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Abstract: Bivariate Marshall Olkin distribution methods are very useful for modelling failure of paired organs, such as
the eyes, kidneys, and lungs. Although there are inevitable relations between the components of such organs, these
organs may possibly fail one after the other or at the same time. In this paper, a new model using Bivariate Marshall-
Olkin distribution methods, namely Bivariate Omega Model (BOM) is introduced and applied for modeling time of two
eyes blindness in diabetic retinopathy patients. Some probabilistic properties of the bivariate Omega distribution are
derived and studied. The dependence properties for bivariate Omega distribution are proposed using the Marshall-Olkin
copula. Parameters estimators are investigated using the maximum likelihood method. Two data sets are illustrated to
show the usefulness of the new model for fitting such data.

Keywords: Bivariate distribution; Diabetic Retinopathy Study; Failure rate; Marshall-Olkin copula; Maximum-
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1 Introduction

The Omega probability (OM) distribution created by [1] and established based on the omega function. The behaviors of
the hazard rate function for OM distribution make it more fitting for modeling bathtub-shaped failure rate curves. The
probability density function (pdf), cumulative distribution function (cdf), survival function, and hazard rate function of
OM distribution are expressed as follows,
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where a, 5, d > 0 are the parameters and a random variable 0 < x < d.

Omega probability distribution is famous for its versatility and ease of usage. The fact that the cdf and the hazard rate
function of OM distribution are power functions rather than exponential functions helps to the distribution apparent ease
of use. While the exponential function tends to infinity over an unbounded domain, the omega function does so over a
bounded domain (0, d). This allows the omega hazard rate function to be more appropriately follow sudden changes (d
> 0). The properties of OM distribution investigated by [2]. They also showing that the OM is better suited to the data
than the other distributions (Exponentiated Weibull, generalized power Weibull, generalized Weibull, modified
Weibull, modified Weibull extension, odd Weibull, and reduced modified Weibull distributions) examined by [1] for
analysis the number of operating hours between successive failure times of air conditioning systems in Boeing
airplanes.
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In numerous applications, multivariate survival analysis is necessary. It is essential to consider the multivariate
distributions for modeling the multivariate data. Various methods have been offered for multivariate survival data,
see [3]. This paper aims to introduce the Bivariate Omega distribution (BOM), whose marginal probability density
functions are OM distribution using Marshall-Olkin formulation [4]. This new bivariate model is constructed from three
independent OM distributions using a minimization process. Various articles have introduced Marshall-Olkin type of
bivariate distributions, which are widely utilized for applications in the field of failure time, for instance, [5, 6, 7, 8, 9,
10].

This paper is organized as follows: in Section 2, we formulate and describe a new bivariate model established Marshall-
Olkin method, called Bivariate Omega (BOM) distribution. Also, some properties of this new bivariate model are
studied. The dependence properties for bivariate Omega distribution are proposed using Marshall-Olkin copula are
discussed in Section 3. The bivariate hazard rate function of BOM distribution is provided in Section 4. Section 5 is
dedicated to studying the reliability stress-strength model. The maximum likelihood estimators of the parameters are
provided in Section 6. In Section 7, two real data are analyzed for illustrative purposes. Finally, conclusions are
proposed in Section 8.

2. Model Formulation

2.1. Marshall-Olkin Type Distribution in Shock Model and Competing Risks Model

The bivariate Marshall-Olkin type model is used in the shock model or the competing risks model. In these models, the
system consists of two components which are exposed to shocks or risk arriving from three sources of events.

Suppose U, U, and U are three independent random variables such that U;~OM (a;, 5, d) for i = 1,2,3, and let X; =
min (U;, U;), X, = min (U,, U;). Hence the bivariate vector (X;,X,) has a BOM distribution with parameters
(a1, a5, a3,5,d), denoted by (X;,X,)~BOM(a,, a,, a3, 3,d). The shock and competing risks models for bivariate
omega distribution can be described as follows,

Shock model: Suppose two components labelled 1 and 2 according to three types of shocks in a system. If the shock of
the first type happens, then component 1 fails. If the shock of the second type happens, then component 2 fails. But
when the third type of shock happens, the two components 1 and 2 are failed. Consider that the occurrences of these
shocks are controlled by three independent processes with the related inter-arrival times denoted by U,, U, and Us. The
lifetime of component 1 is the random variable X; = min (U,, U;) and that of the component 2 is X, = min (U,, Us).
Then, the survival time of (X;, X,) follows the BOM distribution.

Competing risks model: Suppose a system with two components labelled 1 and 2 subjects to three independent causes
of failures, which may affect the system. Let U;,U, and U; are the lifetimes of failure causes. The lifetime of
component 1 is the random variable X; = min (U;, U;) can fail due to cause 1, the lifetime of component 2 is X, =
min (U,, U;) can fail due to cause 2, while both the components 1 and 2 fail at the same time as a result of cause 3. Let
U,,U, and U; are the lifetimes of failure follow Omega distribution, then (X;, X,) follows the BOM distribution.

2.2. Bivariate Omega Distribution

For the independent random variables U;~OM (a;, 8,d), i = 1, 2,3, the random variables X; = min (U;, U;) and X, =
min (U,, U;) are dependent due to the common random (latent) variable U;. Hence the vector (X;,X,) has BOM
distribution, with parameters (o, @;, a3, 8, d). The following result presents the joint survival function of (X;, X,).

Theorem 1. If (X, X,)~BOM (a,, a,, a3, , d), then the joint survival function of two variables X; and X, is given by

—a;df —aydf —agdP

2d” 3
S (x X ) _ dﬁ+xf 2 dﬁ+x§ 2 (dﬁ+zﬁ) 2 (5)
X1,X2 \"1r 42 dﬁ—xf dﬁ—xg dB—zB

where z = max(x,, ;).
Proof. Since the survival function of (X;, X,) is as follows
Sx, %, (X1, %) = P{X; > x1,X, > %},
Then, we get
Sx, x, (X1, %) = P{min (Uy, U3) > xy,min (U, U3) > x, }

=P{U; > x,,U3 > x1,U, > x,,U; > x, }
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= P{U, > x;,U; > x,,U; > max (x;, x;,)}
= P{U; > x,,U, > x,, U3 > 7},
where, z = max (x4, x,).
Since U;, i = 1, 2, 3 are independent random variables, then
SX1,X2(xlﬂx2) = P(U; > x,)P(U, > x,)P (U3 > z)
=Som(x1; @1, B, d) Som (X2; @z, B, ) Som(z; a3, B, d)

—aldﬁ —zzzdﬁ —a3dﬁ
_ (dB+x1‘6) 2 (dB+x§) 2 (dﬁ+zl’,)T
dB—xl‘B dB—xf df-zFB

Corollary 1. The joint survival function of the BOM (a4, a5, a3, 5, d) can be also written as:

Som(x1; @y, B, d) Som (x5 @z + a3, B, d), if X1 < X3
Sx,.%, (x1, %) = { Som (x1; a1 + @z, B,d) Sou(x2; @z, B, ), if Xy < X (6)
SOM(x; aq +a2 +a3!ﬁld): Lf X1 =Xy =X

If (X1,X,)~BOM (a,, @y, a3, f,d), then the marginal distributions of X; and X, and the distribution of the random
variable min(X;, X;) are introduced and proved in the following proposition.

Proposition 1. Let (X;, X,)~BOM(a,, a,, as, B, d). Then it follows that
(1) The marginal distribution function of X; and X, are as follows
X;~OM(a; + a3,B,d) and X,~OM(a, + a3, ,d).
(ii) min (X, X;)~OM(a, + a, + a3, 8,d)
Proof. (i) If X; < X, then Z = max(X,, X,) = X,. By taking
—aydP —agdP —(az+az)dP

lim S, . (x x)_(aﬁ+x§) 2 (a6+x§) 2 _(aﬁ+x§) 2
x1-0 XuXp A2 dﬁ—xf dB—xf - dﬁ—xf

= Som (x; @z + a3, B, d).
Analogously, if X, < X;, we have Z = X;. Therefore,
—(az+az)df

1_ _ d5+xf 2 =S . d
x;r—r}o Sxyx, (X1, Xx2) = m = Som(x1; @1 + a3, B, d)

(i1) By using the following fact
P(min (X,X;) >y) =P(X; >y,X, >y) =PUy > y,U; > y,U; > y)
=P, >y)P(U;>y) P(Us >y)
—(@14@p+az)df

Sy oy <

Thus, result (ii) holds.
The following Theorems will provide the joint cdf and pdf of the BOM distribution.
Theorem 2. If (X, X,)~BOM (a,, a,, as, 5, d), then the joint cumulative distribution function of (X3, X,) is given by

Fom(xy; a0 + az, B,d) — Fou (x5 a1, B, ) [1 — Fop (x5 02 + a3, B, d)],  if x <x,
Fx, x, (x1, %) = { Fom (x5 @y + a3, B, d) — Fop (x5 a3, B, [1 — Fou (xy; @1 + a3, B, )], if  x,<x; (7
1_F0M(x;a1+a2+a3,ﬁ,d), lf X1 =Xy =X

Proof. The joint cdf of X; and X, can be directly obtained from the relationship
Fy, x,(x1, %) = P(Xy > x3,X, > %) + P(X; <x) + P(X; <x) — 1

=Sy, (0, 20) +[1 =Sy (x)] +[1 =Sy ()] — 1 3)
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In the case x; < x,: From Theoreml, the joint survival function of the BOM (a4, a,, a3, B, d) can be also written as,
Sx1x; (x1,%2) = Som(x1; @, B, d) Som (X35 @y + 3, B, d)

=[1 = Fopu(xp; a9, B, [1 = Fop (x5 a5 + a3, B, d)] ©

From proposition 1, the marginal distributions of X, and X,are OM(a; + a3,(,d) and OM(a, + a3, B3,d),
respectively. Thus, we have

SXl(xl) = Sou(xy; 0, + a3, f,d) and sz(xz) = Sou (X3 0, + a3, 8,d) (10)
Substituting from (9) and (10) into (8), we obtained
Fyx, (%1, %2) = Sy, x, (%1, %2) +[1 = Sy, ()] + [1 = Sy, (02)] — 1
=[1 = Fop (15 a3, B, D[1 = Fop (x5 a2 + 3, B, d)]
+Fop(x;0 +ag, B,d) + Fop(xp; 0, + 3, 8,d) — 1
=Fou(xp; 00 + a3, 8,d) — Fop (x5 1, B, d)[1 — Fou(xy; ay + g, 8,d)]
Analogously follows the case x; > x,, but for the case of x; = x, = x is obvious.

Theorem 3. If (X, X,)~BOM (a,, @, a3, 5, d), then the joint probability density function of (X3, X,) is given by

fl(xl'xz): lf O < x1 < xz < d
[y %2 (x1,%3) =1 fa(x1, %), if 0<x,<x <d (11)
fo(x), if 0<x=x=2x, <d

where,
fi(x1,%2) = fom(xes @y, B, D) fom(x2; az + a3, B,d)
f2(x1,%2) = fom (s aq + ag, B, d) fou (25 a2, B, d)

a3
X)=——— xX; 0, + a,+a., fB,d
fO( ) a1+a2+a3f0M( 1 2 3 ﬁ )

0%Fx, x,(x1,%2)
0x10x,

Proof. Clearly, f1(xq,x5) and 1o (1, x5) can be found by taking

for x; < x, and x, < x4, respectively. For f; (x), the following relation can be use

d rx; d rxq a
f f f1(x1, x2) dxidx, +f f f2 (x4, x3) dx,dx; +ffo(x)dx =1
o Jo o Jo
0

So,
—a,dP —(az+az)dP
Pttt [ [Flesteggp s
1Xq, X)) ax,0x; = P — X10X;
o Jo o Jo (dzﬁ —xfﬁ)(dzﬁ —x;ﬁ) dh —xf dB —xf
—(a1+az+a3)dB —(zz2+a3)dﬁ
fd (@ + a3)d2BBxl ™| (dP + xFf 2 N df + xP 2 p
= _— X
0 d2h — xzzﬁ df — xf dpf — xf 2
— a1
- (a1+az+a3)
Also,
—aydf —(a1+az)df

fdfxlf (x1,x,) dx,dx =deX1 ay(ay +a3)d43ﬁ2x‘f—1x§_1 df +x§ ’ M ’ dx,dx
A 2(X1, X3 20X o Jo (dzﬁ_xfﬁ)(dzﬁ_xzzﬁ) dﬁ—xf dﬁ—xf 20Xy
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= @
(a1t+aztas)
Thus,
4 f (0)dx =1
x)dx =
(a1 +ay + a3) (a1+a2+a3) fo
. da _ asg
Hence, we obtain [ fo(x)dx = ey
On the other hand,
d ~(aytagraz)af
f ) (a; + ay + a3)d?pxP~1 (dF + xP 2 p as
X=——
a; + a, + as d2B — x28 dP — xF (a; + az + a3)
0
Therefore,
as
fo(x) = fou(x; a1 + aztasz, B,d)

The proof of the theorem is completed.

The conditional probability function of X; is introduced in the following theorem,
Theorem 4. The conditional probability functions of X;, given X; = x; denoted by
fX(11|)X2( xi1%2),  x <xp

(2)
f1|x2(x1|x2): Xy > X

fxﬂxz (xqlx) = {

where,

L

€)) __alﬁdzﬁxf_l dB+xf 2z
f1|X2(x1|x2) TP \apf = fx,(x1)

—(a1+a3)dﬁ a3dB
az(a1+a3)ﬁd23xf_1 (dﬁ+xf) 2 (dB+xf) 2
(aztas)(@?b-x2Fy \ab-xFf PP

(2)
fxiix, (%1 1x2) =

Proof. By using the joint pdf and the marginal of (X;,X,) in Theorem 4 and substituting by it in the following
expression, the theorem follows immediately,

fxox (x1,x2)
1,42

fx2 (x2)

fX1|X2 (xqlx) =
3. Copula and Dependence Properties

One of the popular methods for constructing bivariate distribution is the copula type. The importance of copula models
is converged by [11] who explained in his theorem “Sklar theorem” the relation between bivariate distribution functions
and its related univariate marginals with a variety of dependence structures. For every bivariate distribution function
Fy, x,(x1,%;) with continuous marginals Fy (x;) and Fy,(x,) there exists a copula with uniform margins C:[0,1] X
[0,1] = [0,1], such that: C(F,(x;), F,(x;)) = F, x,(X1,X;). In this section, the dependence properties for bivariate
Omega distribution are proposed using Marshall-Olkin copula type [4], which can be written by:

C(u,v) = ut~%19v1=% min(u®, v%) (12)
or
ul=f1y, b1 >
Cwv) = {uvl“’z ufr < v
Forall 0 < 6; <1,i=1,2. For u= Fy,(x;) and v = Fy,(x;) where X;~BOM(a; + as,f,d) and 6; = v i=
3
© 2023 NSP
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1,2, then the function C(u,v) gives the same bivariate distribution function Fy, , (x;,x,) in (7). The Marshall -Olkin
survival copula is as follows

C(w,v) = wwmin(u%,v%) = min(u!~%1v,uv'-?%)
2
The density function associated with copula C(u, v) is defined by c(u,v) = aiﬁ C(u,v), so the density function for
Marshall-Olkin copula (12) is denoted by

(1 -0 u%%, ubr > v
(1—6y) v=%, ybr < p?2

c(u,v) = {

One of the most concepts in statistics is the dependency or association between variables using copula. Now several
properties for Fy, x, (x,x,) in terms of C(u, v) related to dependence measures are presented.

3.1. Measures of Association

There are several measures of association between a continuous pair (X, X,) will be proposed as Kendall's tau (7),
Spearman's rho (p), Blomqvist medial correlation coefficient () and Spearman's footrule coefficient (¢.) which
depends only on the copula C(u, v), see [12].

o Kendall's tau (7):

Kendall’s tau has several expressions the following is more tractable

=1 _4'f flac(uv)BC(uv)d dv

0162

Marshall-Olkin copula has Kendall's tau as 9010,-0.07

if (X1, X,) ~BOM(a; + a, + a3, B, d) then Kendall's tau is

given by
— a3
T ajtaztas
a . .
for 6; = TS ,i=1,2,and a,, @, a3 various from 0 to oo.
a;tas

o Spearman’s rho (p):

Spearman’s rho can be expressed by copula as:

1,1
p=12f f C(u,v)dudv -3
0 J0

36,6,

Marshall-Olkin copula has Spearman’s rho as 20.120,-0.67

if (X;,X,) ~BOM(a; + a, + as, B, d) then the Spearman’s
rho is given by
3ag
P 20, + 20,430,
e Blomgqvist medial correlation coefficient (f):

The medial correlation coefficient introduced by [13] for a random pair (X;, X,) by using the medians of X; and X,.
Also, used the copula function to propose Blomqvist medial correlation coefficient () which is defined by:

= T\
pesct)
Therefore, if (X;,X,) ~BOD(a, + a, + a3, 3,d), the copula C G,%) = (%)z_mi“ (01.62) then

_ 4(1)2_91 -1, 6,<8,

2
457 -1 6, >0,

as

where 6; = , i =1,2. The minimum value of =0 at min(6,,0,) = 0 and the maximum value of =1 at

aj+az

min(8,,6,) = 1.

o Spearman’s footrule coefficient (¢.):

© 2023 NSP
Natural Sciences Publishing Cor.



Inf. Sci. Lett. 12, No. 11, 3177-3189 (2023) /_http://www.naturalspublishing.com/Journals.asp m 3183

Another measure of association can be calculated using copula function is Spearman’s footrule coefficient, see [12], as
follows

1
Oc =6f C(u,u)du — 2
0

Hence,

-5 _ 9
Pc = 35mim (61,82)

Therefore, if (X;, X,) ~BOD(a; + a, + a3, 8,d), then

204
3a;, + 2a3’ 01 <0,

$c = 2(13
3a, + 2a;’ 61> 6,

3.2. Dependence Structure
Several dependence structures of random variables discussed by [14, 12] using the copula theory.
e  Tail Dependence:

The idea of tail dependence in a copula type measure is the dependence between the variables in the upper or lower
quadrant tail of [0.1]2. [14] introduced the following definition of the upper and lower tail dependence which depend,
respectively, on the copula of X; and X,

1-C(t,t)

Ay =2~ lim and 2, = lim ey

ot t

If (X;,X,) ~BOD(a; + a, + as, B,d), then

a
> )] 91<92
/1 _ (Z1+(X3
U — as
. 0,>6,

Thus, there is no lower tail dependence 4, = 0.
®  Quadrant Dependence:
The two random variables X; and X, are the positive quadrant dependent (PQD) if
P(X; <x,X, <x3) 2 P(X; <x)PX; < x3)
PQD can be written by copula type, see [12], equivalently as
C(u,v) = uv, foru,v € [0,1]? (13)

Marshall-Olkin copula is PQD which verified (13). Therefore, if (X;,X,) ~BOM(a, + a, + a3, 5, d), then they are
PQD.

4. The Hazard Rate Function

For BOM, the bivariate hazard rate function, hazard gradients and shape of hazard rate function are provided and
discussed in this section.

4.1. Bivariate Hazard Rate

If (X;, X;) has joint probability density function fy, x, (x4, x;), [15] defined the bivariate failure rate function as follows
fxl,xz (x1,x3)

Sx,.%, (x1,x2)

Theorem 5. If (X, X,)~BOM (a; + a,+as, 5, d), then the bivariate hazard rate function is defined by

hxl,xz (x4, %) =

© 2023 NSP
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where,

hy (%1, x3), if x1 <x,
hy (x4, x3), if x, <x
ho(x), if0<x;=x,=x<d

hxl,xz (x1,%3) =

filx,x)  ag(ay +az) ﬁzdwxf—le—l
$i:0e%) | (a2 — xP)(d2F — x2P)
folren %)) ay(ay + ag) B2d*Bxl 1l
S:Gexs) (a2 —x2P)(d26 — x2F)

fo(x) _ d*P Basxf?
So(x)  d?B —«x2B

hy(xy,x,) =

hy(x1,%;) =

ho(x) =

Proof. By using (6) and (11), it is easy to prove the theorem.

4.2. Hazard Gradients

The hazard rate function measures the failure rate in the univariate state, whereas in the multivariate cases, the failure
rate depends on the variable that is changed. Therefore, [16, 17] are defined as the hazard gradients for modeling
bivariate and multivariate lifetime data.

The bivariate hazard gradient for continuous random variables X; and X, is given by

hxl,xz (x1,%3) = (hx1 (x4, %2), hxz (x4, xz))

] a
= (— o log SX1.X2 (x1,%2), — E log SXLXZ (x1, xz))

For (X, X,)~BOM (ay, a,, a3, §, d), the hazard gradients are given by

and

alﬁdzﬁxlﬁ_l

e if x;<x,
(a1+a3)ﬁd2ﬁx6_1 ,
hy, (X1, %) = ——5 =5+ if x3<x (14)
dzﬁ—x1
(a1+a2+a3)ﬁd2ﬁxf_1 ,
if x;=x
2 ’ 1 2
dzﬁ—xlﬁ
(az+asz) deﬁxﬁ—l ,
dzﬁ—xzﬁ 2 ] lf x1 < xz
2
ozz,l?dzﬁxﬁ_1 ,
hy, (x1,x;) = —dzﬁ_xzzﬁ ) if x;<x (15)
2
+a+ a2Bxb1 ,
(a1+az+az)pd-Px, ) if x,=x,

dzﬁ—xgﬁ

4.3. Shape of Hazard Rate Function

Hazard rate function of the omega distribution with parameters &, § and d is given by

dzﬁ p-1
h) =G (16)

Since h(x) is bathtub shaped for 0 < # < 1 and a monotonic increasing for § = 1. From (14), (15) and (16), we can
conclude that for fixed x,, hy, (x;,x,) has a bathtub shape for § > 1 and monotonic increasing for f > 1. Similarly,
the hazard function hy, (x;, x,) hold the same shapes for a fixed x;.

5. Stress-Strength Reliability Analysis

The stress—strength measure explains the life of a component that has a strength X, and random stress X;. The
component fails at the time that the stress exceeds the strength. In this section, the stress- strength reliability measure,

© 2023 NSP
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R =P (X; < X;) is derived for BOM distribution when X, and X, are dependent random. The stress-strength reliability
measure R for BOM distribution is derived as follows,

Theorem 6. If (X;, X,) has a BOM distribution defined in (8), then the stress-strength measure is
=P(X, <X;) =—2

aitaz+as

Proof. The stress-strength reliability measure can be derived as follows

d rd
R=PX,; <X;) = f f f1(x1, x2) dxpdxg
0 Yxq

—aldﬁ —(a2+a3)dﬁ
_f fd ay(az+az)a*fp2xy 1 B 1(dﬁ+xﬁ) 2 (dﬁ+x2‘8) 2 dodx
() \ad) o o
B_ B dﬁ(a1+a2+a3)
aldz"’ﬁxf_1<d B)
_ dﬁ+x dx _ a,
o azB—x2F 17 gy +az+as’

6. Maximum Likelihood Estimation

The estimation of the unknown parameters for BOM distribution are derived in this section using the maximum

likelihood estimation (MLE) method. Let (x14,%31), (X12,%22), -, (X150, X2,,) are random variables from the
BOM(a,, a,, a3, B, d) distribution and take into consideration the following notations:

Lo={0 %) %0 > X i =1, 0}, I = {0, %00): X4 < Xp50 =1, ...,n},
Is = {(x15, %) %0 = %50 =1,..,n} =1, U LU L,n, =|l|,n, =|L|,n; =I5l and n; + n, + ny = n.
The likelihood function for the parameter vector 8 =(a4, a,, a3, B, d) is given as

L(O|xqy,x;) = Hie11 f1 (X115 X2;) Hie[z f2 (%10 %21) HiEI3 f3(x)

where,
[ —aldB —(a2+¢z3)dﬁ-
B-1 BB 2 B-1 BB 2
. n 2 4 Xy d +X4; Xy da +Xy;
[iern, f1 Gori x20) = @' (@ + az)™p*"1d b [lier, (dzﬁixzﬁ> (dg_xﬁl> (dzﬁixzﬁ> (dﬁ—xﬁl
1i 1i 2i 2i
[ —(a1+a3)d5 —aZdB-
B-1 BB 2 B-1 BB 2
2 4 Xy d +X4; Xy d +Xy;
[ier, f2 (10 %20) = ay?(ay + az)"2fFrzd 2P [ €l (dzﬁixzﬁ> (dﬁ_xﬁl> dZBix2‘8> (dﬁ—xﬁl
1i 1i 2i 2i

Hi613 f:(x) = a;l3ﬁn3
The log-likelihood function is given by

L=0C2n +2n,+n;)Inf+nlna; +ny,Ina, + nylna; +n; In(a, + as)

-1
+n,ln(a; + az) + (4ny B +4n,f + 2n3f) Ind + Yy, In (ﬁ)

B p-1 ByxP
aidﬁ 11 X0 (aztaz)df a7+%;
——Yier, ln( e x + Dier, In 25 2F |~ > Yier, In TN

2i 2i

p-1 P BB KB
X1i (a1+az)d dar+x 1
+ Zie12 In (dzﬁlix2,3> - 2 Zie]z ln( I x L+ 21612 In dZﬁ 23
1i

aBixP p-1 B B..B
ade +X5; x; _ (artaztaz)d ar+x;
ZLEIZ ln( 5i + Zie@ In dzB_xiz,B 5 Zie13 25— B

The MLEs for the parameters a; , a,, @3, f and d are obtained by computing the first partial derivatives of the log-
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likelihood function with respect to «; , a5, a3, B, d and equating these first partial derivatives by zero. The likelihood
equations are in the following form

+xB B aBixP
L _ nq +x;
Froiai + m d Yien, ln( = p) ZdP Yiel, ln( xﬁ) ZdP Yiel ln( . /3)

B B B
L _ ny +x +x5, +x;
a—az—a—z‘Fm Zdk Zzezlln< 7 [3>__d ZlEIzln< f>__d ZlEI3ln< x/;)

B B B

oL _ n3 ny +x 1 +x 1 +x;
P25 s + . + a2+a3 d Yiel, ln( e 5) df Yien, ln( e 3) dp Yiel ln( 5 x{;)

Bixh
0L 2m*2naths 4 (4n, + 4n, + 2n,) In(d) — ~dPayIn(d) Bicy, In (d ”;;) —Laf(a, +

B B

+x5 dB xﬁ

dap i
a3)In(d) Ziezz ln( ﬁ_x};l> - %dﬁ (a; + a3)in(d) Zieh In (

1i

B.
) ——d @, In(d) iy, ln( - ";) —%dﬁ(afl +

aP+x; [In(d)-In(xq1))] [in(d)-In(x )]
a, + az)in(d) Yiey, ln( ) +d¥a; Yie), T““ +d?* (ay + a3) Yiey, dz,;—zl[;u +

l

dzﬁ[—2ln(d)+ln(x1i)]x1iln(xli) dzB[—2ln(d)+ln(x1i)]x1‘8iln(x1i) [in(ad)- ln(xZE)]

. . 2B el o b 1
i€ly 28— sz 21612 dzﬁ_xiiﬁ d*F(a, + az) Zleh dzﬁ_x;{g +
N ; 2B 3B .
[In(d)—In(xzp)]x ZL a?B[-2im(d) +in(xa))xlin(ezy) a*Pl-2in(d)+in(olaginGs) | 1 4
2 Zie[z —aZﬁ B + erIl 22P— xzﬁ + Zie[z dzﬁ—x;iﬁ +Ed (ay +a; +
2dBin(d)-In(x))]x 2df[-2in(d)+in(xp)x} Binxp
as) ZiEIg —dZB— 21613 228 _22P
i

<P
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_rf) LG
3

B B
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as) Zieh ln( 7 [;) ~dF- Ba, ZlEIz ln( I 3) ~dh- Ba; + a, + az) 21613 ln( I xlﬁ -
B
2d%F- B ZLGIl 22 _2F 2d%F- B ZLGIZ 22P— 25 +d?- By Zzell 22P—x z/; +d?- B(ay +a3) —
28-1 28-1 B 1 *2i
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Since the above system of non-linear equations cannot be solved analytically, a numerical technique is needed to get the
MLE:s.

7. Data Analysis

In this section, two real-life data set are used to explain the proposed procedure and show that the importance of BOM
distribution. Unfortunately, there is no proper goodness of fit test for bivariate distributions as the univariate case. So,
before analyzing the data using BOM distribution, we firstly examined goodness of fit for the marginal X,;, X, and
min (X,, X;) using Kolmogorov-Smirnov (K-S) statistics and its p-value. This gives some indication about fitting of the
BOM distribution to the data and it will support to predict the initial values of the parameters. The MLEs, log-likelihood
function and goodness of fit criteria are computed for each data set.

First data set:

Bivariate Marshall Olkin distribution methods are very useful for modelling failure of paired organs, such as the eyes,
kidneys, and lungs. Although there are inevitable relations between the components of such organs, these organs may
possibly fail one after the other or at the same time.

The study has been performed by the National Eye Institute to evaluate the result of laser photocoagulation in delaying
the onset of severe vision loss such as blindness in the Diabetic Retinopathy Study (DRS). The study involved 197 high
risk patients to investigate the usage of the proposed method. In Table 1, A subset of 38 patients is selected from DRS
to explore the usefulness of the proposed BOM distribution. One eye is randomly assigned to each patient to receive
treatment using laser and the other eye did not receive any type of treatment. The time from the beginning of treatment
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to the time when visual acuity dropped below 5/200 is evaluated for each eye. As shown in Table 1 1, the data is the time
of vision loss in months. Let X; is the time (in months) to the blindness of the untreated eye and X , be the time to the
blindness of the eye that received laser treatment. For computational stability with the fitting of the distribution, all the
data are divided by 100.

Table 1: Time of Vision Loss for Diabetic Retinopathy Patients

i Xii Xoi i Xii Xoi

1 30.83 38.57 20 13.33 9.60
2 20.17 6.90 21 14.27 7.60
3 10.27 1.63 22 34.57 1.80
4 5.67 13.83 23 4.10 12.20
5 5.77 1.33 24 21.57 9.90
6 5.90 35.53 25 13.77 13.77
7 25.63 21.90 26 33.63 33.63
8 33.90 14.80 27 63.33 27.60
9 1.73 6.20 28 38.47 1.63
10 30.20 22.00 29 10.33 0.83
11 25.80 13.87 30 13.83 1.57
12 5.73 48.30 31 11.07 1.97
13 9.90 9.90 32 2.10 11.30
14 1.70 1.70 33 12.93 4.97
15 1.77 43.03 34 24.43 9.87
16 8.30 8.30 35 13.97 30.40
17 18.70 6.53 36 13.80 19.00
18 42.17 42.17 37 13.57 5.43
19 14.30 48.43 38 42.43 46.63

Second data set:

The data includes 32 claims for compensation from motorcycle accident insurance. In Table 2, X; and X, represent the
cost of property damage and medical expenses, respectively. Before analysing the data, all the data points are divided
by 1000.

For Marshall Olkin bivariate distribution, (X;, X,) represents the bivariate data with all possibilities as follows (i) X; <
X,, (i) X; > X, and (iii) X; = X,. First, we fit the Omega distribution for X;, X, and min (X3, X,). It will support to
prediction the initial values of the BOM distribution. The maximum likelihood estimators, the (K-S) distances and p-
values are shown in Table 3 for two data sets. Based on the p-values, its shown that the Omega model is fitted for the
marginals and for the minimum also.

Table 2: The Cost of Property Damage and The Medical Expenses.

i Xii Xoi i Xii Xoi

1 144 793 17 298 271
2 134 945 18 114 489
3 500 500 19 335 807
4 720 400 20 449 499
5 230 784 21 160 542
6 374 881 22 224 349
7 175 175 23 323 103
8 252 252 24 704 522
9 300 417 25 470 470
10 665 456 26 368 368
11 199 243 27 171 999
12 412 198 28 106 974
13 720 183 29 529 202
14 591 784 30 423 375
15 305 222 31 500 198
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| 16 | 292 | 214 | 32 | 350 | 707

Table 3: The MLEs, K-S and the p-values

Data Set Variable a B d K-S p-value
X; 8.6399 | 1.3354 1209.42 | 0.1307 | 0.5347
Diabetic Retinopathy Data X, 6.3883 | 1.0462 4411.35 | 0.1109 | 0.7383
min (X, X;) | 10.7406 | 1.0360 1.0444 | 0.1343 | 0.6110
X 6.7951 | 2.1418 154.408 | 0.0687 | 0.9981
Motorcycle Accident Insurance Data X, 3.2524 | 1.9283 311.185 | 0.1192 | 0.7532
min (X,X;) | 6.1947 | 2.0453 221.049 | 0.0802 | 0.9950

Now, we will fit the BOM distribution. Then, the MLEs and their related log-likelihood for the bivariate data set are
presented in Table 4. For model selection, AIC, BIC, CAIC and HQIC are also provided in Table 4. The results show
that the BOM distribution is fitted for the two bivariate data sets (diabetic retinopathy data and motorcycle accident
insurance Data).

Table 4: The MLEs and Goodness of Fit Criteria for Bivariate Omega Distribution

Data Set MLEs -Log() | AIC BIC CAIC HQIC
a, = 0.6899
a, = 0.8444

Diabetic Retinopathy Data a; = 0.5381 46.566 103.132 111.32 105.007 106.045
B =0.3431
d="77197
a, = 0.6165
a, = 0.5339

Motorcycle Accident Insurance Data | a; = 0.3975 | 94.043 198.086 | 206.274 | 199.961 | 200.999
B =0.4269
d =72.637

8. Conclusion

In this paper, we introduced a new model for bivariate distribution using Marshall Olkin methods called Bivariate
Omega Model (BOM). Some probabilistic properties and dependence properties of the bivariate Omega distribution are
considered. By using the maximum likelihood method parameters estimators are explored. Finally, we proposed the
applicability of Bivariate Omega Model (BOM) using two real data for modelling failure of paired organs, such as the
eyes, kidneys, and lungs.

Conflict of interest

The authors declare that there is no conflict regarding the publication of this paper.

References
[1] J. Dombi, T. Jénas, E. Toth and G. Arva, The omega probability distribution and its applications in reliability
theory, Quality and Reliability Engineering International, 35, 600-626 (2019).

[2] 1. Okorie and S. Nadarajah, On the omega probability distribution, Quality and Reliability Engineering
International, 35, 2045-2050 (2019).

[3] S. Kotz, N. Balakrishnan, and N. Johnson, Continuous multivariate distributions, New York: John Wiley and Sons
(2000).

[4] A. Marshall and 1. Olkin, 4 multivariate exponential distribution, Journal of the American Statistical Association,
62, 30-44 (1967).

© 2023 NSP
Natural Sciences Publishing Cor.



Inf. Sci. Lett. 12, No. 11, 3177-3189 (2023) /_http://www.naturalspublishing.com/Journals.asp %.1\_::\3 3189
[5] W. Barreto-Souza and A. Lemonte, Bivariate Kumaraswamy distribution: properties and a new method to generate
bivariate classes, Statistics: A Journal of Theoretical and Applied Statistics, 47, 1321-1342 (2014).

[6] D. Kundu and A. Dey, Estimating the parameters of the Marshall-Olkin bivariate Weibull distribution by EM
algorithm, Computational Statistics and Data Analysis, 53, 956-965 (2009).

[7] D. Kundu and R. Gupta, Modified Sarhan—Balakrishnan singular bivariate distribution, Journal of Statistical
Planning and Inference, 140, 526-538 (2010).

[8] Y. Li, J. Sun, and S. Song, Statistical analysis of bivariate failure time data with Marshall-Olkin Weibull models,
Computational Statistics and Data Analysis, 56, 2041-2050 (2012).

[9] A. Sarhan, B. Hamilton, and D. Kundu, The bivariate generalized linear failure rate distribution and its multivariate
extension, Computational Statistics and Data Analysis, 55, 644-654 (2011).

[10]S. Shoaee, Statistical analysis of bivariate failure time data based on bathtub-shaped failure rate model, Journal of
the Iranian Statistical Society, 18, 53-87 (2019).

[11] A. Sklar, Fonctions de répartition a n dimensions et leurs marges, Publications de I’Institut de Statistique de
L’Université de Paris, 8, 229-231 (1959).

[12] R. Nelsen, 4n Introduction to Copula, Second Edition, Springer (2006).

[13] N, Blomgqvist, On a measure of dependence between two random variables, Annals of Mathematical Statistics, 21,
593-600 (1950).

H. Joe, Multivariate models and dependence concepts, Chapman & Hall, New York, 1-424 (1997).
A. Basu, Bivariate failure rate, American Statistics Association, 66,103-104, (1971).
N. Johnson and S. Kotz, 4 vector valued multivariate hazard rate, Journal of Multivariate Analysis, 5, 53-66 (1975).

A. Marshall, Some comments on hazard gradient, Stochastic Processes and their Applications, 3, 293-300 (1975).

© 2023 NSP
Natural Sciences Publishing Cor.



