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Abstract: Through two assets of the European call option into the form of a time-fractional order Caputo derivative, we have
addressed the time-fractional Black-Scholes equations in the current paper. The homotopy analysis fractional Sumudu transform
technique has been used to acquire the analytical solution through the convergence of the series solution. The approach combines the
Sumudu transform and homotopy analysis approaches. Several graphs at specific and varying parameter values display the solution
analysis and variations.
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1 Introduction

The Black-Scholes model (BSM) is a unique and essential notion in contemporary finance theory (BSM). It was introduced
in 1973, and it is still frequently used today. The Black-Scholes mathematical model is known for pricing an options
contract created by Black and Scholes [2]. Particularly, the Black-Scholes analysis estimates the variability of financial
products throughout time. Because options are the most common and major derivatives in financial mathematics, the
investigation into their evaluation is crucial for financial institutions and the global economy. To determine the theoretical
values of financial options based on specific parameters such current stock prices, time till expiration, anticipated volatility,
strike prices, etc., it refers to the BSM.

It is challenging to solve the BSM analytically or numerically. Finding a solution to BSM has recently received a lot
of interest. The BSM solution has been obtained using a variety of analytical and numerical techniques that have been
devised. For example, Homotopy perturbation method [4,3], Laplace Homotopy perturbation method [5,6] and Melin
transform method [7] for analytical solutions, and finite difference method (FDM) [8,9, 10, 11, 12], finite element method
[13] and spline methods [14] for numerical solutions. Contrerasy et al. [15] have considered the solution of the multi-
asset BSM with an important correlation parameter which has the solution of pricing model. Fasshauer et al. [16] have
discussed the meshfree numerical technique for solving the multi-asset American option problems, and they have used
a linearly implicit method for time discretization. A method for obtaining the 2D fractional BSE solution for pricing
two-asset European options having financial funds fulfilling two different sets of constraints has been put forth by two
Chinese academics [17]. For the purpose of resolving multidimensional BSEs, Jo and Kim [18] have created an operator
splitting technique using the finite approximation. Luo and Sheng [19] have used optimal stopping theory, semilinear BS
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PDE:s, to value multi-assets of American op,tions. They have obtained the unique viscosity solution of semilinear BS PDE
from the viscosity solution PDE. The Laplace Homotopy perturbation method (LHPM), devised by Sawangtong et al.[20],
finds the result to the BSM with two assets using the Liouville-Caputo fractional derivative. A brief overview of the finite
difference method used to calculate the numerical results of one, two, and three-dimensional BSEs based on option pricing
has been provided by Kim et al.[21]. Trachoo et al. [6] have obtained the explicit solution of two-dimensional BSE with
the European call option using the LHPM.

Using the time-fractional (FT) Black-Scholes equation, Fadugba [22] has developed the Homotopy Analysis Method
(HAM) for estimating a European call option (BSE). Arabas and Farhat [23] have studied multidimensional optimistic
definite advection transport algorithm for the numerical solution of PDEs, which arise from stochastic models in
quantitative finance. A method to use BSEs to predict the price of a company’s stock across frontier markets, including
the selling and buying costs of whatever stock, has been devised by Chowdhury et al. [24]. Roul [14] has discussed the
numerical solution of TFBSE in European options price by quintic B-spline method, and he has defined the TF derivative
in Caputo sense. Roul and Goura [25] constructed a higher-order condensed finite difference scheme for the numerical
results of generalised BSE emerging in the financial market; they also demonstrated the method‘s convergence and
studied the scheme‘s stability. To discover the numerical results of high-dimensional Black-Scholes PDEs, Ullah [25]
has suggested a finite difference technique based on the radial basis function on the adaptive mesh. Those TFBSEs that
have two assets from a European call option are:

09 1 ,,9*¢C 1 ,,9%¢ 2*¢ J¢ ¢
- — + = -— — —|—-r=0 1
Sra TN 9y +tamy: 2 +P171772y1yzaylay2 +r Y1ayl +y28y2 r&=0, (D
with the terminal condition:
C(T, y1, y2) =max (ny1 + %y — K, 0), foryr, y2 € [0, ), t € [0, T], 2
and conditions for boundary values are:
C(T7 yl;yZ)Zoasyl7y2_>(07o)a (3)
and
C(T, y1, y2) =max (ny1 + %y — K, 0), foryr, y2 € [0, ), t € [0, T], 4
where

{ is the call option depending on the underlying asset prices y1, y; at the time 7.
y1, y2 are the asset price variables,

M1, M2 are the volatility function of underlying assets,

", ¥ are coefficients so that all risky asset prices are at the same level,

p is the volatility of y; and y»,

r is the risk-free interest rate,

T is the expiration date,

K is the strike price of the underlying asset.

Fractional calculus (FC) has been widely applied for real-world problems over the last two decades in many areas of
engineering and science [27,28,29,30,31,32,33,34,35]. The fractional derivatives of Caputo and Atangana-Baleanu
(AB) on a regression analysis have been provided by Can et al. [36], who also performed error analysis for conformable
derivatives and regression models using analytical and numerical approaches. It is observed that traditional regression
models provide more accuracy to conformable derivatives. The bibliometric research on AB operators in FC has been
done by Templeton [37]. The rheological models based on FC with just one component that can actually reflect the
viscoelastic behaviour of two dissimilar materials, a polymer and a low strength concrete, have been discussed by
Ribeiro et al. [38]. Tan et al. [39] have merged the three numerical models to explore the relationship between
process-microstructure-property of the manufactured Al/AI203 compound.. Fernandez and Ustaoglu [40] have
investigated the analytical properties of tempered FC based on integral and derivative operators and also introduced
numerous new properties. The associations with the Riemann-Liouville (RL) model of FC have been demonstrated to
obtain special functions like hypergeometric and Appell’s functions. The stability analysis and numerical simulations are
investigated via FC in numerical models about tumor dormancy [41]. Song [42] explores the quantitative analysis of
economic management and economic theory after studying gigantic financial models in FC.. Sun et al. [43] have focused
utilization of FC in the real world. Carlos et al. [44] have utilized tumor growth models for clinical proof.

An efficient analysis approach for getting convergent series solutions to complex boundary value problems is the
Homotopy analysis method (HAM) [45,46,47,48,49,50,51,52,53,54,55]. Renuka et al. [56] have investigated the
effects of nanofluid flow through two stretchable rotating discs, joule heating, and viscous dissipation on the formation of
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entropy. They have constructed the energy equation through heat generation/absorption and radiation effects and
obtained mathematical equations that HAM has solved. Jia et al. [57] have provided the ideal HAM for solving linear
optimum control problems. In order to determine the solution of fractional nonlinear differential equations with modified
Riemann-Liouville derivative, Saratha et al. [58] developed hybrid fractional generalised HAM. To solve the problem of
significant bending of the variable-thickness plate resting on a nonlinear triparametric elastic foundation, Yu [59] has
looked into a unified bran-new wavelet technique. The HAFSTM has been explored by Pandey and Mishra [60,61] for
solving the time-space fractional telegraph equation. Additionally, they have discussed the HAM and Sumudu transform
(ST) methods for obtaining equations of the heat solution wave type. In order to obtain the numerical results of the
fractional reaction-diffusion equation, Yadav et al. [62] employed the -HASTM. The double Laplace Sumudu transform
method for partial differential equations(PDEs) has been researched by Ahmed et al. [63]. The semi-analytic solution of
time-fractional-order Zakharov—Kuznetsov equations has been computed by Mishra and Pandey [64] using HAFSTM.
The Homotopy Sumudu transform approach has been put forth by Alomari et al. [65] to solve the delay fractional
Bagley-Torvik problem.

The 2-D time-fractional Black-Scholes equations were solved semi-analytically in this publication using the HAFSTM
(TFBSE). The remainder of the text is structured as follows: Section 2 provides preliminary information. The Caputo
derivative is used to explain HAFSTM in section 3. In section 4, a semi-analytic 2-D TFBSE solution is presented.
Section 5 provides the obtained results and a 2-D TFBSE analysis, while Section 6 provides a summary of the work’s
conclusions.

2 Preliminaries

This section presents some elementary properties of the FC and Sumudu transforms, which is crucial in examining the
proposed work. Furthermore, some fractional derivatives viz. Caputo, Riemann-Liouville and Sumudu transform
definitions are used.

Definition 2.1: The left-sided Riemann-Liouville fractional order integral operator of a function f (y) € C3, A > —1 for
an order & € R is defined as follows [66,67]:

,gf(y){ﬁfé(yé)“ F(§)dg, a>0,y>0 )
F0), =0

Definition 2.2: The function f(y), y > 0,be in the space C), A € R if there exists g € R andg (> 1) such that f (y) =
yif1 (), where fi (y) € C[0, o), it is in the space C} asf™ € C;, m € N [30].

Definition 2.3: The Riemann—Liouville fractional differential operator of an order o > 0, [68].

d
DY, (y):d—l"’af(y),n—lgagn,nEN. (6)
y
Definition 2.4: The left-sided Caputo of f (y)derivative is defined as [30]:
JED f(y)
DY = —a— 7
yf0) {—r(,,lw Jy -8y " (6)de6 @

wheren— 1 <o <n,neN, y>0.
Definition 2.5: The Sumudu transform is defined over the set of functions [69]

bl .
A={ O3 1m0 7O <M ifye (1) D) ®
through the subsequent formula
Fw =slrm)= [ ey ue (.. ©
Definition 2.6: The Sumudu transform is defined as [70]
Sh¥) :/ ey =T (a+1)u®, R(a)>0. (10)
0
Definition 2.7: The Sumudu transform S [f (y)]of the Caputo fractional derivative is defined as [70]
n—1
SDYF)] =u *S[F ()] - Y u *Hf (07), where n— 1< a<n. (11)
k=0
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3 Transformation of 2-D Black Scholes equations as a diffusion equation

Applying the transformation on Eq. 1, so that the Eq. 1 changes to time-fractional diffusion type problem [71]

1 1
XIln(y1)<r§7712> 77X2IH(YZ)<FET722> T (12)
Then the Eq. 1 becomes
2% 1 ,9*¢ 1 ZC 2%¢
W"" 7728 2+ 7728 2+P1717728 = —VC=07 (xl,xz,r)e[O, °°)><[Oa m)X[OaT] (13)

Now, the terminal and boundary conditions are also transformed according to Eqs. 12 and 13
and BCs:

C(x1, x2,T) =0asxy, xp — —oo, (14)

and

C(T, y1, »2) = yleX'Jr(’*%”lz)T + yzexﬁ(r*%”?z) —Ke "T- forx1 Or Xy — o0 (15)

Now, assuming the change in the dependent variable for the elimination last term in Eq. 13, we define & as

E(xr,x,7) = e "T79E (xy, 32, 1), (16)
Using Eqgs. 13 and 16, we have
%€ 1 ,d% 1 ,9% d%E
s +§n%a— E”Za ; FPmm g =0, (x1,%2,T) €ERX R x [0,T] (17)

Again, the terminal and BCs are transformed according to Eqs. 16 and 17

& (x1, x2, T) = max (ylex‘J“(r*%n%)T +Yzex2+(r*%n§)T —K, O) Jforxy, x3 €10, ), t €10, T}, (18)
and BCs:
E(x1, x2,T) =0asxy, x — —oo, (19)
and
E(T, y1, y2) = ylex‘Jr(r*%"lz)’ + jfze)‘ﬁ(rf%ng)r —Ke "7 forxjorxy — oo (20)

Consider the forward time coordinate change ast =T — 7 in Eq. 17, we have

9% 1 ,9% , 0% 9%
8t0‘ ET[ a 2+ T]Qa 2+P7717723xa (xl;XZat)GRXRX[OaT] (21)
with the ICs
& (x1, x2, T) = max (B1e" + Be™? — K, 0), (22)
and BCs
E(x1, x2,1) =0as xy, xp — —oo, (23)
and
E(T, x1, x2) = Blex‘Jr%n%’ +Bzex2+%n%’ — K, forxjorxy — oo (24)

1,2

where B| = yle(r”nl )T and By = yze(’*%nzz)T‘
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4 Application of HAFSTM for the solution 2-D time-fractional Black Scholes equation

We take into account the 2-D time-fractional BSE that has been translated and apply the Sumudu transform to both sides
of Eq. 21

SE (x1,:,0)] " EW(0) 1 5978 (x,x0,0) | 1 5078 (x1,30,1) 9% (x1,%2,1)
- =S|z = gy 25
u® k;o ule=k) oM ox? 2 9x3 TP dx10x3 (25)
The following definition applies to the 2-D TFBSE nonlinear operator:
1 ok
N (x1,x2,1:q)] = S[p (x1,22,1:q)] — X 3“1,(,&?’ 6
+uS {%77123 <P(J;1 )llefi 41 1723 <PX1 thq MM 9? <Paj:llaxj2“i) } :

where ¢ (x1,x2,7;¢) is a real function of x;,x,,7,q and 0 < g < 1 is an embedding parameter. We create a homotopy as
shown below:

(] _q) S[(p (.X1,x2, t’q) _50 (x17x27 t)] :ﬁqH(xla-XZa t)N[(P (x1;x2; t»q)] (27)

where H (x1,x5,¢) # 0. and/ is an auxiliary parameter that is not zero. An additional purpose The function ¢ (x;,x2,#;q)
is an unidentified function, and &y (x,x5,7) is a first guess at & (x1,x,7). It‘s essential to have a lot of discretion when
choosing auxiliary settings in HAFSTM. It true when g =0 and g = 1.

@ (x1,x2,1;0) = o (x1,x2,7), @ (x1,x2,131) = & (x1,x2,1) (28)

When a result, the solution changes from the initial guess, & (x1,x2,1), to the solution, & (x,x,7) ., as g rises from 0 to 1.
Now, extending on Taylor‘s series about how we get

[ (-x17-x2;t;q) = 50 (xlaXZat) + Z Clmém (x17x27t) (29)

m=1

where

1 9"¢(x1,x,1:q)
'(m—1) dq™ =0

ém (-x17-x27t) = (30)

The series solution 29°s convergence is controlled by 7. The series 29 converges at if the initial estimate, the auxiliary
linear operator, the control parameter/, and the auxiliary function are properly chosen. As a result, we are

oo

& (x1,x2,1) = &o (x1,x2,1) Z (x1,x2,1) 31)

Eq. 31 is indeed a solution of Eq. 21. The initial guess &y (x,x7,) and the integer order exact solution & (xy,x,,¢) are
related each other by 31 by the iterative terms &, (x1,x2,¢) (m = 1,2,3,...), which further steps will determine.
Define the vectors

? = {éo (xl,xz,t),él (X],XZ,Z‘),éz (X],XQ,I),...,ém (X],XZ,Z‘)}. (32)

We obtain the m!" order deformation equation by differentiating Eq. 27 m times with respect to the embedding parameter
q then parameter and dividing with m! then

%
S[&m (x1,x2,1) — Xm&m—1 (x1,x2,1)] =hH (x1,x2,1) R ( ¢ m,I,X1,XZ,t) - (33)

When both sides of Eq. 33 are transformed using the inverse Sumudu method, we get

—
gm (-xlaxZ;t) = Xinémfl (x1;x27t) +ﬁSil |:H (-xlaXZat)Rm (é m717-x17-x27t):| ) (34)

where

- 1 am7]¢(x17x27t;q)
Rm ( 5 m717-x17-x27t) = F(m) aqul

(33)

=0
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and

0,m<1
w={nih @

In the 2-D TFBSE, the formulation for the iterative solution of Eq. 21 is as follows:

— 4 gk 92
Rm ( 5 m—1 7-x17-x27t) = S[é(-’;l&sz)] - Z:(l) 5]/{(7(]‘())) - MaS {%n%ié(;;éXZJ) 37
12 Pl ) Peton] o< 80
+2n2 aX% +pnln2 dx1dxy ’ <a=l
Through this technique, it is clear to obtain &,, (x1,x5,t) for m > 1, at N"* order
N
é(-xlerJ): Z gm(xlaxbt)a (38)
m=0

where N — oo, we have got a precise approximation of the Eq. 21.
On solving the Eq. 34 by using Eqgs. 22 and 37 fromm =1, 2,3, ...,

50 (xl,xz,t) = max [Blex‘ + Bre™ —K,O],

rfn—12 T+x1 rfﬁ THx1 rfn—22 T+xo

51()61,)62,1‘):—% 1’]12 { 6‘< 2> " 7K+e< 2> ’)/]+6‘< 2> >0
0 True
ﬁ)u (Jﬁ)n <7ﬁ)r+
+n? {e(r R T AN A AN
0 True

e 2 (rf %‘) T+x; (rf @) T+x, <r7 @) T+xy
82 (x¥1,%2,1) = =767y | i e Nn—K+e Ni+e >0
0 True

(LB A, S
+13 e —K+e Yi+e »>0

0 True
nii22e (i?ﬁ)T{»)q (i?ﬁ)T{»)q (rfn—2%>T+x2
+41"E2a+1) e n—K+e Nn+te % >0
0 True
nzma (rf é) T+xy (rf @) T+x (rf é) T+xy
_2F(2a+l) e »—K+e Y +e >0
0 True
N2t (rf é) T+x; (rf @) T+x (rf n—;) T+x;
m e h—K+e n+te n>0
0 True
3 nf n
n%ﬁZta (rf 7) T+xy (rf 7) T+x; ( — 7) T+xy
—m e y27K+e YlJr@ ’}/2>0
0 True

néﬁztza <r7 1222> T+x; (rf lj) T+x1 (rf 1222 ) T+x;
+m e r—K+e N+te >0
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nt ) ( n? ) ( 13 )
ht%n2 r——= | T+x r——= | T+x r——= | T+xy
‘g'3(x1,x2,t):—% e\’ 1 —K+e\ ° vi+e\ % >0
0 True
t%n? (r— _2> T+x; (rf ;) T+x; (rf 712—%> T+x,
— ! e v»n—K+e N+e >0
C(o+1)
0 True
23 (’*112>T+x1 (V*llz>7+x1 (rfﬁ)Terz
t 2 2 2
_2g2a+1) ¢ N—K+e nte »>0
0 True
4p2p20 (V*ﬁ>T+xl ( ﬁ)T+xl <r7ﬁ>T+x2
t 2 2 2
Jr21T"IZ20¢+1) € r—K+e Nh+te % >0
0 True
d3 2 (’* ﬁ) T+x; ( ﬁ) T+x (r 2 ) T+x)
t 2 2 2
+2—11122a+l) € h—K+e nte >0
0 True
A R ST
*gré3a+1) e Yo—K+e hte >0
0 True
n Uiy n3
25t (rf -+ > T+xp (rf > ) T+x; (rf —) T+x;
—21?<2al+1> e\ p-K+e\ ° nitel ” %n>0
0 True
m n} n3
220 ( T) T+xy ( T) T ( T) T+xy
*1?(2a+1) e r—K+te h+e »>0
0 True
2 (’* é > T4x, ( ﬁ ) T+x (r* nz_%> T+x;
_21"2(a+l) € h—K+e hte >0
0 True
S22 (’* ﬁ) T+xy ( ﬁ) T+x <r 2 ) T+xy
t 2 2
Jr2111%2¢>c+1) e r—K+e Ti+e H>0
0 True
4p3,2a (rf ﬁ) T+x> (r, ﬁ) <r7 2 ) +x
~t 2 2
7217152a+l) € r—K+e Nh+te >0
0 True
O3 13 (’* ﬁ) T+x; (rf ﬁ) ( —22> T+x;
~t 2 2 2
_817"’%3oc+1) € n—K+te nte % >0
0 True

Etc.

In the series solution m > 4, the other terms of Eq. 34 can be inferred. Eq. 38 provides the series solution to Eq. 21. It
has been found that the careful selection of the auxiliary parameter/i. determines the precision and convergence of the
HAFSTM series solution. The convergent form for the R™ approaches the following form ati = —1.

2.0 2.0
& (x1,x2,1) = max (B + B — K,0) + (n'zl )max(Blexl,O)Ea’aH (nlzt )

+(nz )max(Bzex2 0)Eqor1 (nzt ) (39)

If taking the o = 1 then approximate solutions of Eq. 21 converges to Eq. 24.
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£lx1, x2, 0.5] —

Fig. 1: Solution plot of & (xy,x3,¢) for x1, x, on fixed valuest =0.5, ¢ = 0.5, K=70,r=0.05,T=1,17,=0.1,17,=0.2,p=0.5, 1=
—1.

£&lx1, X2, 0.5] — 10

Fig. 2: Solution plot of & (x1,x,,1) for x;, x; on fixed values t = 0.5, « = 0.6, K=70,r=0.05,T =1, =0.1,17,=02,p=0.5, =
—1.

£&lx1, X2, 0.5] —

Fig. 3: Solution plot of & (x1,x2,7) for x;, x, on fixed values r = 0.5, ¢ =0.7, K=70,r=0.05,T =1, =0.1, 17, =02, p =0.5,i=
—1.
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£1x1, X2, 0.5] —100¢
50

Fig. 4: Solution plot of & (x1,x5,¢) for x1, x, on fixed values r = 0.5, « =0.8, K=70,r=0.05,T =1,1n,=0.1,1,=02,p=0.5,i=
—1.

200
150

100
£lx1, x2, 0.5] — 59

Fig. 5: Solution plot of & (x;,x;,1) for xi, x, on fixed values t = 0.5, =0.9, K =70,r=0.05T =1, =0.1,1,=02,p =
05.i=—1.

200
150

100
&lx15 x2, 0.5] —

Fig. 6: Solution plot of & (x;,x;,7) for x, x, on fixed valuesr =0.5, =1, K=70,r=0.05,T =1, =0.1,11,=02,p =0.5,i=
—1.
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200

150

£lx1, x2, 0.5]1 — 190
50

-5 -10

Fig. 7: Exact Solution plot of & (x;,xp,7) for x, x; on fixed valuet = 0.5, K =70,r=0.05,T=1,1n; =0.1,1,=0.2, p =0.5.

5 Result and Analysis

In this part, we use Mathematica to show how to solve the TFBSE Eq. 38 analytically using fractional derivatives of the
Caputo type for double assets of the European call option. B; =2, B = 1 and K = 70. are the strike prices in condition
Eq. 36.

& (x1, x, T) = max (2¢" + ¢ — 70, 0),

The volatilities of transformed variable assets x; and x, are 177 = 0.1, 1, = 0.2 respectively.

The risk-free interest rate each year is5%, hence, r = 0.05; and the maturity term is 7 = 1, expressed in years. The
volatility of the underlying assets, y; and y;, is y; = 5% and y, = 10% respectively.

Figs. 1, 2, 3,4, 5, 6, are represents the approximate solutions at & = 0.5,0.6,0.7, 0.8, 0.9, 1.0 respectively. Fig. 7 is plot
of exact solution att = 0.5, K =70, r =0.05,T =1, p = 0.5,/ = —1. The deformation of three-dimensional graphs
shows the agreement with integer and non-integer order relationships.

6 Conclusions

In this work, an iterative procedure, i.e., HAFSTM, is successfully applied for obtaining the exact solution of TFBSE
through high precision. The convergence analysis is also discussed to authenticate the effectiveness and powerfulness of
the so-called procedure. The perfect agreement of the exact solution of convergent iterations is displayed in the TFBSE
solution plots, demonstrating the method’s strong convergence to analytical conclusions. The solutions in particular
cases achieved from the proposed method agree with the other techniques described in [2,28,29,30,31,32,33,34,35,71]
which shows that the process is effective, suitable, and gives a closed-form solution in the series form.

Conflict of Interest

The authors declare that there is no conflict of interest regarding the publication of this paper.

Acknowledgement

This study is supported via funding from Prince Sattam bin Abdulaziz University project number (PSAU/2023/R/1444).
The authors are thankful to the Deanship of Scientific Research at University of Bisha for supporting this work through
the Fast-Track Research Support Program.

References

[1] F. Black and M. Scholes, The pricing of options and corporate liabilities, Journal of Political Economy 81 (1973), pp. 637-654.
[2] M. M.A. Khater, R. A. M. Attia, A.-H. Abdel-Aty, Computational analysis of a nonlinear fractional emerging telecommunication
model with higher—order dispersive cubic—quintic, Information Sciences Letters, 9, (2020) 83-93.

© 2023 NSP
Natural Sciences Publishing Cor.



Inf. Sci. Lett. 12, No. 11, 2965-2977 (2023) / www.naturalspublishing.com/Journals.asp N S 2975

[3]17J. H. He, Homotopy perturbation method for bifurcation of nonlinear problems, International Journal of Nonlinear Sciences and
Numerical Simulation 6 (2005), pp. 207-208.

[4]J. H. He, Homotopy perturbation technique, Computer Methods in Applied Mechanics and Engineering 178 (1999), pp. 257-262.

[5] S. Thanompolkrang, W. Sawangtong and P. Sawangtong, Application of the generalized Laplace homotopy perturbation method to
the time-fractional Black—Scholes equations based on the Katugampola fractional derivative in Caputo type, Computation 9 (2021),
pp. 1-33.

[6] K. Trachoo, W. Sawangtong and P. Sawangtong, Laplace transform Homotopy perturbation method for the two-dimensional Black—
Scholes model with European call option, Computation 22 (2017), pp. 1-23.

[71J. H. Yoon, Mellin transform method for European option pricing with a hull-white stochastic interest rate, Journal of Applied
Mathematics 2014. Available at https://doi.org/10.1155/2014/759562

[8] G. Krzyzanowski, M. Magdziarz and L. Plociniczak, A weighted finite difference method for subdiffusive Black—Scholes model,
Computers and Mathematics with Applications 80 (2020), pp. 653-670.

[91 M. D. Marcozzi, S. Choi and C. S. Chen, On the use of boundary conditions for variational formulations arising in financial
mathematics, Applied Mathematics and Computation 124 (2001), pp. 197-214.

[10]J. Kim, T. Kim, J. Jo, Y. Choi, S. Lee, H. Hwang, M. Yoo and D. Jeong, A practical finite difference method for the three-
dimensional Black—Scholes equation, European Journal of Operational Research 250 (2016), pp. 183-190.

[11] D. C. Lesmana and S. Wang, An upwind finite difference method for a nonlinear Black—Scholes equation governing European
option valuation under transaction costs, Applied Mathematics and Computation 2013 (2019), pp. 8811-8828.

[12] L. Song and W. Wang, Solution of the fractional Black—Scholes option pricing model by finite difference method, Abstract and
Applied Analysis 2013 (2013), pp. 194-286.

[13] P. Phaochoo, A. Luadsong and N. Ascharivaphotha, The meshless local Petrov—Galerkin based on moving kriging interpolation
for solving fractional Black—Scholes model, Journal of King Saud University—Science 28 (2016), pp. 111-117.

[14] P. Roul, A high accuracy numerical method and its convergence for time-fractional Black-Scholes equation governing European
options, Applied Numerical Mathematics 151 (2020), pp. 472-493.

[15] M. Contrerasy, A. Llanquihuen and M. Villenay, On the Solution of the Multi-Asset Black-Scholes Model: Correlations,
Eigenvalues and Geometry, Journal of Mathematical Finance 6 (2016), pp. 562-579.

[16] M. Contrerasy, A. Llanquihuen and M. Villenay, Using meshfree approximation for multi—asset American options, Journal of the
Chinese Institute of Engineers 27 (2004), pp. 563-571.

[17] W. Chen and S. Wang, A 2nd-order ADI finite difference method for a 2D fractional Black-Scholes equation governing European
two asset option pricing, Mathematics and Computers in Simulation 171 (2020), pp. 279-293.

[18]J. Jo and Y. Kim, Comparison of numerical schemes on multi-dimensional Black-Scholes equations, Bulletin of the Korean
Mathematical Society 171 (2013), pp. 2035-2051.

[19] Q. L. Luo and W. C. Sheng, A unique solution to a semilinear Black-Scholes partial differential equation for valuing multi-assets
of American options, Journal of Shanghai University 11 (2007), pp. 344-350.

[20] Q. L. Luo and W. C. Sheng, The analytical solution for the Black-Scholes equation with two assets in the Liouville-Caputo
fractional derivative sense, Mathematics 6(8) 2007. Available at https://doi.org/10.3390/math6080129 .

[21] S. Kim and D. Jeong and C. Lee and J. Kim, Finite difference method for the multi-asset Black—Scholes equations, Mathematics
8(3), 391. (2020). Available at https://doi.org/10.3390/math8030391

[22] S. E. Fadugba, Homotopy analysis method and its applications in the valuation of European call options with time-fractional Black-
Scholes equation, Chaos, Solitons and Fractals 141, 110351. (2020). Available at https://doi.org/10.1016/j.chaos.2020.110351

[23] S. Arabas and A. Farhat, Derivative pricing as a transport problem: MPDATA solutions to Black—Scholes-type equations, Journal
of Computational and Applied Mathematics 373, 112275. (2020). Available at https://doi.org/10.1016/j.chaos.2020.110351

[24] R. Chowdhury, M. R. C. Mahdy, T. N. Alam, G. D. A. Quaderi and M. A. Rahman, Predicting the stock price of frontier
markets using machine learning and modified Black—Scholes Option pricing model, Physica A 555, 124444. (2020). Available
at https://doi.org/10.1016/j.physa.2020.124444

[25] P. Roul and V. M. K. P. Goura, A new higher order compact finite difference method for generalized Black—Scholes partial
differential equation: European call option, Journal of Computational and Applied Mathematics 363(2020), pp. 464—484.

[26] M. Z. Ullah, An RBF-FD sparse scheme to simulate high-dimensional Black—Scholes partial differential equations, Computers &
Mathematics with Applications 79(2020), pp. 426—439.

[27] M. Z. Ullah, Analysis of time-fractional Hunter-Saxton equation: a model of neumatic liquid crystal, Open Physics 14 (2016), pp.
145-149.

[28] J. Hristov, A transient flow of a non-newtonian fluid modelled by a mixed time-space derivative: an improved integral-balance
approach, Mathematical Methods in Engineering 24 (2019), pp. 153-174.

[29] F. Mainardi, Fractional relaxation-oscillation and fractional diffusion-wave phenomena, Chaos, Solitons & Fractals 7 (1996), pp.
1461-1477.

[30] L. Podlubny, Fractional Differential Equations, Academic, New York (1999).

[31] S. Rekhviashvili, A. Pskhu, P. Agarwal and S. Jain, Application of the fractional oscillator model to describe damped vibrations,
Turkish Journal of Physics 3 (2019), pp. 236-242.

[32] N. Sene, Stokes’ first problem for heated flat plate with Atangana-Baleanu fractional derivative, Chaos, Solitons & Fractals 117
(2018), pp. 68-75.

© 2023 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

2976 N S e R. K. Pandey et al.: HAFSTM for Semi-analytic Solution of 2-D TFBSEs

[33] Y. Sofuoglu and N. Ozalp, Fractional order bilingualism model without conversion from dominant unilingual group to bilingual
group, Differential Equations and Dynamical Systems 25 (2017), pp. 1-9.

[34] V. V. Tarasova and V. Tarasov, Elasticity for economic processes with memory: Fractional differential calculus approach,
Differential Equations and Dynamical Systems 6 (2016), pp. 219-232.

[35] J. Tariboon and S. K. Ntouyas and P. Agarwal, New concepts of fractional quantum calculus and applications to impulsive
fractional g-difference equations, Advances in Difference Equations 18 (2015), pp. 1-19.

[36] N. H. Can and H. Jafari and M. N. Ncube, Fractional calculus in data fitting, Alexandria Engineering Journal 59 (2020), pp.
3269-3274.

[37] A. Templeton, A bibliometric analysis of Atangana-Baleanu operators in fractional calculus, Differential Equations and
Dynamical Systems 59 (2020), pp. 2733-2738.

[38] J. G. T. Ribeiro, J. T. P. D. Castro and M. A. Meggiolaro, Modeling concrete and polymer creep using fractional calculus, Journal
of materials research and technology 12 (2021), pp. 1184-1193.

[39] Z. Tan and J. Li and Z. Zhang, Experimental and numerical studies on fabrication of nanoparticle reinforced aluminum matrix
composites by friction stir additive manufacturing, Journal of materials research and technology 12 (2021) pp. 1898-1912.

[40] A. Fernandez and C. Ustao0lu, On some analytic properties of tempered fractional calculus, Journal of Computational and Applied
Mathematics 366, 112400, 2020. Available at https://doi.org/10.1016/j.cam.2019.112400.

[41]J. G. Silva, A. C. O. Ribeiro, R. F. Camargo, P. F. A. Mancera and F.L.P. Santos, Stability analysis and numerical simulations via
fractional calculus for tumor dormancy models, Commun Nonlinear Sci Numer Simulat 72 (2019), pp. 528-543.

[42] J. Song, Research on fast numerical calculation based on fractional calculus model for macroeconomic growth, Chaos, Solitons
and Fractals 130, 109440. 2020. Available at https://doi.org/10.1016/j.chaos.2019.109440.

[43] H. G. Sun, Y. Zhang, D. Baleanu, W. Chen and Y.Q. Chen, A new collection of real world applications of fractional calculus in
science and engineering, Commun Nonlinear Sci Numer Simulat 64 (2018), pp. 213-231.

[44] C. A.Jr. Valentim, N. A. Oliveira, J. A. Rabi and S. A. David, Can fractional calculus help improve tumor growth models?, Journal
of Computational and Applied Mathematics 379, 112964. 2020. Available at https://doi.org/10.1016/j.cam.2020.112964.

[45] S. Abbasbandy and A. Shirzadi, The Series Solution of Problems in the Calculus of Variations via the Homotopy Analysis Method,
Zeitschriftfur Naturforschung A 64 (2009), pp. 30-36.

[46] A. K. Alomari, M. S. M. Noorani and R. Nazar, Adaptation of homotopy analysis method for the numeric-analytic solution of
Chen system, Communications in Nonlinear Science and Numerical Simulation 14 (2009), pp. 2336-2346.

[47] M. Sajid and T. Hayat, The application of homotopy analysis method to thin film flows of a third order fluid, Chaos, Solitons &
Fractals 38 (2008), pp. 506-515.

[48] A. S. Bataineh, M. S. M. Noorani and I. Hashim , Solutions of time-dependent Emden—Fowler type equations by homotopy analysis
method, Physics Letters A 371 (2007), pp. 72-82.

[49] M. Khan, Z. Abbas and T. Hayat, Analytic solution for flow of Sisko fluid through a porous medium, Transport in Porous Media 71
(2008), pp. 23-37.

[50] R. A. V. Gorder and K. Vajravelu, Analytic and numerical solutions to the Lane—Emden equation, Physics Letters A 372 (2008),
pp. 6060-6065.

[51]R. A. V. Gorder and K. Vajravelu, On the selection of auxiliary functions, operators, and convergence control parameters in
the application of the Homotopy Analysis Method to nonlinear differential equations: A general approach, Communications in
Nonlinear Science and Numerical Simulation 14 (2009), pp. 4078—4089.

[52] A. R. Ghotbi, H. Bararnia, G. Domairryand and A. Barari, Investigation of a powerful analytical method into natural convection
boundary layer flow, Communications in Nonlinear Science and Numerical Simulation 14 (2009), pp. 2222-2228.

[53] M. Zurigat, S. Momani and A. Alawneh, Analytical approximate solutions of systems of fractional algebraic—differential equations
by homotopy analysis method, Computers and Mathematics with Applications 59 (2010), pp. 1227-1235.

[54] S. Nadeem and A. Hussain and M. Khan, HAM solutions for boundary layer flow in the region of the stagnation point towards a
stretching sheet, Communications in Nonlinear Science and Numerical Simulation 15 (2010), pp. 475-481.

[55] S. Abbasbandy and A. Shirzadi, Homotopy analysis method for multiple solutions of the fractional Sturm-Liouville problems,
Numerical Algorithms 54 (2010), pp. 521-532.

[56] A. Renuka, M. Muthtamilselvan, D. H. Doh and G. R. Cho, Entropy analysis and nanofluid past a double stretchable spinning
disk using homotopy analysis method, Mathematics and Computers in Simulation 171 (2020), pp. 152-169.

[57] W. Jia and X. He and L. Guo, The optimal homotopy analysis method for solving linear optimal control problems, Applied
Mathematical Modelling 45 (2017), pp. 865-880.

[58] S. R. Saratha, G. S. S. Krishnan and M. Bagyalakshmi, Analysis of a fractional epidemic model by fractional generalisedhomotopy
analysis method using modified Riemann-Liouville derivative, Applied Mathematical Modelling 92 (2021), pp. 525-545.

[59] Q. Yu, Wavelet-based homotopy method for analysis of nonlinear bending of variable-thickness plate on elastic foundations,
Thin-Walled Structures 157, 107105. 2020. Available at https://doi.org/10.1016/j.tws.2020.107105

[60] R. K. Pandey and H. K. Mishra, Numerical simulation for solution of space—time fractional telegraphs equations with local
fractional derivatives via HAFSTM, New Astronomy 57 (2017), pp. 82-93.

[61] R. K. Pandey and H. K. Mishra, Semi-analytic numerical method for solution of time-space fractional heat and wave type equations
with variable coefficients, Open Physics 15 (2017), pp. 74-86.

[62] S. Yadav, D. Kumar and K.S. Nisar, A reliable numerical method for solving fractional reaction-diffusion equations, Journal of
King Saud University-Science 33(2), 101320. 2021. Available at https://doi.org/10.1016/j.jksus.2020.101320.

© 2023 NSP
Natural Sciences Publishing Cor.



Inf. Sci. Lett. 12, No. 11, 2965-2977 (2023) / www.naturalspublishing.com/Journals.asp N S 2977

[63] S. A. Ahmed, T. M. Elzaki, M. Elbadri and M. Z. Mohamed, Solution of partial differential equations by new double integral
transform (Laplace—Sumudu transform), Ain Shams Engineering Journal 12 (2021), pp. 4045-4049.

[64] H. K. Mishra and R. K Pandey, Time-fractional nonlinear dispersive type of the Zakharov—Kuznetsov equation via HAFSTM,
Proceedings of the National Academy of Sciences, India Section A: Physical Sciences 91 (2021), pp. 97-110.

[65] A. K. Alomari, M. I. Syam, N. R. Anakira and A. F. Jameel, HomotopySumudu transform method for solving applications in
physics, Results in Physics 18, 103265. 2020. Available at https://doi.org/10.1016/j.rinp.2020.103265.

[66] Y. Luchko and R. Gorenflo, An operational method for solving fractional differential equations with the Caputo derivatives, Acta
Mathematica Vietnamica 24 (1999), pp. 207-233.

[67] O. L. Moustafa, On the Cauchy problem for some fractional order partial differential equations, Chaos Solitons & Fractals 18
(2003), pp. 135-140.

[68] M. Dehghan, J. Manafian and A. Saadatmandi, Solving nonlinear fractional partial differential equations using the homotopy
analysis method, Numerical Methods for Partial Differential Equations 26 (2009), pp. 448-479.

[69] G.K. Watugala, Sumudu transform-a new integral transform to solve differential equations and control engineering problems,
Mathematical Engineering in Industry, 6 (1998), pp. 319-329.

[70] E.B.M. Belgacem and A. A. Karaballi, Sumudu transform fundamental properties investigations and applications, International
Journal of Stochastic Analysis, 2006 (2006), 1-23.

[71] M. Contreras, A. Llanquihuén, M. Villena, On the Solution of the Multi-Asset Black-Scholes Model: Correlations, Eigenvalues and
Geometry. J. Math. Financ. 2016, 6, 562-579.

© 2023 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

	Introduction
	Preliminaries
	Transformation of 2-D Black Scholes equations as a diffusion equation
	Application of HAFSTM for the solution 2-D time-fractional Black Scholes equation
	Result and Analysis
	Conclusions

