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Abstract: In this paper, we introduce a novel mathematical concept called the orthogonal neutrosophic pentagonal metric space.

The topological properties of this space are thoroughly examined, and illustrative examples are provided to support its applicability.

Moreover, fixed point results under contraction conditions are established using this space, thereby extending and unifying previous

findings in a similar vein. Our discoveries significantly contribute to the progress of mathematical theory and its diverse applications

across various fields. Ultimately, as an application, the existence and uniqueness of the Fredholm and fractional integral equations are

discussed for inclusive innovation.
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1 Introduction

Fractional differential equations find applications in various scientific disciplines and engineering fields due to their
ability to describe non-local and memory-dependent phenomena [1,2,3,4,5,6,7,8,9,10]. One significant application is
in the modeling of complex physical systems, such as in physics and mechanics, where fractional differential equations
provide a more accurate representation of the dynamics of viscoelastic materials, anomalous diffusion, and fractal
phenomena [11,12,13,14,15]. In finance, fractional differential equations are employed to model the behavior of stock
prices, option pricing, and risk management, considering the presence of long-range dependence and memory effects.
Fractional differential equations also play a crucial role in the study of biological systems, including population
dynamics, tumor growth, and the dynamics of infectious diseases, accounting for the non-local interactions and memory
effects. Additionally, fractional differential equations are utilized in image processing, signal processing, and data
analysis for denoising, image enhancement, and time series analysis, enabling improved performance in handling
non-local and non-Markovian data [16,17,18,19,20,21,22].

The notion of MS (metric spaces) and the Banach contraction principle are the backbone of the field of fixed point
theory. The axiomatic interpretation of metric space attracts thousands of researchers towards spaciousness. So far, there
have been many generalizations on MS. This tells us about the beauty, attraction, and expansion of the notion of MS.
The notion of fuzzy sets was presented by Zadeh [23]. The adjective ”fuzzy” seems to be a very popular, and frequent,
one in contemporary studies concerning the logical and set-theoretical foundations of mathematics. The main reason for
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this quick improvement So, every formal description of the real world, or some of its aspects, is, in every case, only
an approximation and an idealization of the actual state. Notions like fuzzy sets, fuzzy orderings, fuzzy languages, etc.,
enable us to handle, and to study, the degree of uncertainty mentioned above in a purely mathematical and formal way.

The fuzzy set notion has succeeded in moving many mathematical structures within its concept [24], Schweizer and
Sklar [25] defined the concept of continuous t−norms. The fuzzy MS concpet was initiated by Kramosil and Michalek
[26]. They extended the notion of fuzziness to traditional conceptions of metric and MS via continuous t−norms and
contrasted the results with those derived from other, particularly probabilistic, statistical generalizations of MS. Garbiec
[27] provided the fuzzy interpretation of Banach contraction principle in fuzzy MS. Reham et al. [28] proved some
α −φ−fuzzy cone contraction results with integral type application.

Fuzzy MS only deal with membership functions. An intuitionistic fuzzy MS was established by Park [29] that is used
to deal with both membership and non-membership functions. Konwar [30] presented the concept of an intuitionistic
fuzzy b−MS and proved several fixed-point theorems. Kirişci and Simsek [31] introduced the notion of neutrosophic MS
that is used to deal with membership, non-membership and naturalness. Simsek and Kirişci [32] proved some amazing
fixed-point results in the context of neutrosophic MS. Sowndrarajan et al. [33] proved some fixed point results in the
setting of neutrosophic MS. Itoh [34] proved an application regarding random differential equations in Banach spaces.
Mlaiki [35] coined the concept of controlled MS and proved several fixed-point results for contraction mappings. Sezen
[36] presented the notion of controlled fuzzy MS and proved various contraction mapping results. For related articles, see
[37]-[44]. Gordji et al. [45] introduced orthogonal MS and proved fixed point theorem. Gunaseelan, Arul Joseph, Choonkil
and Sungsik [46] proved fixed theorems under orthogonal O-contractions on b-complete MS. Senthil Kumar, Arul Joseph,
Gunaseelan, and Santosh Kumar [47] proposed orthogonal L∗ contraction and proved fixed point theorems on orthogonal
branciariMS. Gunaseelan, Arul Joseph, Vidhya and Fahd [48] proposed orthogonal neutrosophic rectangular MS and
proved fixed point theorems. Janardhanan, Mani, Ege, Vidhya and George [49] proposed orthogonal neutrosophic 2-MS
and proved fixed point theorems. Gunaseelan, Subbarayan, Mitrovic, Aloqaily and Mlaiki [50] introduced neutrosophic
pendagonal metric space and prove fixed point theorems.

In this paper, we introduce the notion of orthogonal neutrosophic pentagonal MS (ON PMS ) and we prove fixed
point theorems. The main objectives of this paper are as follows:

–To introduce the notion of ON PMS

–To prove several fixed-point theorems for contraction mappings
–To find the existence and uniqueness solution to Fredholm and fractional integral equations.

2 Preliminaries work

In this part, the researchers provide some definitions that will be useful for readers to understand the main section.

Definition 1.([29]) A binary operation ∗ : [0,1]× [0,1]→ [0,1] is called a continuous triangle norm if for all ρ ,τ, ñ,β ∈
[0,1] s.t.

(1)ρ ∗ τ = τ ∗ρ ,

(2)∗ is continuous,

(3)ρ ∗ 1 = ρ ,

(4)(ρ ∗ τ)∗ ñ = ρ ∗ (τ ∗ ñ),
(5)If ρ ≤ ñ and τ ≤ β , then ρ ∗ τ ≤ ñ∗β .

Definition 2.([29]) A binary operation ◦ : [0,1]× [0,1] → [0,1] is called a continuous triangle co-norm if for all

ρ ,τ, ñ,β ∈ [0,1]:

(1)ρ ◦ τ = τ ◦ρ ,

(2)◦ is continuous,

(3)ρ ◦ 0 = 0,

(4)(ρ ◦ τ)◦ ñ = ρ ◦ (τ ◦ ñ),
(5)If ρ ≤ ñ and ñ ≤ β , then ρ ◦ τ ≤ ñ◦β .

Definition 3.([34]) Given ξ ,Γ : Λ ×Λ → [1,R+) are non-comparable functions, if ∂ : Λ ×Λ → [0,R+) satisfies the

following conditions:

(a)∂ (ρ ,Ω) = 0 iff ρ = Ω ;

(b)∂ (ρ ,Ω) = ∂ (Ω ,ρ);
(c)∂ (ρ ,Ω) ≤ ξ (ρ ,σ)∂ (ρ ,σ)+Γ (σ ,Ω)∂ (σ ,Ω);
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for all ρ ,Ω ,σ ∈ Λ , then, (Λ ,∂ ) is called a double controlled MS.

Definition 4.([37]) Suppose Λ 6= /0 and ξ ,Γ : Λ ×Λ → [1,R+) are given non-comparable functions, ∗ is a continuous

t-norm and Γ is a fuzzy set on Λ ×Λ × (0,+∞) is said to be a fuzzy double controlled metric on Λ , for all ρ ,Ω ,σ ∈ Λ if:

(i)Γ (ρ ,Ω ,0) = 0;

(ii)Γ (ρ ,Ω ,℘) = 1 for all ℘> 0, ⇐⇒ ρ = Ω ;

(iii)Γ (ρ ,Ω ,℘) = Γ (Ω ,ρ ,℘);

(iv)Γ (ρ ,σ ,℘+℘)≥ Γ

(

ρ ,Ω ,
℘

ξ (ρ ,Ω)

)

∗Γ

(

Ω ,σ ,
℘

Γ (Ω ,σ)

)

;

(v)Γ (ρ ,Ω , ·) : (0,+∞)→ [0,1] is left continuous.

Then, (Λ ,Γ ,Ξ ,∗) is said to be a fuzzy double controlled MS.

Definition 5.([30]) Take Λ 6= /0. Let ∗ and ◦ be a continuous t-norm and continuous t-co-norm, b ≥ 1 and Γ ,Ξ be fuzzy

sets on Λ ×Λ × (0,+∞). If (Λ ,Γ ,Ξ ,∗,◦) fullfils ∀ ρ ,Ω ∈ Λ and κ ,℘> 0:

(I)Γ (ρ ,Ω ,℘)+Ξ(ρ ,Ω ,℘)≤ 1;

(II)Γ (ρ ,Ω ,℘)> 0;

(III)Γ (ρ ,Ω ,℘) = 1 ⇔ ρ = Ω ;

(IV)Γ (ρ ,Ω ,℘) = Γ (Ω ,ρ ,℘);
(V)Γ (ρ ,σ ,b(℘+κ))≥ Γ (ρ ,Ω ,℘)∗Γ (Ω ,σ ,κ);

(VI)Γ (ρ ,Ω , ·) is a increasing mapping of R+ and lim℘→R+ Γ (ρ ,Ω ,℘) = 1;

(VII)Ξ(ρ ,Ω ,℘)> 0;

(VIII)Ξ(ρ ,Ω ,℘) = 0 ⇔ ρ = Ω ;

(IX)Ξ(ρ ,Ω ,℘) = Ξ(Ω ,ρ ,℘);
(X)Ξ(ρ ,σ ,b(℘+κ))≤ Ξ(ρ ,Ω ,℘)◦Ξ(Ω ,σ ,κ);

(XI)Ξ(ρ ,Ω , ·) is a decreasing mapping of R+ and lim℘→R+ Ξ(ρ ,Ω ,℘) = 0,

Then, (Λ ,Γ ,Ξ ,∗,◦) is an intuitionistic fuzzy b-MS.

Definition 6.([31]) Let Λ 6= /0,∗ is a continuous t-norm, ◦ be a continuous t-co-norm, and Γ ,Ξ ,S are neutrosophic sets

on Λ ×Λ × (0,+∞) is said to be a neutosophic metric on Λ , if ∀ ρ ,Ω ,σ ∈ Λ , the following axioms are satisfied:

(1)Γ (ρ ,Ω ,℘)+Ξ(ρ ,Ω ,℘)+S (ρ ,Ω ,℘)≤ 3;

(2)Γ (ρ ,Ω ,℘)> 0;

(3)Γ (ρ ,Ω ,℘) = 1, ∀℘> 0, iff ρ = Ω ;

(4)Γ (ρ ,Ω ,℘) = Γ (Ω ,ρ ,℘);
(5)Γ (ρ ,σ ,℘+κ)≥ Γ (ρ ,Ω ,℘)∗Γ (Ω ,σ ,κ);
(6)a continuous map Γ (ρ ,Ω , ·) : (0,+∞)→ [0,1] and lim℘→R+ Γ (ρ ,Ω ,℘) = 1;

(7)Ξ(ρ ,Ω ,℘)< 1;

(8)Ξ(ρ ,Ω ,℘) = 0 for all ℘> 0, iff ρ = Ω ;

(9)Ξ(ρ ,Ω ,℘) = Ξ(Ω ,ρ ,℘);
(10)Ξ(ρ ,σ ,℘+κ)≤ Ξ(ρ ,Ω ,℘)◦Ξ(Ω ,σ ,κ);
(11)a continuous map Ξ(ρ ,Ω , ·) : (0,+∞)→ [0,1] and lim℘→R+ Ξ(ρ ,Ω ,℘) = 0;

(12)S (ρ ,Ω ,℘)< 1;

(13)S (ρ ,Ω ,℘) = 0 for all ℘> 0, iff ρ = Ω ;

(14)S (ρ ,Ω ,℘) = S (Ω ,ρ ,℘);
(15)S (ρ ,σ ,℘+κ)≤ S (ρ ,Ω ,℘)◦S (Ω ,σ ,κ);
(16)S (ρ ,Ω , ·) : (0,+∞)→ [0,1] is continuous and lim℘→R+ S (ρ ,Ω ,℘) = 0;

(17)If ℘≤ 0, then Γ (ρ ,Ω ,℘) = 0,Ξ(ρ ,Ω ,℘) = 0;

Then, (Λ ,Γ ,Ξ ,S ,∗,◦) is called a neutrosophic MS.

Definition 7.[45] Let (Λ ,⊥) be an O-set. A sequence {ηπ} is said to be an orthogonal sequence (briefly, O-sequence) if

(∀π ∈ N,υπ⊥υπ+1) or (∀π ∈ N,υπ+1⊥υπ).

Definition 8.[45] Let (Λ ,⊥) be an O-set. A mapping ω : Λ → Λ is said to be ⊥-preserving if ωυ⊥ωϑ whenever υ⊥ϑ .

Definition 9.[50] Let Λ 6= /0, ∗ and ◦ be a continuous t-norm and t-co-norm, Γ ,Ξ ,Φ be neutrosophic sets on Λ ×Λ ×
(0,+∞) is called a neutrosophic pentagonal metric on Λ , if for every ρ ,σ ∈ Λ and all distinct υ ,Ω ,η ,σ ∈ Λ and for all

℘, ŝ, ŵ,ρ > 0, the following conditions are satisfied:
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(i)Γ (ρ ,Ω ,℘)+Ξ(ρ ,Ω ,℘)+Φ(ρ ,Ω ,℘)≤ 3;

(ii)Γ (ρ ,Ω ,℘)> 0;

(iii)Γ (ρ ,Ω ,℘) = 1 for all ℘> 0, iff ρ = Ω ;

(iv)Γ (ρ ,Ω ,℘) = Γ (Ω ,ρ ,℘);
(v)Γ (ρ ,σ ,℘+κ + µ + ě)≥ Γ

(

ρ ,Ω ,℘
)

∗Γ
(

Ω ,υ ,κ
)

∗Γ
(

υ ,ϑ ,µ
)

∗Γ
(

ϑ ,σ , ě
)

;

(vi)a continuous map Γ (ρ ,Ω , ·) : (0,+∞)→ [0,1] and lim℘→R+ Γ (ρ ,Ω ,℘) = 1;

(vii)Ξ(ρ ,Ω ,℘)< 1;

(viii)Ξ(ρ ,Ω ,℘) = 0 for all ℘> 0, iff ρ = Ω ;

(ix)Ξ(ρ ,Ω ,℘) = Ξ(Ω ,ρ ,℘);
(x)Ξ(ρ ,σ ,℘+κ + µ + ě)≤ Ξ

(

ρ ,Ω ,℘
)

◦Ξ
(

Ω ,υ ,κ
)

◦Ξ
(

υ ,ϑ ,µ
)

◦Ξ
(

ϑ ,σ , ě
)

;

(xi)a continuous map Ξ(ρ ,Ω , ·) : (0,+∞)→ [0,1] and lim℘→R+ Ξ(ρ ,Ω ,℘) = 0;

(xii)Φ(ρ ,Ω ,℘)< 1;

(xiii)Φ(ρ ,Ω ,℘) = 0 for all ℘> 0, iff ρ = Ω ;

(xiv)Φ(ρ ,Ω ,℘) = Φ(Ω ,ρ ,℘);
(xv)Φ(ρ ,σ ,℘+κ + µ + ě)≤ Φ

(

ρ ,Ω ,℘
)

◦Φ
(

Ω ,υ ,κ
)

◦Φ
(

υ ,ϑ ,µ
)

◦Φ
(

ϑ ,σ , ě
)

;

(xvi)a continuous map Φ(ρ ,Ω , ·) : (0,+∞)→ [0,1] and lim℘→R+ Φ(ρ ,Ω ,℘) = 0;

(xvii)If ℘≤ 0, then Γ (ρ ,Ω ,℘) = 0,Ξ(ρ ,Ω ,℘) = 1 and S (ρ ,Ω ,℘) = 1.

Then, (Λ ,Γ ,Ξ ,Φ,∗,◦) is said to be neutrosophic pentagonal MS.

3 Main results

We start this part with the following definition:

Definition 10.Let Λ 6= /0, ∗ and ◦ be a continuous t-norm, t-co-norm, and Γ ,Ξ ,Φ be neutrosophic sets on Λ ×Λ ×(0,+∞)
is called a orthogonal neutrosophic pentagonal metric on Λ , if for each ρ ,σ ∈ Λ and all distinct υ ,Ω ,η ,σ ∈ Λ , the

following conditions are satisfied:

(i)Γ (ρ ,Ω ,℘)+Ξ(ρ ,Ω ,℘)+Φ(ρ ,Ω ,℘)≤ 3 for all ρ ,Ω ∈ Λ , ℘> 0 s.t. ρ⊥Ω and Ω⊥ρ;

(ii)Γ (ρ ,Ω ,℘)> 0 for all ρ ,Ω ∈ Λ , ℘> 0 s.t. ρ⊥Ω and Ω⊥ρ;

(iii)Γ (ρ ,Ω ,℘) = 1 iff ρ = Ω for all ρ ,Ω ∈ Λ , ℘> 0 s.t. ρ⊥Ω and Ω⊥ρ;

(iv)Γ (ρ ,Ω ,℘) = Γ (Ω ,ρ ,℘) for all ρ ,Ω ∈ Λ , ℘> 0 s.t. ρ⊥Ω and Ω⊥ρ;

(v)Γ (ρ ,σ ,℘+κ + µ + ě)≥ Γ
(

ρ ,Ω ,℘
)

∗Γ
(

Ω ,υ ,κ
)

∗Γ
(

υ ,ϑ ,µ
)

∗Γ
(

ϑ ,σ , ě
)

for all ρ ,Ω ∈ Λ , ℘, ŝ, ŵ,ρ > 0 s.t. ρ⊥σ , ρ⊥Ω , Ω⊥υ , υ⊥η and η⊥σ ;

(vi)Γ (ρ ,Ω , ·) : (0,+∞)→ [0,1] is continuous and lim℘→R+ Γ (ρ ,Ω ,℘) = 1 for all ρ ,Ω ∈Λ ,℘> 0 s.t. ρ⊥Ω and Ω⊥ρ;

(vii)Ξ(ρ ,Ω ,℘)< 1 for all ρ ,Ω ∈ Λ , ℘> 0 s.t. ρ⊥Ω and Ω⊥ρ;

(viii)Ξ(ρ ,Ω ,℘) = 0 iff ρ = Ω for all ρ ,Ω ∈ Λ , ℘> 0 s.t. ρ⊥Ω and Ω⊥ρ;

(ix)Ξ(ρ ,Ω ,℘) = Ξ(Ω ,ρ ,℘) for all ρ ,Ω ∈ Λ , ℘> 0 s.t. ρ⊥Ω and Ω⊥ρ;

(x)Ξ(ρ ,σ ,℘+κ + µ + ě)≤ Ξ
(

ρ ,Ω ,℘
)

◦Ξ
(

Ω ,υ ,κ
)

◦Ξ
(

υ ,ϑ ,µ
)

◦Ξ
(

ϑ ,σ , ě
)

for all ρ ,Ω ∈ Λ , ℘, ŝ, ŵ,ρ > 0 s.t. ρ⊥σ , ρ⊥Ω , Ω⊥υ , υ⊥η and η⊥σ ;

(xi)Ξ(ρ ,Ω , ·) : (0,+∞)→ [0,1] is continuous and lim℘→R+ Ξ(ρ ,Ω ,℘) = 0 for all ρ ,Ω ∈Λ ,℘> 0 s.t. ρ⊥Ω and Ω⊥ρ;

(xii)Φ(ρ ,Ω ,℘)< 1 for all ρ ,Ω ∈ Λ , ℘> 0 s.t. ρ⊥Ω and Ω⊥ρ;

(xiii)Φ(ρ ,Ω ,℘) = 0 iff ρ = Ω for all ρ ,Ω ∈ Λ , ℘> 0 s.t. ρ⊥Ω and Ω⊥ρ;

(xiv)Φ(ρ ,Ω ,℘) = Φ(Ω ,ρ ,℘) for all ρ ,Ω ∈ Λ , ℘> 0 s.t. ρ⊥Ω and Ω⊥ρ;

(xv)Φ(ρ ,σ ,℘+κ + µ + ě)≤ Φ
(

ρ ,Ω ,℘
)

◦Φ
(

Ω ,υ ,κ
)

◦Φ
(

υ ,ϑ ,µ
)

◦Φ
(

ϑ ,σ , ě
)

for all ρ ,Ω ∈ Λ , ℘, ŝ, ŵ,ρ > 0 s.t. ρ⊥σ , ρ⊥Ω , Ω⊥υ , υ⊥η and η⊥σ ;

(xvi)Φ(ρ ,Ω , ·) : (0,+∞)→ [0,1] is continuous and lim℘→R+ Φ(ρ ,Ω ,℘) = 0 for all ρ ,Ω ∈Λ ,℘> 0 s.t. ρ⊥Ω and Ω⊥ρ;

(xvii)If ℘≤ 0, then Γ (ρ ,Ω ,℘) = 0,Ξ(ρ ,Ω ,℘) = 1 and S (ρ ,Ω ,℘) = 1 for all ρ ,Ω ∈ Λ , ℘> 0 s.t. ρ⊥Ω and Ω⊥ρ .

Then, (Λ ,Γ ,Ξ ,Φ,∗,◦,⊥) is said to be an ON PMS .
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Example 1.Let Λ = {1,2,3,4,5}. Define Γ ,Ξ ,Φ : Λ ×Λ × (0,+∞)→ [0,1] as

Γ (ρ ,Ω ,℘) =

{

1, if ρ = Ω
℘

℘+max{ρ ,Ω} , if otherwise,

Ξ(ρ ,Ω ,℘) =

{

0, if ρ = Ω
max{ρ ,Ω}

℘+max{ρ ,Ω} , if otherwise,

and

Φ(ρ ,Ω ,℘) =

{

0, if ρ = Ω
max{ρ ,Ω}

℘ , if otherwise,

and a binary relation ⊥ by υ⊥Ω iff υ ,Ω ≥ 0. Then, (Λ ,Γ ,Ξ ,Φ,∗,◦,⊥) is an ON PMS with continuous t-norm
ρ ∗ τ = ρτ and continuous t-co-norm, ρ ◦ ā = max{ρ , ā}.

Proof.Now, we show (v), (x) and (xv) others are obvious.
Let ρ = 1,Ω = 2, υ = 3, σ = 4 and η = 5. Then

Γ (1,5,℘+κ + µ + ζ ) =
℘+κ + µ + ζ

℘+κ + µ + ζ +max{1,5}
=

℘+κ + µ + ζ

℘+κ + µ + ζ + 5
.

On the other hand,

Γ
(

1,2,℘
)

=
℘

℘+max{1,2}
=

℘

℘+ 2
,

Γ
(

2,3,κ
)

=
κ

κ +max{2,3}
=

κ

κ + 3
,

Γ
(

3,4,µ
)

=
µ

µ +max{3,4}
=

µ

µ + 4

and

Γ
(

4,5,ζ
)

=
ζ

ζ +max{4,5}
=

ζ

ζ + 5
.

That is,

℘+κ + µ + ζ

℘+κ + µ + ζ + 5
≥

℘

℘+ 2

κ

κ + 3

µ

µ + 4

ζ

ζ + 5
.

Then, it satisfies all ℘,κ ,µ ,ζ > 0. Hence,

Γ (ρ ,η ,℘+κ + µ + ζ )≥ Γ
(

ρ ,Ω ,℘
)

∗Γ
(

Ω ,υ ,κ
)

∗Γ
(

υ ,σ ,µ
)

∗Γ
(

σ ,η ,ζ
)

.

Now,

Ξ(1,5,℘+κ + µ + ζ ) =
max{1,5}

℘+κ + µ + ζ +max{1,5}
=

5

℘+κ + µ + ζ + 5
.

On the other hand,

Ξ
(

1,2,℘
)

=
max{1,2}

℘+max{1,2}
=

2

℘+ 2
,

Ξ
(

2,3,κ
)

=
max{2,3}

κ +max{2,3}
=

3

κ + 3
,
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Ξ
(

3,4,µ
)

=
max{3,4}

µ +max{3,4}
=

4

µ + 4

and

Ξ
(

4,5,ζ
)

=
max{4,5}

ζ +max{4,5}
=

5

ζ + 5
,

that is,

5

℘+κ + µ + ζ + 5
≤ max

{

2

℘+ 2
,

3

κ + 3
,

4

µ + 4
,

5

ζ + 5

}

.

Then, it satisfies all ℘,κ ,µ ,ζ > 0. Hence,

Ξ(ρ ,η ,℘+κ + µ + ζ )≤ Ξ
(

ρ ,Ω ,℘
)

◦Ξ
(

υ ,σ , ŝ
)

◦Ξ
(

υ ,σ , ŵ
)

◦Ξ
(

σ ,η , ŷ
)

.

Now,

Φ(1,5,℘+κ + µ + ζ ) =
max{1,5}

℘+κ + µ + ζ
=

5

℘+κ + µ + ζ
.

On the other hand,

Φ
(

1,2,℘
)

=
max{1,2}

℘
=

2

℘
,

Φ
(

2,3,κ
)

=
max{2,3}

κ
=

3

κ
,

Φ
(

3,4,µ
)

=
max{3,4}

µ
=

4

µ

and

Φ
(

4,5,ζ
)

=
max{4,5}

ζ
=

5

ζ
,

that is,

5

℘+κ + µ + ζ
≤ max

{

2

℘
,

3

κ
,

4

µ
,

5

ζ

}

.

Then, it satisfies all ℘,κ ,µ ,ζ > 0. Hence,

Φ(ρ ,η ,℘+κ + µ + ζ )≤ Φ
(

ρ ,Ω ,℘
)

◦Φ
(

Ω ,υ ,κ
)

◦Φ
(

υ ,σ ,µ
)

◦Φ
(

σ ,η ,µ
)

.

Therefore, (Λ ,Γ ,Ξ ,Φ,∗,◦,⊥) is an ON PMS .

Definition 11.Let (Λ ,Γ ,Ξ ,Φ,∗,◦,⊥) is an ON PMS , an open ball is then defined Φ(ρ ,r,℘) with center ρ , radius

r,0 < r < 1 and ℘> 0 as follows:

Φ(ρ ,r,℘) = {Ω ∈ Λ : Γ (ρ ,Ω ,℘)> 1− r,Ξ(ρ ,Ω ,℘)< r,Φ(ρ ,Ω ,℘)< r}.

Definition 12.Let (Λ ,Γ ,Ξ ,Φ,∗,◦,⊥) is an ON PMS and {ρπ} be an O-sequence in Λ . Then {ρπ} is called:

(a)an O-convergent exists if there exists ρ ∈ Λ s.t.

lim
π→R+

Γ (ρπ ,ρ ,℘) = 1, lim
π→R+

Ξ(ρπ ,ρ ,℘) = 0, lim
π→R+

Φ(ρπ ,ρ ,℘) = 0 for all ℘> 0,
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(b)an O-Cauchy sequence ⇐⇒ for each ā > 0,℘> 0, there exists π0 ∈ N s.t.

Γ (ρπ ,ρπ+q,℘)≥ 1− ā,Ξ(ρπ ,ρπ+q,℘)≤ ā,Ξ(ρπ ,ρπ+q,℘)≤ ā for all π ,m≥ π0,

If every O-Cauchy sequence O-convergent in Λ , then (Λ ,Γ ,Ξ ,Φ,∗,◦,⊥) is said to be a complete ON PMS .

Lemma 1.Let {ρπ} be an O-Cauchy sequence in ON PMS (Λ ,Γ ,Ξ ,Φ,∗,◦,⊥) s.t. ρπ 6= ρm whenever m,π ∈N with

π 6=m. Then, an O-sequence {ρπ} can an O-converge to, at most, one limit point.

Proof.Contrarily, assume that ρπ → ρ and ρπ → Ω , for ρ 6= Ω . Then, limπ→R+ Γ (ρπ ,ρ ,℘) = 1, limπ→R+ Ξ(ρπ ,ρ ,℘) =
0, limπ→R+ Φ(ρπ ,ρ ,℘) = 0, and limπ→R+ Γ (ρπ ,Ω ,℘) = 1, limπ→R+ Ξ(ρπ ,Ω ,℘) = 0, limπ→R+ Φ(ρπ ,Ω ,℘) = 0, for all
℘> 0. Suppose

Γ (ρ ,Ω ,℘)≥ Γ

(

ρ ,ρπ ,
℘

4

)

∗Γ

(

ρπ ,ρπ+1,
℘

4

)

∗Γ

(

ρπ+1,ρπ+2,
℘

4

)

∗Γ

(

ρπ+2,Ω ,
℘

4

)

→ 1 ∗ 1 ∗ 1 ∗ 1, as π →R
+
,

Ξ(ρ ,Ω ,℘)≤ Ξ

(

ρ ,ρπ ,
℘

4

)

◦Ξ

(

ρπ ,ρπ+1,
℘

4

)

◦Ξ

(

ρπ+1,ρπ+2,
℘

4

)

◦Ξ

(

ρπ+2,Ω ,
℘

4

)

→ 0 ◦ 0 ◦ 0 ◦ 0, as π →R
+
,

Φ(ρ ,Ω ,℘)≤ Φ

(

ρ ,ρπ ,
℘

4

)

◦Φ

(

ρπ ,ρπ+1,
℘

4

)

◦Φ

(

ρπ+1,ρπ+2,
℘

4

)

◦Φ

(

ρπ+2,Ω ,
℘

4

)

→ 0 ◦ 0 ◦ 0 ◦ 0, as π →R
+
.

That is Γ (ρ ,Ω ,℘)≥ 1 ∗ 1 ∗ 1 = 1,Ξ(ρ ,Ω ,℘)≤ 0 ◦ 0 ◦ 0 = 0 and Φ(ρ ,Ω ,℘) ≤ 0 ◦ 0 ◦ 0 = 0. Therefore ρ = Ω , that is,
an O-sequence, an O-converges to, at most, one limit point.

Lemma 2.Let (Λ ,Γ ,Ξ ,Φ,∗,◦,⊥) is an ON PMS . If for some 0 < θ < 1 and for any ρ ,Ω ∈ Λ ,℘> 0,

Γ (ρ ,Ω ,℘)≥ Γ

(

ρ ,Ω ,
℘

θ

)

,Ξ(ρ ,Ω ,℘)≤ Ξ

(

ρ ,Ω ,
℘

θ

)

,Φ(ρ ,Ω ,℘)≤ Φ

(

ρ ,Ω ,
℘

θ

)

(1)

then ρ = Ω .

Proof.(1) implies that

Γ (ρ ,Ω ,℘)≥ Γ

(

ρ ,Ω ,
℘

θ π

)

,Ξ(ρ ,Ω ,℘)≤ Ξ

(

ρ ,Ω ,
℘

θ π

)

,

Φ(ρ ,Ω ,℘)≤ Φ

(

ρ ,Ω ,
℘

θ π

)

,π ∈ N,℘> 0.

Now,

Γ (ρ ,Ω ,℘)≥ lim
π→R+

Γ

(

ρ ,Ω ,
℘

θ π

)

= 1,

Ξ(ρ ,Ω ,℘)≤ lim
π→R+

Ξ

(

ρ ,Ω ,
℘

θ π

)

= 0,

Φ(ρ ,Ω ,℘)≤ lim
π→R+

Φ

(

ρ ,Ω ,
℘

θ π

)

= 0,℘> 0.

Also, by the definition of (iii), (viii), (xiii), we have, ρ = Ω .

Theorem 1.Suppose (Λ ,Γ ,Ξ ,Φ,∗,◦,⊥) is a complete ON PMS with 0 < θ < 1 and suppose that

lim
℘→R+

Γ (ρ ,Ω ,℘) = 1, lim
℘→R+

Ξ(ρ ,Ω ,℘) = 0 and lim
℘→R+

Φ(ρ ,Ω ,℘) = 0 (2)

for all ρ ,Ω ∈ Λ and ℘> 0. Let ω : Λ → Λ be a mapping satisfying
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(i)ω is an ⊥-preserving mapping;

(ii)

Γ (ωρ ,ωΩ ,θ℘)≥ Γ (ρ ,Ω ,℘),

Ξ(ωρ ,ωΩ ,θ℘)≤ Ξ(ρ ,Ω ,℘) and Φ(ωρ ,ωΩ ,θ℘)≤ Φ(ρ ,Ω ,℘) (3)

for all ρ ,Ω ∈ Λ and ℘> 0.

Then, ω has a unique fixed point.

Proof.Since (Λ ,Γ ,Ξ ,Φ,∗,◦,⊥) is a complete ON PMS , there exists ρ0 ∈ Λ s.t.

ρ0⊥u, for all u ∈ Λ .

Since, ω is an ⊥-preserving mapping, we have

ρ0⊥ωρ0.

Now, we define an O-sequence ρπ by ρπ = ωπ ρ0 = ωρπ−1, for all π ∈N. By utilizing (3) for all ℘> 0, we obtain

Γ (ρπ ,ρπ+1,θ℘) = Γ (ωρπ−1,ωρπ ,θ℘)≥ Γ (ρπ−1,ρπ ,℘)≥ Γ

(

ρπ−2,ρπ−1,
℘

θ

)

≥ Γ

(

ρπ−3,ρπ−2,
℘

θ 2

)

≥ ·· · ≥ Γ

(

ρ0,ρ1,
℘

θ π−1

)

,

Ξ(ρπ ,ρπ+1,θ℘) = Ξ(ωρπ−1,ωρπ ,θ℘)≤ Ξ(ρπ−1,ρπ ,℘)≤ Ξ

(

ρπ−2,ρπ−1,
℘

θ

)

≤ Ξ

(

ρπ−3,ρπ−2,
℘

θ 2

)

≤ ·· · ≤ Ξ

(

ρ0,ρ1,
℘

θ π−1

)

.

and

Φ(ρπ ,ρπ+1,θ℘) = Φ(ωρπ−1,ωρπ ,℘)≤ Φ(ρπ−1,ρπ ,℘)≤ Φ

(

ρπ−2,ρπ−1,
℘

θ

)

≤ Φ

(

ρπ−3,ρπ−2,
℘

θ 2

)

≤ ·· · ≤ Φ

(

ρ0,ρ1,
℘

θ π−1

)

.

Hence,

Γ (ρπ ,ρπ+1,θ℘)≥ Γ

(

ρ0,ρ1,
℘

θ π−1

)

,

Ξ(ρπ ,ρπ+1,θ℘)≤ Ξ

(

ρ0,ρ1,
℘

θ π−1

)

and Φ(ρπ ,ρπ+1,θ℘)≤ Φ

(

ρ0,ρ1,
℘

θ π−1

)

. (4)

Consequently,

Γ (ρπ ,ρπ+2,θ℘) = Γ (ωρπ−1,ωρπ+1,θ℘)≥ Γ (ρπ−1,ρπ+1,℘)≥ Γ

(

ρπ−2,ρπ ,
℘

θ

)

≥ Γ

(

ρπ−3,ρπ−1,
℘

θ 2

)

≥ ·· · ≥ Γ

(

ρ0,ρ2,
℘

θ π−1

)

,

Ξ(ρπ ,ρπ+2,θ℘) = Ξ(ωρπ−1,ωρπ+1,θ℘)≤ Ξ(ρπ−1,ρπ+1,℘)≤ Ξ

(

ρπ−2,ρπ ,
℘

θ

)

≤ Ξ

(

ρπ−3,ρπ−1,
℘

θ 2

)

≤ ·· · ≤ Ξ

(

ρ0,ρ2,
℘

θ π−1

)

and

Φ(ρπ ,ρπ+2,θ℘) = Φ(ωρπ−1,ωρπ+1,℘)≤ Φ(ρπ−1,ρπ+1,℘)≤ Φ

(

ρπ−2,ρπ ,
℘

θ

)

≤ Φ

(

ρπ−3,ρπ−1,
℘

θ 2

)

≤ ·· · ≤ Φ

(

ρ0,ρ2,
℘

θ π−1

)

,
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which implies that

Γ (ρπ ,ρπ+2,θ℘)≥ Γ

(

ρ0,ρ2,
℘

θ π−1

)

,

Ξ(ρπ ,ρπ+2,θ℘)≤ Ξ

(

ρ0,ρ2,
℘

θ π−1

)

and Φ(ρπ ,ρπ+2,θ℘)≤ Φ

(

ρ0,ρ2,
℘

θ π−1

)

. (5)

It follows that

Γ (ρπ ,ρπ+3,θ℘) = Γ (ωρπ−1,ωρπ+2,θ℘)≥ Γ (ρπ−1,ρπ+2,℘)≥ Γ

(

ρπ−2,ρπ+1,
℘

θ

)

≥ Γ

(

ρπ−3,ρπ ,
℘

θ 2

)

≥ ·· · ≥ Γ

(

ρ0,ρ3,
℘

θ π−1

)

,

Ξ(ρπ ,ρπ+3,θ℘) = Ξ(ωρπ−1,ωρπ+2,θ℘)≤ Ξ(ρπ−1,ρπ+2,℘)≤ Ξ

(

ρπ−2,ρπ+1,
℘

θ

)

≤ Ξ

(

ρπ−3,ρπ ,
℘

θ 2

)

≤ ·· · ≤ Ξ

(

ρ0,ρ3,
℘

θ π−1

)

and

Φ(ρπ ,ρπ+3,θ℘) = Φ(ωρπ−1,ωρπ+2,℘)≤ Φ(ρπ−1,ρπ+2,℘)≤ Φ

(

ρπ−2,ρπ+1,
℘

θ

)

≤ Φ

(

ρπ−3,ρπ ,
℘

θ 2

)

≤ ·· · ≤ Φ

(

ρ0,ρ3,
℘

θ π−1

)

.

Hence,

Γ (ρπ ,ρπ+3,θ℘)≥ Γ

(

ρ0,ρ3,
℘

θ π−1

)

,

Ξ(ρπ ,ρπ+3,θ℘)≤ Ξ

(

ρ0,ρ3,
℘

θ π−1

)

and Φ(ρπ ,ρπ+3,θ℘)≤ Φ

(

ρ0,ρ3,
℘

θ π−1

)

. (6)

Similarly, for j = 1,2,3, ....., we obtain

Γ (ρπ ,ρπ+3 j+1,θ℘)≥ Γ

(

ρ0,ρ3 j+1,
℘

θ π−1

)

,

Ξ(ρπ ,ρπ+3 j+1,θ℘)≤ Ξ

(

ρ0,ρ3 j+1,
℘

θ π−1

)

and Φ(ρπ ,ρπ+3 j+1,θ℘)≤ Φ

(

ρ0,ρ3 j+1,
℘

θ π−1

)

, (7)

Γ (ρπ ,ρπ+3 j+2,θ℘)≥ Γ

(

ρ0,ρ3 j+2,
℘

θ π−1

)

,

Ξ(ρπ ,ρπ+3 j+2,θ℘)≤ Ξ

(

ρ0,ρ3 j+2,
℘

θ π−1

)

and Φ(ρπ ,ρπ+3 j+2,θ℘)≤ Φ

(

ρ0,ρ3 j+2,
℘

θ π−1

)

, (8)

Γ (ρπ ,ρπ+3 j+3,θ℘)≥ Γ

(

ρ0,ρ3 j+3,
℘

θ π−1

)

,

Ξ(ρπ ,ρπ+3 j+3,θ℘)≤ Ξ

(

ρ0,ρ3 j+3,
℘

θ π−1

)

and Φ(ρπ ,ρπ+3 j+3,θ℘)≤ Φ

(

ρ0,ρ3 j+3,
℘

θ π−1

)

. (9)

By using 4, we have

Γ (ρ0,ρ4,℘)≥ Γ

(

ρ0,ρ1,
℘

4

)

∗Γ

(

ρ1,ρ2,
℘

4

)

∗Γ

(

ρ2,ρ3,
℘

4

)

∗Γ

(

ρ3,ρ4,
℘

4

)

≥ Γ

(

ρ0,ρ1,
℘

4

)

∗Γ

(

ρ0,ρ1,
℘

4

)

∗Γ

(

ρ0,ρ1,
℘

4θ

)

∗Γ

(

ρ0,ρ1,
℘

4θ 2

)

,
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Ξ(ρ0,ρ4,℘)≤ Ξ

(

ρ0,ρ1,
℘

4

)

◦Ξ

(

ρ1,ρ2,
℘

4

)

◦Ξ

(

ρ2,ρ3,
℘

4

)

◦Ξ

(

ρ3,ρ4,
℘

4

)

≤ Ξ

(

ρ0,ρ1,
℘

4

)

◦Ξ

(

ρ0,ρ1,
℘

4

)

◦Ξ

(

ρ2,ρ3,
℘

4θ

)

◦Ξ

(

ρ0,ρ1,
℘

4θ 2

)

and

Φ(ρ0,ρ4,℘)≤ Φ

(

ρ0,ρ1,
℘

4

)

◦Φ

(

ρ1,ρ2,
℘

4

)

◦Φ

(

ρ2,ρ3,
℘

4

)

◦Φ

(

ρ3,ρ4,
℘

4

)

≤ Φ

(

ρ0,ρ1,
℘

4

)

◦Φ

(

ρ0,ρ1,
℘

4

)

◦Φ

(

ρ0,ρ1,
℘

4θ

)

◦Φ

(

ρ0,ρ1,
℘

4θ 2

)

.

Similarly,

Γ (ρ0,ρ7,℘)≥ Γ

(

ρ0,ρ1,
℘

4

)

∗Γ

(

ρ1,ρ2,
℘

4

)

∗Γ

(

ρ2,ρ3,
℘

4

)

∗Γ

(

ρ3,ρ4,
℘

4

)

∗Γ

(

ρ4,ρ5,
℘

4

)

∗Γ

(

ρ5,ρ6,
℘

4

)

∗Γ

(

ρ6,ρ7,
℘

4

)

≥ Γ

(

ρ0,ρ1,
℘

4

)

∗Γ

(

ρ0,ρ1,
℘

4

)

∗Γ

(

ρ0,ρ1,
℘

4θ

)

∗Γ

(

ρ0,ρ1,
℘

4θ 2

)

∗Γ

(

ρ0,ρ1,
℘

4θ 3

)

∗Γ

(

ρ0,ρ1,
℘

4θ 4

)

∗Γ

(

ρ0,ρ1,
℘

4θ 5

)

,

Ξ(ρ0,ρ4,℘)≤ Ξ

(

ρ0,ρ1,
℘

4

)

∗Ξ

(

ρ1,ρ2,
℘

4

)

∗Ξ

(

ρ2,ρ3,
℘

4

)

∗Ξ

(

ρ3,ρ4,
℘

4

)

∗Ξ

(

ρ4,ρ5,
℘

4

)

∗Ξ

(

ρ5,ρ6,
℘

4

)

∗Ξ

(

ρ6,ρ7,
℘

4

)

≤ Ξ

(

ρ0,ρ1,
℘

4

)

◦Ξ

(

ρ0,ρ1,
℘

4

)

◦Ξ

(

ρ0,ρ1,
℘

4θ

)

◦Ξ

(

ρ0,ρ1,
℘

4θ 2

)

◦Ξ

(

ρ0,ρ1,
℘

4θ 3

)

◦Ξ

(

ρ0,ρ1,
℘

4θ 4

)

◦Ξ

(

ρ0,ρ1,
℘

4θ 5

)

and

Φ(ρ0,ρ4,℘)≤ Φ

(

ρ0,ρ1,
℘

4

)

◦Φ

(

ρ1,ρ2,
℘

4

)

◦Φ

(

ρ2,ρ3,
℘

4

)

◦Φ

(

ρ3,ρ4,
℘

4

)

◦Φ

(

ρ4,ρ5,
℘

4

)

◦Φ

(

ρ5,ρ6,
℘

4

)

◦Φ

(

ρ6,ρ7,
℘

4

)

≤ Φ

(

ρ0,ρ1,
℘

4

)

◦Φ

(

ρ0,ρ1,
℘

4

)

◦Φ

(

ρ0,ρ1,
℘

4θ

)

◦Φ

(

ρ0,ρ1,
℘

4θ 2

)

◦Φ

(

ρ0,ρ1,
℘

4θ 3

)

◦Φ

(

ρ0,ρ1,
℘

4θ 4

)

◦Φ

(

ρ0,ρ1,
℘

4θ 5

)

.

For each j = 1,2,3, ...., we have

Γ (ρ0,ρ3 j+1,℘)≥ Γ

(

ρ0,ρ1,
℘

4

)

∗Γ

(

ρ0,ρ1,
℘

4

)

∗Γ

(

ρ0,ρ1,
℘

4θ

)

∗Γ

(

ρ0,ρ1,
℘

4θ 2

)

∗Γ

(

ρ0,ρ1,
℘

4θ 3

)

∗Γ

(

ρ0,ρ1,
℘

4θ 4

)

∗Γ

(

ρ0,ρ1,
℘

4θ 5

)

∗ · · · ∗Γ

(

ρ0,ρ1,
℘

4θ 3 j−1

)

,
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Ξ(ρ0,ρ3 j+1,℘)≤ Ξ

(

ρ0,ρ1,
℘

4

)

◦Ξ

(

ρ0,ρ1,
℘

4

)

◦Ξ

(

ρ0,ρ1,
℘

4θ

)

◦Ξ

(

ρ0,ρ1,
℘

4θ 2

)

◦Ξ

(

ρ0,ρ1,
℘

4θ 3

)

◦Ξ

(

ρ0,ρ1,
℘

4θ 4

)

◦Ξ

(

ρ0,ρ1,
℘

4θ 5

)

◦ · · · ◦Ξ

(

ρ0,ρ1,
℘

4θ 3 j−1

)

and

Φ(ρ0,ρ3 j+1,℘)≤ Φ

(

ρ0,ρ1,
℘

4

)

◦Φ

(

ρ0,ρ1,
℘

4

)

◦Φ

(

ρ0,ρ1,
℘

4θ

)

◦Φ

(

ρ0,ρ1,
℘

4θ 2

)

◦Φ

(

ρ0,ρ1,
℘

4θ 3

)

◦Φ

(

ρ0,ρ1,
℘

4θ 4

)

◦Φ

(

ρ0,ρ1,
℘

4θ 5

)

◦ · · · ◦Φ

(

ρ0,ρ1,
℘

4θ 3 j−1

)

.

Now, from 7, we get

Γ (ρπ ,ρπ+3 j+1,θ℘)≥ Γ

(

ρ0,ρ3 j+1,
℘

θ π−1

)

≥ Γ

(

ρ0,ρ1,
℘

4θ π−1

)

∗Γ

(

ρ0,ρ1,
℘

4θ π−1

)

∗Γ

(

ρ0,ρ1,
℘

4θ π

)

∗Γ

(

ρ0,ρ1,
℘

4θ π+1

)

∗Γ

(

ρ0,ρ1,
℘

4θ π+2

)

∗Γ

(

ρ0,ρ1,
℘

4θ π+3

)

∗Γ

(

ρ0,ρ1,
℘

4θ π+4

)

∗ · · · ∗Γ

(

ρ0,ρ1,
℘

4θ 3 j+π−2

)

, (10)

Ξ(ρπ ,ρπ+3 j+1,θ℘)≤ Ξ

(

ρ0,ρ3 j+1,
℘

θ π−1

)

≤ Ξ

(

ρ0,ρ1,
℘

4θ π−1

)

◦Ξ

(

ρ0,ρ1,
℘

4θ π−1

)

◦Ξ

(

ρ0,ρ1,
℘

4θ π

)

◦Ξ

(

ρ0,ρ1,
℘

4θ π+1

)

◦Ξ

(

ρ0,ρ1,
℘

4θ π+2

)

◦Ξ

(

ρ0,ρ1,
℘

4θ π+3

)

◦Ξ

(

ρ0,ρ1,
℘

4θ π+4

)

◦ · · · ◦Ξ

(

ρ0,ρ1,
℘

4θ 3 j+π−2

)

(11)

and

Φ(ρπ ,ρπ+3 j+1,θ℘)≤ Φ

(

ρ0,ρ3 j+1,
℘

θ π−1

)

≤ Φ

(

ρ0,ρ1,
℘

4θ π−1

)

◦Φ

(

ρ0,ρ1,
℘

4θ π−1

)

◦Φ

(

ρ0,ρ1,
℘

4θ π

)

◦Φ

(

ρ0,ρ1,
℘

4θ π+1

)

◦Φ

(

ρ0,ρ1,
℘

4θ π+2

)

◦Φ

(

ρ0,ρ1,
℘

4θ π+3

)

◦Φ

(

ρ0,ρ1,
℘

4θ π+4

)

◦ · · · ◦Φ

(

ρ0,ρ1,
℘

4θ 3 j+π−2

)

. (12)

By using 4 and 5, we get

Γ (ρ0,ρ5,℘)≥ Γ

(

ρ0,ρ1,
℘

4

)

∗Γ

(

ρ1,ρ2,
℘

4

)

∗Γ

(

ρ2,ρ3,
℘

4

)

∗Γ

(

ρ3,ρ5,
℘

4

)

≥ Γ

(

ρ0,ρ1,
℘

4

)

∗Γ

(

ρ0,ρ1,
℘

4

)

∗Γ

(

ρ0,ρ1,
℘

4θ

)

∗Γ

(

ρ0,ρ2,
℘

4θ 2

)

,
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Ξ(ρ0,ρ5,℘)≤ Ξ

(

ρ0,ρ1,
℘

4

)

◦Ξ

(

ρ1,ρ2,
℘

4

)

◦Ξ

(

ρ2,ρ3,
℘

4

)

◦Ξ

(

ρ3,ρ5,
℘

4

)

≤ Ξ

(

ρ0,ρ1,
℘

4

)

◦Ξ

(

ρ0,ρ1,
℘

4

)

◦Ξ

(

ρ0,ρ1,
℘

4θ

)

◦Ξ

(

ρ0,ρ2,
℘

4θ 2

)

and

Φ(ρ0,ρ5,℘)≤ Φ

(

ρ0,ρ1,
℘

4

)

◦Φ

(

ρ1,ρ2,
℘

4

)

◦Φ

(

ρ2,ρ3,
℘

4

)

◦Φ

(

ρ3,ρ5,
℘

4

)

≤ Φ

(

ρ0,ρ1,
℘

4

)

◦Φ

(

ρ0,ρ1,
℘

4

)

◦Φ

(

ρ0,ρ1,
℘

4θ

)

◦Φ

(

ρ0,ρ2,
℘

4θ 2

)

.

Similarly,

Γ (ρ0,ρ8,℘)≥ Γ

(

ρ0,ρ1,
℘

4

)

∗Γ

(

ρ1,ρ2,
℘

4

)

∗Γ

(

ρ2,ρ3,
℘

4

)

∗Γ

(

ρ3,ρ4,
℘

4

)

∗Γ

(

ρ4,ρ5,
℘

4

)

∗Γ

(

ρ5,ρ6,
℘

4

)

∗Γ

(

ρ6,ρ8,
℘

4

)

≥ Γ

(

ρ0,ρ1,
℘

4

)

∗Γ

(

ρ0,ρ1,
℘

4

)

∗Γ

(

ρ0,ρ1,
℘

4θ

)

∗Γ

(

ρ0,ρ1,
℘

4θ 2

)

∗Γ

(

ρ0,ρ1,
℘

4θ 3

)

∗Γ

(

ρ0,ρ1,
℘

4θ 4

)

∗Γ

(

ρ0,ρ2,
℘

4θ 5

)

,

Ξ(ρ0,ρ8,℘)≤ Ξ

(

ρ0,ρ1,
℘

4

)

◦Ξ

(

ρ1,ρ2,
℘

4

)

◦Ξ

(

ρ2,ρ3,
℘

4

)

◦Ξ

(

ρ3,ρ4,
℘

4

)

◦Ξ

(

ρ4,ρ5,
℘

4

)

◦Ξ

(

ρ5,ρ6,
℘

4

)

◦Ξ

(

ρ6,ρ8,
℘

4

)

≤ Ξ

(

ρ0,ρ1,
℘

4

)

◦Ξ

(

ρ0,ρ1,
℘

4

)

◦Ξ

(

ρ0,ρ1,
℘

4θ

)

◦Ξ

(

ρ0,ρ1,
℘

4θ 2

)

◦Ξ

(

ρ0,ρ1,
℘

4θ 3

)

◦Ξ

(

ρ0,ρ1,
℘

4θ 4

)

◦Ξ

(

ρ0,ρ2,
℘

4θ 5

)

and

Φ(ρ0,ρ8,℘)≤ Φ

(

ρ0,ρ1,
℘

4

)

◦Φ

(

ρ1,ρ2,
℘

4

)

◦Φ

(

ρ2,ρ3,
℘

4

)

◦Φ

(

ρ3,ρ4,
℘

4

)

◦Φ

(

ρ4,ρ5,
℘

4

)

◦Ξ

(

ρ5,ρ6,
℘

4

)

◦Φ

(

ρ6,ρ8,
℘

4

)

≤ Φ

(

ρ0,ρ1,
℘

4

)

◦Φ

(

ρ0,ρ1,
℘

4

)

◦Φ

(

ρ0,ρ1,
℘

4θ

)

◦Φ

(

ρ0,ρ1,
℘

4θ 2

)

◦Φ

(

ρ0,ρ1,
℘

4θ 3

)

◦Φ

(

ρ0,ρ1,
℘

4θ 4

)

◦Φ

(

ρ0,ρ2,
℘

4θ 5

)

.

Hence, for each j = 1,2,3, ...., we can write

Γ (ρ0,ρ3 j+2,℘)≥ Γ

(

ρ0,ρ1,
℘

4

)

∗Γ

(

ρ0,ρ1,
℘

4

)

∗Γ

(

ρ0,ρ1,
℘

4θ

)

∗Γ

(

ρ0,ρ1,
℘

4θ 2

)

∗Γ

(

ρ0,ρ1,
℘

4θ 3

)

∗Γ

(

ρ0,ρ1,
℘

4θ 4

)

∗Γ

(

ρ0,ρ2,
℘

4θ 5

)

∗ · · · ∗Γ

(

ρ0,ρ2,
℘

4θ 3 j−1

)

,
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Ξ(ρ0,ρ3 j+2,℘)≤ Ξ

(

ρ0,ρ1,
℘

4

)

◦Ξ

(

ρ0,ρ1,
℘

4

)

◦Ξ

(

ρ0,ρ1,
℘

4θ

)

◦Ξ

(

ρ0,ρ1,
℘

4θ 2

)

◦Ξ

(

ρ0,ρ1,
℘

4θ 3

)

◦Ξ

(

ρ0,ρ1,
℘

4θ 4

)

◦Ξ

(

ρ0,ρ2,
℘

4θ 5

)

◦ · · · ◦Ξ

(

ρ0,ρ2,
℘

4θ 3 j−1

)

and

Φ(ρ0,ρ3 j+2,℘)≤ Φ

(

ρ0,ρ1,
℘

4

)

◦Φ

(

ρ0,ρ1,
℘

4

)

◦Φ

(

ρ0,ρ1,
℘

4θ

)

◦Φ

(

ρ0,ρ1,
℘

4θ 2

)

◦Φ

(

ρ0,ρ1,
℘

4θ 3

)

◦Φ

(

ρ0,ρ1,
℘

4θ 4

)

◦Φ

(

ρ0,ρ2,
℘

4θ 5

)

◦ · · · ◦Φ

(

ρ0,ρ2,
℘

4θ 3 j−1

)

.

Now, from 7, we get

Γ (ρπ ,ρπ+3 j+2,θ℘)≥ Γ

(

ρ0,ρ3 j+2,
℘

θ π−1

)

≥ Γ

(

ρ0,ρ1,
℘

4θ π−1

)

∗Γ

(

ρ0,ρ1,
℘

4θ π−1

)

∗Γ

(

ρ0,ρ1,
℘

4θ π

)

∗Γ

(

ρ0,ρ1,
℘

4θ π+1

)

∗Γ

(

ρ0,ρ1,
℘

4θ π+2

)

∗Γ

(

ρ0,ρ1,
℘

4θ π+3

)

∗Γ

(

ρ0,ρ2,
℘

4θ π+4

)

∗ · · · ∗Γ

(

ρ0,ρ2,
℘

4θ 3 j+π−2

)

, (13)

Ξ(ρπ ,ρπ+3 j+2,θ℘)≤ Ξ

(

ρ0,ρ3 j+2,
℘

θ π−1

)

≤ Ξ

(

ρ0,ρ1,
℘

4θ π−1

)

◦Ξ

(

ρ0,ρ1,
℘

4θ π−1

)

◦Ξ

(

ρ0,ρ1,
℘

4θ π

)

◦Ξ

(

ρ0,ρ1,
℘

4θ π+1

)

◦Ξ

(

ρ0,ρ1,
℘

4θ π+2

)

◦Ξ

(

ρ0,ρ1,
℘

4θ π+3

)

◦Ξ

(

ρ0,ρ2,
℘

4θ π+4

)

◦ · · · ◦Ξ

(

ρ0,ρ2,
℘

4θ 3 j+π−2

)

(14)

and

Φ(ρπ ,ρπ+3 j+2,θ℘)≤ Φ

(

ρ0,ρ3 j+2,
℘

θ π−1

)

≤ Φ

(

ρ0,ρ1,
℘

4θ π−1

)

◦Φ

(

ρ0,ρ1,
℘

4θ π−1

)

◦Φ

(

ρ0,ρ1,
℘

4θ π

)

◦Φ

(

ρ0,ρ1,
℘

4θ π+1

)

◦Φ

(

ρ0,ρ1,
℘

4θ π+2

)

◦Φ

(

ρ0,ρ1,
℘

4θ π+3

)

◦Φ

(

ρ0,ρ2,
℘

4θ π+4

)

◦ · · · ◦Φ

(

ρ0,ρ2,
℘

4θ 3 j+π−2

)

. (15)

By using 4 and 5, we have

Γ (ρ0,ρ6,℘)≥ Γ

(

ρ0,ρ1,
℘

4

)

∗Γ

(

ρ1,ρ2,
℘

4

)

∗Γ

(

ρ2,ρ3,
℘

4

)

∗Γ

(

ρ3,ρ6,
℘

4

)

≥ Γ

(

ρ0,ρ1,
℘

4

)

∗Γ

(

ρ0,ρ1,
℘

4

)

∗Γ

(

ρ0,ρ1,
℘

4θ

)

∗Γ

(

ρ0,ρ3,
℘

4θ 2

)

,
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Ξ(ρ0,ρ6,℘)≤ Ξ

(

ρ0,ρ1,
℘

4

)

◦Ξ

(

ρ1,ρ2,
℘

4

)

◦Ξ

(

ρ2,ρ3,
℘

4

)

◦Ξ

(

ρ3,ρ6,
℘

4

)

≤ Ξ

(

ρ0,ρ1,
℘

4

)

◦Ξ

(

ρ0,ρ1,
℘

4

)

◦Ξ

(

ρ0,ρ1,
℘

4θ

)

◦Ξ

(

ρ0,ρ3,
℘

4θ 2

)

and

Φ(ρ0,ρ6,℘)≤ Φ

(

ρ0,ρ1,
℘

4

)

◦Φ

(

ρ1,ρ2,
℘

4

)

◦Φ

(

ρ2,ρ3,
℘

4

)

◦Φ

(

ρ3,ρ6,
℘

4

)

≤ Φ

(

ρ0,ρ1,
℘

4

)

◦Φ

(

ρ0,ρ1,
℘

4

)

◦Φ

(

ρ0,ρ1,
℘

4θ

)

◦Φ

(

ρ0,ρ3,
℘

4θ 2

)

.

Similarly,

Γ (ρ0,ρ9,℘)≥ Γ

(

ρ0,ρ1,
℘

4

)

∗Γ

(

ρ1,ρ2,
℘

4

)

∗Γ

(

ρ2,ρ3,
℘

4

)

∗Γ

(

ρ3,ρ4,
℘

4

)

∗Γ

(

ρ4,ρ5,
℘

4

)

∗Γ

(

ρ5,ρ6,
℘

4

)

∗Γ

(

ρ6,ρ9,
℘

4

)

≥ Γ

(

ρ0,ρ1,
℘

4

)

∗Γ

(

ρ0,ρ1,
℘

4

)

∗Γ

(

ρ0,ρ1,
℘

4θ

)

∗Γ

(

ρ0,ρ1,
℘

4θ 2

)

∗Γ

(

ρ0,ρ1,
℘

4θ 3

)

∗Γ

(

ρ0,ρ1,
℘

4θ 4

)

∗Γ

(

ρ0,ρ3,
℘

4θ 5

)

,

Ξ(ρ0,ρ9,℘)≤ Ξ

(

ρ0,ρ1,
℘

4

)

◦Ξ

(

ρ1,ρ2,
℘

4

)

◦Ξ

(

ρ2,ρ3,
℘

4

)

◦Ξ

(

ρ3,ρ4,
℘

4

)

◦Ξ

(

ρ4,ρ5,
℘

4

)

◦Ξ

(

ρ5,ρ6,
℘

4

)

◦Ξ

(

ρ6,ρ9,
℘

4

)

≤ Ξ

(

ρ0,ρ1,
℘

4

)

◦Ξ

(

ρ0,ρ1,
℘

4

)

◦Ξ

(

ρ0,ρ1,
℘

4θ

)

◦Ξ

(

ρ0,ρ1,
℘

4θ 2

)

◦Ξ

(

ρ0,ρ1,
℘

4θ 3

)

◦Ξ

(

ρ0,ρ1,
℘

4θ 4

)

◦Ξ

(

ρ0,ρ3,
℘

4θ 5

)

and

Φ(ρ0,ρ9,℘)≤ Φ

(

ρ0,ρ1,
℘

4

)

◦Φ

(

ρ1,ρ2,
℘

4

)

◦Φ

(

ρ2,ρ3,
℘

4

)

◦Φ

(

ρ3,ρ4,
℘

4

)

◦Φ

(

ρ4,ρ5,
℘

4

)

◦Ξ

(

ρ5,ρ6,
℘

4

)

◦Φ

(

ρ6,ρ9,
℘

4

)

≤ Φ

(

ρ0,ρ1,
℘

4

)

◦Φ

(

ρ0,ρ1,
℘

4

)

◦Φ

(

ρ0,ρ1,
℘

4θ

)

◦Φ

(

ρ0,ρ1,
℘

4θ 2

)

◦Φ

(

ρ0,ρ1,
℘

4θ 3

)

◦Φ

(

ρ0,ρ1,
℘

4θ 4

)

◦Φ

(

ρ0,ρ3,
℘

4θ 5

)

.

For each j = 1,2,3, ...., we obtain that

Γ (ρ0,ρ3 j+3,℘)≥ Γ

(

ρ0,ρ1,
℘

4

)

∗Γ

(

ρ0,ρ1,
℘

4

)

∗Γ

(

ρ0,ρ1,
℘

4θ

)

∗Γ

(

ρ0,ρ1,
℘

4θ 2

)

∗Γ

(

ρ0,ρ1,
℘

4θ 3

)

∗Γ

(

ρ0,ρ1,
℘

4θ 4

)

∗Γ

(

ρ0,ρ3,
℘

4θ 5

)

∗ · · · ∗Γ

(

ρ0,ρ3,
℘

4θ 3 j−1

)

,
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Ξ(ρ0,ρ3 j+3,℘)≤ Ξ

(

ρ0,ρ1,
℘

4

)

◦Ξ

(

ρ0,ρ1,
℘

4

)

◦Ξ

(

ρ0,ρ1,
℘

4θ

)

◦Ξ

(

ρ0,ρ1,
℘

4θ 2

)

◦Ξ

(

ρ0,ρ1,
℘

4θ 3

)

◦Ξ

(

ρ0,ρ1,
℘

4θ 4

)

◦Ξ

(

ρ0,ρ3,
℘

4θ 5

)

◦ · · · ◦Ξ

(

ρ0,ρ3,
℘

4θ 3 j−1

)

and

Φ(ρ0,ρ3 j+3,℘)≤ Φ

(

ρ0,ρ1,
℘

4

)

◦Φ

(

ρ0,ρ1,
℘

4

)

◦Φ

(

ρ0,ρ1,
℘

4θ

)

◦Φ

(

ρ0,ρ1,
℘

4θ 2

)

◦Φ

(

ρ0,ρ1,
℘

4θ 3

)

◦Φ

(

ρ0,ρ1,
℘

4θ 4

)

◦Φ

(

ρ0,ρ3,
℘

4θ 5

)

◦ · · · ◦Φ

(

ρ0,ρ3,
℘

4θ 3 j−1

)

.

Now, from 7, we get

Γ (ρπ ,ρπ+3 j+3,θ℘)≥ Γ

(

ρ0,ρ3 j+3,
℘

θ π−1

)

≥ Γ

(

ρ0,ρ1,
℘

4θ π−1

)

∗Γ

(

ρ0,ρ1,
℘

4θ π−1

)

∗Γ

(

ρ0,ρ1,
℘

4θ π

)

∗Γ

(

ρ0,ρ1,
℘

4θ π+1

)

∗Γ

(

ρ0,ρ1,
℘

4θ π+2

)

∗Γ

(

ρ0,ρ1,
℘

4θ π+3

)

∗Γ

(

ρ0,ρ3,
℘

4θ π+4

)

∗ · · · ∗Γ

(

ρ0,ρ3,
℘

4θ 3 j+π−2

)

, (16)

Ξ(ρπ ,ρπ+3 j+3,θ℘)≤ Ξ

(

ρ0,ρ3 j+3,
℘

θ π−1

)

≤ Ξ

(

ρ0,ρ1,
℘

4θ π−1

)

◦Ξ

(

ρ0,ρ1,
℘

4θ π−1

)

◦Ξ

(

ρ0,ρ1,
℘

4θ π

)

◦Ξ

(

ρ0,ρ1,
℘

4θ π+1

)

◦Ξ

(

ρ0,ρ1,
℘

4θ π+1

)

◦Ξ

(

ρ0,ρ1,
℘

4θ π+3

)

◦Ξ

(

ρ0,ρ3,
℘

4θ π+4

)

◦ · · · ◦Ξ

(

ρ0,ρ3,
℘

4θ 3 j+π−2

)

(17)

and

Φ(ρπ ,ρπ+3 j+3,θ℘)≤ Φ

(

ρ0,ρ3 j+3,
℘

θ π−1

)

≤ Φ

(

ρ0,ρ1,
℘

4θ π−1

)

◦Φ

(

ρ0,ρ1,
℘

4θ π−1

)

◦Φ

(

ρ0,ρ1,
℘

4θ π

)

◦Φ

(

ρ0,ρ1,
℘

4θ π+1

)

◦Φ

(

ρ0,ρ1,
℘

4θ π+2

)

◦Φ

(

ρ0,ρ1,
℘

4θ π+3

)

◦Φ

(

ρ0,ρ2,
℘

4θ π+4

)

◦ · · · ◦Φ

(

ρ0,ρ2,
℘

4θ 3 j+π−2

)

. (18)

Using (10)-(18), for each case π →R
+, we deduce that

lim
π→R+

Γ (ρπ ,ρπ+i,℘) = 1 ∗ 1 ∗ · · ·∗ 1 = 1,

lim
π→R+

Ξ(ρπ ,ρπ+i,℘) = 0 ◦ 0 ◦ · · ·◦ 0 = 0
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and

lim
π→R+

Φ(ρπ ,ρπ+i,℘) = 0 ◦ 0 ◦ · · ·◦ 0 = 0.

Therefore, {ρπ} is an O-Cauchy sequence. Since (Λ ,Γ ,Ξ ,Φ,∗,◦,⊥) is a complete ON PMS , there exists

lim
π→R+

ρπ = ρ .

Now, fact that ρ is a fixed point of ω , utilizing (v), (x), (xv) and 2, we obtain that

Γ (ρ ,ωρ ,℘)≥ Γ

(

ρ ,ρπ ,
℘

4

)

∗Γ

(

ρπ ,ρπ+1,
℘

4

)

∗Γ

(

ρπ+1,ρπ+2,
℘

4

)

∗Γ

(

ρπ+2,ωρ ,
℘

4

)

= Γ

(

ρ ,ρπ ,
℘

4

)

∗Γ

(

ωρπ−1,ωρπ ,
℘

4

)

∗Γ

(

ωρπ ,ωρπ+1,
℘

4

)

∗Γ

(

ωρπ+1,ωρ ,
℘

4

)

≥ Γ

(

ρ ,ρπ ,
℘

4

)

∗Γ

(

ρπ−1,ρπ ,
℘

4θ π−2

)

∗Γ

(

ρπ ,ρπ+1,
℘

4θ π−1

)

∗Γ

(

ρπ+1,ρ ,
℘

4θ

)

→ 1 ∗ 1 ∗ 1 ∗ 1= 1 as π → R
+
,

Ξ(ρ ,ωρ ,℘)≤ Ξ

(

ρ ,ρπ ,
℘

4

)

◦Ξ

(

ρπ ,ρπ+1,
℘

4

)

◦Ξ

(

ρπ+1,ρπ+2,
℘

4

)

◦Ξ

(

ρπ+2,ωρ ,
℘

4

)

= Ξ

(

ρ ,ρπ ,
℘

4

)

◦Ξ

(

ωρπ−1,ωρπ ,
℘

4

)

◦Ξ

(

ωρπ ,ωρπ+1,
℘

4

)

◦Ξ

(

ωρπ+1,ωρ ,
℘

4

)

≤ Ξ

(

ρ ,ρπ ,
℘

4

)

◦Ξ

(

ρπ−1,ρπ ,
℘

4θ π−2

)

◦Ξ

(

ρπ ,ρπ+1,
℘

4θ π−1

)

◦Ξ

(

ρπ+1,ρ ,
℘

4θ

)

→ 0 ◦ 0 ◦ 0 ◦ 0= 0 as π → R
+
,

and

Φ(ρ ,ωρ ,℘)≤ Φ

(

ρ ,ρπ ,
℘

4

)

◦Φ

(

ρπ ,ρπ+1,
℘

4

)

◦Φ

(

ρπ+1,ρπ+2,
℘

4

)

◦Φ

(

ρπ+2,ωρ ,
℘

4

)

= Φ

(

ρ ,ρπ ,
℘

4

)

◦Φ

(

ωρπ−1,ωρπ ,
℘

4

)

◦Φ

(

ωρπ ,ωρπ+1,
℘

4

)

◦Φ

(

ωρπ+1,ωρ ,
℘

4

)

≤ Φ

(

ρ ,ρπ ,
℘

4

)

◦Φ

(

ρπ−1,ρπ ,
℘

4θ π−2

)

◦Φ

(

ρπ ,ρπ+1,
℘

4θ π−1

)

◦Φ

(

ρπ+1,ρ ,
℘

4θ

)

→ 0 ◦ 0 ◦ 0 ◦ 0= 0 as π →R
+
,

Therefore, ωρ = ρ . Consider ñ be a another fixed point of ω s.t. ω ñ = ñ 6= ρ = ωρ . Then

ρ⊥ñ.
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Since, ω is an ⊥-preserving, we have

ωρ⊥ω ñ.

Then,

1 ≥ Γ (ñ,ρ ,℘) = Γ (ω ñ,ωρ ,℘)≥ Γ

(

ñ,ρ ,
℘

θ

)

= Γ

(

ω ñ,ωρ ,
℘

θ

)

≥

(

ñ,ρ ,
℘

θ 2

)

≥ ·· · ≥ Γ

(

ñ,ρ ,
℘

θ π

)

→ 1 as π → R
+
,

0 ≤ Ξ(ñ,ρ ,℘) = Ξ(ω ñ,ωρ ,℘)≤ Ξ

(

ñ,ρ ,
℘

θ

)

= Ξ

(

ω ñ,ωρ ,
℘

θ

)

≤ Ξ

(

ñ,ρ ,
℘

θ 2

)

≤ ·· · ≤ Ξ

(

ñ,ρ ,
℘

θ π

)

→ 0 as π → R
+
,

and

0 ≤ Φ(ñ,ρ ,℘) = Φ(ω ñ,ωρ ,℘)≤ Φ

(

ñ,ρ ,
℘

θ

)

= Φ

(

ω ñ,ωρ ,
℘

θ

)

≤ Φ

(

ñ,ρ ,
℘

θ 2

)

≤ ·· · ≤ Φ

(

ñ,ρ ,
℘

θ π

)

→ 0 as π → R
+
,

by using (iii), (viii) and (xiii), ρ = ñ.

Definition 13.Let (Λ ,Γ ,Ξ ,Φ,∗,◦,⊥) be an ON PMS . A map ω : Λ → Λ is an ON PC (orthogonal neutrosophic

pentagonal contraction) if there exists 0 < θ < 1, such that

1

Γ (Pρ ,PΩ ,℘)
− 1 ≤ θ

[

1

Γ (ρ ,Ω ,℘)
− 1

]

(19)

Ξ(Pρ ,PΩ ,℘)≤ θΞ(ρ ,Ω ,℘), (20)

and

Φ(Pρ ,PΩ ,℘)≤ θΦ(ρ ,Ω ,℘), (21)

for all ρ ,Ω ∈ Λ and ℘> 0.

Here, we show the theorem for ON PC ( orthogonal neutrosophic pentagonal contraction).

Theorem 2.Let (Λ ,Γ ,Ξ ,Φ,∗,◦,⊥) be a complete ON PMS and suppose that

lim
℘→R+

Γ (ρ ,Ω ,℘) = 1, lim
℘→R+

Ξ(ρ ,Ω ,℘) = 0 and lim
℘→R+

Φ(ρ ,Ω ,℘) = 0 (22)

for all ρ ,Ω ∈ Λ and ℘> 0. Let ω : Λ → Λ be a mapping satisfying

(i)ω is an ⊥-preserving mapping;

(ii)ω is an ON PC .

Then, ω has a unique fixed point.

Proof.Since (Λ ,Γ ,Ξ ,Φ,∗,◦,⊥) is a complete ON PMS , there exists ρ0 ∈ Λ such that

ρ0⊥u, for all u ∈ Λ .

Since, ω is an ⊥-preserving mapping, we have

ρ0⊥ωρ0.
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Now, we define an O-sequence ρπ by ρπ = ωπ ρ0 = ωρπ−1, for all π ∈ N. By using (19), (20) and (21) for all ℘> 0, we
deduce

1

Γ (ρπ ,ρπ+1,℘)
− 1 =

1

Γ (ωρπ−1,ωρπ ,℘)
− 1

≤ θ

[

1

Γ (ρπ−1,ρπ ,℘)

]

=
θ

Γ (ρπ−1,ρπ ,℘)
−θ

⇒
1

Γ (ρπ ,ρπ+1,℘)
≤

θ

Γ (ρπ−1,ρπ ,℘)
+ (1−θ )

≤
θ 2

Γ (ρπ−2,ρπ−1,℘)
+θ (1−θ )+ (1−θ ).

Proceeding in this way, we get

1

Γ (ρπ ,ρπ+1,℘)
≤

θ π

Γ (ρ0,ρ1,℘)
+θ π−1(1−θ )+θ π−2(1−θ )

+ · · ·+θ (1−θ )+ (1−θ )

≤
θ π

Γ (ρ0,ρ1,℘)
+ (θ π−1 +θ π−2 + · · ·+ 1)(1−θ )

≤
θ π

Γ (ρ0,ρ1,℘)
+ (1−θ π).

It follows that

1
θ π

Γ (ρ0,ρ1,℘) +(1−θ π)
≤ Γ (ρπ ,ρπ+1,℘)

Ξ(ρπ ,ρπ+1,℘) = Ξ(ωρπ−1,ωρπ ,℘)≤ θΞ(ρπ−1,ρπ ,℘) = Ξ(ωρπ−2,ωρπ−1,℘)

≤ θ 2Ξ(ρπ−2,ρπ−1,℘)≤ ·· · ≤ θ π Ξ(ρ0,ρ1,℘)

and

Φ(ρπ ,ρπ+1,℘) = Φ(ωρπ−1,ωρπ ,℘)≤ θΦ(ρπ−1,ρπ ,℘) = Φ(ωρπ−2,ωρπ−1,℘)

≤ θ 2Φ(ρπ−2,ρπ−1,℘)≤ ·· · ≤ θ π Φ(ρ0,ρ1,℘). (23)

It again follows that

1

Γ (ρπ ,ρπ+2,℘)
− 1 =

1

Γ (ωρπ−1,ωρπ+1,℘)
− 1

≤ θ

[

1

Γ (ρπ−1,ρπ+1,℘)

]

=
θ

Γ (ρπ−1,ρπ+1,℘)
−θ

⇒
1

Γ (ρπ ,ρπ+2,℘)
≤

θ

Γ (ρπ−1,ρπ+1,℘)
+ (1−θ )

≤
θ 2

Γ (ρπ−2,ρπ ,℘)
+θ (1−θ )+ (1−θ )
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Proceeding in this way, we get

1

Γ (ρπ ,ρπ+2,℘)
≤

θ π

Γ (ρ0,ρ2,℘)
+θ π−1(1−θ )+θ π−2(1−θ )

+ · · ·+θ (1−θ )+ (1−θ )

≤
θ π

Γ (ρ0,ρ2,℘)
+ (θ π−1 +θ π−2 + · · ·+ 1)(1−θ )

≤
θ π

Γ (ρ0,ρ2,℘)
+ (1−θ π)

Hence,

1
θ π

Γ (ρ0,ρ2,℘) +(1−θ π)
≤ Γ (ρπ ,ρπ+2,℘) (24)

Ξ(ρπ ,ρπ+2,℘) = Ξ(ωρπ−1,ωρπ+1,℘)≤ θΞ(ρπ−1,ρπ+1,℘) = Ξ(ωρπ−2,ωρπ ,℘)

≤ θ 2Ξ(ρπ−2,ρπ ,℘)≤ ·· · ≤ θ πΞ(ρ0,ρ2,℘) (25)

and

Φ(ρπ ,ρπ+2,℘) = Φ(ωρπ−1,ωρπ+1,℘)≤ θΦ(ρπ−1,ρπ+1,℘) = Φ(ωρπ−2,ωρπ ,℘)

≤ θ 2Φ(ρπ−2,ρπ ,℘)≤ ·· · ≤ θ πΦ(ρ0,ρ2,℘). (26)

Consequently,

1

Γ (ρπ ,ρπ+3,℘)
− 1 =

1

Γ (ωρπ−1,ωρπ+2,℘)
− 1

≤ θ

[

1

Γ (ρπ−1,ρπ+2,℘)

]

=
θ

Γ (ρπ−1,ρπ+2,℘)
−θ

⇒
1

Γ (ρπ ,ρπ+3,℘)
≤

θ

Γ (ρπ−1,ρπ+2,℘)
+ (1−θ )

≤
θ 2

Γ (ρπ−2,ρπ+1,℘)
+θ (1−θ )+ (1−θ).

Proceeding in this way, we have

1

Γ (ρπ ,ρπ+3,℘)
≤

θ π

Γ (ρ0,ρ3,℘)
+θ π−1(1−θ )+θ π−2(1−θ )

+ · · ·+θ (1−θ )+ (1−θ )

≤
θ π

Γ (ρ0,ρ3,℘)
+ (θ π−1 +θ π−2 + · · ·+ 1)(1−θ )

≤
θ π

Γ (ρ0,ρ3,℘)
+ (1−θ π),

yields,

1
θ π

Γ (ρ0,ρ3,℘) +(1−θ π)
≤ Γ (ρπ ,ρπ+3,℘) (27)

Ξ(ρπ ,ρπ+3,℘) = Ξ(ωρπ−1,ωρπ+2,℘)≤ θΞ(ρπ−1,ρπ+2,℘) = Ξ(ωρπ−2,ωρπ+1,℘)

≤ θ 2Ξ(ρπ−2,ρπ+1,℘)≤ ·· · ≤ θ πΞ(ρ0,ρ3,℘) (28)
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and

Φ(ρπ ,ρπ+3,℘) = Φ(ωρπ−1,ωρπ+2,℘)≤ θΦ(ρπ−1,ρπ+2,℘) = Φ(ωρπ−2,ωρπ+1,℘)

≤ θ 2Φ(ρπ−2,ρπ+1,℘)≤ ·· · ≤ θ πΦ(ρ0,ρ3,℘). (29)

Similarly, for j = 1,2,3, ....., we have

1
θ π

Γ (ρ0,ρ3 j+1,℘) +(1−θ π)
≤ Γ (ρπ ,ρπ+3 j+1,℘)

Ξ(ρπ ,ρπ+3 j+1,θ℘)≤ θ π Ξ(ρ0,ρ3 j+1,℘) and Φ(ρπ ,ρπ+3 j+1,θ℘)≤ θ πΦ(ρ0,ρ3 j+1,℘), (30)

1
θ π

Γ (ρ0,ρ3 j+2,℘) +(1−θ π)
≤ Γ (ρπ ,ρπ+3 j+2,℘)

Ξ(ρπ ,ρπ+3 j+2,θ℘)≤ θ π Ξ(ρ0,ρ3 j+2,℘) and Φ(ρπ ,ρπ+3 j+2,θ℘)≤ θ πΦ(ρ0,ρ3 j+2,℘), (31)

1
θ π

Γ (ρ0,ρ3 j+3,℘) +(1−θ π)
≤ Γ (ρπ ,ρπ+3 j+3,℘)

Ξ(ρπ ,ρπ+3 j+3,θ℘)≤ θ π Ξ(ρ0,ρ3 j+3,℘) and Φ(ρπ ,ρπ+3 j+3,θ℘)≤ θ πΦ(ρ0,ρ3 j+3,℘). (32)

By using 23, we get

Γ (ρ0,ρ4,℘)≥ Γ

(

ρ0,ρ1,
℘

4

)

∗Γ

(

ρ1,ρ2,
℘

4

)

∗Γ

(

ρ2,ρ3,
℘

4

)

∗Γ

(

ρ3,ρ4,
℘

4

)

≥
1
1

Γ (ρ0,ρ1,
℘
4 )

∗
1

θ
Γ (ρ0,ρ1,

℘
4 )

+(1−θ )
∗

1

θ 2

Γ (ρ0,ρ1,
℘
4 )

+(1−θ 2)

∗
1

θ 3

Γ (ρ0,ρ1,
℘
4 )

+(1−θ 3)
,

Ξ(ρ0,ρ4,℘)≤ Ξ

(

ρ0,ρ1,
℘

4

)

◦Ξ

(

ρ1,ρ2,
℘

4

)

◦Ξ

(

ρ2,ρ3,
℘

4

)

◦Ξ

(

ρ3,ρ4,
℘

4

)

≤ Ξ(ρ0,ρ1,
℘

4
)◦θ 1Ξ(ρ0,ρ1,

℘

4
)◦θ 2Ξ(ρ0,ρ1,

℘

4
)◦θ 3Ξ

(

ρ0,ρ1,
℘

4

)

and

Φ(ρ0,ρ4,℘)≤ Φ

(

ρ0,ρ1,
℘

4

)

◦Φ

(

ρ1,ρ2,
℘

4

)

◦Φ

(

ρ2,ρ3,
℘

4

)

◦Φ

(

ρ3,ρ4,
℘

4

)

≤ Φ

(

ρ0,ρ1,
℘

4

)

◦θΦ

(

ρ0,ρ1,
℘

4

)

◦θ 2Φ

(

ρ0,ρ1,
℘

4

)

◦θ 3Φ

(

ρ0,ρ1,
℘

4

)

.

Similarly,

Γ (ρ0,ρ7,℘)≥ Γ

(

ρ0,ρ1,
℘

4

)

∗Γ

(

ρ1,ρ2,
℘

4

)

∗Γ

(

ρ2,ρ3,
℘

4

)

∗Γ

(

ρ3,ρ4,
℘

4

)

∗Γ

(

ρ4,ρ5,
℘

4

)

∗Γ

(

ρ5,ρ6,
℘

4

)

∗Γ

(

ρ6,ρ7,
℘

4

)

≥
1
1

Γ (ρ0,ρ1,
℘
4 )

∗
1

θ
Γ (ρ0,ρ1,

℘
4 )

+(1−θ )
∗

1

θ 2

Γ (ρ0,ρ1,
℘
4 )

+(1−θ 2)

∗
1

θ 3

Γ (ρ0,ρ1,
℘
4 )

+(1−θ 3)
∗

1

θ 4

Γ (ρ0,ρ1,
℘
4 )

+(1−θ 4)

∗
1

θ 5

Γ (ρ0,ρ1,
℘
4 )

+(1−θ 5)
∗

1

θ 6

Γ (ρ0,ρ1,
℘
4 )

+(1−θ 6)
,
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Ξ(ρ0,ρ7,℘)≤ Ξ

(

ρ0,ρ1,
℘

4

)

∗Ξ

(

ρ1,ρ2,
℘

4

)

∗Ξ

(

ρ2,ρ3,
℘

4

)

∗Ξ

(

ρ3,ρ4,
℘

4

)

∗Ξ

(

ρ4,ρ5,
℘

4

)

∗Ξ

(

ρ5,ρ6,
℘

4

)

∗Ξ

(

ρ6,ρ7,
℘

4

)

≤ Ξ

(

ρ0,ρ1,
℘

4

)

◦θΞ

(

ρ0,ρ1,
℘

4

)

◦θ 2Ξ

(

ρ0,ρ1,
℘

4

)

◦θ 3Ξ

(

ρ0,ρ1,
℘

4

)

◦θ 4Ξ

(

ρ0,ρ1,
℘

4

)

◦θ 5Ξ

(

ρ0,ρ1,
℘

4

)

◦θ 6Ξ

(

ρ0,ρ1,
℘

4

)

and

Φ(ρ0,ρ7,℘)≤ Φ

(

ρ0,ρ1,
℘

4

)

◦Φ

(

ρ1,ρ2,
℘

4

)

◦Φ

(

ρ2,ρ3,
℘

4

)

◦Φ

(

ρ3,ρ4,
℘

4

)

◦Φ

(

ρ4,ρ5,
℘

4

)

◦Φ

(

ρ5,ρ6,
℘

4

)

◦Φ

(

ρ6,ρ7,
℘

4

)

≤ Φ

(

ρ0,ρ1,
℘

4

)

◦θΦ

(

ρ0,ρ1,
℘

4

)

◦θ 2Φ

(

ρ0,ρ1,
℘

4

)

◦θ 3Φ

(

ρ0,ρ1,
℘

4

)

◦θ 4Φ

(

ρ0,ρ1,
℘

4

)

◦θ 5Φ

(

ρ0,ρ1,
℘

4

)

◦θ 6Φ

(

ρ0,ρ1,
℘

4

)

.

For each j = 1,2,3, ...., we obtain that

Γ (ρ0,ρ3 j+1,℘)≥
1
1

Γ (ρ0,ρ1,
℘
4 )

∗
1

θ
Γ (ρ0,ρ1,

℘
4 )

+(1−θ )
∗

1

θ 2

Γ (ρ0,ρ1,
℘
4 )

+(1−θ 2)

∗
1

θ 3

Γ (ρ0,ρ1,
℘
4 )

+(1−θ 3)
∗

1

θ 4

Γ (ρ0,ρ1,
℘
4 )

+(1−θ 4)

∗
1

θ 5

Γ (ρ0,ρ1,
℘
4 )

+(1−θ 5)
∗

1

θ 6

Γ (ρ0,ρ1,
℘
4 )

+(1−θ 6)

∗ · · · ∗
1

θ 3 j

Γ (ρ0,ρ1,
℘
4 )

+(1−θ 3 j)

Ξ(ρ0,ρ3 j+1,℘)≤ Ξ

(

ρ0,ρ1,
℘

4

)

◦θΞ

(

ρ0,ρ1,
℘

4

)

◦θ 2Ξ

(

ρ0,ρ1,
℘

4

)

◦θ 3Ξ

(

ρ0,ρ1,
℘

4

)

◦θ 4Ξ

(

ρ0,ρ1,
℘

4

)

◦θ 5Ξ

(

ρ0,ρ1,
℘

4

)

◦θ 6Ξ

(

ρ0,ρ1,
℘

4

)

◦ · · · ◦θ 3 jΞ

(

ρ0,ρ1,
℘

4

)

and

Φ(ρ0,ρ3 j+1,℘)≤ Φ

(

ρ0,ρ1,
℘

4

)

◦θΦ

(

ρ0,ρ1,
℘

4

)

◦θ 2Φ

(

ρ0,ρ1,
℘

4

)

◦θ 3Φ

(

ρ0,ρ1,
℘

4

)

◦θ 4Φ

(

ρ0,ρ1,
℘

4

)

◦θ 5Φ

(

ρ0,ρ1,
℘

4

)

◦θ 6Φ

(

ρ0,ρ1,
℘

4

)

◦ · · · ◦θ 3 jΦ

(

ρ0,ρ1,
℘

4

)

.
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Now, from 23, one has

Γ (ρπ ,ρπ+3 j+1,θ℘)≥ Γ

(

ρ0,ρ3 j+1,
℘

θ π−1

)

≥
1
1

Γ (ρ0,ρ1,
℘

4θπ−1 )

∗
1

θ
Γ (ρ0,ρ1,

℘

4θπ−1 )
+(1−θ )

∗
1

θ 2

Γ (ρ0,ρ1,
℘

4θπ−1 )
+(1−θ 2)

∗
1

θ 3

Γ (ρ0,ρ1,
℘

4θπ−1 )
+(1−θ 3)

∗
1

θ 4

Γ (ρ0,ρ1,
℘

4θπ−1 )
+(1−θ 4)

∗
1

θ 5

Γ (ρ0,ρ1,
℘

4θπ−1 )
+(1−θ 5)

∗
1

θ 6

Γ (ρ0,ρ1,
℘

4θπ−1 )
+(1−θ 6)

∗ · · · ∗
1

θ 3 j

Γ (ρ0,ρ1,
℘

4θπ−1 )
+(1−θ 3 j)

, (33)

Ξ(ρπ ,ρπ+3 j+1,θ℘)≤ Ξ

(

ρ0,ρ3 j+1,
℘

θ π−1

)

≤ Ξ

(

ρ0,ρ1,
℘

4θ π−1

)

◦θΞ

(

ρ0,ρ1,
℘

4θ π−1

)

◦θ 2Ξ

(

ρ0,ρ1,
℘

4θ π−1

)

◦θ 3Ξ

(

ρ0,ρ1,
℘

4θ π−1

)

◦θ 4Ξ

(

ρ0,ρ1,
℘

4θ π−1

)

◦θ 5Ξ

(

ρ0,ρ1,
℘

4θ π−1

)

◦θ 6Ξ

(

ρ0,ρ1,
℘

4θ π−1

)

◦ · · · ◦θ 3 jΞ

(

ρ0,ρ1,
℘

4θ π−1

)

(34)

and

Φ(ρπ ,ρπ+3 j+1,θ℘)≤ Φ

(

ρ0,ρ3 j+1,
℘

θ π−1

)

≤ Φ

(

ρ0,ρ1,
℘

4θ π−1

)

◦θΦ

(

ρ0,ρ1,
℘

4θ π−1

)

◦θ 2Φ

(

ρ0,ρ1,
℘

4θ π−1

)

◦θ 3Φ

(

ρ0,ρ1,
℘

4θ π−1

)

◦θ 4Φ

(

ρ0,ρ1,
℘

4θ π−1

)

◦θ 5Φ

(

ρ0,ρ1,
℘

4θ π−1

)

◦θ 6Φ

(

ρ0,ρ1,
℘

4θ π−1

)

◦ · · · ◦θ 3 jΦ

(

ρ0,ρ1,
℘

4θ π−1

)

. (35)

By using 23, we can write

Γ (ρ0,ρ5,℘)≥ Γ

(

ρ0,ρ1,
℘

4

)

∗Γ

(

ρ1,ρ2,
℘

4

)

∗Γ

(

ρ2,ρ3,
℘

4

)

∗Γ

(

ρ3,ρ5,
℘

4

)

≥
1
1

Γ (ρ0,ρ1,
℘
4 )

∗
1

θ
Γ (ρ0,ρ1,

℘
4 )

+(1−θ )
∗

1

θ 2

Γ (ρ0,ρ1,
℘
4 )

+(1−θ 2)

∗
1

θ 3

Γ (ρ0,ρ2,
℘
4 )

+(1−θ 3)
,
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Ξ(ρ0,ρ5,℘)≤ Ξ

(

ρ0,ρ1,
℘

4

)

◦Ξ

(

ρ1,ρ2,
℘

4

)

◦Ξ

(

ρ2,ρ3,
℘

4

)

◦Ξ

(

ρ3,ρ5,
℘

4

)

≤ Ξ(ρ0,ρ1,
℘

4
)◦θΞ(ρ0,ρ1,

℘

4
)◦θ 2Ξ(ρ0,ρ1,

℘

4
)◦θ 3Ξ

(

ρ0,ρ2,
℘

4

)

and

Φ(ρ0,ρ5,℘)≤ Φ

(

ρ0,ρ1,
℘

4

)

◦Φ

(

ρ1,ρ2,
℘

4

)

◦Φ

(

ρ2,ρ3,
℘

4

)

◦Φ

(

ρ3,ρ5,
℘

4

)

≤ Φ

(

ρ0,ρ1,
℘

4

)

◦θΦ

(

ρ0,ρ1,
℘

4

)

◦θ 2Φ

(

ρ0,ρ1,
℘

4

)

◦θ 3Φ

(

ρ0,ρ2,
℘

4

)

.

Similarly,

Γ (ρ0,ρ8,℘)≥ Γ

(

ρ0,ρ1,
℘

4

)

∗Γ

(

ρ1,ρ2,
℘

4

)

∗Γ

(

ρ2,ρ3,
℘

4

)

∗Γ

(

ρ3,ρ4,
℘

4

)

∗Γ

(

ρ4,ρ5,
℘

4

)

∗Γ

(

ρ5,ρ6,
℘

4

)

∗Γ

(

ρ6,ρ8,
℘

4

)

≥
1
1

Γ (ρ0,ρ1,
℘
4 )

∗
1

θ
Γ (ρ0,ρ1,

℘
4 )

+(1−θ )
∗

1

θ 2

Γ (ρ0,ρ1,
℘
4 )

+(1−θ 2)

∗
1

θ 3

Γ (ρ0,ρ1,
℘
4 )

+(1−θ 3)
∗

1

θ 4

Γ (ρ0,ρ1,
℘
4 )

+(1−θ 4)

∗
1

θ 5

Γ (ρ0,ρ1,
℘
4 )

+(1−θ 5)
∗

1

θ 6

Γ (ρ0,ρ2,
℘
4 )

+(1−θ 6)
,

Ξ(ρ0,ρ8,℘)≤ Ξ

(

ρ0,ρ1,
℘

4

)

∗Ξ

(

ρ1,ρ2,
℘

4

)

∗Ξ

(

ρ2,ρ3,
℘

4

)

∗Ξ

(

ρ3,ρ4,
℘

4

)

∗Ξ

(

ρ4,ρ5,
℘

4

)

∗Ξ

(

ρ5,ρ6,
℘

4

)

∗Ξ

(

ρ6,ρ8,
℘

4

)

≤ Ξ

(

ρ0,ρ1,
℘

4

)

◦θΞ

(

ρ0,ρ1,
℘

4

)

◦θ 2Ξ

(

ρ0,ρ1,
℘

4

)

◦θ 3Ξ

(

ρ0,ρ1,
℘

4

)

◦θ 4Ξ

(

ρ0,ρ1,
℘

4

)

◦θ 5Ξ

(

ρ0,ρ1,
℘

4

)

◦θ 6Ξ

(

ρ0,ρ2,
℘

4

)

and

Φ(ρ0,ρ8,℘)≤ Φ

(

ρ0,ρ1,
℘

4

)

◦Φ

(

ρ1,ρ2,
℘

4

)

◦Φ

(

ρ2,ρ3,
℘

4

)

◦Φ

(

ρ3,ρ4,
℘

4

)

◦Φ

(

ρ4,ρ5,
℘

4

)

◦Φ

(

ρ5,ρ6,
℘

4

)

◦Φ

(

ρ6,ρ8,
℘

4

)

≤ Φ

(

ρ0,ρ1,
℘

4

)

◦θΦ

(

ρ0,ρ1,
℘

4

)

◦θ 2Φ

(

ρ0,ρ1,
℘

4

)

◦θ 3Φ

(

ρ0,ρ1,
℘

4

)

◦θ 4Φ

(

ρ0,ρ1,
℘

4

)

◦θ 5Φ

(

ρ0,ρ1,
℘

4

)

◦θ 6Φ

(

ρ0,ρ2,
℘

4

)

.
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For each j = 1,2,3, ...., one can write

Γ (ρ0,ρ3 j+2,℘)≥
1
1

Γ (ρ0,ρ1,
℘
4 )

∗
1

θ
Γ (ρ0,ρ1,

℘
4 )

+(1−θ )
∗

1

θ 2

Γ (ρ0,ρ1,
℘
4 )

+(1−θ 2)

∗
1

θ 3

Γ (ρ0,ρ1,
℘
4 )

+(1−θ 3)
∗

1

θ 4

Γ (ρ0,ρ1,
℘
4 )

+(1−θ 4)

∗
1

θ 5

Γ (ρ0,ρ1,
℘
4 )

+(1−θ 5)
∗

1

θ 6

Γ (ρ0,ρ2,
℘
4 )

+(1−θ 6)

∗ · · · ∗
1

θ 3 j

Γ (ρ0,ρ1,
℘
4 )

+(1−θ 3 j)

Ξ(ρ0,ρ3 j+2,℘)≤ Ξ

(

ρ0,ρ1,
℘

4

)

◦θΞ

(

ρ0,ρ1,
℘

4

)

◦θ 2Ξ

(

ρ0,ρ1,
℘

4

)

◦θ 3Ξ

(

ρ0,ρ1,
℘

4

)

◦θ 4Ξ

(

ρ0,ρ1,
℘

4

)

◦θ 5Ξ

(

ρ0,ρ1,
℘

4

)

◦θ 6Ξ

(

ρ0,ρ2,
℘

4

)

◦ · · · ◦θ 3 jΞ

(

ρ0,ρ2,
℘

4

)

and

Φ(ρ0,ρ3 j+2,℘)≤ Φ

(

ρ0,ρ1,
℘

4

)

◦θΦ

(

ρ0,ρ1,
℘

4

)

◦θ 2Φ

(

ρ0,ρ1,
℘

4

)

◦θ 3Φ

(

ρ0,ρ1,
℘

4

)

◦θ 4Φ

(

ρ0,ρ1,
℘

4

)

◦θ 5Φ

(

ρ0,ρ1,
℘

4

)

◦θ 6Φ

(

ρ0,ρ2,
℘

4

)

◦ · · · ◦θ 3 jΦ

(

ρ0,ρ2,
℘

4

)

.

Now, from 23, we get

Γ (ρπ ,ρπ+3 j+2,θ℘)≥ Γ

(

ρ0,ρ3 j+2,
℘

θ π−1

)

≥
1
1

Γ (ρ0,ρ1,
℘

4θπ−1 )

∗
1

θ
Γ (ρ0,ρ1,

℘

4θπ−1 )
+(1−θ )

∗
1

θ 2

Γ (ρ0,ρ1,
℘

4θπ−1
)
+(1−θ 2)

∗
1

θ 3

Γ (ρ0,ρ1,
℘

4θπ−1
)
+(1−θ 3)

∗
1

θ 4

Γ (ρ0,ρ1,
℘

4θπ−1
)
+(1−θ 4)

∗
1

θ 5

Γ (ρ0,ρ1,
℘

4θπ−1 )
+(1−θ 5)

∗
1

θ 6

Γ (ρ0,ρ2,
℘

4θπ−1 )
+(1−θ 6)

∗ · · · ∗
1

θ 3 j

Γ (ρ0,ρ1,
℘

4θπ−1 )
+(1−θ 3 j)

(36)
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Ξ(ρπ ,ρπ+3 j+2,θ℘)≤ Ξ

(

ρ0,ρ3 j+2,
℘

θ π−1

)

≤ Ξ

(

ρ0,ρ1,
℘

4θ π−1

)

◦θΞ

(

ρ0,ρ1,
℘

4θ π−1

)

◦θ 2Ξ

(

ρ0,ρ1,
℘

4θ π−1

)

◦θ 3Ξ

(

ρ0,ρ1,
℘

4θ π−1

)

◦θ 4Ξ

(

ρ0,ρ1,
℘

4θ π−1

)

◦θ 5Ξ

(

ρ0,ρ1,
℘

4θ π−1

)

◦θ 6Ξ

(

ρ0,ρ2,
℘

4θ π−1

)

◦ · · · ◦θ 3 jΞ

(

ρ0,ρ2,
℘

4θ π−1

)

(37)

and

Φ(ρπ ,ρπ+3 j+2,θ℘)≤ Φ

(

ρ0,ρ3 j+2,
℘

θ π−1

)

≤ Φ

(

ρ0,ρ1,
℘

4θ π−1

)

◦θΦ

(

ρ0,ρ1,
℘

4θ π−1

)

◦θ 2Φ

(

ρ0,ρ1,
℘

4θ π−1

)

◦θ 3Φ

(

ρ0,ρ1,
℘

4θ π−1

)

◦θ 4Φ

(

ρ0,ρ1,
℘

4θ π−1

)

◦θ 5Φ

(

ρ0,ρ1,
℘

4θ π−1

)

◦θ 6Φ

(

ρ0,ρ2,
℘

4θ π−1

)

◦ · · · ◦θ 3 jΦ

(

ρ0,ρ2,
℘

4θ π−1

)

. (38)

From 23, we have

Γ (ρ0,ρ6,℘)≥ Γ

(

ρ0,ρ1,
℘

4

)

∗Γ

(

ρ1,ρ2,
℘

4

)

∗Γ

(

ρ2,ρ3,
℘

4

)

∗Γ

(

ρ3,ρ6,
℘

4

)

≥
1
1

Γ (ρ0,ρ1,
℘
4 )

∗
1

θ
Γ (ρ0,ρ1,

℘
4 )

+(1−θ )
∗

1

θ 2

Γ (ρ0,ρ1,
℘
4 )

+(1−θ 2)

∗
1

θ 3

Γ (ρ0,ρ3,
℘
4 )

+(1−θ 3)
,

Ξ(ρ0,ρ6,℘)≤ Ξ

(

ρ0,ρ1,
℘

4

)

◦Ξ

(

ρ1,ρ2,
℘

4

)

◦Ξ

(

ρ2,ρ3,
℘

4

)

◦Ξ

(

ρ3,ρ6,
℘

4

)

≤ Ξ(ρ0,ρ1,
℘

4
)◦θ 1Ξ(ρ0,ρ1,

℘

4
)◦θ 2Ξ(ρ0,ρ1,

℘

4
)◦θ 3Ξ

(

ρ0,ρ3,
℘

4

)

and

Φ(ρ0,ρ6,℘)≤ Φ

(

ρ0,ρ1,
℘

4

)

◦Φ

(

ρ1,ρ2,
℘

4

)

◦Φ

(

ρ2,ρ3,
℘

4

)

◦Φ

(

ρ3,ρ6,
℘

4

)

≤ Φ

(

ρ0,ρ1,
℘

4

)

◦θΦ

(

ρ0,ρ1,
℘

4

)

◦θ 2Φ

(

ρ0,ρ1,
℘

4

)

◦θ 3Φ

(

ρ0,ρ3,
℘

4

)

.
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Similarly,

Γ (ρ0,ρ9,℘)≥ Γ

(

ρ0,ρ1,
℘

4

)

∗Γ

(

ρ1,ρ2,
℘

4

)

∗Γ

(

ρ2,ρ3,
℘

4

)

∗Γ

(

ρ3,ρ4,
℘

4

)

∗Γ

(

ρ4,ρ5,
℘

4

)

∗Γ

(

ρ5,ρ6,
℘

4

)

∗Γ

(

ρ6,ρ9,
℘

4

)

≥
1
1

Γ (ρ0,ρ1,
℘
4 )

∗
1

θ
Γ (ρ0,ρ1,

℘
4 )

+(1−θ )
∗

1

θ 2

Γ (ρ0,ρ1,
℘
4 )

+(1−θ 2)

∗
1

θ 3

Γ (ρ0,ρ1,
℘
4 )

+(1−θ 3)
∗

1

θ 4

Γ (ρ0,ρ1,
℘
4 )

+(1−θ 4)

∗
1

θ 5

Γ (ρ0,ρ1,
℘
4 )

+(1−θ 5)
∗

1

θ 6

Γ (ρ0,ρ3,
℘
4 )

+(1−θ 6)
,

Ξ(ρ0,ρ9,℘)≤ Ξ

(

ρ0,ρ1,
℘

4

)

∗Ξ

(

ρ1,ρ2,
℘

4

)

∗Ξ

(

ρ2,ρ3,
℘

4

)

∗Ξ

(

ρ3,ρ4,
℘

4

)

∗Ξ

(

ρ4,ρ5,
℘

4

)

∗Ξ

(

ρ5,ρ6,
℘

4

)

∗Ξ

(

ρ6,ρ9,
℘

4

)

≤ Ξ

(

ρ0,ρ1,
℘

4

)

◦θΞ

(

ρ0,ρ1,
℘

4

)

◦θ 2Ξ

(

ρ0,ρ1,
℘

4

)

◦Ξθ 3

(

ρ0,ρ1,
℘

4

)

◦θ 4Ξ

(

ρ0,ρ1,
℘

4

)

◦θ 5Ξ

(

ρ0,ρ1,
℘

4

)

◦θ 6Ξ

(

ρ0,ρ3,
℘

4

)

and

Φ(ρ0,ρ9,℘)≤ Φ

(

ρ0,ρ1,
℘

4

)

◦Φ

(

ρ1,ρ2,
℘

4

)

◦Φ

(

ρ2,ρ3,
℘

4

)

◦Φ

(

ρ3,ρ4,
℘

4

)

◦Φ

(

ρ4,ρ5,
℘

4

)

◦Φ

(

ρ5,ρ6,
℘

4

)

◦Φ

(

ρ6,ρ9,
℘

4

)

≤ Φ

(

ρ0,ρ1,
℘

4

)

◦θΦ

(

ρ0,ρ1,
℘

4

)

◦θ 2Φ

(

ρ0,ρ1,
℘

4

)

◦θ 3Φ

(

ρ0,ρ1,
℘

4

)

◦θ 4Φ

(

ρ0,ρ1,
℘

4

)

◦θ 5Φ

(

ρ0,ρ1,
℘

4

)

◦θ 6Φ

(

ρ0,ρ3,
℘

4

)

.

For each j = 1,2,3, ...., we get

Γ (ρ0,ρ3 j+3,℘)≥
1
1

Γ (ρ0,ρ1,
℘
4 )

∗
1

θ
Γ (ρ0,ρ1,

℘
4 )

+(1−θ )
∗

1

θ 2

Γ (ρ0,ρ1,
℘
4 )

+(1−θ 2)

∗
1

θ 3

Γ (ρ0,ρ1,
℘
4 )

+(1−θ 3)
∗

1

θ 4

Γ (ρ0,ρ1,
℘
4 )

+(1−θ 4)

∗
1

θ 5

Γ (ρ0,ρ1,
℘
4 )

+(1−θ 5)
∗

1

θ 6

Γ (ρ0,ρ3,
℘
4 )

+(1−θ 6)

∗ · · · ∗
1

θ 3 j

Γ (ρ0,ρ3,
℘
4 )

+(1−θ 3 j)
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Ξ(ρ0,ρ3 j+3,℘)≤ Ξ

(

ρ0,ρ1,
℘

4

)

◦θΞ

(

ρ0,ρ1,
℘

4

)

◦θ 2Ξ

(

ρ0,ρ1,
℘

4

)

◦θ 3Ξ

(

ρ0,ρ1,
℘

4

)

◦θ 4Ξ

(

ρ0,ρ1,
℘

4

)

◦θ 5Ξ

(

ρ0,ρ1,
℘

4

)

◦θ 6Ξ

(

ρ0,ρ3,
℘

4

)

◦ · · · ◦θ 3 jΞ

(

ρ0,ρ3,
℘

4

)

and

Φ(ρ0,ρ3 j+3,℘)≤ Φ

(

ρ0,ρ1,
℘

4

)

◦θΦ

(

ρ0,ρ1,
℘

4

)

◦θ 2Φ

(

ρ0,ρ1,
℘

4

)

◦θ 3Φ

(

ρ0,ρ1,
℘

4

)

◦θ 4Φ

(

ρ0,ρ1,
℘

4

)

◦θ 5Φ

(

ρ0,ρ1,
℘

4

)

◦θ 6Φ

(

ρ0,ρ3,
℘

4

)

◦ · · · ◦θ 3 jΦ

(

ρ0,ρ3,
℘

4

)

.

Now, from 23, we get

Γ (ρπ ,ρπ+3 j+3,θ℘)≥ Γ

(

ρ0,ρ3 j+3,
℘

θ π−1

)

≥
1
1

Γ (ρ0,ρ1,
℘

4θπ−1 )

∗
1

θ
Γ (ρ0,ρ1,

℘

4θπ−1 )
+(1−θ )

∗
1

θ 2

Γ (ρ0,ρ1,
℘

4θπ−1 )
+(1−θ 2)

∗
1

θ 3

Γ (ρ0,ρ1,
℘

4θπ−1 )
+(1−θ 3)

∗
1

θ 4

Γ (ρ0,ρ1,
℘

4θπ−1 )
+(1−θ 4)

∗
1

θ 5

Γ (ρ0,ρ1,
℘

4θπ−1 )
+(1−θ 5)

∗
1

θ 6

Γ (ρ0,ρ3,
℘

4θπ−1 )
+(1−θ 6)

∗ · · · ∗
1

θ 3 j

Γ (ρ0,ρ3,
℘

4θπ−1 )
+(1−θ 3 j)

, (39)

Ξ(ρπ ,ρπ+3 j+3,θ℘)≤ Ξ

(

ρ0,ρ3 j+3,
℘

θ π−1

)

≤ Ξ

(

ρ0,ρ1,
℘

4θ π−1

)

◦θΞ

(

ρ0,ρ1,
℘

4θ π−1

)

◦θ 2Ξ

(

ρ0,ρ1,
℘

4θ π−1

)

◦θ 3Ξ

(

ρ0,ρ1,
℘

4θ π−1

)

◦θ 4Ξ

(

ρ0,ρ1,
℘

4θ π−1

)

◦θ 5Ξ

(

ρ0,ρ1,
℘

4θ π−1

)

◦θ 6Ξ

(

ρ0,ρ3,
℘

4θ π−1

)

◦ · · · ◦θ 3 jΞ

(

ρ0,ρ3,
℘

4θ π−1

)

(40)
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and

Φ(ρπ ,ρπ+3 j+3,θ℘)≤ Φ

(

ρ0,ρ3 j+3,
℘

θ π−1

)

≤ Φ

(

ρ0,ρ1,
℘

4θ π−1

)

◦θΦ

(

ρ0,ρ1,
℘

4θ π−1

)

◦θ 2Φ

(

ρ0,ρ1,
℘

4θ π−1

)

◦θ 3Φ

(

ρ0,ρ1,
℘

4θ π−1

)

◦θ 4Φ

(

ρ0,ρ1,
℘

4θ π−1

)

◦θ 5Φ

(

ρ0,ρ1,
℘

4θ π−1

)

◦θ 6Φ

(

ρ0,ρ3,
℘

4θ π−1

)

◦ · · · ◦θ 3 jΦ

(

ρ0,ρ3,
℘

4θ π−1

)

. (41)

Using (33)-(41), for each case π →R
+, we deduce that

lim
π→R+

Γ (ρπ ,ρπ+q,℘) = 1 ∗ 1 ∗ · · ·∗= 1,

lim
π→R+

Ξ(ρπ ,ρπ+q,℘) = 0 ◦ 0 ◦ · · ·◦ 0 = 0,

and

lim
π→R+

Φ(ρπ ,ρπ+q,℘) = 0 ◦ 0 ◦ · · ·◦ 0 = 0

Therefore, {ρπ} is an O-Cauchy sequence. Since (Λ ,Γ ,Ξ ,Φ,∗,◦,⊥) is a complete ON PMS , there exists

lim
π→R+

ρπ = ρ .

Applying (v), (x) and (xv), we get

1

Γ (ωρπ ,ωρ ,℘)
− 1 ≤ θ

[

1

Γ (ρπ ,ρ ,℘)
− 1

]

=
θ

Γ (ρπ ,ρ ,℘)
−θ

⇒
1

θ
Γ (ρπ ,ρ ,℘)

+(1−θ )
≤ Γ (ωρπ ,ωρ ,℘).

Using the above inequality, we obtain that

Γ (ρ ,ωρ ,℘)≥ Γ

(

ρ ,ρπ ,
℘

4

)

∗Γ

(

ρπ ,ρπ+1,
℘

4

)

∗Γ

(

ρπ+1,ωρπ+2,
℘

4

)

∗Γ

(

ρπ+2,ωρ ,
℘

4

)

≥ Γ

(

ρ ,ρπ ,
℘

4

)

∗Γ

(

ωρπ−1,ωρπ ,
℘

4

)

∗Γ

(

ωρπ ,ωρπ+1,
℘

4

)

∗Γ

(

ωρπ+1,ωρ ,
℘

4

)

≥ Γ

(

ρ ,ρπ ,
℘

4

)

∗
1

θ π−1

Γ (ρπ−1,ρπ ,
℘
4 )

+(1−θ π−1)
∗

1
θ π

Γ (ρπ ,ρπ+1,
℘
4 )

+(1−θ π)

∗
1

θ
Γ (ρπ+1,ρ ,

℘
4 )

+(1−θ )

→ 1 ∗ 1 ∗ 1 ∗ 1= 1 as π →R
+
,
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Ξ(ρ ,ωρ ,℘)≤ Ξ

(

ρ ,ρπ ,
℘

4

)

◦Ξ

(

ρπ ,ρπ+1,
℘

4

)

◦Ξ

(

ρπ+1,ωρπ+2,
℘

4

)

◦Ξ

(

ρπ+2,ωρ ,
℘

4

)

≤ Ξ

(

ρ ,ρπ ,
℘

4

)

◦Ξ

(

ωρπ−1,ωρπ ,
℘

4

)

◦Ξ

(

ωρπ ,ωρπ+1,
℘

4

)

◦Ξ

(

ωρπ+1,ωρ ,
℘

4

)

≤ Ξ

(

ρ ,ρπ ,
℘

4

)

◦θ π−1Ξ

(

ρπ−1,ρπ ,
℘

4

)

◦θ πΞ

(

ρπ ,ρπ+1,
℘

4

)

◦θΞ

(

ρπ+1,ρ ,
℘

4

)

→ 0 ◦ 0 ◦ 0 ◦ 0= 0 as π →R
+

and

Φ(ρ ,ωρ ,℘)≤ Φ

(

ρ ,ρπ ,
℘

4

)

◦Φ

(

ρπ ,ρπ+1,
℘

4

)

◦Φ

(

ρπ+1,ρπ+2,
℘

4

)

◦Φ

(

ρπ+2,ωρ ,
℘

4

)

≤ Φ

(

ρ ,ρπ ,
℘

4

)

◦Φ

(

ωρπ−1,ωρπ ,
℘

4

)

◦Φ

(

ωρπ ,ωρπ+1,
℘

4

)

◦Φ

(

ωρπ ,ωρ ,
℘

4

)

≤ Φ

(

ρ ,ρπ ,
℘

4

)

◦θ π−1Φ

(

ρπ−1,ρπ ,
℘

4

)

◦θ πΦ

(

ρπ ,ρπ+1,
℘

4

)

◦θΦ

(

ρπ ,ρ ,
℘

4

)

→ 0 ◦ 0 ◦ 0 ◦ 0= 0 as π → R
+
.

Hence, ωρ = ρ . For the uniqueness, let ñ be a another fixed point of ω such that ω ñ = ñ 6= ρ = ωρ . Then

ρ⊥ñ.

Since, ω is an ⊥-preserving, we have

ωρ⊥ω ñ.

Then,

1

Γ (ρ , ñ,℘)
− 1 =

1

Γ (ωρ ,ω ñ,℘)
− 1

≤ θ

[

1

Γ (ρ , ñ,℘)
− 1

]

<
1

Γ (ρ , ñ,℘)
− 1,

which is a contradiction.

Ξ(ρ , ñ,℘) = Ξ(ωρ ,ω ñ,℘)≤ θΞ(ρ , ñ,℘)< Ξ(ρ , ñ,℘),

which is a contradiction again, and

Φ(ρ , ñ,℘) = Φ(ωρ ,ω ñ,℘)≤ θΦ(ρ , ñ,℘)< Φ(ρ , ñ,℘),

It is a contradiction. Hence, we must have Γ (ρ , ñ,℘) = 1,Ξ(ρ , ñ,℘) = 0 and Φ(ρ , ñ,℘) = 0, therefore, ρ = ñ.

Example 2.Let Λ = [0,1] and define a binary relation ⊥ by

υ⊥Ω iff υ ,Ω ≥ 0.

Define Γ ,Ξ ,Φ : Λ ×Λ × (0,+∞)→ [0,1] as

Γ (ρ ,Ω ,℘) =
℘

℘+ |ρ −Ω |
,

Ξ(ρ ,Ω ,℘) =
|ρ −Ω |

℘+ |ρ −Ω |
,

Φ(ρ ,Ω ,℘) =
|ρ −Ω |

℘
.
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Clearly ω is an ⊥-preserving mapping. Then, (Λ ,Γ ,Ξ ,Φ,∗,◦,⊥) is a complete ON PMS with continuous t−norm

ρ ∗ τ = ρτ and continuous t-co-norm ρ ◦ τ = max{ρ ,τ}. Define ω : Λ → Λ by ω(ρ) = 1−3−ρ

12
and take θ ∈ [ 1

2
,1), then

Γ (ωρ ,ωΩ ,θ℘) = Γ

(

1− 3−ρ

12
,

1− 3−Ω

12
,θ℘

)

=
θ℘

θ℘+

∣

∣

∣

∣

1−3−ρ

12
− 1−3−Ω

12

∣

∣

∣

∣

=
θ℘

θ℘+ |3−ρ−3−Ω |
12

≥
θ℘

θ℘+ |ρ−Ω |
12

=
12θ℘

12θ℘+ |ρ −Ω |
≥

℘

℘+ |ρ −Ω |
= Γ (ρ ,Ω ,℘),

Ξ(ωρ ,ωΩ ,θ℘) = Ξ

(

1− 3−ρ

12
,

1− 3−Ω

12
,θ℘

)

=

∣

∣

∣

∣

1−3−ρ

12
− 1−3−Ω

12

∣

∣

∣

∣

θ℘+

∣

∣

∣

∣

1−3−ρ

12
− 1−3−Ω

12

∣

∣

∣

∣

=
|3−ρ−3−Ω |

12

θ℘+ |3−ρ−3−Ω |
12

=
|3−ρ − 3−Ω |

12θ℘+ |3−ρ − 3−Ω |
≤

|ρ −Ω |

12θ℘+ |ρ −Ω |
≤

|ρ −Ω |

℘+ |ρ −Ω |
= Ξ(ρ ,Ω ,℘)

and

Φ(ωρ ,ωΩ ,θ℘) = Φ

(

1− 3−ρ

12
,

1− 3−Ω

12
,θ℘

)

=

∣

∣

∣

∣

1−3−ρ

12
− 1−3−Ω

12

∣

∣

∣

∣

θ℘
=

|3−ρ−3−Ω |
12

θ℘

=
|3−ρ − 3−Ω |

12θ℘
≤

|ρ −Ω |

12θ℘
≤

|ρ −Ω |

℘
= Φ(ρ ,Ω ,℘).

As a result, all of the conditions of Theorem 1 are satisfied, and 0 is the only fixed point for ω .

4 Application to Fredholm integral equation

Suppose Λ = C ([ℵ,a],R) is the set of real value continuous functions defined on [ℵ,a].
Suppose the integral equation below:

ρ(ϖ) = ∧(ϖ)+ δ
∫ a

ℵ
℧(ϖ ,u)ρ(ϖ)β u for ϖ ,u ∈ [ℵ,a] (42)

where δ > 0,∧(u) is a fuzzy function of u : u ∈ [ℵ,a] and ℧ : C ([ℵ,a]×R)→ R
+. Define a binary relation ⊥ by

υ⊥Ω iff υ ,Ω ≥ 0.

Define Γ , Ξ and Φ by means of

Γ (ρ(ϖ),Ω(ϖ),℘) = sup
ϖ∈[ℵ,a]

℘

℘+ |ρ(ϖ)−Ω(ϖ)|
for all ρ ,Ω ∈ Λ and℘> 0,

Ξ(ρ(ϖ),Ω(ϖ),℘) = 1− sup
ϖ∈[ℵ,a]

℘

℘+ |ρ(ϖ)−Ω(ϖ)|
for all ρ ,Ω ∈ Λ and℘> 0,
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and

Φ(ρ(ϖ),Ω(ϖ),℘) = sup
ϖ∈[ℵ,a]

|ρ(ϖ)−Ω(ϖ)|

℘
for all ρ ,Ω ∈ Λ and℘> 0,

with continuous t−norm and continuous t−co-norm define by ρ ∗ τ = ρ · τ and ρ ◦ τ = max{ρ ,τ}. Clearly ω is an
⊥-preserving mapping. Then (Λ ,Γ ,Ξ ,Φ,∗,◦,⊥) is a complete ON PMS .

Theorem 3.Assume that the following conditions are fulfilled:

(i)for all ρ ,Ω ∈ Λ ,

|℧(ϖ ,u)ρ(ϖ)−℧(ϖ ,u)Ω(ϖ)| ≤ |ρ(ϖ)−Ω(ϖ)|,

(ii)for all ϖ ,u ∈ [ℵ,a],

℧(ϖ ,u)(δ

∫ a

ℵ
du)≤ θ < 1,

where θ ∈ (0,1).

Then, the integral Equation (42) has a unique solution.

Proof.Define an operator ω : Λ → Λ by

ωρ(ϖ) = ∧(ϖ)+ δ

∫ a

ℵ
℧(ϖ ,u)ρ(ϖ)β u for all ϖ ,u ∈ [ℵ,a].

Now, for all ρ ,Ω ∈ Λ , we deduce that

Γ (ωρ(ϖ),ωΩ(ϖ),θ℘)

= sup
ϖ∈[ℵ,a]

θ℘

θ℘+ |ωρ(ϖ)−ωΩ(ϖ)|

= sup
ϖ∈[ℵ,a]

θ℘

θ℘+ | ∧ (ϖ)+ δ
∫ a

ℵ℧(ϖ ,u)ρ(ϖ)β u−∧(ϖ)− δ
∫ a

ℵ ℧(ϖ ,u)ρ(ϖ)β u|

= sup
ϖ∈[ℵ,a]

θ℘

θ℘+ |δ
∫ a

ℵ ℧(ϖ ,u)ρ(ϖ)β u− δ
∫ a

ℵ℧(ϖ ,u)ρ(ϖ)β u|

= sup
ϖ∈[ℵ,a]

θ℘

θ℘+ |℧(ϖ ,u)ρ(ϖ)−℧(ϖ ,u)Ω(ϖ)|(δ
∫ a

ℵ β u)

≥ sup
ϖ∈[ℵ,a]

℘

℘+ |ρ(ϖ)−Ω(ϖ)|

≥ Γ (ρ(ϖ),Ω(ϖ),℘),

Ξ(ωρ(ϖ),ωΩ(ϖ),θ℘)

= 1− sup
ϖ∈[ℵ,a]

θ℘

θ℘+ |ωρ(ϖ)−ωΩ(ϖ)|

= 1− sup
ϖ∈[ℵ,a]

θ℘

θ℘+ | ∧ (ϖ)+ δ
∫ a

ℵ ℧(ϖ ,u)ρ(ϖ)β u−∧(ϖ)− δ
∫ a

ℵ ℧(ϖ ,u)ρ(ϖ)β u|

= 1− sup
ϖ∈[ℵ,a]

θ℘

θ℘+ |δ
∫ a

ℵ℧(ϖ ,u)ρ(ϖ)β u− δ
∫ a

ℵ ℧(ϖ ,u)ρ(ϖ)β u|

= 1− sup
ϖ∈[ℵ,a]

θ℘

θ℘+ |℧(ϖ ,u)ρ(ϖ)−℧(ϖ ,u)Ω(ϖ)|(δ
∫ a

ℵ β u)

≤ 1− sup
ϖ∈[ℵ,a]

℘

℘+ |ρ(ϖ)−Ω(ϖ)|

≤ Ξ(ρ(ϖ),Ω(ϖ),℘),

c© 2024 NSP

Natural Sciences Publishing Cor.

www.naturalspublishing.com/Journals.asp


192 P. S. JosephNg et al. : Solving Fredholm and fractional integral ...

and

Φ(ωρ(ϖ),ωΩ(ϖ),θ℘) = sup
ϖ∈[ℵ,a]

|ωρ(ϖ)−ωΩ(ϖ)|

θ℘

= sup
ϖ∈[ℵ,a]

| ∧ (ϖ)+ δ
∫ a

ℵ ℧(ϖ ,u)ρ(ϖ)β u−∧(ϖ)− δ
∫ a

ℵ ℧(ϖ ,u)ρ(ϖ)β u|

θ℘

= sup
ϖ∈[ℵ,a]

|δ
∫ a

ℵ ℧(ϖ ,u)ρ(ϖ)β u− δ
∫ a

ℵ ℧(ϖ ,u)ρ(ϖ)β u|

θ℘

= sup
ϖ∈[ℵ,a]

|℧(ϖ ,u)ρ(ϖ)−℧(ϖ ,u)Ω(ϖ)|(δ
∫ a

ℵ β u)

θ℘

≤ sup
ϖ∈[ℵ,a]

|ρ(ϖ)−Ω(ϖ)|

℘

≤ Φ(ρ(ϖ),Ω(ϖ),℘),

As a result, all of the conditions of Theorem (1) are satisfied and operator ω has a unique fixed point.

The example below support Theorem 3:

Example 3.Assume the following non-linear integral equation:

ρ(ϖ) = |cosϖ |+
1

13

∫ 1

0
uρ(u)β u, ∀ u ∈ [0,1]

Then, it has a solution in Λ .

Proof.Let ω : Λ → Λ be defined by

ωρ(ϖ) = |cosϖ |+
1

13

∫ 1

0
uρ(u)β u,

and set ℧(ϖ ,u)ρ(ϖ) = 1
13

uρ(u) and ℧(ϖ ,u)Ω(ϖ) = 1
13

uΩ(u), where ρ ,Ω ∈ Λ , and ∀ ϖ ,u ∈ [0,1]. Then we get

|℧(ϖ ,u)ρ(ϖ)−℧(ϖ ,u)Ω(ϖ)|= |
1

13
uρ(u)−

1

13
uΩ(u)|

=
u

13
|ρ(u)−Ω(u)| ≤ |ρ(u)−Ω(u)|.

Additionally, see that 1
13

∫ 1
0 uβ u = 1

13

( (1)2

2
− (0)2

2

)

= 1
13

= θ ≤ 1, where δ = 1
13

. Then, it is clear that all other conditions
of the above application are easy to examine and the above problem has a solution in Λ .

5 Application to fractional differential equations

Firstly, we remember some fundamental definitions from the theory of fractional calculus.
For a function ρ ∈ C [0,1], the Reiman-Liouville fractional derivative of order δ > 0 is given by

1

Γ (π − δ )

dπ

dϖπ

∫ ϖ

0

ρ(ℵ)dℵ

(ϖ −ℵ)δ−π+1
= D

δ ρ(ϖ),

provided that the right hand side is pointwise defined on [0,1], where [δ ] is the integer part of the number δ ,Γ is the Euler
gamma function.
Let as consider the fractional differential equation

ℵ
D

ξ ρ(ϖ)+ χ(ϖ ,ρ(ϖ)) = 0, 1 ≤ ϖ ≤ 0, 2 ≤ ξ > 1;

ρ(0) = ρ(1) = 0, (43)
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where χ is a continuous function from [0,1]×R to R and ℵDξ represents the Caputo fractional derivative of order ξ and
it is defined by

ℵ
D

ξ =
1

Γ (π − ξ )

∫ ϖ

0

ρπ(ℵ)dℵ

(ϖ −ℵ)ξ−π+1
.

The given fractional differential equation (43) is equivalent

ρ(ϖ) =

∫ 1

0
Ω(ϖ ,ℵ)χ(ϖ ,ρ(ℵ))dℵ,

for all ρ ∈ Y and ϖ ∈ [0,1], where

Ω(ϖ ,ℵ) =







[ϖ(1−ℵ)]ξ−1−(ϖ−ℵ)ξ−1

Γ (ξ )
, 0 ≤ ℵ ≤ ϖ ≤ 1,

[ϖ(1−ℵ)]ξ−1

Γ (ξ )
, 0 ≤ ϖ ≤ ℵ ≤ 1.

Let C ([0,1],R) = Λ be the space of all continuous functions defined on [0,1]. Define a binary relation ⊥ by

υ⊥Ω iff υ ,Ω ≥ 0.

Define Γ , Ξ and Φ by means of

Γ (ρ(ϖ),Ω(ϖ),℘) = sup
ϖ∈[0,1]

℘

℘+ |ρ(ϖ)−Ω(ϖ)|
for all ρ ,Ω ∈ Λ and ℘> 0,

Ξ(ρ(ϖ),Ω(ϖ),℘) = 1− sup
ϖ∈[0,1]

℘

℘+ |ρ(ϖ)−Ω(ϖ)|
for all ρ ,Ω ∈ Λ and ℘> 0

and

Φ(ρ(ϖ),Ω(ϖ),℘) = sup
ϖ∈[0,1]

|ρ(ϖ)−Ω(ϖ)|

℘
for all ρ ,Ω ∈ Λ and℘> 0,

with continuous t-norm and continuous t-co-norm define by ρ ∗ τ = ρ · τ and ρ ◦ τ = max{ρ ,τ}. Clearly, ω is an ⊥-
preserving mapping. Then, (Λ ,Γ ,Ξ ,Φ,∗,◦,⊥) is a complete ON PMS .

Theorem 4.Let the nonlinear fractional differential equation (43). Assume that the given assertions are satisfied:

(i)there exists ϖ ∈ [0,1] and ρ ,Ω ∈ C ([0,1],R) s.t.

|χ(ϖ ,ρ)− χ(ϖ ,Ω)| ≤ |ρ(ϖ)−Ω(ϖ)|;

(ii)

sup
ϖ∈[0,1]

∫ 1

0
Ω(ϖ ,ℵ)β ϖ ≤ θ < 1.

Then the fractional differential equation (43) has a unique solution in Λ .

Proof.Let the map ω : Λ → Λ defined as

Λρ(ϖ) =

∫ 1

0
Ω(ϖ ,ℵ)χ(ϖ ,ρ(ℵ))dℵ.

It is easy to note that if ρ∗ ∈ Λ is a fixed point of ω then ρ∗ is a solution of the problem (43).
Now, for all ρ ,Ω ∈ Λ , we deduce that

Γ (ωρ(ϖ),ωΩ(ϖ),θ℘) = sup
ϖ∈[0,1]

θ℘

θ℘+ |ωρ(ϖ)−ωΩ(ϖ)|

= sup
ϖ∈[0,1]

θ℘

θ℘+ |
∫ 1

0 Ω(ϖ ,ℵ)χ(ϖ ,ρ(ℵ))dℵ−
∫ 1

0 Ω(ϖ ,ℵ)χ(ϖ ,Ω(ℵ))dℵ|

= sup
ϖ∈[0,1]

θ℘

θ℘+
∫ 1

0 Ω(ϖ ,ℵ)|χ(ϖ ,ρ(ℵ))− χ(ϖ ,Ω(ℵ))|dℵ

≥ sup
ϖ∈[0,1]

℘

℘+ |ρ(ϖ)−Ω(ϖ)|

≥ Γ (ρ(ϖ),Ω(ϖ),℘),
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Ξ(ωρ(ϖ),ωΩ(ϖ),θ℘) = 1− sup
ϖ∈[0,1]

θ℘

θ℘+ |ωρ(ϖ)−ωΩ(ϖ)|

= 1− sup
ϖ∈[0,1]

θ℘

θ℘+ |
∫ 1

0 Ω(ϖ ,ℵ)χ(ϖ ,ρ(ℵ))dℵ−
∫ 1

0 Ω(ϖ ,ℵ)χ(ϖ ,Ω(ℵ))dℵ|

= 1− sup
ϖ∈[0,1]

θ℘

θ℘+
∫ 1

0 Ω(ϖ ,ℵ)|χ(ϖ ,ρ(ℵ))− χ(ϖ ,Ω(ℵ))|dℵ

≤ 1− sup
ϖ∈[0,1]

℘

℘+ |ρ(ϖ)−Ω(ϖ)|

≤ Ξ(ρ(ϖ),Ω(ϖ),℘)

and

Φ(ωρ(ϖ),ωΩ(ϖ),θ℘) = sup
ϖ∈[0,1]

|ωρ(ϖ)−ωΩ(ϖ)|

θ℘

= sup
ϖ∈[0,1]

|
∫ 1

0 Ω(ϖ ,ℵ)χ(ϖ ,ρ(ℵ))dℵ−
∫ 1

0 Ω(ϖ ,ℵ)χ(ϖ ,Ω(ℵ))dℵ|

θ℘

= sup
ϖ∈[0,1]

∫ 1
0 Ω(ϖ ,ℵ)|χ(ϖ ,ρ(ℵ))− χ(ϖ ,Ω(ℵ))|dℵ

θ℘

≤ sup
ϖ∈[0,1]

|ρ(ϖ)−Ω(ϖ)|

℘

≤ Φ(ρ(ϖ),Ω(ϖ),℘).

As a result, all of the conditions of Theorem (1) are fulfilled and operator ω has a unique fixed point.

6 Conclusion

We have explored the concept of ON PMS (orthogonal neutrosophic pentagonal metric space) and presented novel
types of fixed-point theorems. Our results serve to unify and generalize numerous articles within this domain.
Furthermore, we have supplemented our work with an application that demonstrates the superiority of our developed
approach over existing methods found in the literature. It is shown that, the utilization of fixed point theory is paramount
in establishing the existence and uniqueness of a wide range of problems modeled by nonlinear relations. Particularly, in
the study of fractional differential equations, fixed point theory plays a crucial role in addressing the issues of existence
and uniqueness. This theory has been continuously developed for nearly a century and remains a subject of active
research due to its widespread applications. Moreover, its applicability extends to various spatial configurations,
encompassing metric, abstract, and Sobolev spaces. Given the significance of fractional ordinary, partial differential, and
difference equations in describing real-world scientific problems, fixed point theory proves to be exceptionally valuable
in investigating these matters.
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