
3
+

v√
2
)+

1√
3
(k3 − k2))Bq].
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The coefficients of the first and second fundamental forms
of φ(s,v) are given by

Eφ(s,v) = (k1(
1√
3
+

v√
2
)+

k2√
3
)2 +(k1(

1√
3
+

v√
2
)

− k3√
3
)2 +((k2 + k3)(

1√
3
+

v√
2
))2

Fφ(s,v) =
−(k2 + k3)√

6
, Gφ(s,v) = 1,

eφ(s,v) =
ν1(s)(

1√
3
+ v√

2
)2 +ν2(s)(

1√
3
+ v√

2
)+ν3(s)

µ1(s,v)
,

f φ(s,v) =
(k3 − k2)

2

µ1(s,v)
√

6
, gφ(s,v) = 0.

where

f1(s,v) = (k1(
1√
3
+

v√
2
)+

k2√
3
)2 +(k1(

1√
3
+

v√
2
)

− k3√
3
)2 +((k2 + k3)(

1√
3
+

v√
2
))2 − (k2 + k3)

2

6
,

µ1(s,v) = [2((k2 + k3)(
1√
3
+

v√
2
))2

+(−2k1(
1√
3
+

v√
2
)+

k3 − k2√
3

)2]
1
2 ,

ν1(s) = (k2 + k3)(k
2
2 − k2

3 + 2k′1)− 2k1(k
′
2 + k′3)

+ 2k2
1(k2 − k3),

ν2(s) =
1√
3
(2k1(k

2
2 + k2

3)− 4k1k2k3 − 2k′3k2 + 2k′2k3),

ν3(s) =
−(k2

2 + k2
3)(k3 − k2)

3
.

The mean curvature Hφ(s,v) of φ(s,v) and the Gaussian

curvature Kφ(s,v) of φ(s,v) will be given by:

Hφ(s,v) =
1

6 f1(s,v)µ1(s,v)
[(k2 + k3)(k3 − k2)

2 + 3(ν1(s)

(
1√
3
+

v√
2
)2 +ν2(s)(

1√
3
+

v√
2
)+ν3(s))],

Kφ(s,v) =
−(k2

3 − k2
2)

2

6 f1(s,v)µ
2
1 (s,v)

.

Corollary 19.φ(s,v)-Smarandache-Ruled Surface

satisfying equation (5) is developable if and only if

k2 = k3.

Corollary 20.φ(s,v)-Smarandache-Ruled Surface

satisfying equation (5) is minimal surface if and only if

k2 = k3 = 0 and k1 6= 0.

Corollary 21.The geodesic curvature, and the normal

curvature for the TqNqBq-Smarandache curve satisfying

equation (5) is given by

k
φ(s,v)
g =

1

µ1(s,v)
[k1(−2k1(

1√
3
+

v√
2
)+

1√
3
(k3 − k2))

− k2((k2 + k3)(
1√
3
+

v√
2
))],

k
φ(s,v)
n =

1

µ1(s,v)
[(k2 + k3)(

1√
3
+

v√
2
)(k1(k1 − k3)

+ k2(k2 + k3)+ k′1 + k′2)+ (k2 + k3)(
1√
3
+

v√
2
)

(−k1(k1 + k2)− k3(k2 + k3)+ k′1 − k′3)

+ (−2k1(
1√
3
+

v√
2
)+

1√
3
(k3 − k2))(k3(k1 − k3)

− k2(k1 + k2)+ k′2 + k′3)].

Corollary 22.TqNqBq-Smarandache curve lying on the

surface given by equation (5) is a geodesic if and only if

k1 = k2 = 0 and k3 6= 0.

Corollary 23.TqNqBq-Smarandache curve lying on the

surface given by equation (5) is asymptotic line if and

only if k2 = k3 = 0 and k1 6= 0.

Corollary 24.The distribution parameter for the φ(s,v)-
Smarandache Ruled surface is given by

λ φ(s,v) =
k2

3 − k2
2√

6

√

2k2
1 +(k1 − k3)2

.

3.5 TqNqBq- Smarandache ruled surface with

unit vector
Tq+Bq√

2

In this subsection we will define the TqNqBq-
Smarandache ruled surface according to quasi frame with

unit vector
Tq+Bq√

2
. We will compute the first and the

second fundamental forms of such surface. We will also
investigate the mean curvature and the Gaussian
curvature.

Definition 5.Let α(s) be a regular curve in E3 with a

quasi frame {Tq(s),Nq(s),Bq(s)}, the

TqNqBq-Smarandache Ruled Surface with unit vector
Tq+Bq√

2
defined by equation

Ω(s,v) = (
1√
3
+

v√
2
)(Tq +Bq)+

Nq√
3
. (6)

Theorem 5.Suppose Ω(s,v) be Smarandache Ruled

Surface defined by equation(6).Then the mean curvature

HΩ(s,v) of Ω(s,v) will be given by

HΩ(s,v) =
1

6µ2(s,v) f2(s,v)
[−(k2

1 − k2
3)(k3 − k1) + 3(η1(s)

(
1√
3
+

v√
2
)2 +η2(s)(

1√
3
+

v√
2
)+η3(s))]
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and the Gaussian curvature KΩ(s,v) of Ω(s,v) will be given

by

KΩ(s,v) =
−(k2

1 − k2
3)

2

6 f2(s,v)µ2(s,v)2
.

where

µ2(s,v) = [2((k1 − k3)(
1√
3
+

v√
2
))2 +(2k2(

1√
3
+

v√
2
)

+
k1 + k3√

3
)2]

1
2 ,

f2(s,v) = (k2(
1√
3
+

v√
2
)+

k1√
3
)2 +((k1 − k3)(

1√
3

+
v√
2
))2 +(k2(

1√
3
+

v√
2
)+

k3√
3
)2 − (k3 − k1)

2

6
,

η1(s) = (k1 − k3)(k
2
3 − k2

1 − 2k′2)+ 2k2(k
′
1 − k′3)

− 2k2
2(k1 + k3),

η2(s) =
1√
3
(2k′1k3 − 2k′3k1 − 2k2(k

2
1 + k2

3)− 4k1k2k3)

η3(s) =
−(k1 + k3)(k

2
3 + k2

1)

3
.

Proof. Let Ω(s,v) be Smarandache Ruled Surface defined
by equation (6), the first and second partial derivatives of
Ω(s,v)are given as follows:

Ωs(s,v) =−(k2(
1√
3
+

v√
2
)+

k1√
3
)Tq +(k1 − k3)(

1√
3

+
v√
2
)Nq +(k2(

1√
3
+

v√
2
)+

k3√
3
)Bq,

Ωv(s,v) =
Tq +Bq√

2
,

Ωvs(s,v) =
1√
2
[−k2Tq +(k1 − k3)Nq + k2Bq],

Ωvv(s,v) = 0,

Ωss(s,v) = (−(
1√
3
+

v√
2
)(k′2 + k2

1 + k2
2 − k1k3)−

k′1√
3

− k2k3√
3
)Tq +((

1√
3
+

v√
2
)(k′1 − k′3 − k1k2

− k2k3)−
1√
3
(k2

3 + k2
1))Nq +((

1√
3
+

v√
2
)(k′2

+ k1k3 − k2
3 − k2

2)+
1√
3
(k′3 − k1k2))Bq.

The unit normal of Ω(s,v) will be given by the
following equation

UΩ(s,v) =
1

µ2(s,v)
[(k1 − k3)(

1√
3
+

v√
2
)Tq

+(2k2(
1√
3
+

v√
2
)+

k1 + k3√
3

)Nq−

(k1 − k3)(
1√
3
+

v√
2
)Bq].

The coefficients of the first and second fundamental forms
of Ω(s,v) are given by

EΩ(s,v) = (k2(
1√
3
+

v√
2
)+

k1√
3
)2 +((k1 − k3)(

1√
3

+
v√
2
))2 +(k2(

1√
3
+

v√
2
)+

k3√
3
)2
,

FΩ(s,v) =
k3 − k1√

6
, GΩ(s,v) = 1,

eΩ(s,v) =
η1(s)(

1√
3
+ v√

2
)2 +η2(s)(

1√
3
+ v√

2
)+η3(s)

µ2(s,v)
,

f Ω(s,v) =
k2

1 − k2
3

µ2(s,v)
, gΩ(s,v) = 0.

where

µ2(s,v) = [2((k1 − k3)(
1√
3
+

v√
2
))2 +(2k2(

1√
3
+

v√
2
)

+
k1 + k3√

3
)2]

1
2 ,

f2(s,v) = (k2(
1√
3
+

v√
2
)+

k1√
3
)2 +((k1 − k3)(

1√
3

+
v√
2
))2 +(k2(

1√
3
+

v√
2
)+

k3√
3
)2 − (k3 − k1)

2

6
,

η1(s) = (k1 − k3)(k
2
3 − k2

1 − 2k′2)+ 2k2(k
′
1 − k′3)

− 2k2
2(k1 + k3),

η2(s) =
1√
3
(2k′1k3 − 2k′3k1 − 2k2(k

2
1 + k2

3)− 4k1k2k3)

η3(s) =
−(k1 + k3)(k

2
3 + k2

1)

3
.

The mean curvature HΩ(s,v) of Ω(s,v) and the Gaussian

curvature KΩ(s,v) of Ω(s,v) will be given by:

HΩ(s,v) =
1

6µ2(s,v) f2(s,v)
[−(k2

1 − k2
3)(k3 − k1) + 3(η1(s)

(
1√
3
+

v√
2
)2 +η2(s)(

1√
3
+

v√
2
)+η3(s))],

KΩ(s,v) =
−(k2

1 − k2
3)

2

6 f2(s,v)µ2(s,v)2
.

Corollary 25.Ω(s,v)-Smarandache-Ruled Surface

satisfying equation (6) is developable if and only if

k1 = k3.

Corollary 26.Ω(s,v)-Smarandache-Ruled Surface

satisfying equation (6) is minimal surface if and only if

k1 = k3 = 0 and k2 6= 0.

Corollary 27.The geodesic curvature, and the normal

curvature for the TqNqBq-Smarandache curve satisfying
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equation (6) is given by

k
Ω(s,v)
g =

1

µ2(s,v)
[−k1(k1 − k3)(

1√
3
+

v√
2
)− k2(2k2

(
1√
3
+

v√
2
)+

k1 + k3√
3

]

k
Ω(s,v)
n =

1

µ2(s,v)
[−(k1 − k3)(

1√
3
+

v√
2
)(k1(k1 − k3)

+ k2(k2 + k3)+ k′1 + k′2)+ (−2k1(
1√
3
+

v√
2
)

+
1√
3
(k3 − k2))(−k1(k1 + k2)− k3(k2 + k3)

+ k′1 − k′3)− (k1 − k3)(
1√
3
+

v√
2
)(k3(k1 − k3)

− k2(k1 + k2)+ k′2 + k′3)].

Corollary 28.TqNqBq-Smarandache curve lying on the

surface given by equation (6) is a geodesic if and only if

k1 = k2 = 0 and k3 6= 0.

Corollary 29.TqNqBq-Smarandache curve lying on the

surface given by equation (6) is asymptotic line if and

only if k2 = k3 = 0 and k1 6= 0.

Corollary 30.The distribution parameter for the Ω(s,v)-
Smarandache Ruled surface is given by

λ Ω(s,v) =
k2

1 − k2
3√

6

√

2k2
2 +(k1 − k3)2

.

3.6 TqNqBq- Smarandache ruled surface with

unit vector
Nq+Bq√

2

In this subsection we will define the TqNqBq-
Smarandache ruled surface according to quasi frame with

unit vector
Nq+Bq√

2
. We will compute the first and the

second fundamental forms of such surface. We will also
investigate the mean curvature and the Gaussian
curvature.

Definition 6.Let α(s) be a regular curve in E3 with a

quasi frame {Tq(s),Nq(s),Bq(s)}, the

TqNqBq-Smarandache Ruled Surface with unit vector
Nq+Bq√

2
defined by equation

σ(s,v) =
Tq√

3
+(

1√
3
+

v√
2
)(Nq +Bq). (7)

Theorem 6.Suppose σ(s,v) be Smarandache Ruled

Surface defined by equation(7).Then the mean curvature

Hσ(s,v) of σ(s,v) will be given by

Hσ(s,v) =
1

6 f3(s,v)µ3(s,v)
[(k2

2 − k2
1)(k1 + k2)+ 3((

1√
3
+

v√
2
)2ς1(s)+ (

1√
3
+

v√
2
)ς2(s)+ ς3(s))],

and the Gaussian curvature Kσ(s,v) of σ(s,v) will be given

by

KΩ(s,v) =
−(k2

2 − k2
1)

2

6 f3(s,v)µ
2
3 (s,v)

.

where

µ3(s,v) =[(−2k3(
1√
3
+

v√
2
)+

k1 − k2√
3

)2 + 2((k1 + k2)

(
1√
3
+

v√
2
))2]

1
2 ,

f3(s,v) =((k1 + k2)(
1√
3
+

v√
2
))2 +(−k3(

1√
3
+

v√
2
)

+
k1√

3
)2 +(k3(

1√
3
+

v√
2
)+

k2√
3
)2

− (k1 + k2)
2

6
,

ς1(s) =2k3(k
′
1 + k′2)− 2k′3(k1 + k2)+ (k2

2 − k2
1 − 2k2

3)

(k1 + k2),

ς2(s) =
1√
3
(2k3(k

2
1 + k2

2)+ 2k′1k2 − 2k′2k1 − 4k1k2k3),

ς3(s) =
−(k2

1 + k2
2)(k1 − k2)

3
.

Proof. Let σ(s,v) be Smarandache Ruled Surface defined
by equation (7), the first and second partial derivatives of
σ(s,v)are given as follows:

σs(s,v) = (−(k1 + k2)(
1√
3
+

v√
2
))Tq +(−k3(

1√
3
+

v√
2
)+

k1√
3
)Nq +(k3(

1√
3
+

v√
2
)+

k2√
3
)Bq),

σv(s,v) =
Nq +Bq√

2
,

σvs(s,v) =
1√
2
(−(k1 + k2)T q− k3Nq + k3Bq),

σvv(s,v) = 0,

σss(s,v) = ((
1√
3
+

v√
3
)(−k′1 − k′2 + k1k3 − k2k3)

− k2
1 + k2

2√
3

)Tq +((
1√
3
+

v√
3
)(−k′3 − k2

1 − k1k2

− k2
3)+

k′1 − k2k3√
3

)Nq +((
1√
3
+

v√
3
)(k′3 − k2k1

− k2
2 − k2

3)+
k1k3 + k′2√

3
)Bq.
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The unit normal of σ(s,v) will be given by the
following equation

Uσ(s,v) =
1

µ3(s,v)
[(−2k3(

1√
3
+

v√
2
)+

k1 − k2√
3

)Tq

+(k1 + k2)(
1√
3
+

v√
2
)Nq

− (k1 + k2)(
1√
3
+

v√
2
)Bq].

The coefficients of the first and second fundamental forms
of σ(s,v) are given by

Eσ(s,v) = ((k1 + k2)(
1√
3
+

v√
2
))2 +(−k3(

1√
3

+
v√
2
)+

k1√
3
)2 +(k3(

1√
3
+

v√
2
)+

k2√
3
)2
,

Fσ(s,v) =
k1 + k2√

6
, Gσ(s,v) = 1,

eσ(s,v) =
( 1√

3
+ v√

2
)2ς1(s)+ ( 1√

3
+ v√

2
)ς2(s)+ ς3(s)

µ3(s,v)
,

f σ(s,v) =
k2

2 − k2
1√

6µ3

, gσ(s,v) = 0.

where

µ3(s,v) =[(−2k3(
1√
3
+

v√
2
)+

k1 − k2√
3

)2 + 2((k1 + k2)

(
1√
3
+

v√
2
))2]

1
2 ,

f3(s,v) =((k1 + k2)(
1√
3
+

v√
2
))2 +(−k3(

1√
3
+

v√
2
)

+
k1√

3
)2 +(k3(

1√
3
+

v√
2
)+

k2√
3
)2

− (k1 + k2)
2

6
,

ς1(s) =2k3(k
′
1 + k′2)− 2k′3(k1 + k2)+ (k2

2 − k2
1 − 2k2

3)

(k1 + k2),

ς2(s) =
1√
3
(2k3(k

2
1 + k2

2)+ 2k′1k2 − 2k′2k1 − 4k1k2k3),

ς3(s) =
−(k2

1 + k2
2)(k1 − k2)

3
.

The mean curvature Hσ(s,v) of σ(s,v) and the Gaussian

curvature Kσ(s,v) of σ(s,v) will be given by:

Hσ(s,v) =
1

6 f3(s,v)µ3(s,v)
[(k2

2 − k2
1)(k1 + k2)+ 3((

1√
3
+

v√
2
)2ς1(s)+ (

1√
3
+

v√
2
)ς2(s)+ ς3(s))],

KΩ(s,v) =
−(k2

2 − k2
1)

2

6 f3(s,v)µ2
3 (s,v)

.

Corollary 31.σ(s,v)-Smarandache-Ruled Surface

satisfying equation (7) is developable if and only if

k1 = k2 = 0 and k3 6= 0.

Corollary 32.σ(s,v)-Smarandache-Ruled Surface

satisfying equation (7) is minimal surface if and only if

k1 = k2 = 0 and k3 6= 0.

Corollary 33.The geodesic curvature, and the normal

curvature for the TqNqBq-Smarandache curve satisfying

equation (7) is given by

k
σ(s,v)
g =

−k1(k1 + k2)(
1√
3
+ v√

2
)− k2(k1 + k2)(

1√
3
+ v√

2
)

µ3(s,v)
,

k
σ(s,v)
n =

1

µ3(s,v)
[(−2k3(

1√
3
+

v√
2
)+

k1 − k2√
3

)(−k′1 − k′2

− k2
1 − k2

2 + k1k3 − k2k3)+ (k1 + k2)(
1√
3
+

v√
2
)(k′1

− k′3 − k2
1 − k2

3 − k1k2 − k2k3)− (k1 + k2)

(
1√
3
+

v√
2
)(k′2 + k′3 − k2

2 − k2
3 − k1k2 + k1k3)].

Corollary 34.TqNqBq-Smarandache curve lying on the

surface given by equation (7) is a geodesic if and only if

k1 = k2 = 0 and k3 6= 0.

Corollary 35.TqNqBq-Smarandache curve lying on the

surface given by equation (7) is asymptotic line if and

only if k1 = k2 = 0 and k3 6= 0.

Corollary 36.The distribution parameter for the σ(s,v)-
Smarandache Ruled surface is given by

λ σ(s,v) =
k2

2 − k2
1√

6

√

2k2
3 +(k1 + k2)2

.

3.7 TqNqBq- Smarandache ruled surface with

unit vector
Tq+Nq+Bq√

3

In this subsection we will define the TqNqBq-
Smarandache ruled surface according to quasi frame with

unit vector
Tq+Nq+Bq√

3
. We will compute the first and the

second fundamental forms of such surface. We will also
investigate the mean curvature and the Gaussian
curvature.

Definition 7.Let α(s) be a regular curve in E3 with a

quasi frame {Tq(s),Nq(s),Bq(s)}, the

TqNqBq-Smarandache Ruled Surface with unit vector
Tq+Nq+Bq√

3
defined by the following equation

ϒ (s,v) = (
1√
3
+

v√
3
)(Tq +Nq +Bq). (8)
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Theorem 7.Suppose ϒ (s,v) be Smarandache Ruled

Surface defined by equation(8).Then the mean curvature

Hϒ (s,v) of ϒ (s,v) will be given by

Hϒ (s,v) =
o1(s)

2µ4(s,v) f4(s,v)
,

and the Gaussian curvature Kϒ (s,v) of ϒ (s,v) will be given

by

Kϒ (s,v) = 0.

where

µ4(s,v) = [(k1 − 2k3 − k2)
2 +(k1 + 2k2 + k3)

2

+(k3 − 2k1− k2)
2]

1
2

f4(s,v) = (
1√
3
+

v√
3
)[(k1 + k2)

2 +(k1 − k3)
2

+(k2 + k3)
2],

o1(s) = 3k′2(−k1 + k3)+ 3k′1(k2 + k3)− 3k′3(k1 + k2)

− 6k1k2k3 + 2(−k3
1 + k3

2 − k3
3).

Proof. Let ϒ (s,v) be Smarandache Ruled Surface defined
by equation (8), the first and second partial derivatives of
ϒ (s,v)are given as follows:

ϒs(s,v) = (
1√
3
+

v√
3
)(−(k1 + k2)T q+(k1 − k3)Nq

+(k2 + k3)Bq),

ϒv(s,v) =
Tq +Nq +Bq√

3
,

ϒvs(s,v) =
1√
3
(−(k1 + k2)T q+(k1 − k3)Nq

+(k2 + k3)Bq),

ϒvv(s,v) = 0,

ϒss(s,v) = (
1√
3
+

v√
3
)[(−k′1 − k′2 − k1(k1 − k3)

− k2(k2 + k3))Tq +(−k1(k1 + k2)+ k′1 − k′3
− k3(k2 + k3))Nq +(k′2 + k′3 + k3(k1 − k3)

− k2(k2 + k1))Bq].

The unit normal of ϒ (s,v) will be given by the following
equation

Uϒ (s,v) =
1

µ4(s,v)
(k1 − 2k3− k2)Tq

+(k1 + 2k2 + k3)Nq

+(k3 − 2k1 − k2)Bq.

The coefficients of the first and second fundamental forms
of ϒ (s,v) are given by

Eϒ (s,v) = (
1√
3
+

v√
3
)2[(k1 + k2)

2 +(k1 − k3)
2

+(k2 + k3)
2],

Fϒ (s,v) = 0, Gϒ (s,v) = 1,

eϒ (s,v) =
o1(s)(

1√
3
+ v√

3
)

µ4(s,v)
,

fϒ (s,v) = 0, gϒ (s,v) = 0.

where

µ4(s,v) = [(k1 − 2k3 − k2)
2 +(k1 + 2k2 + k3)

2

+(k3 − 2k1 − k2)
2]

1
2

f4(s,v) = (
1√
3
+

v√
3
)[(k1 + k2)

2 +(k1 − k3)
2

+(k2 + k3)
2],

o1(s) = 3k′2(−k1 + k3)+ 3k′1(k2 + k3)− 3k′3(k1 + k2)

− 6k1k2k3 + 2(−k3
1 + k3

2 − k3
3).

The mean curvature Hϒ (s,v) of ϒ (s,v) and the Gaussian

curvature Kϒ (s,v) of ϒ (s,v) will be given by:

Hϒ (s,v) =
o1(s)

2µ4(s,v) f4(s,v)
,

Kϒ (s,v) = 0.

Corollary 37.ϒ (s,v)-Smarandache-Ruled Surface

satisfying equation (8) is developable surface.

Corollary 38.ϒ (s,v)-Smarandache-Ruled Surface

satisfying equation (8) can not be a minimal surface.

Corollary 39.The geodesic curvature, and the normal

curvature for the TqNqBq-Smarandache curve satisfying

equation (6) is given by

k
ϒ (s,v)
g =

k1(k3 − k2 − 2k1)− k2(k1 + 2k2 + k3)

µ4(s,v)
,

k
ϒ (s,v)
n =

1√
3µ4(s,v)

[−(k1 − k2 − 2k3)(k1(k1 − k3)

+ k2(k2 + k3)+ k′1 + k′2)+ (k1 + 2k2+ k3)(−k1(k1

+ k2)− k3(k2 + k3)+ k′1 − k′3)+ (k3 − k2 − 2k1)

(k3(k1 − k3)− k2(k1 + k2)+ k′2 + k′3)].

Corollary 40.TqNqBq-Smarandache curve lying on the

surface given by equation (8) is a geodesic if and only if

k1 = k2 = 0 and k3 6= 0.
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Corollary 41.TqNqBq-Smarandache curve lying on the

surface given by equation 8 can not be asymptotic line.

Corollary 42.The distribution parameter for the ϒ (s,v)-
Smarandache Ruled surface is given by

λϒ (s,v) = 0.

Example 1.Consider the unit speed helix curve
α(s) = ( 3

5
sins, 3

5
coss, 4

5
s).

The quasi-frame vectors of α(s) are given as

Tq = (
3

5
coss,−3

5
sins,

4

5
),

Nq = (−sins,−coss,0),

Bq = (
4

5
coss,−4

5
sins,−3

5
).

Where ζ = (0,0,1) and the quasi curvature as follows

k1 =
3

5
, k2 = 0, k3 =−4

5
.

Fig. 2: generated by T

Fig. 3: generated by N

Fig. 4: generated by B

Fig. 5: Generated by
Tq+Nq√

2

Fig. 6: Generated by
Tq+Bq√

2

c© 2024 NSP

Natural Sciences Publishing Cor.

www.naturalspublishing.com/Journals.asp


698 M. Elzawy, A. Aloufi: Some Special Smarandache-Ruled Surfaces...

Fig. 7: Generated by
Nq+Bq√

2

Fig. 8: Generated by
Tq+Nq+Bq√

3

4 Conclusion

In our article, TqNqBq-Smarandache ruled surface are
investigated according to quasi frame in Euclidean
3-space. The Gaussian curvature and Mean curvature for
these surfaces are calculated. Also the necessary and
sufficient conditions for such surfaces to be developable
surfaces are obtained. We also introduce some other
important geometric properties for these surfaces. Also an
example is introduced.
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[5] Li Y., and Çalişkan A. Quaternionic shape operator and

rotation matrix on ruled surfaces. Axioms, 12(5), 486,

(2023). https://doi.org/10.3390/axioms12050486

[6] Kaymanli G.U, and Ekici C. Evolutions of the Ruled

Surfaces along a Spacelike Space Curve. The Punjab

University Journal of Mathematics, 54(4), 221–232, (2022).

https://doi.org/10.52280/pujm.2022.540401

[7] H. Al-Zoubi, H. Alzaareer,A. Zraiqat, T. Hamadneh, and W.

Al-Mashaleh, . On ruled surfaces of coordinate finite type.

WSEAS Transactions on Mathematics, 21,765–769, (2022).

https://doi.org/10.37394/23206.2022.21.87

[8] Solouma E. M., and Abdelkawy M. A..Family of ruled

surfaces generated by equiform Bishop spherical image in

Minkowski 3-space.AIMS Mathematics, 8(2), 4372–4389,

(2023). https://doi.org/10.3934/math.2023218

[9] Gulsum Y. S. and Salim Y. Characteristic Properties

of Ruled Surfaces with Darboux Frame in E3.

Kuwait Journal of Science, 42(2), 14–33, (2015).URL:

https://aperta.ulakbim.gov.tr/record/83033

[10] Mohammed K. S., and Rashad A. On Ruled surface

according to Quasi- Frame in Euclidean 3-space. Aust.J.

Math.Anal.Appl, 17(1), 1-16, (2020).

[11] Rashad A., and S. Hnazra. Normal Ruled Surface of a

surface along a curve in Euclidean 3-space E3.International

Journal of Analysis and Applications, 17(4), 559-577,

(2019). DOI: 10.28924/2291-8639-17-2019-559

[12] Buddhadev P., and Santosh K. Ruled like surface

in three dimensional Euclidean space.Annales

Mathematice et Informaticae, Accepted Man script

DOI: 10.33039/ami.2022.12.011

c© 2024 NSP

Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci. 18, No. 4, 685-699 (2024) / www.naturalspublishing.com/Journals.asp 699

[13] Ahmed T. A., Hossam S. A., Adel H. S. Ruled surface

generated by some special curves in Euclidean 3-space.

Journal of Egyptian Mathematical Society, 21(3), 285-294,

(2013). DOI:http://dx.doi.org/10.1016/j.joems.2013.02.004

[14] Ting-Uei L. and Yim M. X. From Ruled Surfaces

to Elastic-Ruled surfaces: New Possibilities for creating

architectural forms. Journal of the International Association

for Shell and Spatial Structures, 62(4), 271-281, (2021).

DOI:10.20898/j.iass.2021.014-2

[15] Ljubica Veliminovic, Milica Cvetkovic, Marija Ciric,

and Nikola Veliminovic. Ruled Surface in Architecture.

International Journal on Information Technologies Security,

(4), (2009).

[16] Soukaina O. Smarandache-ruled surface according

to Frenet-Serret frame of a regular curve in E3.

Abstract and Applied Analysis, 2021,1-8, (2021). DOI:

https://doi.org/10.1155/2021/5526536

[17] Soukaina O. Smarandache-ruled surface according to

Darboux frame in E3. Journal of Mathematics, 2021, 1-10,

(2021). DOI: https://doi.org/10.1155/2021/9912624

[18] Suleyman S., Davut C. and Kebire H. A. Smarandache-

ruled surface according to Bishop frame in E3.

arxiv:2112.05530vl[math.6.M] 19 Nov 2021. DOI:

https://doi.org/10.48550/arXiv.2112.05530

[19] Suleyman S., Davut C., and Elif C. Some special

Smarandache-ruled surface by Frenet frame in E3-

I. Journal of Mathematics, 7(1), 31-42, (2022).

https://dergipark.org.tr/en/pub/tjos/issue/70230/1121261

[20] Suleyman S., Davut C.,Elif C., and Sumeyye G.M. Some

special Smarandache-ruled surface by Frenet frame in E3-

II. Honam Mathematical Journl, 44(4), 594-617, (2022).

https://doi.org/10.5831/HMJ.2022.44.4.594

[21] Ibrahim A. and E. M. Solouma. Characteristic

properties of type-2 Smarandach-ruled surface

according to the type-2 Bishop frame in E3. Advances

in Mathematical physics, 2021, 1-7, (2021). DOI:

https://doi.org/10.1155/2021/8575443

[22] Soukaina O. NC-Smarandache Ruled surface and NW-

Smarandache Ruled surface according to Alternative

Moving Frame in E3. Journal of Mathematics, 2021, 1-6,

(2021). DOI: https://doi.org/10.1155/2021/9951434

[23] Mustafa D., Cumali E., Hatice T. Directional tubular

surfaces.International Journal of Algebra, 9(12), 527–535,

(2015). DOI: http://dx.doi.org/10.12988/ija.2015.51274

[24] Sabine Coquillart. Computing offsets of B-spline curves.

Computer-Aided Design, 19(6), 305-309, (1987).

[25] Elshenhab A. M., Moaaz O., Dassios I., and Elsharkawy

A. Motion along a Space Curve with a Quasi-Frame in

Euclidean 3-Space: Acceleration and Jerk. Symmetry, 14(8),

1610, (2022). https://doi.org/10.3390/sym14081610

[26] Körpinar T. On quasi focal curves with quasi frame in space.

Boletim Da Sociedade Paranaense De Matemática, 41, 1–3,
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