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Abstract: In our article we define special kinds of Smarandache ruled surfaces according to quasi frame called T,N,B,- Smarandache
ruled surfaces. We investigated the first and second fundamental forms, the Gaussian curvature and Mean curvature of these surfaces.
The necessary and sufficient conditions for such surfaces to be developable surfaces will be introduced. Also, the condition for such
surfaces to be minimal surfaces is obtained. Finally the normal curvature, and geodesic curvature for these surfaces are investigated.
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1 Introduction

In differential geometry, ruled surfaces hold a special
place as a distinct type of surface, simply a ruled surface
is defined by selection of a curve and a line along that
curve. Garspard Monge discovered and studied these
surfaces, and he established the partial differential
equation that satisfies all ruled surfaces. A(differential)
one-parameter of (straight) lines {a(r),w(r)} can be
considered as a correspondence that assigns to each t € I,
where I is a subset of the real numbers R a point
a(t) € R? and a vector w(t) € R, w(t) # 0, the line L,
which passes through o/(¢) and parallel to w(t) is called
the line of the family at #, the parametrized surface
o(t,v) = a(t) +ww(t),t € I,v € R is called the ruled
surface generated by the family {o(¢),w(z)} where
{o(t),w(t)} a one-parameter family of lines. The lines L,
are called the rulings, and the curve o(¢) is called a
directrix of the surface o(¢,v) [1]. Many properties of
ruled surface have been investigated in both Euclidean
and non- Euclidean spaces from the past to today as seen
in [2,3,4,5,6,7,8,9,10,11,12,13]. Ruled surface have
applications in civil engineering, computer programing,
architecture and solid modeling for examples one can see
the references [14,15].

Ouarab presents the concept of Smarandache-ruled
surface according to Frenet-Serret frame of a curve in E>
in [16]. The author investigates TN-Smarandache-ruled

surfaces, TB-Smarandache-ruled surfaces, and
NB-Smarandache-ruled surfaces. The author determine
the essential conditions for these ruled surfaces to be
classified as developable surfaces and minimal surfaces.
Ouarab investigates Smarandache-ruled surface according
to Darboux frame in E> [17]. The author introduces a new
approach of constructing special ruled surfaces and
definitions of Smarandache-ruled surface according to
Darboux frame of a curve lying on an arbitrary regular
surface in E3. Senyurt, Canli, and Hilal, in their work[18],
introduce the concept of Smarandache-ruled surface
according to Bishop frame in E3. In [11] the authors
investigated the fundamental forms and the corresponding
curvatures and they provided several examples. Some
special Smarandache-ruled surfaces by Frenet frame in
E3 introduced by Senyurt, Canli, and Con [19,20]. The
authors present some new special ruled surfaces with the
base TNB- Smarandache curve where the unit-vector of
the generator is taken as one of other Frenet vectors and
their linear combinations. In [21], Al-dayel and Solouma
introduce a special type of ruled surface known as type-2
Smarandache-ruled surface. These surfaces are
specifically related to the type-2 Bishop frame in E3. The
authors define and investigated the characteristic
properties of type-2 Smarandache-ruled surfaces,
providing insights into their unique features and
behaviors within the context of the type-2 Bishop frame.
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Ouarab introduces two types of Smarandache-ruled
surfaces according to alternative moving frame in E3,
these are NC- Smarandacehe-ruled surface and NW-
Smarandache-ruled surface [22].

2 Preliminaries

Let a = a(s) be a curve in three-dimensional Euclidean
space E° parameterized by arc length s, denoted by
a : I — R®. We define the Frenet-Serret frame of the
curve o as the orthonormal frame ¢(s),n(s),b(s), where
t(s) represents the unit tangent vector field of a(s), n(s)
represents the principal normal vector field of a(s), and
b(s) = t(s) x n(s) represents the binormal vector field of
o(s). Throughout this paper, we denote the derivative of
o (s) with respect to the arc length parameter s by o/ (s),
which is equivalent to 7(s). The principal normal vector
field n(s) is given by n(s) = %, and the binormal
vector field b(s) is obtained by taking the cross product of
t(s) and n(s), that is b(s) = t(s) x n(s). In this article, we
use the notation k(s) and 7(s) to represent the curvature
and torsion of the curve o(s), respectively. The curvature
Kk(s) is computed as k(s) =|| &”(s) ||, and the torsion 7(s)
is given by t(s) = — < b'(s),n(s) >. The arc-length
derivative of the Frenet-Serret frame can be expressed
using the following formula.

f'(s) 0 «x(s) O 1(s)
n(s) | =|—-x(s) 0 z(s)| [n(s
b (s) 0 —1(s) O b(s)

The Frenet-Serret frame is not defined at inflection points
(where the curvature is zero), and it is also not
continuously defined for C'-continuous space curves. To
address these issues, Coquillart, Mustafa etal [?,?]
introduced a New frame called a quasi-frame. For a unit
speed curve a(s), the quasi-frame along o(s) can be
expressed as follows:

7,(5) = 16). Nyfs) = T Bals) = Tyls) X Ny).

The quasi-frame along a unit speed curve a(s) consists of
the projection vector {, as well as the unit tangent vector
field T,(s), quasi-normal vector Ny(s), and
quasi-binormal vector B,(s). The relationship between
the Frenet-Serret frame and the quasi-frame can be
described using the following formula [23,10,26,25]:

T, (s) 1o 0\ /i
Ny(s) | = |0 cosp sing n(s) (1
By(s) 0 —sing cos@ ) \b(s)

Where, as shown in Figure 1, ¢ the angle between the
principal normal n(s) and the quasi-normal N,.The Frenet-
Serret frame is written as {¢(s),n(s),b(s) } while the quasi-
frame is {7;(s),Ny(s),Bq(s)}. If @ =0 the quasi frame

becomes to the Frenet-Serret frame, and if k3 = 0 the quasi
becomes to Bishop-frame. The variation equations of the
quasi-frame, as stated in equation (1), can be simplified to
the following formula:

T,(s) 0 ki k\ [T,(s)

N;'](s) =~k 0 k3| |Ny(s)

B, (s) —ky —k3 0 By(s)
ooy 2o

Nq(s) t(s)= Tq(s)

als)

Fig. 1: Relation between Frenet and quasi frames

The quasi curvatures functions of the curve a(s) are
represented by the triple ki (s), k2(s), and k3(s). They are
given by:

ky =< T (s),Ny(s) >= Kcose,
ky =< T (s),By(s) >= —Ksing,
ky =< N('](s),Bq(s) >=1(s) + ¢'(s).

The quasi-frame provides many advantages over the
Frenet-Serret frame and Bishop frame. For instance, the
quasi-frame can be defined along a line where the
curvature (k) is zero. The quasi-frame becomes singular
when the torsion (7) and the projection vector () are
parallel. In this cases, the projection vector { can be
chosen as (0,0,1), (0,1,0), or (1,0,0). The parametric
equation of the ruled surface o (s,v) is defined by:

o(s,v) = a(s)+vX(s).

Where ofs) is a curve and X(s) is a generator vector.
Suppose M is a surface in E* defined by the
parametrization o (s,v). M is regular if the cross product
of the partial derivatives of o (s,v), denoted as o, and o,
is non-zero for all points on M, i.e., o5 X 6, # 0. Where
o, and o, represent the partial derivatives of o (s,v) with
respect to s and v. The coefficients of the first
fundamental form for the surface M are obtained by [1].

E=<o0;,0,>, F =<o0;,0, >, G=<06,,0, >.
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The unit normal vector field of the regular surface M is
defined using the Euclidean inner product denoted by
<,>:

U— Oy X O, .
| o5 x oy
The coefficients of the second fundamental form of M are
calculated by the following equations:

e =< QYS7U >; f:< GSV7U >; g:< GVV7U >

The Gaussian curvature and mean curvature of the surface
M can be expressed as follows:

2
K=——"=- e —f , and
EG—F?

Eg+Ge—-2Ff
H=—2——->-
2(EG—F?)

The distribution parameter, denoted as A for the ruled
surface o(s,v) = a(s) + vX(s), is determined by the
following expression:
det(a(s),X(5), X'(s))

[ X" (s) |l

The geodesic curvature, the normal curvature and the
geodesic torsion which associate with the curve a(s) on
the surface o(s,v) can be calculated as follows [21]:

ke =< U At(s),1'(s) >,
ky=<o" U >,
T,=<UAU"1'(s) >.

),:

For a curve a(s) lying on a surface, it is important to note
the following definitions:

La(s) is a geodesic if and only if k, = 0.

IL.a(s) is a asymptotic line if and only if k, = 0.
III.a(s) is a principal line if and only if 7, = 0.

IV.A regular surface if flat(developable) if and only if K =

0.
V.A regular surface is a minimal surface if H = 0.

3 Results and Discussion

In this section, we will define T, N,B,- Smarandache ruled

surfaces in Euclidean 3-space E3 according to quasi
frame {7,(s),Ny(s),By(s)}. The following are seven
types of T,N,B,- Smarandache ruled surfaces.

(s, [(1+V3v)T; + Ny + By

I'(s,v)= %

M(s,v):%[ +(14++/3v)Ny +B]
o(s,v) = %[T + N, + (1++/3v)B]
9(s:v) = (J5+ J5) (T +Ng) + 5@
Q(s,v Z(%ﬁ-%)(T +B,)+ f
o(s,v) = 7 + (J5 + 25) (N, +B,)
Y(s,v) = (J5+ 25)(Ty + Nq+ By)

3.1 TyN,B,- Smarandache ruled surface with
unit vector T,

In this subsection we will define the T,N,B,-
Smarandache ruled surface according to quasi frame with
unit vector T,. We will compute the first and the second
fundamental forms of such surface. We will also
investigate the mean curvature and the Gaussian
curvature.

Definition 1.Let o(s) be a regular curve in E* with a
quasi frame {T,(s),Ny(s),By(s)}, the
1,N,B,-Smarandache Ruled Surface with unit vector T

defined by the following equation

1
%[(1 + V3T, + N, +B,]. 2)
Theorem 1.Suppose I'(s,v) be Smarandache Ruled
Surface deﬁned as in equation(2).Then the mean
curvature H™ ") of I'(s,v) will be given by

I'(s,v)=

gl — V3
(ko (14 v/3v) +k3)2 + (ki (14 V/3v) —k3)?] 2
(14 V/3v)? (K ky — ki Ky — K3k — k3ks)
+ (14 V/3v) (K k3 + Kbk — Kk — ki Ky —
+ 2k k3) + 2k koks — 2k3 + Kk + k3 k3],

2U3ky

and the Gaussian curvature K'
by

") of T'(s,v) will be given

—3k§(k1 + k2)2
[(ka (14 V/3v) +k3)2 + (ki (1 +V3v) —k3)2]2
Proof. Let I'(s,v) be Smarandache Ruled Surface defined

by equation (2), the first and second partial derivatives of
I"(s,v)are given as follows:

KF(S,V) —

1

Ii(s,v) = %Hkl + k) Ty 4 (14 V3v)ky — k3)N,+
(1+V3v)k + k3)By],

E/(va):Tqv Ezs(svv):kqu+kZBq7 E,V(S,V):O,

1

Li(s,v) = 7§[(41 V3 (I3 +K3) — Ky — K + kks
— kak3) T, 4 (14 V3v) (K} — ksky) — K — k3 — k3
— kika)Ny + (14 V/3v) (K + kiks) + K — i3
— 3 — koky)By].

The unit normal of I'(s,v) will be obtained by the
following equation
yliy) —

_ (ka(1+V3v) +k3)Ng — (ki (14 V3v) —
V ka1 V30) k)2 + (ki (14 V/3v) —
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The coefficients of the first and second fundamental forms
of I'(s,v) are given by

EFG6) — %[(/q )2+ k(14 V3v) — ks )+
(k2 (14+V3v) +k3)?],
Frsw) — — (ki +k2), Gl — 1,
V3
Ll L
V3
(e (14 V/3v) +k3)? + (ki (14 V3v) — k3)?] =
[(14+V/3v)? (K ka — ki Ky — K3k — kiks)
+ (14 V3v) (K, k3 + Kok — Kyky — k1K — 2k3ks
+2k1k3) — 2kikoks — 243 — kiks — k3k3),
) k3 (ki +k2)

V(14 V30 42+ (14 VEn) — k)2
gF(s,v) —0.

The mean curvature HT ") of I'(s,v) and the Gaussian
curvature KT ) of I'(s,v) as follows:

TG — V3
[(ka (14 v/3) +k3)% + (ky (1 4+ v/3v) — k3)?) 3
[(14V3v)* (K ko — kikh — k3ks — kiks)
+ (14 V3v) (K k3 + sk — Kyky — ky Ky — 203k,

+ 2k1k3) + 2k koks — 243 + k3 ks + k3ks),

—3k2 (ki + k)2
[(ka (14 v/3v) +k3)2 + (ki (1+V/3v) —k3)?)>
Corollary 1.I'(s,v)-Smarandache-Ruled Surface
satisfying equation (2) is developable if and only if k3 =0
or kl = —kz.
Corollary 2.I' (s, v)-Smarandache-Ruled Surface

satisfying equation (2) is minimal surface if and only if
k3 :k2:Oandk1 750.

I'(sy) _

Corollary 3.The geodesic curvature, and the normal
curvature for the Smarandache curve lying on the surface
I'(s,v) satisfying equation (2) is given by

ks (ki — ko) — (K2 + k3) (1 +/3v)
\/(kz(l +V30) +k3)2 + (ki (1+V/3v) —k3)?

klg"(s,v) _

s,V 1
V3 (ka1 V/30) + k32 + (k14 V/30) — ks 2
[(ky (1 V/3v) +k3) (K} — K — K} — k3 — kiky — kokks)
— (k1 (1 +V3v) — k3) (ks + K — k3 — k3 — kiky
+k1k3)].

Corollary 4.7,N,B,-Smarandache curve lying on the
surface given by equation (2) is a geodesic if and only if
ki =ky=0.

Corollary 5.7,N,B,-Smarandache curve lying on the
surface given by equation (2) is asymptotic line if and
only ifki = ks =0.

Corollary 6.The  distribution — parameter  for  the
I'(s,v)-Smarandache Ruled surface is given by

ks (ki + k2)

V3, + 13

)VF(S,V) —

3.2 TyN,B,- Smarandache ruled surface with
unit vector Ny

In this subsection we will be introduce the T,N,B,-
Smarandache ruled surface according to quasi frame with
unit vector N,. We will compute the first and the second
fundamental forms of such surface. We will also
investigate the mean curvature and the Gaussian
curvatures.

Definition 2.Let «(s) be a regular curve in E3 with a
quasi Sframe {T,(5),Ny(s),By(s)}, the
T,N,B,-Smarandache Ruled Surface with unit vector
Ndefined by equation

M(s,v) = —=[T;+ (1+V3v)N, + By 3

1
V3
Theorem 2.Suppose M(s,v) be Smarandache Ruled

Surface defined by equation(3).Then the mean curvature
HM6Y) of M(s,v) will be given by

M) _ V3
2[(ks (14 v/3v) + ko) + (ki (14+/3v) + kp)2)2
[(1+V/3v)2 (K ks — Kyki + K ko + K3k7)
+ (1 4+V3v) (2k3 ks + 203k + Ky ko + Kyks

— Ksky — Khky) + 23 + 2k koks — kokd — K3ka],

and the Gaussian curvature KM() of M(s,v) will be given
by

_ —3k3(ky — k3)?

KM(S,V) _ )
[(k3(14/3v) 4 k2)2 + (k1 (1 +/3v) +k2)2]?

Proof. Let M(s,v) be Smarandache Ruled Surface defined
by equation (3), the first and second partial derivatives of
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M(s,v)are given as follows:

1
V3
+ (ks(14+v3v) +ka) By,

M,(s,v) =Ny, My(s,v) = —kiT;+k3By, My, (s,v) =0,

Mj(s,v) [(—k1(1+V3v) = ko) Ty + (ki — k3)N,

1
Myg(s,v) = —=[(— (1 + V3v) (kokz + K} ) — kb — k} + ksk;

V3
— )Ty + (—(1+V3v) (I3 +K3) + K — K — kiks
— kak3)Ng + (14 V3v) (ks — kika) + K — k3
— k3 +kik3)By).
The unit normal of M(s,v) will be obtained by the
following equation
—(ks(1+V3v) + ko) Ty — (ki (1 4+ V3v) +k2) By

UM(s,v) —
\/(k3(1 +V3v) + k)2 + (ki (1+V3v) + k2 )?

The coefficients of the first and second fundamental forms
of M(s,v) are given by

1
EYE = (ki (14 V3v) + k) o+ (ki — ks )+

(k3(14V3v) +k2)?],
FM(s,v) _ ky 7k3, GM(SaV) =1,
V3
M(sy) _ L
V3

[(es (14 V3v) + ko) + (ky (14 V3v) + ko)) T
(14 V3v)2(Kik3 — Kski 4 ko + K3ka )
+ (14 V3v) (23 k3 + 2k3ky + K ky + Kok — Ky
— Khky) 4 2k3 — 2kykoks + kok? + k2ks),

ky (k1 —k3)
\/(k3(1 +3v) + k)2 + (ki (1 ++/3v) +k2)2,
gMbv) =0,

fM(s,v) _

The mean curvature H¥(") of M(s,v) and the Gaussian
curvature KM) of M(s,v) will be given by:

M) _ V3
2[(k3(1+v/3v) +ko)2 + (k1 (1 +/3v) + k2 )22
[(1+V/3v)2 (K k3 — Kyky + Kky 4+ K3ka)
+ (14 V/3v) (203 ks + 2K3ky + Ky ep + Ky
— Kyky — Kyky) + 2k3 + 2kikoks — ko — K3k,

_ —3k3(ky — k3)?

KM(s,v) _ )
[(k3 (1 ++/3v) +k2)2 + (k1 (1 +/3v) + kp)?]?

Corollary 7.M(s,v)-Smarandache-Ruled Surface
satisfying equation (3) is developable if and only if k, =0
or k1 = k3.

Corollary 8.M(s,v)-Smarandache-Ruled Surface
satisfying equation (3) is minimal surface if and only if
k[ :kZ:Oandk3 7&0

Corollary 9.The geodesic curvature, and the normal
curvature for the Smarandache curve lying on the surface
M(s,v) satisfying equation (3) is given by

—k1 (k1 (14+V/3v) + k)
Vks(14V30) + k)2 + (k (14 V30) + k)2

kg/l(s,v) _

M) 1

\/§\/(k3(1 +V3v) +k2)? + (ki (14+V3v) +ka)?
[(—k3(1+V3v) — ko) (—K| — Ky — kT — k3 + k1ks
— koks) — (k1 (1 +V/3v) + ko) (ks + Ky — k3 — I3
+kiks —kik)].

Corollary 10.7,N,B,-Smarandache curve lying on the
surface given by equation (3) is a geodesic if and only if
ky =0.

Corollary 11.7,N,B,-Smarandache curve lying on the
surface given by equation (3) is asymptotic line if and

only ifky =ky =0.

Corollary 12.The distribution parameter for the M(s,v)-
Smarandache Ruled surface is given by

ko (ki —k3)

V3, /4K

3.3 T;N,By- Smarandache ruled surface with
unit vector By

A’M(s,v) _

In this subsection we will define the T,N,B,-
Smarandache ruled surface according to quasi frame with
unit vectorB,. We will compute the first and the second
fundamental forms of such surface. We will also
investigate the mean curvature and the Gaussian
curvature.

Definition 3.Let «(s) be a regular curve in E3 with a
quasi frame {T,(s),Ny(s),By(s)}, the
1,N,B,-Smarandache Ruled Surface with unit vector B,
defined by equation

o(s,v) = —=[T;+Ng+ (1+V3v)B). (&)

R
V3
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Theorem 3.Suppose @(s,v) be Smarandache Ruled
Surface defined by equation(4).Then the mean curvature
HGY) of w(s,v) will be given by

V3
2[(k1 +ka(1 4+ V/30))? + (bt — ks (1 ++/3v))?)3
[(1+V/3v)? (kyks — Kyko — k3ky — K3k )
+ (14 V3v) (K, ks — Kyky — Ky + Ky ko + 2Kk
— 203 ky) — 2k + kik3 + k1 k3 + 2k kaks),

Ha)(s,v) _

and the Gaussian curvature K®) of o(s,v) will be given
by

_ —3k%(k2 +k3)2

o(sw) _
K (k1 + ko (14 /30))2 + (ki — ks (14 /3) 2

Proof. Let o(s,v) be Smarandache Ruled Surface defined
by equation (4), the first and second partial derivatives of
(s, v)are given as follows:

(5.1) = Z= [~k a1+ V)T,

+ (ki = ks (14 V3v))N, + (ka + k3)By),
0,(s,v) =By, @w(s,v) =—k T, —ksN,;, @ (s,v) =0,

Ou(s,7) = %[((1 V) (hiks — k) — K, — K2 — R

— kak3) T, + (1 4+ V/3v) (=K — kka) + K, — K
— I3 — kak3)Ny + (14 V3v) (=3 — I3) + K,
+ k3 — kika + k1k3)By).

The unit normal of ®(s,v) will be given by the following
equation

(e —ks(1+ V) Ty + (ki +ka(1+ V3v))Ng
\/(Iq —k3(1+/3v))2 + (ki + ko (1 ++/3v)?

Ua)(s,v) _

The coefficients of the first and second fundamental forms
of @(s,v) are given by

EOGY) _ l[(kl +ho (14 \/?_,v))z + ((ky — ks (1 + \/gV)))z

3
+ (kp + k3)?,
pobn S BID el o,
ew(s,v) _ 1
ﬁ\/(kl —k3(14+V3v))2 + (ki + ko (1 4 V/3v)?
[(14V/3v)? (Kyks — Kyky — k3ky — k3ky)
+ (1 +V/3v) (K ks — khky — Kiki + Kk + 2Kk3 k3
— 2k}hks) — 2k} — kyks — kik3 — 2kikoks),
FO09) _ —ki (k2 +k3)

\/(kl —ka(14V/3v))2 + (ki +ka(1+ \/§v)27
ga)(s,v) =0.

The mean curvature H?(") of @(s,v) and the Gaussian
curvature K®() of (s, v) will be given by:
HOGY) _

V3
20k + k(14 VAV + (k1 — ks (1++/3v))2)3
[(1+/3v)? (koks — Kyko — k3ki — K3k )
+ (14 V3v) (K, ks — Kyky — Ky + Ky ko + 2Kk
—203ky) — 2k + kik3 + k1 k3 + 2k kaks),

—3k (ky + k3)*
[(kr + k(14 V/30))2 + (ki — ks (1+V/3v))22
Corollary 13.0(s,v)-Smarandache-Ruled Surface

satisfying equation (4) is developable if and only if ki =0
or kz = —k3.

o(s,y) _

Corollary 14.0(s,v)-Smarandache-Ruled Surface
satisfying equation (4) is minimal surface if and only if
kl :k2:Oandk3 750.

Corollary 15.The geodesic curvature, and the normal
curvature for the TyN,B,-Smarandache curve satisfying
equation (4) is given by

ka)(s,v) o —k; (kl + k2(1 + \/§V))
8 - )
\/(k, —k3(14+/3v))2 + (ky + ko (14 +/3v)2

1
ﬂ\/(kl —k3(14+V/3v))2 + (ki + ko (1 ++/3v)?
[(ki = k3(1+V3v)) (—kj — Ky — ki — K3 + ki k3

— koks) 4 (ki + ko (14V/3v)) (k) — Ky — k2 — K2
— kiky — koks)].

ka)(s,v) .

n =
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Corollary 16.7,N,B,-Smarandache curve lying on the
surface given by equation (4) is a geodesic if and only if
ky=0.

Corollary 17.T,N,B,-Smarandache curve lying on the
surface given by equation (4) is asymptotic line if and
only ifki =k =0.

Corollary 18.The distribution parameter for the ®(s,v)-
Smarandache Ruled surface is given by

—ky (ky + k3)

V3,13 + 13

)ya)(s,v) _

3.4 TyNyB,- Smarandache ruled surface with

. +N,
q q
r—
unit vecto 72

In this subsection we will define the T,N,B,-
Smarandache ruled surface according to quasi frame with

. T
unit vector "+2 1. We will compute the first and the

second fundamental forms of such surface. We will also
investigate the mean curvature and the Gaussian
curvature.

Definition 4.Let «(s) be a regular curve in E3 with a
quasi Sframe {T,(5),Nyg(s),By4(s)}, the
TyNyB,-Smarandache Ruled Surface with unit vector

Tq\J/er" defined by equation

1%

¢<s,v>f<7 f>(T+Nq>+ﬁ 5)

V3

Theorem 4.Suppose §(s,v) be Smarandache Ruled
Surface defined by equation(5).Then the mean curvature
HO6Y) of ¢(s,v) will be given by

H¢(s,v) _

[(ky + k3) (k3 — k2)* + 3(vy (s)

6f1 (s, v)/,Ll (s,v)

and the Gaussian curvature K% ofd)(s v) will be given

by

K(p(s,v) _ 7("% — k%)z
6fl (S,V),LLIZ(S,V) ,

where

1 ko 1 v
fl(S,V) ( (\/— \/—) \/—)2+(kl(%+%)
k3 1 v (ka +ks)*
—%)24‘((/(2-1-1(3)(%4‘%))2—7,
_ L v
ﬂl(svv)—[z((k2+k3)(\/§+ \/E))
1 v ks —ka . 5 i
Vi(s) = (ko +k3) (k3 — I3 + 2K7) — 2k (K + K5)
+ 2k (ky — k3),
Vo (s) = % (2ky (k3 + k3) — dkykoks — 2Kk + 2K5k3),
V3(S) _ 7(k%+k§3)(k3 7k2).

Proof. Let ¢(s,v) be Smarandache Ruled Surface defined
by equation (5), the first and second partial derivatives of
9 (s,v) are given as follows:

_ 1 % ko L v
¢S(S,V)— ( (\/— \/—)+\/—)Tq+(kl(\/—+\/§

k3 \%
- %)Nﬁ ((k2+k3)(7 7))3

B(o) = 12,

Ous(s,v) = %[—lequkqunL (ka+k3)Byg),

Ou(5,) =0,

bu(5:9) = (s ) 4+ +hake) — 2
+%)Tq+((%+£)(k’ k3 — k3 — kaks)
— U k)N + (75 + =)0+
ik + k) = (0 + ),

The unit normal of ¢ (s,v) will be given by the following
equation

o) _ 1L 1 ov

U = Sl k) (s T,
+(k2+k3)(%+%)Nq
(2= + )+ == k)B
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The coefficients of the first and second fundamental forms
of ¢(s,v) are given by

o) _ (g (L L Y kz 1. v
k3 2 1 Vv 2
_ﬁ) + ((k +k3)(%+%))
o(s) _ ~(katks) 9(5.)
F 75 G 1,
o(s.) Vl(s)(\%‘F\%)Z‘FVZ(S)(%+%)+V3(S)
¢ Ui (s,v) ’
O(s,v) _ (k3 kz) o(sv) _
/ ul(svv)\/g o
where
Frls9) = (1 (2 + )+ 222ty (= + )
7 \/_ V2’3 V3 V2
k3 1 Vv (k2+k3)
*%) ((k2+k3)(\/— 7))2*77
_ vy
[.L[(S,V)f[z((k2+k3)(\/§ \/E))
1 1% k3 k2 2
+(72kl(%+ﬁ)+ \/§ )] ,
Vi(s) = (ko +k3) (ks — K3 +2K) — 2k (Ky + K3)
+ 2kt (ky — k3),
Va(s) = {2k + ) — kot — sk + 2.
*(k%+k§)(k3*k2)'

vi(s) = 3

The mean curvature H(") of ¢(s,v) and the Gaussian
curvature K9 of ¢ (s,v) will be given by:

H¢(S’v) = m[(k2+k3)(k3 *k2)2+3(\/| (S)
% + \%)Hvz(s)(% )L
K(D(s,v) — 7(k§ 7k%)2

6fl (sav)ﬂlz(svv) .

Corollary 19.¢ (s, v)-Smarandache-Ruled Surface
satisfying equation (5) is developable if and only if
ky = k.

Corollary 20.¢ (s, v)-Smarandache-Ruled Surface
satisfying equation (5) is minimal surface if and only if

k2=k3=0al’ldk17&0.

Corollary 21.The geodesic curvature, and the normal
curvature for the TyN,B,-Smarandache curve satisfying

equation (5) is given by

o) _ 1 LIRS

kg _,LLI(S,V)[kl( 2kl(\/— \/— \/—( kZ))
~lalll+ k) (5 + )l

o) _ | 1 v _

kn —”l(s,v)[(kz+k3)(\/§+ \/z)(kl(kl k3)
+k2(k2+k3)+k'1+k'2)+(k2+k3)(\/— %)
(7/(1 (kl Jrkz) 7/(3(/(2 +k3) +k’1 )
+(—2k1(%+£)+%(k3—k2))(k3(k1—k3)
— ky (ki + ko) + Ky + k3)].

Corollary 22.7,N,B,-Smarandache curve lying on the
surface given by equation (5) is a geodesic if and only if
kl :k2:Oandk3 750.

Corollary 23.7,N,B,-Smarandache curve lying on the
surface given by equation (5) is asymptotic line if and
only ifky = ks =0and k; # 0.

Corollary 24.The distribution parameter for the §(s,v)-
Smarandache Ruled surface is given by

k3 — k3

A96v) — .
V6,/2K3 + (ki — k3)?

3.5 TyNyBy- Smarandache ruled surface with

q

. +
q
unit vector \/E

In this subsection we will define the T,N,B,-
Smarandache ruled surface according to quasi frame with

. Ty+B
unit vector —2 2"

We will compute the first and the
second fundamental forms of such surface. We will also
investigate the mean curvature and the Gaussian
curvature.

Definition 5.Let «(s) be a regular curve in E3 with a
quasi Sframe {T,(5),Ny(s),By(s)}, the
TyN,B,-Smarandache Ruled Surface with unit vector

T“L\/EB" defined by equation

(— )(T +B,)+— Ny

f V2 V3
Theorem 5.Suppose  Q(s,v) be Smarandache Ruled
Surface defined by equation(6).Then the mean curvature
H26Y) of Q(s,v) will be given by

Q(s,v) = (6)

Q(S’V)—;_ 212 _ s
" _6ﬂ2(S7V)f2(s,v)[ (ki —k3) (ks — k1) +3(mi(s)
1 Vo2 1 y
(F+ 75 +mO(5+75)+ M)
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and the Gaussian curvature K®®V) of Q (s,v) will be given
by

Q(sv) _ _(k% — k%)z
S VAP RGeS
where
a(s,v) = [2((ki — “7 %m%@m7:§ﬂ
ki +ks 5 !
+7)] ,
1 % ki 1
fHls,v) = (k (\/— \f \f) ((k1—k3)(ﬁ
v 2 \% k3 (k37k|)2
+\/—)) + (k2 (\/— \/—) \/—) =
M1 (s) = (ki — k3) (k3 — ki — 2k5) + 2kz (K| — K3)
— 243 (ky + k),
Mm(s) = %(Zkﬁlﬁ — 2Ky — 2k (kT +3) — 4kikoks )
n(s) = —(ky +k33)(k§ —i—k%)-

Proof. Let Q(s,v) be Smarandache Ruled Surface defined
by equation (6), the first and second partial derivatives of
Q(s,v)are given as follows:

VIR S . 1
Qy(s,v) = (kQ(\/g+\/§)+\/§)Tq+(k, k3)( 5
v 1 v k3
+E)Nq+(k2(%+ﬁ> %)Bq,

T,+B
Q,(s,v) = q\/zq,
.st(s,v) = \/Lz[ ko Ty, + (k1 —k3)Nq +szq],
Q,,(s,v) =0,
_st(s,v):(—(T—i-T(kz—i-kz—i—kz kiks) — \1;%
2T+ (5 5 K —kiky
L2 K,
k) = (6 -+ BN + (5 + )
+kiks — k3 —k3) + ! (k —kik2))By

V3
The unit normal of Q(s,v) will be given by the
following equation

U.Q(s,v) —
Mo (Sv V)

The coefficients of the first and second fundamental forms
of Q(s,v) are given by

Q) _ (L Yy Ky (L
E (kz(\/g+\/§)+ 3) + (k1 — k3)( 3
2 1 v k3 2
ﬁ)) +(k2(_3+ﬁ)+ﬁ) ;
Q(s,v) ks — ki Q(s,v) _
F T G2V =1,
e MO+ 5+ RO+ )+ 0
MZ(va) 7
Q(s,v) k% — k% Q(sv) _
T ) ’
where
1 Vo2 1 v
pa(s,v) [2((k1—k3)(—3+ﬁ)) +(2k2(_3+ﬁ)
k1+k3)2]%
\/g )
Fols.9) = (o= + —=) + <5324 (k1 —ks) (o
2 zﬁ'¢z V3 A
P by 4 S Gk
M(s) = (kl —k3)(k3 fk%72k2> +2k2(k'1 —k3)
— 2k3 (k1 + k3),
M(s) = %(21«’1/«3 — 2Ky — 2k (kf + K3) — 4kikoks)
. 2,12
ny(s) = (k1+k33)(k3+kl).

The mean curvature H26") of Q(s,v) and the Gaussian
curvature K26) of Q(s,v) will be given by:

HOWY) = m[*(’% —13) (ks — k1) +3(m(s)
1 v 1 v
(ﬁ+ﬁ)2+nz(s)(ﬁ+%)+n3(S))],

— (ki —k3)*
6f2(s,v) 2 (s,v)2"

Corollary 25.Q(s,v)-Smarandache-Ruled Surface
satisfying equation (6) is developable if and only if
ky = ka.

KQ(s,v) _

Corollary 26.Q(s,v)-Smarandache-Ruled Surface
satisfying equation (6) is minimal surface if and only if
k[ :k3:0andk27é0.

Corollary 27.The geodesic curvature, and the normal
curvature for the TyNyB,-Smarandache curve satisfying
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Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

694 NS e

M. Elzawy, A. Aloufi: Some Special Smarandache-Ruled Surfaces...

equation (6) is given by

kg)(xw) o (1 v)[ kl(kl )(7_ %)7]{2(2/(2
(L+L) it
V3 V2 V3

g _ 1 [f(k]fk)(LJrL)(kl(kl*k)

" Uz (s,v) ’ V3 V2 ’
ok + ks) + K+ K5) 4 (- 2k1<7 \%
+ ! (k3 —kp))(—ky (ki +kp) — k3 (ko + k3)

V3
v

+ Ky —K5) — (k —+ —=) (k3 (k1 — k

1 —k3) — (ki — (\f ﬁ)(s(l 3)
— ko (ki + ko) + K5 + K5)).
Corollary 28.7,N,B,-Smarandache curve lying on the
surface given by equation (6) is a geodesic if and only if
kl :k2:Oandk3 750.

Corollary 29.7,N,B,-Smarandache curve lying on the
surface given by equation (6) is asymptotic line if and

only ifky = k3 =0and k| # 0.

Corollary 30.The distribution parameter for the Q(s,v)-
Smarandache Ruled surface is given by

ki — k3

x!)(x,v) _ )
V6,/2K3 + (ki — k3)?

3.6 TyN,B,- Smarandache ruled surface with

. Ng+Bq
r——
unit vecto e

In this subsection we will define the T,N,B,-

Smarandache ruled surface according to quasi frame with

Ng+Bq
2

unit vector We will compute the first and the
second fundamental forms of such surface. We will also
investigate the mean curvature and the Gaussian

curvature.

Definition 6.Let o/(s) be a regular curve in E* with a

quasi Sframe {T,(5),Ny(s),By(s)}, the
TyN,B,-Smarandache Ruled Surface with unit vector
N"j—Bq defined by equation
O(s) =~ + (G2 + )N+ By (D)
5,V) =
Vi AT f

Theorem 6.Suppose & (s,v) be Smarandache Ruled
Surface defined by equation(7).Then the mean curvature

Ho‘(s,v) OfG(S,V) will be given by

ow)_ L a0 s
A = sy o~ ) 3R
1
%)%ﬂsm%+%>gz<s>+g3<s>>],
and the Gaussian curvature K°5) of o (s,v) will be given
by
K.Q(S,V): 7(k%7k%)2 )
6f3(57V)”32(57V)
where
Us(s,v) =[(—2k (L—i-L)—l—M)z—i—Z((k +ky)
3(s, 303 Ve 73 1+ k2
LI
(\/§+ \/E))] ;

F3(5.) = (b + ko) (g + ) (ks + )
3(s,v 1)l N 305 N
Faye 1 v kA
+\/§) + (k3( 3+\/§)+ 3)

(ki +k2)
6 )
61 (s) =2ks (K| +Kp) — 2K3(ky +ka) + (k3 — kT —243)
(k1 +k2),
€2(S):%(2k3(/€%+k§)+2k'1k2*2k'2k1*4k1k2k3)7
€3(S) :7(k%+k%3)(kl *kZ).

Proof. Let 6(s,v) be Smarandache Ruled Surface defined
by equation (7), the first and second partial derivatives of
o (s,v)are given as follows:

1 v 1
Gs(S,V):(*(kl+k2)(ﬁ+ﬁ))Tq+(*k3(ﬁ+
v k[ 1 1% kz
%)+—3)Nq+(k3(—3+7§)+—3)3q),
6.(5.) N%B",
Gvs(s,v)—iz( (k1 + k) Tq — k3N, + k3B,
Oy(s,v) =0,
(5:9) = (= + Z2) (M ks — ko)
K +i3 v ,
- \/g )q+((\/§+\/§)( k3 kl klk2
@)+ kb ok
3 \/g q 3 \/§ 3 2K1
G- #)+ L,
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The unit normal of
following equation

o(s,v) will be given by the

o(sy) 1 - L L ki —kp
v m(s,v)[( Zk(f f) v
—(k1+k2)(%+%)3q]-

The coefficients of the first and second fundamental forms
of o(s,v) are given by

BT = (k)5 + )+ (hal 5
ARy 1 vy ky
Fo(sy) kl:/Lg]Q’ Go‘(s v) 1,
ot _ (VG0 (G5 H 75)0() +6(5)
olsw) _ Bk :3(:"})
! B \/6u3 g =0
where
pa(5.) =[(~2ko( T+ ) + 2R 2+
1 % |
(—=+—=)1%,
V3 V2
F(oo0) =l +ha) 5+ )P+ (ko o+ )
B4 oot o)+ L)
(k1 +k2)
6 )
61 (5) =2k3 (K} +Kh) — 2K3 (k1 + ko) + (A3 — ki —243)
(ki +k2),
o (s) :% (2k3 (K] +K3) + 2K ky — 2Kaky — 4kikaks3),
G (S) _ _(k% +k§)(k1 _kZ)
- .

The mean curvature H°*") of &(s,v) and the Gaussian
curvature K°) of ¢ (s,v) will be given by:

Corollary 31.0(s,v)-Smarandache-Ruled Surface
satisfying equation (7) is developable if and only if
k1 Zkzzoandk3 750.

Corollary 32.0(s,v)-Smarandache-Ruled Surface
satisfying equation (7) is minimal surface if and only if
k[ :kZ:Oandk3 7&0

Corollary 33.The geodesic curvature, and the normal
curvature for the TyNyB,-Smarandache curve satisfying
equation (7) is given by

gotsn _ Rk Ra)(G5 + 5) — kall + ko) (5 + )
’ u3(7 ) ’
o(s,v) 1 1 v ki — ko , ,
= e Tklm ) —K, —K
OV R A (Hi—t
_k%—k§+k1k3—kzk3)+(k1+k2(\/_ \/_)(kl
7kg*k27k§*klk27k2k3)7(kl+k2)
(= + 5 (ks + Ky — k3 — k3 — kika + ki k)

f \f

Corollary 34.T,N,B,-Smarandache curve lying on the
surface given by equation (7) is a geodesic if and only if
k[ :kZ:Oandk3 7&0

Corollary 35.7,N,B,-Smarandache curve lying on the
surface given by equation (7) is asymptotic line if and
only ifky =k, =0 and k3 # 0.

Corollary 36.The distribution parameter for the G (s,v)-
Smarandache Ruled surface is given by

Bk

A,O-(S’v) _ )
V6202 + (k1 + ka)?

3.7 T;NyBy- Smarandache ruled surface with

. Ty+Nqy+B
unit vector ~4 4 2q

In this subsection we will define the 7,N,B,-
Smarandache ruled surface according to quasi frame with

&‘f&‘. We will compute the first and the

second fundamental forms of such surface. We will also
investigate the mean curvature and the Gaussian
curvature.

unit vector

1 1

HOWY = W[(k% — ki) (ki +k2)+3((%+ Definition 7.Let «(s) be a regular curve in E3 with a
3 3 ]’ quasi frame {T,(5),Nyg(s),By4(s)}, the
L)Q 1(8) 4 (—= + L) 5 () 4 6 (s))], 1,N,B,-Smarandache Ruled Surface with unit vector

V2 V3 V2 w\/{mq defined by the following equation

o kZ o kZ)Z
KQ(sv) — (k3 — K ) Y =(— L 1,+Ny,+By). 8
6 (s HZ(5.) 6=+ M) ®
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Theorem 7.Suppose Y (s,v) be Smarandache Ruled
Surface defined by equation(8).Then the mean curvature
HY6Y) of Y (s,v) will be given by

T(s,v) o] (S)
" 2“4(S,V)f4(S,V),

and the Gaussian curvature K¥* ofT(s v) will be given

by
KT = .
where
1a(s,v) = [(ky — 2ks — ka) + (ki + 2Ky + k3)?
+ (ks — 2k — ko))
fals,v) = (\/— \/— (k1 +ka2)* + (ki — k3)?

+ (ko +k3)7],
01 (S) = 3/(/2(*/(1 Jrk3) +3k’1(k2+k3) —
— 6kikoks 4 2(—k3 + k3 — k3).

35 (ki +ka)

Proof. Let 1'(s,v) be Smarandache Ruled Surface defined
by equation (8), the first and second partial derivatives of
Y (s,v)are given as follows:

Y;(s,v) = (\/_ \/_)( (k1 +k2)T g+ (ky — k3)N,
+ (k2 + k3)By),
T,+N,+B
L (s,v) = %,
T(s9) = (= () Tg+ (ki — k)N,
+ (ko +k3)By),
Yu(s,v) =0,
Yy (5,v) = (\% K kil — k)

— ko (ko +k3)) Ty 4 (—ki (ki + ko) + K — K5
— k3 (ko + k3))Ng + (k3 + Ky + k3 (ki — k3)
7k2(k2+k1))3q].

The unit normal of Y'(s,v) will be given by the following
equation

1
UY(s,v) _ k
[,L4(S,V) ( l
+ (kl + 2ky + k3)Nq

+ (k3 —2k1 — kz)Bq

—2k3 —ka)T,

The coefficients of the first and second fundamental forms
of Y'(s,v) are given by

ETGY) — (\/_ \/_ [(k1 +k2) (kl — k3)2
+ (k2 +k3)?],

FT(s,v) =0, GT(s,v) =1,
1 v

6‘lf'(s,v) _ ( )(\7 \7)
pa(s,v) 7

fT(S,V) — O7 gT( ) O

where
pa(s,v) = [(ky — 2k3 — ky)* + (ky + 2ka + k3)?

1

(k3 —2ki — kp)?]2

ki +ky)? + (ki — k3)?

Jals,v) = (\[ f)[(
+ (ky + k3)?],

ol(s) = 3k/2(—k1 +k3) +3k/| (kz +k3)—
— 6kikoks 4+ 2(—k3 + k3 — &3).

3K (ki + k)

The mean curvature H' ") of Y(s,v) and the Gaussian
curvature KT(¥) of T(s,v) will be given by:

HT(S,V) —
2,LL4(S,V)f4(S,V) ,
KT(S,V) —0.
Corollary 37.Y (s,v)-Smarandache-Ruled Surface
satisfying equation (8) is developable surface.
Corollary 38.Y (s,v)-Smarandache-Ruled Surface

satisfying equation (8) can not be a minimal surface.

Corollary 39.The geodesic curvature, and the normal
curvature for the TyN,B,-Smarandache curve satisfying
equation (6) is given by

(6w _ ki (k3 — ko —2k1) — ko (k1 4 2ky + k3)
¢ ”4(55‘)) ,

RCON

V3ia(s,v)
+ko(ky +k3) +K) +Ky) + (ky + 2ky + k3 ) (—ky (ky
+ k) —k3(kp+k3) +k’l fkg) + (ks — ko — 2ky)
(k3 (k1 — k3) — ko (k1 + ko) + K5 + K3)].

[— (ki — kp — 2k3) (ki (k1 — k3)

Corollary 40.7,N,B,-Smarandache curve lying on the
surface given by equation (8) is a geodesic if and only if
kl :k2:Oandk3 750.
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Corollary 41.7,N,B,-Smarandache curve lying on the
surface given by equation 8 can not be asymptotic line.

Corollary 42.The distribution parameter for the Y (s,v)-
Smarandache Ruled surface is given by

A6 —o,

Example 1.Consider the unit speed helix curve
ofs) = (%sins, %coss, %s).

The quasi-frame vectors of a(s) are given as

3 3
(=coss,—=sins, =),

05 5777s
Ny = (—sins, —coss,0),
4 3
By = (zcoss, —Zsins, —Z).
5 5 5 Fig. 4: generated by B
Where { = (0,0, 1) and the quasi curvature as follows
3 4
k = — k = 0 k = ——=.
1 5 y K2 s K3 5

Tq+Ng
V2

Fig. 5: Generated by

Fig. 2: generated by T

888

4 -2 0 2 4

Tq+Bg

Fig. 3: generated by N Fig. 6: Generated by i
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Ny+Bg

Fig. 7: Generated by 7

Fig. 8: Generated by

Tq+Ng+Bg
V3

4 Conclusion

In our article, T;N,B,-Smarandache ruled surface are
investigated according to quasi frame in Euclidean
3-space. The Gaussian curvature and Mean curvature for
these surfaces are calculated. Also the necessary and
sufficient conditions for such surfaces to be developable
surfaces are obtained. We also introduce some other
important geometric properties for these surfaces. Also an
example is introduced.
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