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1 Introduction

Fractional differential equations find applications in various scientific disciplines and engineering fields due to their
ability to describe non-local and memory-dependent phenomena [1,2,3,4,5,6,7,8,9,10]. One significant application is
in the modeling of complex physical systems, such as in physics and mechanics, where fractional differential equations
provide a more accurate representation of the dynamics of viscoelastic materials, anomalous diffusion, and fractal
phenomena [11,12,13,14,15]. In finance, fractional differential equations are employed to model the behavior of stock
prices, option pricing, and risk management, considering the presence of long-range dependence and memory effects.
Fractional differential equations also play a crucial role in the study of biological systems, including population
dynamics, tumor growth, and the dynamics of infectious diseases, accounting for the non-local interactions and memory
effects. Additionally, fractional differential equations are utilized in image processing, signal processing, and data
analysis for denoising, image enhancement, and time series analysis, enabling improved performance in handling
non-local and non-Markovian data [16,17,18,19,20,21,22].

The notion of MS (metric spaces) and the Banach contraction principle are the backbone of the field of fixed point
theory. The axiomatic interpretation of metric space attracts thousands of researchers towards spaciousness. So far, there
have been many generalizations on MS. This tells us about the beauty, attraction, and expansion of the notion of MS.
The notion of fuzzy sets was presented by Zadeh [23]. The adjective "fuzzy” seems to be a very popular, and frequent,
one in contemporary studies concerning the logical and set-theoretical foundations of mathematics. The main reason for
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this quick improvement So, every formal description of the real world, or some of its aspects, is, in every case, only
an approximation and an idealization of the actual state. Notions like fuzzy sets, fuzzy orderings, fuzzy languages, etc.,
enable us to handle, and to study, the degree of uncertainty mentioned above in a purely mathematical and formal way.

The fuzzy set notion has succeeded in moving many mathematical structures within its concept [24], Schweizer and
Sklar [25] defined the concept of continuous —norms. The fuzzy MS concpet was initiated by Kramosil and Michalek
[26]. They extended the notion of fuzziness to traditional conceptions of metric and MS via continuous —norms and
contrasted the results with those derived from other, particularly probabilistic, statistical generalizations of MS. Garbiec
[27] provided the fuzzy interpretation of Banach contraction principle in fuzzy MS. Reham et al. [28] proved some
a — ¢—fuzzy cone contraction results with integral type application.

Fuzzy MS only deal with membership functions. An intuitionistic fuzzy MS was established by Park [29] that is used
to deal with both membership and non-membership functions. Konwar [30] presented the concept of an intuitionistic
fuzzy b—MS and proved several fixed-point theorems. Kirigci and Simsek [31] introduced the notion of neutrosophic M'S
that is used to deal with membership, non-membership and naturalness. Simsek and Kirigci [32] proved some amazing
fixed-point results in the context of neutrosophic MS. Sowndrarajan et al. [33] proved some fixed point results in the
setting of neutrosophic MS. Itoh [34] proved an application regarding random differential equations in Banach spaces.
Mlaiki [35] coined the concept of controlled MS and proved several fixed-point results for contraction mappings. Sezen
[36] presented the notion of controlled fuzzy MS and proved various contraction mapping results. For related articles, see
[37]-[44]. Gordji et al. [45] introduced orthogonal MS and proved fixed point theorem. Gunaseelan, Arul Joseph, Choonkil
and Sungsik [46] proved fixed theorems under orthogonal O-contractions on b-complete MS. Senthil Kumar, Arul Joseph,
Gunaseelan, and Santosh Kumar [47] proposed orthogonal L* contraction and proved fixed point theorems on orthogonal
branciariMS. Gunaseelan, Arul Joseph, Vidhya and Fahd [48] proposed orthogonal neutrosophic rectangular MS and
proved fixed point theorems. Janardhanan, Mani, Ege, Vidhya and George [49] proposed orthogonal neutrosophic 2-MS
and proved fixed point theorems. Gunaseelan, Subbarayan, Mitrovic, Aloqaily and Mlaiki [50] introduced neutrosophic
pendagonal metric space and prove fixed point theorems.

In this paper, we introduce the notion of orthogonal neutrosophic pentagonal MS (& A P .4 #) and we prove fixed
point theorems. The main objectives of this paper are as follows:

—To introduce the notion of 0N P A .S
—To prove several fixed-point theorems for contraction mappings
—To find the existence and uniqueness solution to Fredholm and fractional integral equations.

2 Preliminaries work

In this part, the researchers provide some definitions that will be useful for readers to understand the main section.

Definition 1.(/29]) A binary operation *: [0,1] x [0,1] — [0, 1] is called a continuous triangle norm if for all p, 7,7, €
[0,1] s.z.

(H)pxT=1Tx*p,
(2)* is continuous,
(3)px1=p,

(4)(p*T)xii=p*(T*7),
(S)Ifp <iiand T < B, then px T <ii*f3.

Definition 2.(/29]) A binary operation o: [0,1] x [0,1] — [0,1] is called a continuous triangle co-norm if for all
p?T’ﬁ’B E [07 1]:

(I)poT=1o0p,
(2)o is continuous,
(3)po0=0,

(4)(poT)oii=po(toi),
(S)Ifp <iiandii < B, thenpot <iiof.

Definition 3.(/34]) Given §,I": A x A — [1,R") are non-comparable functions, if d: A x A — [0,R") satisfies the
following conditions:

(a)d(p,R2)=0iff p=2Q;

(b)3(p.2) = I(2,p);
(c)3(p,2) < &(p.0)d(p,0) +I(0,2)9(0,);

© 2024 NSP
Natural Sciences Publishing Cor.



Progr. Fract. Differ. Appl. 10, No. 1, 161-196 (2024) / www.naturalspublishing.com/Journals.asp N S 163

forallp,Q, 0 € A, then, (A,d) is called a double controlled MS.

Definition 4.(/37]) Suppose A # 0 and E,I': A x A — [1,R™) are given non-comparable functions, * is a continuous
t-norm and I is a fuzzy set on A X A x (0,4o0) is said to be a fuzzy double controlled metric on A, for all p,Q,0 € A if:

(i)['(p,£2,0) = 0;
(i) (p,Q2,0)=1forall p>0, < p=LQ;
(iii)[ (p,2,0) =T'(2,p, 0);
() (p,o p+¢)>F<p Q, 7 )*F(Q \0\ Fib 5] G))-
(I (p,82,-): (0,+00) — [0,1] is left continuous.
Then, (A,F, E %) is said to be a fuzzy double controlled MS.

Definition 5.(/30]) Take A # 0. Let * and o be a continuous t-norm and continuous t-co-norm, b > 1 and I' | E be fuzzy
sets on A X A x (0,4o00). If (A, ', E,%,0) fullfilsV p,Q2 € A and k, > 0:

(DI (p,2,0)+E(p,2,p) < 1;

(INI (p, L, ) > 0;

(I (p,Q,p)=1&p=Q;

(VT (p, 2 0) = T(2,p., );

(V)I['(p,0,b(p+x)) 2T (p,2,0)+I'(2,0,k);

(VDI (p,,-) is a increasing mapping of R and limg, g+ I'(p,Q,0) = 1;
(VIDE(p,Q, ) > 0;
(VIE(p,Q,0) =0+ p =Q;

(IX)Z(p,21) = 5(2.p, )

(X)E(p,0,b(p+k)) <E(p,2,0)0E(Q,0,K);

(XDZ(p,Q,-) is a decreasing mapping of R™ and lim, g+ Z(p,Q, p) =

Then, (A, I',Z ,0) is an intuitionistic fuzzy b-MS.

Definition 6.(/31]) Let A # 0, is a continuous t-norm, o be a continuous t-co-norm, and I, & . are neutrosophic sets
on A X A x (0,4e0) is said to be a neutosophic metric on A, if V p,Q,0 € A, the following axioms are satisfied:

(DL (p,2,0)+E(p,2,0)+7(p,Q,0) <3;

2)L(p,2,0)>0;

(3L (p.Q,0) =1,V >0, iff p=2Q;
(S)C(p,o,p+K)=T(p,2,0)+I'(2,0,K);

(6)a continuous map I'(p,£2,-): (0,+o0) — [0,1] and lim, g+ ['(p, 2, p) = 1;
(7)E(p,Q,0) < 1;

(8)Z(p,Q2,0)=0forall p>0, iff p=Q;

(9)E(p,Q2,0) = E(Q,p,0);

(10)Z(p,0,0+x) < Z(p, Q )0 E(Q,0,K);

(11)a continuous map =Z(p,2,-): (0,400) — [O 1] andlim, ,p+ Z(p,Q, ) =0,
(12).7(p,Q2,p) < 1;

(13)(p, Q. ) =0 forall >0, iff p = 2;

(197 (p.00p) = 7(2,p.00)

(15)7(p,0,0+K) <. (p,R2,0)0.7(2,0,K);

(16)7(p,L,-): (0,+00) — [0,1] is continuous and lim, ,p+ . (p, 2, ) =
(I7)If <0, then I'(p, 2, ) = 0,Z(p, 2, ) = 0;

Then, (A,I',E,.%,0) is called a neutrosophic MS.

Definition 7./45] Let (A, L) be an O-set. A sequence {nNz} is said to be an orthogonal sequence (briefly, O-sequence) if
(VT e N,Uz Lvgy1) or (VmeN, vz Log).

Definition 8./45] Let (A, L) be an O-set. A mapping @ : A — A is said to be L-preserving if ®0 L ©©® whenever v_1L9.

Definition 9./50] Let A # 0, x and o be a continuous t-norm and t-co-norm, I' ;| =, ® be neutrosophic sets on A X A X
(0, +e9) is called a neutrosophic pentagonal metric on A, if for every p,6 € A and all distinct v,Q2,1,06 € A and for all
2,8, W, p > 0, the following conditions are satisfied:
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() (p,Q2,0)+E(p,2,0) +P(p,Q2,) < 3;

(i)l"(p, 2, p) > 0;

(i) (p,Q, @) =1 forall >0, iff p = Q;

(VI (p,Q2,0)=T(Q,p,0);

W (p,0,0+Kk+u+8)>T(p,2,0)«I'(2,0,k)«I(v,5,1)
*F(ﬁ,c,é);

(vi)a continuous map I'(p,€2,-): (0,+o0) — [0, 1] and lim, g+ ['(p, 2, @) = 1;
(Vii)Z(p, 2, p) < 1;
(ii))E(p,Q,0) =0forall o> 0, iffp = Q;
(iX)Z(p,2,0) = E(Q,p,0);

(x) (p.0, 0+ K+Uu+8) <E(p,Q,0)0E(Q,v,k)0Z(v,9,u)

E(0,0,¢);

(xl)a continuous map Z(p,€,-): (0,+e0) = [0,1] and lim, ,p+ Z(p,Q, @) = 0;
(xit)P(p,R2,0) < 1;
(xiii)d—’(p,.Q,((o) =0forall p>0,iff p=Q;

(xiv)D(p, 2, 0) = B(Q.p, 0);

(x)@(p,0, o+ K+ u+8) < P(p,Q,0) 0P (2,0,k) 0 ®(v,9,u1)

0o ®(v,0,¢);

(xvi)a continuous map P(p,,-): (0,4o0) — [0,1] and lim ,_,p+ P(p,R2, L) =

(xil)If <0, then I'(p,Q2,0)=0,E(p,2,0) =1land S (p,Q2,p) = 1.

Then, (A, I",E,®,*,0) is said to be neutrosophic pentagonal MS.

3 Main results
We start this part with the following definition:

Definition 10.Let A # 0, * and o be a continuous t-norm, t-co-norm, and I, E , @ be neutrosophic sets on A X A x (0,4o0)

is called a orthogonal neutrosophic pentagonal metric on A, if for each p,c € A and all distinct v,2,1,0 € A, the
following conditions are satisfied:

(O (p, 2, 0)+E(p,Q2,0)+P(p,R2,p)<3forallp,Q €A, p>0st pLQ and Q1p;
(i) (p,Q2,0)>0forallp,Q €A, p>0s.t. pLQ and Q1p;
(i)l (p,2,0)=1iffp=Q forallp,Q €A, p>0s.t. pLQand Q 1p;
(lv)l"(p,_Q,((o): (Q,p,0) forallp,Q A, 9>0st pLlQand Q1p;
(v)r(p,c, +Kk+u+8) >I(p,Q,0)«(Q,0,k)«I(v,9,u1)
(13, o, )forallp Qe psWw,p>0stplo, plQ Qlv, vinandnlo;
(vz)F(p,.Q, ): (0,400) = [0,1] is continuous and lim,_,p+ I'(p,Q2,0) =1 forallp,Q € A, 9> 0s.t. p 1L Q and Q Lp;
(Vi) (p,Q,0) <1forallp,Q €A, p>0s.t pLQand QLp;
ii)E(p,Q,0)=0iff p=Q forallp,Q €A, 9>0s.1 pLQ and Q Lp;
(ix)Z(p,Q,0)=E(Q2,p, <(O)Qforallp QeA p>0st.plQand Q1lp;
(X)Z(p,0, o+ Kk+u+é) < (pr)o~(QvK)o~(v19u)
0Z(0,0,8) forallp,Q € A, 2,§,W,p >0s.t.pLlo, plQ, Q1v, vinandnlo;
(xi)E(p,Q,- ) (0,+c0) — [0,1] is continuous and lim,_,g+ Z(p,Q, @) =0 forallp,Q € A, > 0s.t. pLQ and Q Lp;
(xii)®@(p,Q2, p) < 1f0rallp,.Q EA >0st.plQand Q1p;
(xii))P(p,R2,0)=0iff p=Q forallp,Q €A, £>0s1. pLQand Q Lp;
(xiv)P(p,Q2,0) = D(Q,p,0) forallp,Q €A, p>0s.t. pLQ and Q1p;
(xV)P(p,0, @+ K+ +8) < P(p,Q,0)0P(2,0,k)0P(v,9,1)
o@(ﬁ, é)forallp QeA p,sWw,p>0stplo, plQ Qlv, vinandnlo;

(xvi)®(p, 2, 7) (0, +-00) — [0,1] is continuous and lim,_,p+ P(p,Q2,0) =0 forallp,Q €A, p>0s.t.pLQand Q 1p;
(xvii)lf 0 <0, then F(p Q. 0)=0,E(p,Q2,0)=1and S (p,2,0)=1forallp,Q €A, >0s.1pLlQ and Q1p.

Then, (A, I",E,®,*,0, 1) is said to be an ON P M S .
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Example 1.Let A = {1,2,3,4,5}. Define I', Z,®: A x A x (0,+0) — [0,1] as

F(p.0,0) =14 " Lo
(P, Q2,p)= W#{pyﬂ}’ if otherwise,

0,
E(p,Q,p) = { max{p,Q2}

Prmax{p,Q}’ if otherwise,

and

0, if p=2Q
¢(pa'QuW) = {max{p,[)}
p )

if otherwise,

and a binary relation | by v1.Q iff v,Q > 0. Then, (A,I',E,®,,0,1) is an ON P 4. with continuous t-norm
p * T = pt and continuous t-co-norm, p o d = max{p,a}.

Proof.Now, we show (v), (x) and (xv) others are obvious.
Letp=1,2=2,v=3,0=4andn =5. Then

Prr+p+¢ prr+p+
r(,s = = .
S ) = Crman(15) @ r kit C 5

On the other hand,
o 2
I'(1,2 = =
(1,2,0) p+max{1,2} p+2’
K K
I (2 = =
(2.3, x) kK +max{2,3} Kk+3’
U u
I'(3,4 = =
(3:41) u-+max{3,4} p+4
and
¢ ¢
I (4 = = .
( ’S’C) ¢ +max{4,5} {+5
That is,

pretp+ts o p K o p &
PHE+u+C+5" p+2x+3u+4f+5

Then, it satisfies all @, k, 1, { > 0. Hence,

C(p,n,o+x+u+8) > (p,2,0)+I'(2,0,k)«'(v,0,u)«I'(c,n,8).

Now,
E(1,5, 0+ k+p+0) = p+K+TET{§]7+Sriax{1,5} = JO+K+Z+C+5'
On the other hand,
2(1,2,9) = pT?a{liﬁz} - piz’
5(2,3, K) _ max{2,3} 3

T k+max{2,3} Kk+3
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max{3,4} 4
=(3,4 = =
(3:4.1) L tmax{3,4] pid
and
max{4,5} 5
= (4,5
( ’ ’C) ¢ +max{4, 5} {+5°
that is,

5 <max{ 2 3 4 5 }
PrrE+p+E+5 T P2 k+3 u+4 45
Then, it satisfies all @, k, 1, ¢ > 0. Hence,

E(p,n, 0+ Kk+u+8) <E(p,2,0)0E(v,0,§) 0 Z(v,0,W) 0 E(0,1,9).

Now,
~ omax{1,5} 5
¢(1’5"0+K+“+C)*Ja+x+u+c T ptrxtu+g
On the other hand,
®(1,2,0) = max{{gl ,2} J%,
max{2,3} 3
PR3 ==
4 4
@(3747”)%5
and
max{4,5 5
(4555C) % Zv
that is,

5 {2 3 4
T <max{Z=. =
prr+u+l— P
Then, it satisfies all @, k, 1, ¢ > 0. Hence,
P(p. N, p+r+u+8) < P(p,Q,p0)0@(Q,v,k)0P(v,0,u) 0 P(0,n,1).
Therefore, (A,I',Z,®,x,0, L )isan ON P .H 7.

Definition 11.Let (A,[",E, D, x,0, L) isan ON P .M 7, an open ball is then defined ®(p,r, £2) with center p, radius
r,0 <r<1and >0 as follows:

P(p,r, @) ={Q €A T(p,Q,0)>1-rZ(p,Q,0) <r,P(p,Q,0) <r}.
Definition 12.Let (A, I",E, P, x,0, L) isan ON P .M .7 and {pz} be an U-sequence in A. Then {pr} is called:

(a)an O-convergent exists if there exists p € A s.t.

lim F(pﬂhpap)zl 111’1’1 (pﬂ'ap p) 07 lim (D(pﬂvpap):() forall p>05
TRt TRt
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(b)an O-Cauchy sequence <= for each a > 0, o > 0, there exists my € N s.t.
F(PﬂanJranO) > 1 7daE(p7ﬁpﬂ+q7p) < a_v‘E(pﬂhpﬂH»Chp) <a forall T,m > T,
If every O-Cauchy sequence O-convergentin A, then (A,I",E,®,*,0, 1) is said to be a complete ON P .M S .

Lemma 1.Letr {pz} be an O-Cauchy sequencein ON P .M .S (A, I E, P, x,0, L) s.t. px # Pm whenever m, 1w € N with
7 # m. Then, an O-sequence {pﬂ} can an O-converge to, at most, one limit point.

Proof.Contrarily, assume that p; — p and pr — Q, for p # Q. Then, lim;_,g+ I'(pz,p,£) = L, lim;_z+ Z(pz,p, £) =

0,lim;_,p+ @(pr, P, ) =0, and lim,_,p+ [ '(pr, 2, £) = 1,lim;_p+ E(pr, 2, £) =0,lim,;_p+ P(pz, 2, L) =0, for all
£ > 0. Suppose

F(Pv-QaA@)ZFO)aPm[ZO) *F<p7tapﬂ+17§>*F<pﬂ+17pﬂ+25§) *F<pﬂ+2597§)

—1x1x1%1, as m—RT,

E(pvgap)§5<p7pﬂ'a E(pﬂ:vpﬂ”rla%) E<pﬂ+17pﬂ+27f> E<pﬂ+2597§)

—0000000, as 7w —RT,

¢(p597p)§¢(p7pﬂ7 ) (pﬂapﬂ#»h?)O¢(pﬂ+l7p7t+25§)O¢(pﬂ+27ga§)

—0000000, as w—RT.

Thatis I'(p,Q,0) > 1x1x1=1,Z(p,Q2,#) <00000=0and ®(p,Q2,») <00000 = 0. Therefore p = €, that is,
an O-sequence, an ¢-converges to, at most, one limit point.

Lemma 2.Let (A, I",E,®,x,0, 1) isan ON P If for some 0 < 0 < 1 and for any p,Q € A, >0,

(p,Q,0) Zf(p,ﬂ,%@),i(p,ﬂ,xa) < E(p,fz,%o),@(p,g,p) < cb(p,sz,%a) (1)
then p = Q.

Proof.(1) implies that

Now,

TRt

I'(p,Q,p)> lim F(P Q,

n—R+

£
971'
E(p,Q,p) < lim E(AQ,(;—IZ
2
o7

D(p.Q,0) < lim cb(p,fz

T—R*
Also, by the definition of (iii), (viii), (xiii), we have, p = Q.
Theorem 1.Suppose (A, I",E, D, *,0, 1) is a complete ON P with 0 < 0 < 1 and suppose that

lim I'(p,Q,0) =1, 11m E(p,2,0)=0 and lim @(p,Q, 0)=0 2)
o—Rt P—RT

forallp,Q2 € A and o> 0. Let w: A — A be a mapping satisfying
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(i) is an L-preserving mapping;
(ii)
[(wp,00Q,600)>T(p,2,p),
E(0p,02,00)<E(p,Q,0) and P(wp,0Q,00)<P(p,2,p) A3)
forallp,Q € A and o > 0.
Then, ® has a unique fixed point.
Proof.Since (A, I", =, ®,*,0, 1) is a complete 0N P4 .7, there exists py € A s.t.
poLu, forallue A.
Since, @ is an _L-preserving mapping, we have

po-L@po.
Now, we define an &-sequence pr by pr = ©"py = wp_1, for all # € N. By utilizing (3) for all & > 0, we obtain

F(pﬂvpiﬂrlaep):F(wpﬂ*lawpﬂaep) Zr(pﬂ*lapﬂhp) Zr(pﬂbpﬂl;%)

ZF<pﬂ37pTC2;§> 2~~~ZF<P0,PI,%)a

E(Pr:Pr+1,00) = E(0pr—1,007,00) < E(pr—1,P7,2) < E <Pn27P7rl ) %0)

S E(pﬂ'%pﬂbé_pz) S S E(p()’pl’%)'
and
D(pr,Pr+1,08) = P(©Pr—1,0p7, ) < P(Pr—1,Pr, ) < <I>(pnz,pﬂ1, %0)
S ¢(pﬂi3apﬂ2)§) S S ¢(p07p1’%)'
Hence,
I(p 00)>T .
7'C7p71'+15 4@ el p07p15 9”71 )
- - £ £
‘:'(pn'7p7!'+159¢@) <k Po,P1, g1 and ¢(pﬂ7pﬁ+laep) < D Po,P1, g1 )" (4)
Consequently,
I'(pr;pr+2,00) =I'(0pr—1,0Pzr+1,080) > T'(Pr—1,Pn+1,80) 2F<Pﬂ27P7r7%0>
2F<p71'37p71'17é_p2> Z Z1—‘<p07p2’%>7
E(pr:Pr+2,00) = E(0Pr—1,0Px+1,00) < E(Pr—1,pr+1,0) < E (pnz,pm %0)
S E(pﬂifﬁpﬂ'lag) S S E(p()’pz’%)
and
D(pr,Pr12,06) = P(OPr—1,0p711,02) < P(Pr—1,Pn11, ) < cb(pnz,pm %0)
@© 2024 NSP
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which implies that
r o
(P, Pr+2:00) 2 ' Po,P2: G |

E(Pr,pri2,00) <E <po,pz, 9;,—[0,> and  @(pr,Pr42,00) < <P<po,pz, 9;,—[0,>- ®)
It follows that

I'(pz,pr+3,00) =T (0pr—1,0Pr12,08) > I'(Pr—1,Pr+2:6) ZF(pﬂz,an,%O)

Zr(pﬂifﬁpﬂag) > ---ZF(PO,PL%)a

E(pr,Pr+3,00) = E(0Pr_1,0Pr42,0) < E(Pr—1,Pr42.42) < E <pnz,pn+1,‘§)

— 2 - £
<ZE <Pn37Pn,§) O <P07P3, F)
and
D(Pr,Pr+3,06) = P(WPr—1,0Pr+2,) < P(Pr—1,Pn12,2) < qb(Pnz,th %0)
< ¢(pn3,pn, g) << CD(POvP% %)-
Hence,
2
I'(pr, pr+3,00) 2 I'{ Po,P3, g7 )
— — 2 £
E(pr:Pr+3,00) < E( po,p3, gy | and P(pr,Pr+3,0) < P| Po,p3, gy |- (©6)
Similarly, for j =1,2,3,....., we obtain

I(pr, pri3j+1,060) ZF<PO,P3J‘+179;,—[OI),

E(pﬂ7p7t+3j+laep) < E(POap3j+170;r—[01) and ¢(pﬂ)pﬂ+3j+179p) < ¢(p07p3j+15 9f1)7 (7)

£
I(pr, pri3j2,06) ZF<P0,P3j+2,W),

E(Pr,Pri3j+2,00) < E <P0,P3j+27 9;,—[0,> and  P(Pr,Pr+3j+2,00) < €D<P07P3j+2, —efl >7 ®)

F(Pmpﬂ+3j+3a9¢p) Zr(p05p3j+370;r—p1)a

- - £ 1
E(Pr,Pr+3j+3,00) < E (Po,P3j+3, W) and  @(px,Pr43j+3,00) < ‘P(P07P3j+3, F) )]

By using 4, we have

F(p07p4ap) ZF(PO;Plaf) *F(PlaPL?) *F(P27P37§) *F(P37P4;§)

ZF<P0,P1,J§) *F<P0,P17J§>*F<P07P1,£>*F<P0,th{;>v
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E(p05p4ap) < ) (p()vpla%) OE<P17P2a %) OE<P27P3a %) oX <P37P4a %)

(pO,p],%)O <p07pla§>OE<P27P3a£>OE<pO,p“4;{gQ>

¢(p07p47<@) < (p<p05p17§> O¢<plap25 ?) O¢<P27P3a %) O¢<P37P47 %)

< ¢<P0,P17‘Zo> O¢<P0,P1,J§) 0¢<P07P1,£> O¢<P0,P174L902>-

<

(x]
(x]

and

Similarly,

I(po.p7,£) ZF(POaPh%a) *F(m,pz,‘?) *F(pz,m,%a) *F(p3,p4,‘§)
*F<p47p5a§) *F<P5ap6a‘§>*l—'<p6,p77‘§>
ZF<PO,P1,§> *F<p07P17§> *F<P0,Pl,g> *F<po7p]7f§2)

*F(po’pl’%) *F(p()aph%) *F(p(%ph%)a

E(po,ps,2) < E (po,pn,‘(f) *E<p1,pz, ‘ff) *E<pz,pa, ‘ff) *E (ps,p4, ‘ff)
* 5 (P47P57 ?) * 5 (P&Peé) * 5 (Péap%%a)
<z (P07P1, %0) 03(P07P1, %0) 03(P07P1, %) oF (Po,PhT[gz)
0% (po,pl,%) oE (po,pl,%) oE (po,pl,%)

D (po, pa, 2) < q’(Po,Pl, %0) 0¢(P17P2, %0) 0¢(P2,P37 %0) O¢(P3,P47‘(Za)
O(p<p47p57§)O¢<p5¢p67§>0¢<pf)ap77§>
S(p(p()apla%)O(D<p07pla§)O(D<p07p]7%>o(b<poapla4j—§2>

2 2 2
°¢(P07P17m)OcD(POyPhW)O@b(POath)-
For each j =1,2,3,...., we have
F(P07P3j+1,J0)ZF(Po,P1,%0) *F(Po,Pl,%a) *F(Po,Ph%) *F(Po,m,f{;)
*F(Po,Ph%)*F(Po,Pl,%) *F(Po,PhT[gs)

* "*F<P07P1,W{il),

and
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E(pOaPBijp)SE(POaPIa?) E<P07Pla[(0) E<P07Pla p) E<P07P174<§2)
= o = o = 2
o= <P07P1,493) o= (Povpl,m) o= <P07P1,m)

O...oE(po,p],Wle)

¢(p05p3j+17p) S (p<p05pla§> O(D<p07pla§) O(D<p07pl;%> O¢<p0¢pla4;€2>
£ £ £
qu(Po,Pl,m) qu(Po,Pl,m) O‘P<P07P174—95)
O...o@(po,pl,ijl).

(pﬂ;pﬂ+3]+laep (PO;P31+17 97— 1)

£ £
(p05p1740n- 1) F(p(ﬁplam) (p07p1740ﬂ)
2 2
( Po,P1, 9ﬁ+l> F<P07P1,497+2) *F<P0,P1,W>
2
( 1P, 9”4) ...*F<P07P17493jﬁ), (10)

E(pﬂ'vpﬂ+3j+laep E(p05p3j+17 gr—1 )

- P - £
po’pl’46”‘) ) (po,p],49ﬂl) G <P07P1,49ﬂ)

2\ = P \ox £
p05pl’497'c+l> :<po’pl749ﬂ+2) :<p07p]749ﬂ+3)

p05p1549€+4)O'”OE(pOaphWﬁrz) (11)

and

Now, from 7, we get

and

(pﬂvpﬂ+3j+lvep <p05p3j+17 on— 1>

o 2
(PO,Pla 107 ]) €D<P07Pl746ﬂ]> <p07p15497-;)

o 2
( Po, P1; 97r+1) O¢(po,p1,m) Odb(”“’“W)

(pOapla 97l'+4) O¢(p0;p1;w€n-2)' (12)

By using 4 and 5, we get

' (po.ps, ) ZF(PO,Ph%a) *F(Pl,sz(Za) *F(P27P37§) *F(P&Ps,%g)
ZI—‘(pO,pl,?) *F<PO,P1,§> *F<p07P17£> *F<p05p274;§2>7
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E(p05p5ap) S = (p()vpla%) OE<P17P2a %) OE<P27P3a %) ok <P37P5a %)

(POvPl’%O) ° <P07P1,§) OE<P07P1,£> oF (po,pz,TZ)

CD(vaPSw@) < (p<p05p17§> O¢<plap25 ?) O¢<P27P3a %) O(D<p37p57 %)

< ¢<P0,P17‘Zo> O¢<P0,P1,J§) 0¢<P07P1,£> O¢<P0,P274L902>-

<

(x]
(x]

and

Similarly,

I'(po, ps, ) ZF(PO,PM(ZO) *F(pl,pz,‘?) *F(P27P3,§) *F(P37P4,§)
*F<p47p5a§) *F<P5ap6a‘§>*l—'<p6,p87‘§>
ZF<PO,P1,§> *F<p07P17§> *F<P0,Pl,g> *F<po7p]7f§2)

*F(po’pl’%) *F(p()aph%) *F(p07p27%)5

E(po,ps, ) < E (po,pn,‘(f) oE<p1,pz, ‘ff) oE<pz,pa, ‘ff) oF (ps,p4, ‘ff)
°oF (P47P57 %0) oZ (Ps,Pef(Za) oZ (Pe,Psf(Za)
<z (P07P1, %0) 03(P07P1, %0) 03(P07P1, %) oF (Po,PhT[gz)
0% (po,pl,%) o0& (po,pl,%) o0& (po,pz, %)

D(po, ps, 2) < <I>(po,pl, %0) o<1>(p1,pz, %0) o<1>(pz,p3, %0) odb(ps,m,%a)
o<1><p4,ps, ‘ff) oF (ps,pa,‘(zo) o¢<p6,ps,‘§>
< ‘P<P0,P1,§) O‘P<P07P1,§) O‘P<P07P1,%> O‘P<P0,Pl,%>
Oq’(Po,Pl,%) qu(Po,Ph%) qu(Po,Pz,T[gS)-
Hence, for each j = 1,2,3,...., we can write
I (po, p3j+2, ) ZF(po,pl,‘(Zo) *F(po,pl,%a) *F(po,m,%) *F(POaPhT[gz)
*F(P(),Ph%)*r(l)o,l)l,%) *F(PO,PL%)

*"'*F<p07p27ij])a

and
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E(pOaP3j+27p)§E<P0apla§) E<P07Pla[(0) E<P07Pla p) E<P07P174<§2)
= o = o = 2
o= <P07P1,493) o= (Povpl,m) o= <P07P2, m)

O...oE(po,pz,Wle)

¢(p05p3j+27p) S (p<p05pla§> O(D<p07pla§) O(D<p07pl;%> O¢<p0¢pla4;€2>
£ £ £
qu(Po,Pl,m) qu(Po,Pl,m) O‘P<P07P274—95)
S ¢(p07PZaWWjI)'

(pﬂ;pﬂ+3]+259¢p (PO;P31+27 97— 1)

£ £
(PO;P174GE 1) F<P07P1a49n1) (P07P1740ﬂ)
£ £
( Po,P1, 9ﬂ+|> F<P07Pla49ﬂ+2> *F<p05pla49n-+3>
sk P (13)
0,02, 9ﬂ+4 P07P27493j+ﬂ,2 )

E(pﬂ'vpﬂ+3j+259p E(POaP31+27 gr—1 )

- P - £
po’pl’46”‘) ) (po,p],49ﬂl) G <P07P1,49ﬂ)

2\ = P \ox £
p05pl’497'c+l> :<po’pl749ﬂ+2) :<p07p]749ﬂ+3)

p05p2549€+4)O'”OE(pOap27W€n—2) (14)

and

Now, from 7, we get

and

(pﬂvpﬂ+3j+270p <p05p3j+27 on— 1>

o 2
(PO,Pla 107 ]) €D<P07Pl746ﬂ]> <p07p15497-;)

o 2
( Po, P1; 97r+1) O¢(po,p1,m) Odb(”“’“W)

(pOaPZa 97l'+4) O¢(p0;p2;w€n-2)' (15)

By using 4 and 5, we have

(o, ps, ) ZF(PO,Ph%a) *F(Pl,sz(Za) *F(P27P37§) *F(P37P6,§)
ZI—‘(pO,pl,?) *F<PO,P1,§> *F<p07P17£> *F<p05p374;§2>7
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E(pOapﬁap) S = (p()vpla%) OE<P17P2a %) OE<P27P3a %) ok <P37P6a %)

(POvPl’%O) ° <P07P1,§) OE<P07P1,£> oF (po,p3,4;{gz>

CD(vaP(np) < (p<p05p17§> O¢<plap25 ?) O¢<P27P3a %) O¢<P37P67 %)

< ¢<P0,P17‘Zo> O¢<P0,P1,J§) 0¢<P07P1,£> O¢<P0,P374L902>-

<

(x]
(x]

and

Similarly,

L' (po.ps, ) ZF(PO,PM(ZO) *F(pl,pz,‘?) *F(P27P3,§) *F(P37P4,§)
*F<p47p5a§) *F<P5ap6a‘§>*l—'<p6,p97‘§>
ZF<PO,P1,§> *F<p07P17§> *F<P0,Pl,g> *F<po7p]7f§2)

*F(po’pl’%) *F(p()aph%) *F(P07P37%)a

E(po,po, 2) < E (po,pn,‘(f) oE<p1,pz, ‘ff) oE<pz,pa, ‘ff) oF (ps,p4, ‘ff)
oF (P47P57 %0) oF (Ps,Pef(Za) oF (Pe,Pm‘(Za)
<z (P07P1, %0) 03(P07P1, %0) 03(P07P1, %) oF (Po,PhT[gz)
0% (po,pl,%) o0& (po,pl,%) o0& (po,pa, %)

cD(PO,PQHW) S ¢(PO;P1; ?) o¢(P17P2a ?) o¢(p27p37 ?) O¢(p3ap47§)
O(D<p47p57 %) ok <P57P67§> O¢<p6¢p97§>
S‘P<P0,Pl,§)qu(Po,Pl,%O)qu(Po,Pl,g)O@(Po,Pl,%)

£ £ £
OqD(Po,Plym)qu(Pmth)oqb(Poapbm)-
For each j =1,2,3,...., we obtain that
F(P07P3j+3,J0)ZF(P07P1,%0) *F(Po,Pl,%a) *F(Po,Ph%) *F(Po,PhTIgZ)
*F(p(ﬁph%)*r(p(ﬁpla%) *F(p05p374;§5)

* "*F<p07p3vaj])a

and
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E(pOaP3j+37p)§E<P0apla§) E<P07Pla[(0) E<P07Pla p) E<P07P174<§2)
- £ = o = o
o= <p07pl;493) o= (p()vpl;m) S <P07P3a W)

o- (P07P3a 93] 1)

°®

and

D(po, P3j+3,42) < <I>(po,pl, %0) °¢(P07P1a %0) °¢(P07P1a g) ocb(po,pl, ff;)
o o o
‘P<P07P1,m) qu(Po,Pl,m) O‘P<P07P374—95)
O...O(D(po,p:;,ﬁpjl).

Now, from 7, we get

p05p3j+37 ef 1 >

£ £ £
Po,Pl,W) *F<P07P1,49T> <P07P1749ﬂ)

—) *F(p(ﬁphﬁfu) *F(pOaplaﬁﬂ‘,)

PmP&@%)*“'*F(Po,P&M%)a (16)

I (pr, pri3j+3,06)

I\/
/\/-\

OE(PO,P1,49H1
E(Po,P3,49n+4) (P(),l)3,493}+,r 2) a7
and
D(pr,Pr+3j+3,04) < (PO,P31+3, g 1>
< ‘15<Po,101749,r ,) <P07P1,ﬁ{:,) <P07P1,49ﬂ)

o i S
@(po;pla49n+1) O¢(p0;plam) O¢(p0’p1’4071’+3)

o¢(p05p2549f+4)O'”®¢(p0;p2;ﬁﬁrz)' (18)

Using (10)-(18), for each case & — R, we deduce that
lim F(Pn,pﬂ+i,<(0) =Dxlx-
0o00o0---00=0

xl=1,

hm Z (pﬂapﬂvﬂu@)

T—R+
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and
lim @(pz,Prri, ) =0000---00=0.
T—R*
Therefore, {pz} is an &-Cauchy sequence. Since (A,I",E, ®,*,0, 1) is a complete 0N P .4 .7, there exists

lim pz=p.

T—R*

Now, fact that p is a fixed point of , utilizing (v), (x), (xv) and 2, we obtain that

F(pawpvp)zr(pvpfh?) *F(pﬂvpﬂ'+la§) *F(pﬂ'+1apﬂ+27§) *F(pﬂ+27wpa§)

:F(p7pﬂ7§)*r(wpﬂ17wpﬂ7§)*r(wpﬂ7wpﬂ'+1;§)
*F<wpﬂ+lawp7§)
ZF<P7P7UJZO>*F<P7117P7U46%) *F<pﬂapﬂ+lvﬁ€])

*F(pﬂ'+lap7%)

—S1xlxlx1=1 as 7w —RT,

E(p,0p,p) <E (P;Pn; ‘(ZO) OE(PmPnJrI; %0) oE(an,pmz,%a) o) (pmz,wp,%a)

:E(p,pﬂ,%@)oE(a)Pnlame )OE(a)p”’a)pn+l,§)
oX (a)pﬂ+lvaa %)
S = (papﬂia %) OE<pTClapﬂi; ﬁ&) ox (pﬂapﬂlevﬁf])

5 £
O‘—‘(pﬂ+17pa49)
—0000000=0 as w©—R",

&9

and

D(p,0p, @) < db(p,pn, ‘(ZO) o¢(pmpn+1; ‘(ZO) o¢(pn+lapﬂ+27§) ofb(pm,wp,%a)

= ¢(papﬂa ?) O¢(wp7r17wprc; ?) oé(wpﬂ7wpﬂ'+la ?)
O(D<wpﬂ+lvaa %)
< ¢<papﬂia %) O(p<pﬂlapﬂia ﬁ&) O¢<pﬂ'apﬂ+lvﬁ[:])

1
b il
o (pﬂi+17pa49)
—0000000=0 as 7w —RT,

Therefore, wp = p. Consider 7i be a another fixed point of @ s.t. Wi =i # p = wp. Then

pLii.

© 2024 NSP
Natural Sciences Publishing Cor.



Progr. Fract. Differ. Appl. 10, No. 1, 161-196 (2024) / www.naturalspublishing.com/Journals.asp

Since, ® is an _L-preserving, we have

wp Lon
Then,
1 >T(i,p,p) =T (0f,op, L) ZF(ﬁ,p,%) F(a)n,a)p, 6>
> ﬁp£ >...>T(#,p —1 as m—RT
- ) 762 — P ) 76” 3
0< E(f,p, ) = E(o,0p, £) <E(ﬁ,p,‘§) :E<wﬁ,wp,%0)
_E(ﬁ,p,g)g gE(ﬁ,p,é—fi)—w as w—RT,
and

S

S(p<ﬁ7p’92>§§¢<ﬁapvé_€)ﬁo as ﬂ‘)R+,

by using (iii), (viii) and (xiii), p =7

Definition 13.Let (A, [",E, P, *,0, L) be an ON P M. A map ©: A — A is an ON P € (orthogonal neutrosophic

pentagonal contraction) if there exists 0 < 0 < 1, such that

/\

1

—1

[(%p,2Q,0) ‘{ I'(p,Q,9) ]
E(Pp,7Q,p)<0Z(p,Q2,0),

and
@(@p,yﬂ,p) < QCD(P,-QHW),

forall p,Q2 € A and @ > 0.
Here, we show the theorem for O N € ( orthogonal neutrosophic pentagonal contraction).

Theorem 2.Let (A,I',E, D, x,0, L) be a complete ON P M. and suppose that

lim I'(p,Q,0) =1, Jim Z(p,2,0)=0 and lim ®(p,Q,0)=0
WﬁRJr pﬁR#»

forallp,Q2 € A and o> 0. Let ®: A — A be a mapping satisfying

(i)w is an 1 -preserving mapping;
(ii)w is an ON PE.

Then, ® has a unique fixed point.
Proof.Since (A,I',E,®, x,0, 1) is a complete ON P4 .7, there exists py € A such that
po-Lu, forallue A.

Since, @ is an _L-preserving mapping, we have

Po-Lwpo.

19)
(20)

21

(22)
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Now, we define an &-sequence pr by pr = ©"py = ®pz_1, for all # € N. By using (19), (20) and (21) for all g2 > 0, we
deduce

1 1

I'(pr,Pr+1,80) - I (0pr—1, 0Pz, )

1 0
<6
N [F(pﬂlapﬂap)] F(pﬂ*lvpﬂ'ap)

1 0
= < +(1-06
F(pﬂvpfﬂrlap) F(pﬂ*hpﬂ'ap) ( )
92
S - 6969696969
F(pﬂ*27pﬂ*lap)

+6(1—6)+(1-6).

Proceeding in this way, we get

1 < 67
I (px,px+1:42) ~ T(po.p1, )
+ot0(1—0)+(1—0)
971'
< —
F(p(ﬁplu@)
971'
<L —"
F(p()vplvp)

+0" 1 1-6)+6"%(1-0)

+(O" 48" 1) (1-6)

+(1-67).

It follows that

1
T §F(P7rapn+la<(0)
0
L (po.p1,42) +(1-67)

E(pﬂ'apﬂﬂvp) = E(wpﬂ*lawpﬂap) < GE(pﬂ*lapﬂap) = E(wpﬂfszpﬂflap)
S ezg(pﬂfbpﬂ'flu@) S S GEE(POJ)I;W)

and
D(Pr,Prt1,82) = P(@Pr—1,0Pp7, ) < OP(Pr—1,Pr, ) = P(OPr 2, 0P7—1,2)
S 92¢(p71,'727p7l’717¢@) S S 9ﬂ¢(p07plap)' (23)
It again follows that
1 L 1 B
I'(pr,Pr+2,80) I'(wpr—1,0Pr+1,8)
1
<H| —————
- F(pﬂ*lapﬂqup)
JR— 0 —
L(pr—1,Pr+1,8)
= ! < 0 +(1 —-0)
F(pﬂvpfﬂrzap) - F(pﬂflvpfﬂrlap)
92
<—————+6(1-0)+(1—-06
Flpnapm ) 0070+ 026)
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Proceeding in this way, we get

1 6"
< +6"1(1-0)+6"%(1-6
F(pﬂ'apﬂvLva) F(PO,PQ,A@) ( ) ( )
+-4+06(1l—0)+(1—-0)
97’6
<+ (0707 2+ 1)(1- 6
F(pOaPQap) ( )( )
< 97” +(1— 0m)
B F(pOaPQap)
Hence,
1
= <I'(pr,Pr+2,8) (24)
0
Toopd) T (1-67)
E(pr;pri2,2) = E(0Pr—1,0P1+1,8) < OZ(pr—1,Pn+1,8) = E(OPr—2, 0Pr, £)
< O0°E(pr—2.,07.0) < - < OTE(po, P2, ) (25)
and
D(pr,Pr12,2) = P(OPr—1,0Pr11,82) < OPL(Pr—1,Pr+1,8) = P(0Pr—2,0P7, 2)
S 92¢(p71:727p7r“@) S S 9ﬂ¢(p0)p27p)' (26)
Consequently,
1 L 1 B
F(pﬂapﬂ+37p) F(wpﬂflvaﬂ”rzap)
1
<0| ———
- F(pﬂflapﬂvLva)
JR— 0 —_—
F(Pikl;PiHZuW)
1 0
= < +(1-6
I'(pr,Pr+3,62) ~ T'(Pr—1,Pr+2,82) ( )
92

<————+06(1-0)+(1-0).
- F(pﬂfzapﬂqup) ( ) ( )

Proceeding in this way, we have
1 0"

+6"'(1-6)+6"%(1-6
F(pﬂapﬂ+37p) F(pOap:iap) ( ) ( )

IN

4+ 0(1—0)+(1-0)
9717
<+ (07 0" 2+ 1)(1- 6
I(po,p3, £2) ( ) )
-6
< ————+(1-067),
I(po,p3, £2)
yields,
1
T Sr(pﬂhpiﬂrfﬁap) (27)
0
Tops?) T (1-67)

E(pr:Pr13:82) = E(OPr—1,0Pr+42,8) < OZ(Pr—1,Pn+2,8) = E(OPr—2, ©Pr11, )
Sezz(pﬂffzapﬂ#»lu@)g"'Seﬂz(p05p3u@) (28)
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and

D(Pr,Pr+3,82) = P(OPr—1,0p712, ) < OP(Pr—1,Pn12,2) = P(OPr—2, OPr 11, 2)
<0’ D(pr2,Pri1, ) < -+ < 07D (py, 3, ). (29)

Similarly, for j = 1,2,3,....., we have

1
7 SF(Pmpﬂ+3'+1a¢f0)
9 j
I(po:p3j+1:42) +(1-67)
E(pr,Prt3j11,00) < 0" E(po,p3j+1,42) and  P(px,Pri3j+1,04) < 7P (po,p3j11,2), (30)
1
3 <TI'(pr,Pr+3j+2:6)
9 j
I'(po.p3j+2.42) +(1-67)
E(pr,Pri3j12,00) < 0" E(po,p3j412,42) and  P(px,Pr13j42,04) < 07 P(po,p3j12,2), (31)
1
S F(pﬂapﬂi+3 4»3)(@)
o7 j
I(po:p3j+3:4) +(1-67)
E(pr,Pr+3j13,00) < 0" E(po,p3j43,42) and  P(px,Pr13j+3,04) < 87 P(po,p3j+3,2)- (32)

By using 23, we get

F(907P47{0)2F(P07P1a§) *F(Phpz,%o) *F(PZ,PL‘?) *F(P3,P47§)

1 1 1
ST YT e € (1-e)
C(po.p1. %) T(po.p1.%) I(po.p1,9)
1
ol (-6
T (po.p1.%)

E(p05p4ap) < ) (p()vpla%) OE<P17P2a %) OE<P27P3a %) oX <P37P4a %)

< E(onpr. )00 onpr. )02 onpr. £)0 02 (1. )

and
¢(p07p4ap) S €D<P07Pla§) O€D<PlaP27§> O¢<p2¢p37§> O¢<P37P4a %)
< ¢(P07P1, %0) 09¢(P07P1, %0) 00’d (Po,Plf(Za) 093¢(P0,P1, %0)
Similarly,
F(POyP%W) ZF(POJ)Ia?) *F<P17P2a§) *F(pZap%?) *F(p3ap47§)
*F<p4ap57‘§>*F<P57P67§>*F<P67P7a§>
1 1 1
g R ) R +(1-62)
po.p1, %) Tlpo.p1. %) (po.p1,%)
1 1
S S S T
T(po.p1.%) T(po.p1.%)
1 1
1 e%) (19
T(po.p1,%) L(po.p1,%)
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E(po.p7.2) < E (po,pl : ‘ff) xE <p1,pz, ‘ff) *E <pz,p3, ‘ff) *E (ps,p4, ‘ff)
x5 <P4,P57‘Zo> *E (PS,P&%O) *E P6aP77JZO>
<E (P07P1, %0) 06E (Po,Ph‘(Za) 06?
00°E (Po,Ph %0) 00 (Po,Pl, %0) 00°E (p07p1’ %0)

o 062 <p05p17§>

89
VRS
o)
S
o
&9
N——

and

¢(p05p77p) < ¢<p05pla§) O(D<p17p25 %) O€D<P27P37§> O¢<p3ap47§>
0¢(P4,P5, %0) qu(Ps,Pé,%a) O¢(P6,P7, %0)
< qb(PoaPl, %0) o 9¢(P0,P17§) o 92¢(P07P1, %0)

° 93‘P<P0,P1,%0> 06'd <P0,Pl,§) ° 95‘P<P07P17§>

096(p<p05p17§>'

For each j =1,2,3,...., we obtain that
I'(po,p3j+1.0) = 1 1 1
0,P3j+1, = 1 * 0 * 02

7 7 1_9 - . — 02

Clpo.p1. %) Tlpo.p1.%) +( ) I(po.p1.%) +(1-6%)
1 1

* * T
ot (1-6)

93
(-0
I'(po.p1. %) +( ) I'(po.p1,%)

1 1

' 975+(1—95)* 0 1 (1-69)
L(po.p1.%) I(po.p1. %)
1

037 3j
—2= — +(1-03%
I(po.p1. %) +( )

E(po,p3j11,2) < E (P07P1, %0) 0% (Po,Ph %0) 00’E (P07P1, %0)
06’Z <P0,P1,%0> 06'Z (PO,PI,%O) 00°Z <P07P1 : %0)

000 <po,p1,‘§> 0-00YE (po,pn,‘(f)

and

D(po, p3j+1,42) < ¢(P07P1, %0) o 9¢(P0,P1, %0) o 92¢(P07P1, %0)
oe3¢(po,p1,‘§) oe“db(po,m, “f) o 95¢(po,p1,“§)

006<15<P0,P1,%0> O"'093j‘15<P07P1a%0)-
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Now, from 23, one has

F(pirapﬂ+3j+179¢f0) > F(p07p3j+1’ 9;{01)

1 1
> *

1 0
- - 1—-6
F(Pmpuﬁ%) F(Poﬁpl,w}{[,] ) +( )

1

*
0?2 2
— 1 (1-6
F(Po,Plym—%)jL( )
1 1
*973“1_93)*"7““1—94)
T(po.p1s55-7) I(posp1s 49}{27 T)
1 1
e ey (e
F(Po,Pl-,wf,]) F(POﬂPlﬁ49f71)
1
ek , (33)
93 3]
__ 0¥ (1 _g3
F(Po,Plym—%)jL( )

E(Pr:Prs3jr1,00) < E (P07P3j+1a _9;{01)

o — 2 2 2
<P07P1,49T) °06Z (PO’P17497:1> °8°E <po’p"49”')
2 4= 2
(POaPla49ﬂ|> 06"= (Po,PhW>
~ 2 = 2
95 (pO;pla 97[1) 096;‘, (p05p1549ﬂ1)

0-++0 9 (p07p1,49€1) (34)

(x]

<

and

PPz, Pr43j+1,00) < P <p07p3/+' ) %)

< ¢(p07p15%) 09¢(p0’p1’%)

Oezé(p()aph 971-1 (po;ph efl)

) <p05p1746€])
06°® (PO,P1,49,, ,) 093J‘P<P0,P1,49{:,>- (35)

<p25p35 >*F<p3ap57§>

4
o6 <p05p1749n-

By using 23, we can write

F(p07p57p)21—‘<p07p15§) (plvaa
1

= "% (179) 62 2
C(po.p1. %) T(po.p1. %) I'(po.p1,%) +(1-6%
1
* 63 ]_93 9
I'(po.p2,%) +( )
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E(pOaPSMQ)§E<POaP17§>OE<PIaP2a§> E<p2¢p3ap) E<P37P5a[(0)

E(p()vplag) GE(pOaplv p)o 92 (pOaplaE)OGSE<pOap27§>

and

CD(pOaPSw@) < (p<p05p17§> O(D<p17p25 %) O¢<P27P3a %) O€D<P37P57§>

< ‘P<P0,P1,J§> ° 9‘P<P0,P1,J§> 092¢<P07P1,§) o 93‘15<P07P27 {20)

Similarly,

I(po, ps, £2) ZF(PO,PhJZa) *F(Pl,sz(Za) *F(P27P3,§) *F(p3,p4,‘§)
F(p47p55§) *F(pSapéag) *F(p65p87§)

1 1
= i *—p —o & 1 2
C(po.p1. %)  T(po.p1,%) +(1-9) L(po.p1.%) +(1-67%)

1 1

*

03 64
—7% 1+ (1-03 —& 4+ (1—-064
T'(po.p1.%) +( ) L(po.p1.%) +( )

1 1

*
[:N 6% ’
—v 1+ (1-6%5 —L _— 4+ (1-06°
T'(po.p1.%) +( ) (po.p2.%) + )

E(po,ps,xo)gi(po,pl,‘?) E(pl,pz,‘(o) E(pz,m,p) 5(,)3,,)4/0)
*5(9471757%0)*5(95;967 ) 5( P8, )
E(POvPl,JO) (po,pl, > E(f)o,p], )
93E<po,p1,‘§> 00'Z (po,pl,%g) 00°Z (po,pn,‘(f)
963<P0,P2,§>

D(po, ps; ) < <;D<p0,pl,‘§) odb(p,,pz, ‘(ZO) ogb<p27p37%@> O€D<p3,p4,%0>
¢<p4,p5, %0) O‘P<P5,P6,J§> 0€D<p6,P8, %0)
oon)s{an Z)ve{nn )
o 93¢(p0,p17§> 094q5(p0,p1, JZO) o 95¢(Po,p1, JZO)
oe6<15<p0,p2,%0>_

and
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For each j =1,2,3,...., one can write
I'(po.p3j+2, ) = 1 1 1
0,FP3j+25 = 1 * 9 * 02
S 1-6) —& __ — 02
L(po.p1. %) T(po.p1.2) +( ) I'(po.p1,9) +(1-6%)
1 1
e ey (16
T(po.p1,%) T'(po.p1,%)
1 1
el (1 6) B (1-69)
I(po.p1. %) I(po.p2. %)
1
Kook 03J +(1_93j)
I(po.p1.%)

E(PO;P3}‘+27W) S E(p()aph?) OGE(p07pla ?) 0923 (p()aphg)

093% (POaPl : ‘ff) 00'E <po,p1,‘(§> 00°E <po,p1,‘(§>

0 0% (po,pz, ‘ff) 0 00¥E <P0,P27 %0)

and

¢(p0;p3j+2u@) S ¢(p05p17§) OG@(p(ﬁph?) 062¢(p05p15 g)

o 93¢(P07P1, %0) 00*® (Po,Ph %0) o 95¢(P0,P1, %0)

o 9"’<;D<po,pz, ‘ff) 0 00¥d (Po,sz %0)-

Now, from 23, we get

F(pmpﬂ+3j+279¢@) > F(Po,P3j+2a 9;{01)

1 1
2 1 * 2] 1 0
F(Poﬁu@%) F(P07P1749f,1) +(1-6)
1 1
' 972+(1—92)* 0 (1-63)
F(Pmphﬁ%) F(POvPlvm_;%])
1 1
. 9744—(1—94)>|< 675+(1795)
F(Po,m,w;ﬁ%l) F(Poyplvw},—%)
1 1
* Kook : . (36)
T R— )

I(po:p2, 757=T) L(po:p1s p7=T)

© 2024 NSP
Natural Sciences Publishing Cor.



Progr. Fract. Differ. Appl. 10, No. 1, 161-196 (2024) / www.naturalspublishing.com/Journals.asp NS e

E(pﬂvpﬂ+3j+25 9(@ E <p0¢p3j+27 gr—1 )

— £
< Oap1746n- ]> 95<P07Plam>

3o £
(POyPl; 407 1)09 ‘:‘(p(ﬁplam)
094 ( 07p15 407— 1) 0955(p07p1’49€1)

0---0 93]3 (p()vaa ﬁfl)

[X]

E <p07p25 407 1

and

¢(pﬂ7p7t+3j+279p) < ¢(P0,P3j+27 9;{01)

1z _
< q’(Po,Ple) oGdJ(PmPI; 49€1)
oezs‘D(Povpl,élé%) 093¢(P07P1’49f1)
° 94¢<p07p] , %) o 95€D<P07Pl ; 49€71 >

o 96¢<p07p2, %) 0++0 93j¢<p07p2, ﬁfl) .

From 23, we have

F(pOapﬁap) ZF<POaP17§> *F<PlaP27§> *F<P27P3a§> *F<P37P6a§>

1 1 1

> 1 * 9 +(]_9)* 92 +(1792)
TClpop1.%)  Tlpo.p1.§) T(po.p1. %)
1
(-6
T'(po.p3.%)

E(p07p67p)§E<POaPh§> E(PlaP27p> E<p25p37p> E(PBaP67p>

E(PO;PI; p) 13(P07P1; p)oez (p07p15 p)0935 (PO;PS; ?)

and

cD(PO;PéuW) S ¢(P0;P17§) o¢(p17p25 ?) o¢(p27p3a ?) O¢(p37p67§)

< ‘P<P0,P1,%@> o 9‘15<P0,P1,%0> 092€D<po,p1,‘§) o 93€D<po,pa, ‘(f)-

(37)

(38)
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Similarly,

F(p07p97p)21—‘<p07p15§) *F<P17P2a§> *F<p25p3a§> *F<p3ap47§>

*F(P4,P57J§)*F(P57P67J§)*F(P67P9a§)

1 1 1
=z " @ +(179)* e (1-62)
T(po.p1, %) Tlpo.p1, %) T'(po,p1,%) (

1 1

g +(1—93)*97“+(1—94)
I'(po.p1,%)

T (po.p1.%)
1 1

e ey & (16
I'(po.p1. %) T'(po.p3.%)

Z(po, po, ) < E(Po,Ph?) *E(Pl;Pz,?) *E(PZ,PL?) *E(P%Pa&;?)
*E(p4,P5,%0) *E(P&an%o) *E(p(”p%%o)
§E<P0,Plv§> 092<p0’p"§) 0922<p0’p“‘§>
0 £63 (po,pn,‘(f) 06'2 <P0’p"JZo> 0952<po’p"‘§>

06°Z (P07P3,§)

and

D(po, po, 2) < q’(PO;Pla?) qu(Pl,sz(Za) 0¢(P2,P3, %0) 0¢(P37P4, %0)

O(D<p4ap55§) O(D<p57p65§) O¢<P67P97§>
< ‘P<P0,P1,J§> 09¢<P07P1,§) OGZ@(POJ%?)
093¢’(P07P1;§) 094¢(P07P17§) OGS@(pO;pla?)

096¢(P07P3,§)-

Foreach j=1,2,3,...., we get
1 1 1
I'(po,p3j+3,82) > T * 9 * 2
_ 6 _p2
Toom®) T T 179 7y T (1-6%)

T(po.p1.%)

1 1
e -8 — (109
I'(po.p1,%) I'(po.p1,%)
1 1
e ) (1 e
I'(po.p1,%) I'(po.p3, %)
1
T 0 (193
T(po.p3. %) +(1-6%)
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E(po,p3j+3,2) < E (POaPl , ‘ff) 00E (PO;PIv?) 00’E (POaPl ; ‘ff)

06’2 <po,p1,‘§> 06'Z (po,pl,‘(f) 00°Z (po,pn : ‘(Zg)

00°F (po,pg,%a) 0---00YE (po,m, %0)

and

D(po, p3j+3,42) < ¢(P07P1, %0) o 9¢(P0,P1, %0) o 92¢(P07P1, %0)

093¢<p0al)17§> 094€D<P07P1a§) © 95¢<P07P17§>

006(D<p05p37§> O"'093j¢<P07p3a %) .

Now, from 23, we get

F(pﬂvpﬂ+3j+3a 0p) > F<p0’p3j+3’ 9f1>

1 1

> *
= 1 0
1-6

F(Po,Phrf,] ) F(Poapl%en,l) +( )

1 1
e ey (16
L(po.p1. %) C(po.p1.5%-1)
1 1
* *
04 4 05
F(Poypl,@%) +( ) F(Poapl,w;%)

1
& (166

T(po.p3. 75%-T)

+(1-69)

*

1

o7 N’
— v 4+ (1-63
F(PO’P3,749£,1 ) +( )

© 96E Po,P3, 49@1) ©-o 93]5 <P07P3a ﬁfl)

(39)

(40)

© 2024 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

188 NS B P. S. JosephNg et al. : Solving Fredholm and fractional integral ...

and
£
¢(p7ﬁpﬂ+3j+3a 9(@) S ' p07p3j+35 Gn-,]

< ‘P<P07P1,46%> 09‘P<P0,Phﬁ{:,)
Oezé(p()aphﬁfl) OGS@(pOaphﬁfl)
064¢(p05p17ﬁf1) OGS@(pOaphﬁfl)

£ ' £
OGG@(PO,P&W)O"'093J‘P<P0,P37W>- (41)
Using (33)-(41), for each case 7 — R ™, we deduce that

lim (P, prsqrf2) = 1% 15 k=1,
T—R*+
1im+E(p,,,p,Hq,p) =0000---00=0,

T—R
and

lim ®(pz,Priq,2) =0000---00=0

T—Rt

Therefore, {pr} is an &-Cauchy sequence. Since (A,I",E, P, *,0, 1) is a complete 0N P 4 .7, there exists

lim pz=p.

T—R*

Applying (v), (x) and (xv), we get

1 1 0
e ) P S ——
F(wpﬂvaap) B [F(pﬁapvp) :| F(pﬂapvp)

1
= 0 Sr(wpﬂawpup)
Moep T (1~ 0)

Using the above inequality, we obtain that

F(pawpup)zr(p)pﬂa?) *F(pn';pﬂ:#»h?) *F(pﬂ'+l7wp7l'+25§) *F(pﬂ+27wpa§)

Zf(p,pn,‘?) *F(wpnl,wpm%a) *F(wpmwpw,%g) *F(wpﬂl,wp,%a)
o 1 1
ZF([’ Pr _> * 1 *
5 54 97 - 1 or aY4
C(pz_1.pn,%) +(1 =677 T(prpr+1,4) +(1-6%)
1
T i(i-0)

F(PnH;Pa%J)
—1xlxlsxl=lasmt—R",
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E(pvaap) < E<p7pﬂ'7§> OE<pﬁapﬂ+]7§> ok (pﬂ+lvaﬂ+25 %) ok <p71'+27wp5 %)
< E<P7P7ﬁ§> OE<wpﬂlawpﬂ7§> OE<anawPﬂ+17§ OE<wpﬂ+lawp7§>
< E(p,pm%a) ° 9”'E(pn1,pn,‘%a) 00"E (pn,pm,%a)

00x (pﬂ#»hpa?)

—+0000000=0asw — R"

and

o ¢(pff7p7t+1; ?) o ¢(p7t+l7p7t+27 ?) o ¢(p7l'+25wp7 ?)

S ¢<papﬂa O(D<wpﬂlva7l'a %) O(D<wpﬂawpﬂ+lv§) O¢<wpﬂawp7§>

< ¢<papﬂia Z) © 9n1¢<pﬂlapﬂa %) © 9n¢<pﬂ7pﬂ+la§) © 9¢<pﬂ'7pa %)

—0000000=0asw—R".

D R
N— —

N

Hence, wp = p. For the uniqueness, let 77 be a another fixed point of @ such that wii =7 # p = wp. Then

pLi.
Since, @ is an _L-preserving, we have
wp lon.
Then,
1 1
— —1= - -1
L(p,i, p) I'(0p,0ii, £)

1

fe{m”%m”

which is a contradiction.

E(p.ii,0) = E(0p, i, 0) < 0Z(p,ii, ) < E(p, 71, £),
which is a contradiction again, and

D(p, i, ) = P(wp, 0, 2) < OP (P, i, ) < PP, 7, ),

It is a contradiction. Hence, we must have I'(p, i, ¢) = 1,Z(p, i, ) = 0 and ®(p, i, £) = 0, therefore, p
Example 2.Let A = [0, 1] and define a binary relation L by

l.

v 1Qiffv,Q > 0.
Define I',Z,®: A X A x (0,+) — [0,1] as

V%
F 795 :77
(P, 2, 0) oTp—0
= lp— Q|
= 7'(25 = 1~ A
(P, 2, 0) o+ p—0|
lp— Q|
D(p,Q,p) = .
(P, 2, 0) p
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Clearly ® is an L-preserving mapping. Then, (A,I",Z,®, 0, 1) is a complete &N P A Y with continuous f—norm
p * T = p7 and continuous t-co-norm p o T = max{p,7}. Define @: A — A by o(p) = 1= 3 ? and take 6 € [1 1), then

1-37P 1-379
F(“’P70)Q,910)—F<T7T,9W)
0o _ 0o
950+"37p172379‘

1-3-P 1-3-2
94@4—’ 2 12

0 B 1200 > o
Top 2l 1200+ |p— Q| T ptip- o~

I'(p,2,0),

_3P 132
E(wp,wsz,emzz(l ) i,ep)

12 7 12
1-3P 139
12 12 37,372
_ _ 2
30 132 @ 7‘3 P37
00+ - == o+

30 —379] p— 2| p-2
1200+37° 372 ~ 1200+ p— Q| ~ o+ |p— Q] (P, 2, 0)

and

1-3P°1-3¢ 2

‘ -3 1-379

12 12

[3-P—3-2]
12
0p 0p
—-p _3—Q _ _
B30 _lp-92| _|p-2
1200 ~— 12000 — @

As a result, all of the conditions of Theorem 1 are satisfied, and O is the only fixed point for ®.

D(p,Q2,p).

4 Application to Fredholm integral equation

Suppose A = €([X,a],R) is the set of real value continuous functions defined on [X, a].
Suppose the integral equation below:

p(@) +6/ (@,u)p(@)Bu for @,uc[X,a] (42)

where & > 0,A(u) is a fuzzy function of u: u € [N, a] and U: €([X,a] x R) — R™. Define a binary relation L by
V1Qiffv,Q > 0.

Define I', & and ¢ by means of

yj

(p(@),Q(@),p) =

£
P forall p,Q2¢€Aand@>0,
x.q 21 |p(@) - Q(@)]
£

E(p(w)ag(w)u@) =1-

p forall p,Q2 € Aandp@>0,
S P+ Ip(@) — Q@) P
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and

P(p(@),R2(m), )= sup (@) - 2(@)| forall p,Q €A and o> 0,
<X, a] o

with continuous f—norm and continuous 7—co-norm define by p* 7 = p -7 and p o T = max{p,7}. Clearly ® is an
L -preserving mapping. Then (A,I", =, P, x,0, 1) is a complete ON P # .S .

Theorem 3.Assume that the following conditions are fulfilled:
(i)forall p,Q € A,
[6(@,u)p (@) - O(@,u)2(0)| < |p(@) - Q(@)],
(ii)for all @, u € [X,qa],
a
U(w,u)(S/ du) <0 <1,
X
where 6 € (0,1).
Then, the integral Equation (42) has a unique solution.

Proof.Define an operator ®: A — A by
a
a)p(w):/\(w)+5/ O(@,u)p(@)Bu forall @,uc[X,a.
X

Now, for all p, Q2 € A, we deduce that

I'(0p(®), 0Q(5),6)

= sup 0p
ocx,q 02+ |0p (@) — 02 (@)

= su ep
T oilna 09+ A (@) 13 [§O(@,u)p(@)Bu— N@) — 6 Jg O(@,u)p(@)Bu]
= su ep
" il a 00+ 18 [S0(@,u)p(@)Bu—8 [§0(@,u)p(@)Bul
00

o a 09+ [0(@,u)p (@) — 0(@,1)2(@)|(8 [$ pu)

S
ek P+ (@)~ 2(@)]

>T(p(@),2(0),0),

E(wp (@), 02(®@),60)

=1— sup op
welx.a) 00+ |0p (@) — 0Q ()]
=1— sup a o0 a
welX,a) 00+ | A (@) + 6 [ O(@,u)p(@)Bu—N@) =6 [ O(@,u)p(@)Bul
=1— sup a op a
welx,a) 00118 [ O(@,u)p(@)Bu—38 [ O(@,u)p(®)Bu|
=1 p

ool ) 09+ [0(@,u)p(@) — O(@,0)2(®)|(5 [¢ Bu)

<1-

oen @1 P(@) - Q@)
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and

|0p (@) — 0Q(@)|

@e[X,a] 050
_ |A (@) +6 [ B(@,u)p(@)Bu—AN®@) -8 [{ B(@,u)p(@)Bul
= up
@e[X,a] 0o
w 16 5 O(@,u)p(@)Bu— 6 [ B(@,u)p(@)Bu
@e[X,a] 0o
. (@, u)p (@) - B(@,u)Q(@)|(3 5 Bu)
oE[X,a] 00
< sup lp(@) — Q(o)|
oe[X,a] o

< @(p(@),2(@), ),
As aresult, all of the conditions of Theorem (1) are satisfied and operator @ has a unique fixed point.

The example below support Theorem 3:
Example 3.Assume the following non-linear integral equation:
1 1
p(@) = lcosa| + 55 [ up(w)u, Vue [0.1]
0

Then, it has a solution in A.

ProofLet w: A — A be defined by

1
0p(@) = |cosa| + 35 [ up(u)pu

and set O(®@,u)p (®) = %up(u) and B(@,u)Q(®) = ]—13u.(2(u), where p,Q2 € A, and V @,u € [0, 1]. Then we get

6(.0p (@)~ B(@.0)Q (@) = | S5up(w) — 542 w)

= 55 1p () — ()| < |p(u) ~ 2(u)].

Additionally, see that % fol uPu = % (% — %) = 11—3 =0 <1, where § = % Then, it is clear that all other conditions

of the above application are easy to examine and the above problem has a solution in A.
5 Application to fractional differential equations

Firstly, we remember some fundamental definitions from the theory of fractional calculus.
For a function p € €[0, 1], the Reiman-Liouville fractional derivative of order § > 0 is given by

1 d* [ p(X)dX
I'(m—9) dGT”/O (@ — X)o-m+1 *gﬁp(w)v

provided that the right hand side is pointwise defined on [0, 1], where [0] is the integer part of the number 8, I is the Euler
gamma function.
Let as consider the fractional differential equation

*2 p(@)+x(@.p(@)=0, 1<@<0, 2<E>1;
p(0)=p(1)=0, 43)

© 2024 NSP
Natural Sciences Publishing Cor.



Progr. Fract. Differ. Appl. 10, No. 1, 161-196 (2024) / www.naturalspublishing.com/Journals.asp

where x is a continuous function from [0, 1] x R to R and ¥ 25 represents the Caputo fractional derivative of order & and
it is defined by

eoe 1 & pT(R)dX
F=tagh

(m—& @ — N)&-THl
The given fractional differential equation (43) is equivalent

1
p@)= [ 2@ )x(@p(x)ax.
forall p € % and @ € [0, 1], where

Q(m,X) = )

) 0<R<w<I,
[@(1-x))5-!

e, 0<@<X<L
Let €([0,1],R) = A be the space of all continuous functions defined on [0, 1]. Define a binary relation L by
VLQiffv,Q > 0.
Define I', & and & by means of
L
I'p(w),2(®),0)= sup forall p,Q €A and o> 0,
wep1] P+ P (@) — Q(0)]
= £
E(p(@),2(w),p)=1— sup forall p,Qe€Aand >0
oco,1] £+ |p(@) — (o))
and

O)-Qo
D(p(m),2(m),p) = sup le(@) - 2(@)| forall p,Q € Aandp>0,
o<(0,1] o
with continuous t-norm and continuous t-co-norm define by p x 7 = p -7 and p o T = max{p,t}. Clearly, @ is an L-
preserving mapping. Then, (A,I",E,®,x*,0, 1) is a complete ON P . .7 .

) ) ?
Theorem 4.Let the nonlinear fractional differential equation (43). Assume that the given assertions are satisfied:

(i)there exists @ € [0,1] and p, 2 € €([0,1],R) s.z

x(@,p)—x(@,Q2)| < |p(@)-Q(®)];
(ii)

1
sup Qo,X)po <6 <1.
@<[0,1]/0

Then the fractional differential equation (43) has a unique solution in A.
Proof.Let the map @: A — A defined as

1

Ap(@) = [ 2@ ¥)2(@.p(x)dx.

It is easy to note that if p* € A is a fixed point of @ then p* is a solution of the problem (43).
Now, for all p,Q € A, we deduce that

0 0
I'owp (@), 02 (®),00) =
(0p (D), 02 (@),00) wse‘f(f” 00+ |0p (@) — 0Q (o)

60
- we[gl] 00+ fy Q@ X)x(@,p(X))dX - [§ (@, X)1(@,2(X))dX|
= Ssu 94@
- we[gl] 00+ fo 2@, X)|x(@,p(X)) — 2(@.2(X))|dx
I

= o orip@) -0 @)
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0
Elop(@),0Q2(®),000)=1-—
(0P (), 02(0).80)=1= S 4 Top(@) 00 (@)

0p
=1— su
w01 0+ | 1 (@, X)2(@,p(X)dX — 3 2(@, %) (@, 2(X))dX|
00
=1— su
oeo1] 0@+ Jp (@, X)[2(@.p(X)) — 2(@, 2(X))|dX
. I
S S (@) Q@)
<E(p(@),Q(®),»)
and
P (0p (@), 00(3).009) = sup 12210 0L
@<0,1] o
_ o @@, X)x(@,p(X))dX — [) Q(@, X)x(@,2(X))dX|
= sup 9
@ef0,1] i
e, 0)(@,p(X) - 1(@,Q(X))dX
= sup 0
oel0,1] i
< wp L@ -20@)
@<0,1] o

< ®(p(@),Q(@), ).

As aresult, all of the conditions of Theorem (1) are fulfilled and operator @ has a unique fixed point.

6 Conclusion

We have explored the concept of &N P .# . (orthogonal neutrosophic pentagonal metric space) and presented novel
types of fixed-point theorems. Our results serve to unify and generalize numerous articles within this domain.
Furthermore, we have supplemented our work with an application that demonstrates the superiority of our developed
approach over existing methods found in the literature. It is shown that, the utilization of fixed point theory is paramount
in establishing the existence and uniqueness of a wide range of problems modeled by nonlinear relations. Particularly, in
the study of fractional differential equations, fixed point theory plays a crucial role in addressing the issues of existence
and uniqueness. This theory has been continuously developed for nearly a century and remains a subject of active
research due to its widespread applications. Moreover, its applicability extends to various spatial configurations,
encompassing metric, abstract, and Sobolev spaces. Given the significance of fractional ordinary, partial differential, and
difference equations in describing real-world scientific problems, fixed point theory proves to be exceptionally valuable
in investigating these matters.
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