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Abstract: Here we examine the univariate quantitative approximation, ordinary and fractional, of Banach space valued continuous
functions on a compact interval or all the real line by quasi-interpolation Banach space valued neural network operators. These
approximations are derived by establishing Jackson-type inequalities involving the modulus of continuity of the engaged function or
its Banach space valued high order derivative of fractional derivatives. Our operators are defined by using a density function generated
by a parametrized hyperbolic tangent function, which is a sigmoid function. The approximations are pointwise and of the uniform
norm. The related Banach space valued feed-forward neural networks are with one hidden layer.
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1 Introduction

The first author in [1] and [2], see Chapters 2-5, was the first to establish neural network approximation to continuous
functions with rates by very specifically defined neural network operators of Cardaliaguet-Euvrard and ”squashing” types,
by employing the modulus of continuity of the engaged function or its high order derivative, and producing very tight
Jackson-type inequalities. He treats there both the univariate and multivariate cases. The defining these operators “’bell-
shaped” and ”’squashing” functions are assumed to be of compact support. Also in [2] he gives the Nth order asymptotic
expansion for the error of weak approximation of these two operators to a special natural class of smooth functions, see
Chapters 4-5 there.

Again the first author inspired by [3], continued his studies on neural networks approximation by introducing and
using the proper quasi-interpolation operators of sigmoidal and hyperbolic tangent-type which resulted into [4]-[8], by
treating both the univariate and multivariate cases. He did also the corresponding fractional cases [9], [10], [11].

The authors here perform parametrized hyperbolic tangent function, activated neural network approximations to
continuous functions over compact intervals of the real line or over the whole R with valued to an arbitrary Banach space
(X, ]]|]). Finally they treat completely the related X-valued fractional approximation. All convergences here are with
rates expressed via the modulus of continuity of the involved function or its X-valued high order derivative, or X-valued
fractional derivatives and given by very tight Jackson-type inequalities.

Our compact intervals are not necessarily symmetric to the origin. Some of our upper bounds to error quantity are very
flexible and general. In preparation to prove our results we establish important properties of the basic density function
defining our operators which is induced by a parametrized hyperbolic tangent function, which is a sigmoid function.
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Feed-forward X -valued neural networks (FNNs) with one hidden layer, the only type of networks we deal with in this
article, are mathematically expressed as

n
N, (x) = chcr ((aj-x)+bj), xeR’, seN,
j=0

where for 0 < j <n, b; € R are the thresholds, a; € R are the connection weights, ¢; € X are the coefficients, <aj -x> is
the inner product of ¢; and x, and o is the activation function of the network. About neural networks in general read [12],
[13], [14].

2 Preliminaries

We consider here the parametrized hyperbolic tangent function tanh Ax, x e R, A > 0:

Ax _ ,—Ax eQQLx 1

e e
tanhAx = T — = )
eM 4 p—Ax 82 Sy |

e))

For small 0 < A < 1, tanhAx is expected to perform better than ReLLu and Leaky ReLu activation functions. It has the
properties tanhAx =0, —1 < tanhAx < 1, Vx € R, and tanh A (—x) = —tanh Ax.
Furthermore tanhAx — 1 as x — oo, and tanhAx — —1, as x — —oo, and it is stritly increasing on R, in fact it holds

% tanh Ax = Cosﬁ—zh > 0. This function plays the great role of an activation function in the hidden layer of neural networks.

The activation function here will be

0(x) ::%(tanhﬂ,(x—i—l)—tanhk(x—l))>O, Vx € R. @)

We observe that

1
0(—x) = 1 (tanhA (—x+ 1) —tanh A (—x— 1))

1

=1 (—tanhA (x — 1) +tanhA (x4 1))
1
= Z(tanhl(qul)ftanhl (x—1))=06(x), 3)

thatis 6 (x) = 6 (—x), i.e. 6 is even function on R. Clearly 6 (x) is differentiable, thus continuous.

Proposition 1. 6 (x) is strictly decreasing for x > 0.

Proof. We have that

de(x) &( 1 B 1 ) @)
dx 4 \cosh’A(x+1) cosh’A(x—1)

A (coshzl(x—1)—cosh2l(x+1))
4\ cosh®A (x+ 1)cosh’ A (x—1)
A <coshk(x1)+coshl (x+1)
4 cosh? A (x4 1)cosh? A (x — 1)
Letx>1,thenx—1>0andx—1<x+ 1, so that

0 < coshA (x—1) < coshA (x4 1) and coshA (x—1) — coshA (x+1) < 0, hence 6’ (x) < 0,and 6 (x) is strictly
decreasing for x > 1.

Letnow 0 < x < 1, then 1 —x > 0, and for x > 0 we have that

> (coshA (x—1)—coshA (x+1)).

0 < coshA (x—1)=coshA (I —x) < coshA (I +x)=coshA (x+1). (5)

Hence again coshA (x — 1)—coshA (x+ 1) < 0,and 8 (x) < 0. So that 6 (x) is decreasing also over 0 < x < 1. Furthermore
0 is continous everywhere and in particular at zero. The claim is proved.
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Clearly 0 (x) is strictly increasing for x < 0. Alsoitholds lim 6 (x) =0= 1lim 6 (x).In fact 6 (x) has the bell shape

A——o0 A—r—+oo
with horizontal asymptote the x-axis. So the maximum of 6 is at zero,

1 tanh A
6(0) = 7 (tanhA —tanh (~2)) = an2 . 6)
Theorem 1. We have that .
Y 6(x—i)=1, VxeR. Q)
j=—o0
Proof. We notice that
Z (tanhA (x —i) —tanhA (x — 1 —§)) =
i=—oo
oo —1
Z (tanhA (x — i) —tanhA (x — 1 —i)) + Z (tanhA (x — i) —tanh A (x — 1 —i)).
i=0 =
Furthermore (p € Z)
Y (tanhA (x—i) —tanh A (x — 1 —i)) =
i=0
p
plgn Z (tanh A (x — i) —tanh A (x — 1 —{)) (telescoping sum)
“i=0
= ggn (tanh A (x) —tanhA (x — (p +1))) = 1 + tanhAx.
Similarly,
—1 —1
Z (tanhA (x —i) —tanhA (x — 1 —§)) = plgn Z (tanhA (x —i) —tanhA (x — 1 —i)) =
i=—oo “i=—p
;}iln (tanhA (x4 p) —tanhA (x)) = 1 —tanhA (x).
By adding the last two limits we derive
Y (tanhA (x—i)—tanhA (x—1—i)) =2, Vx€R. ®)
i=—oo
Consequently we get
Y (tanhA (x+1—i)—tanhA (x—i)) =2, Vx€R.
i=—o0
Therefore it holds .
Y (tanhA(x+1—i)—tanhA (x—1—i)) =4, Vx€R, ©)
j=—oo
proving the claim.
Thus .
Y 6(nx—i)=1,VneN,VxeR. (10)
i=—o0
Furthermore we give:
Because O isevenitholds Y, 6(i—x)=1,VxeR.
i=—oo
Hence ):: 0(i+x)=1,VxeR,and )0:0, O(x+i)=1,VxeR.
i=—oco i=—oo
Theorem 2. It holds -
/ 0 (x)dx = 1. (11
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Proof. We observe that

| oar= Y /j+]9(x)dx: Y /()]9(x+j)dx:

- J=—o J=—o0

./0‘1 <i 9(x+j)dx> :/01 ldx = 1.

Jj=—o0

So that 0 is a density function on R.
We need

Theorem 3. Let 0 < o < 1, and n € N with n'=% > 2. It holds

=

y 0 (nx—k) < ee 2" 3 S0, (12)
k= —oo
:|nx —k| > n'—®
Proof. Letx > 1. Thatis 0 <x—1 <x+ 1. Applying the mean value theorem we obtain

1 A A
gy - ,
4" cosh’AE  2cosh? A&

0(x)=

forsomex—1 < & <x+ 1. We get

coshA (x—1) < coshA& < coshA (x+ 1),

n cosh> A (x — 1) < cosh? L& < cosh’ A (x+1).
Therefore
0< A < A
2cosh’ A& 2cosh?A (x—1)]
and

A 41
G(X) < ) = 5 (]3)
2cosh™ A (x—1) 2 (A1) 4 A (1))

- -
o (ea<x71)4_e1(14x))2 o ’

From e* (1) 4 eA(1-9) 5 oA0—1) e obtain
( A1) A(IAx))z 2 (x—1)
e +e >e , and

! 1
(el(xfl)4,ex(1fx))2 <1621(x71)'

So that
(4) < oy = e
G2A (1) o2

— 9) e 2Ax

We have proved that
0 (x) < 2Ae* e x> 1
Thus . ,
Z 0 (nx—k)= Z 0 (jnx—k|) <
{:|nx—k|2n1’a {:|nxfk|2n1’°‘
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=

2)(,@2)' Z esznxfk\ < ZAEZA
k=—
{ tnx —k| > nl—®

/ e My = eu/ e g (2Ax) = e / e Ydy= e { —efy‘m.,a ]} =
nl-a—1 nl-a—1 Jul-o—] U

nl=o—] l—a
o2 {ezlx } _ ezxefzx( -1)

=

_ 1-a _ (1—-a)
tee 2An eZ)L — e4le 2An

)

proving the claim.

Denote by || the integral part of the number and by [-] the ceiling of the number.
We present

Theorem 4. Let x € [a,b] C R and n € N so that [na| < |nb|. Then

1 o4
Lnb] tanh24  6(1)’
Y O6(nx—k)
k=[na]
Proof. We observe that
oo |nb|
1= Z 0 (nx—k) > Z 0(nx—k)=

k=—o0 k=[na]

nb]

Z 0 (jnx —k|) > 6 (Jnx —kol),
k=[na]

V ko € [[nal, |nb]|NZ
We can choose kg € [[na], |nb|]NZ such that |nx — ko| < 1.

Therefore it holds h2A4
tan
0 (Jnx—kol) >0 (1) = 4
and
[nb] t h2)»
Z 0 (|nx —k|) > an =0(1).
k=[na]
We have proved that
1 4
b tanh2A’
Y O6(lnx—k|)
k=[na)

establishing the claim.
We make

Remark. We also notice that

|nb] [na]—1

- Y 6mb—k)=Y 6(nb- k)+ Z 6 (nb —k)
k=[na] k=—co0 k=|nb|+1
> 0 (nb— |nb] —1)

(call e:=nb—|nb],0<e< 1)
=0(e—1)=0(1—¢)>6(1)>0.

(14)

15)

(16)

7

(18)

19)
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Therefore
< ¥ )
lim Y 6(mb—k))>o0. (20)
e k=[na]
Similarly,
Z 0 (na—k) = Z 0 (na—k)+ 0 (na—k)
k=[na k=—co k=[nb|+1

> 0 (na— [na]+1)
(callm := [na] —na,0<n < 1)
=6(1-n)=>6(1)>0. 1)
Therefore again
nb]
lim Z 0 (na—k) | >0. (22)
e k=[na

Here we find that
b
lim Z 0 (nx—k) # 1, for at least some x € [a,b]. (23)

—yoo
T = [na]

Let (X,]|-||) be a Banach space.

Definition 1. Ler f € C([a,b],X) and n € N : [na| < |nb|. We introduce and define the X -valued linear neural network
operators
lnb)
ki% }f(E) 0 (nx—k)
Hy (f,x) :== 7”([”14 , x € a,b]. (24)
Y O6(nx—k)
k=[na]

For large enough n we always obtain [na| < |nb]. Also a < % < b, iff [na] <k < |nb|.The same H, is used for real
valued functions. We study here the pointwise and uniform convergence of H, (f,x) to f (x) with rates.

For convenience, also we call
[nb] k
a0 = L 7 (5o, es)
(the same H,, can be defined for real valued functions) that is

Hy (f,%)

Hy (f,) i= o (26)
Y 6(nx—k)
k=[na]
So that
Hu(70) 1 () = S = e
Y 6(nx—k)
k=[na]

=[na
[nb]
Y 6(nx—k)
k=[na]
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Consequently, we derive that

4 [nb]
_ < * — — =
0 (£, ~ P < | HE ()~ £(0) (k%ﬂ 6 (nx k)) H
4| et k
Ty k:%aw (f (;) f(x)> 6 (nx—k)|. (28)
We will estimate the right hand side of the last quantity.
For that we need, for f € C([a,b],X) the first modulus of continuity
o (f,6):=  sup |[f(x)=fO), §>0. (29)
x,y € [a,b]
=yl <6

Similarly, it is defined @; for f € C,z(R,X) (uniformly continuous and bounded functions from R into X), for f €
Cp (R,X) (continuous and bounded X -valued), and for f € C, (R,X) (uniformly continuous).
The fact f € C([a,b],X) or f € C, (R,X), is equivalent to éim o (f,6) =0, see [15].
—0

We make

Definition 2. When f € Cup (R, X), or f € Cp (R, X), we define

E(f,x)::ki f(%)e(nx—k), (30)
neN, x € R, the X-valued quasi-interpolation neural network operator.
We give
Remark. We have that
7 (%)< 10 <4

and

I7(%) o0 <1150 00 @
and

)

y (¢ He<nx—k>s|f||w,R< > e<nx—k>>,
k=—2A

k=2

and finally

oo

)y

k=—oo0

£(5) om0 < 111 62

a convergent series in R.
So, the series ), ||f (%) || 0 (nx — k) is absolutely convergent in X, hence it is convergentin X and H, (f,x) € X. We
k=—o0

denote by || f||. := sup ||f (x)]|, for f € C([a,b],X), similarly it is defined for f € Cp (R, X).

x€la,b]

3 Main Results

We present a set of X-valued neural network approximations to a function given with rates.
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Theorem 5. Let f € C([a,b],X), A >0,0<a <1, n€N:n'"%>2, x € [a,b]. Then
i)

4 1 1-a
It (7.0~ PO < gy |00 (£ ) #20ee 2| i (3)

and
ii)
[Hn () = fll. < 7. (34)

We get that lim H,, (f) = f, pointwise and uniformly.
n—yoo

ktn;lja] (r(5) o) o0
kzzr:'zaw f(%) /@

¥ lr(%)-rw

Proof. We see that

<

nb)
0(nx—k)=

0 (nx—k)+

0(nx—k) < (35)

2171 Y O(nx—k) <

k= —oo (by Theorem 3)
{ |k —nx| > n!—¢
1 42 —2an1-9)
o | fi— | t2flleee (36)
n
That is
[nb) k
Y (r(5)-re)om-n| <
k=[na] n
1 “a
on (£ ) +2l e P @)
n

Using the last equality we derive (33).
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Next we give

Theorem 6. Let f € Cp (R, X),0< < 1,A>0,n€N:n'""%>2 xcR. Then
i)

_ 1 g (1—a)

()= ] < 01 (£ ) 2o 20 <o 68)

and

ii) B
|Hn (F) = fl. < 7. (39)

For f € Cup (R,X) we get limH,, (f) = f, pointwise and uniformly.
n—yoo

Proof. We observe that

= -
A -swl=| L r(5)owm-0-s0) E o-b
k=—oo k=—oo
MGORE ) ) <
y (E) F(x)||6(nx—k)=
n
o r(5)-roem-ns
{ki;ws €
i f(%) —f(x)]| 6 (nx—k) < (40)
k= —o
h§ﬂ>;%
i o) (f,’——x)@(nx k)
k= —o
h%xéﬁ
2| flleo Yy 0 (nx—k) <
k= —o0
h%ﬂ>;%
“(ﬁz%) Y 0lm—k2f et 0 <
k= —o
h%xéﬁ
o (f %) 42 £l etre A (A1)

proving the claim.
We need the X-valued Taylor’s formula in an appropiate form:
Theorem 7. ([16], [17]) Let N €N, and f € CN ([a,b],X), where [a,b] C R and X is a Banach space. Let any x,y € [a, b).

Then
_ (x_)’)i i 1 * -
9=Y " 190)+ gy | @m0 (Y 0= ) (42)
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The derivatives f (i), i € N, are defined like the numerical ones, see [18], p. 83. The integral fyx in (42) is of Bochner
type, see [19].

By [17], [20] we have that: if f € C([a,b],X), then f € Lw ([a,b],X) and f € L; ([a,b],X).

In the next we discuss high order neural network X-valued approximation by using the smoothness of f.

Theorem 8. Let f € CV ([a,b],X), n,NEN, A >0,0< o < 1, x € [a,b] and n' =% > 2. Then

i)
. Hf 9 1 ozt
— < J AL ,—2An
1420 = £ < s 1 1 -0t " )
(N) _ N
) f(N) i 1 +2Hf Hm(b a) euefu,,(l—a)
! "n% ) naNN! N! g

ii) assume further f9) (xo) =0, j = 1,...,N, for some xo € |a,b], it holds

[H, (f,x0) = f (x0)[| <

tanh2A

ZHf(N)H (b—a)N

1 ny o (1—a)

) N ) 4\ —2An

! (f( )’n“> noVN! N! e ’ @4

and
iii)

H ()l — ¥ I/ (f’!L lL+M] N

tanh224 | = ! n%  p2An(-%)
N
oy 2 e )
O\ ) syt 221 : (@3

Again we obtain lim H,, () = f, pointwise and uniformly.
n—yoo

Proof. Next we apply the X-valued Taylor’s formula with Bochner integral remainder (42). We have (here f,x € la,b))

Then N ) i
k J k
f<;>0(HXk)jZof j!(x)e(nxk) <Zx) + (47)
z (N) V) (5 *t)Nil
G(nx—k)/x (f ) —f (x)) CESTR
Hence
nb] k b
Z f(—)@(nxk)f(x) Z 0 (nx—k)= (48)
k=[na n k=[nal
() |nb]
iv:ff.'(x) Y 6(nx—k) (E—x)j—i-
j=0 J k=[na] n
[nb] % (K —I)N71
_ (N) (4) — £V n
k:%a]e(nx k)/x (fN () —r™ (x)) (N—1)! dt.
© 2023 NSP
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Thus
[nb]
Hy(fx)—fx)| ), 6mx—k)|=
k=[na]
y (=) +An) (49)
. —X + n\X),
=
where N
[nb] % k_ ™"
ey ::k; | 0 (nx— k) /x (f<N> (1) — f™ (x)) %d;. (50)
We assumethatbfa>nia,whichis always the case for large enough n € N, that is when n > [(bfa)fﬂ.
Thus|§fx|§n%or‘§fx‘>—
Let Vol
X _
(N) (1) |
wi [ (501 ) TR D)
in the case of |§ fx| < ”La, we find that
1 1
Iyl < o (fW%n—a) NN (52)
forx< £ orx>"
We prove it next.
1) Indeed, for the case of x < , we have
k N—1
(N) (1) <
= H/ ) & <
% ——l
[l o= 0] e
k k N—1 k [k N—-1
" N (1) < ) | /" (1) _
/x ] (f a|t X|) (N 1)' dr < o (f g 8 ( 71) dt (53)
N
1Y\ (2-x) 1 1
N n N
@ (f( )’_a) N = (f( )’n_a) nOVNT
ii) for the case of x > %,we have
k k N—1
" (™ () — £ G _
vl H/ (7™ 0= 7 () gy
K\N-1
T AN (1 £(N) (r—3)
‘/%(f 0= 1™ 0) S| <
"X f H t—— s
Jk
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‘We have proved (52).

We treat again y, see (51), but differently:

Notice also for x < % that

/f (f(N) (t) ff(N) (x)) Md, <

N=1)! ||~
J(6) = ™) (x) %dt < (55)
k N
2| u [ o] G2
L
Next assume % < x, then
k N—1
/x (Y0 - ™ () %dr =
‘ / (£ ()~ £ () (’(N f)lN) i <
J H (56)
- N
2| = uw%
N
< ZHf“”\L
Thus N
<2 L2 (57)
in the two cases.
Therefore
[nb] |nb|
A, (x) = Y 0 (nx—k)y Y 0 (nx—k)y (58)
(s (s
Hence ol
nwls  E  emn (o (/) o ) ¢ (59)
(it
R T
{ |5 =] >
o (f(N)7 n%) N!,iocN | M p—2an(1=0) Hf(N)Hm (b ;!CZ)N_
@© 2023 NSP
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That is
o (f0. %) 2| b-a o
1A ()| < —gra— + o oA, (60)
V x € [a,b].
We further see that
. |nb) k J
H; <(~7x)/) = Z 0 (nx—k) <—x> , (61)
k=[na] n
where H,; is defined similarly for real valued functions.
Therefore
) [nb) k J
H; ((-—x)’)’ﬁ Y 9(nx—k)’——x =
k=[na] n
|nb) J [nb] k 7 (12)
Z 0(nx—k)|——x| + Z 0(nx—k)|——x| < (62)
{k: [nal " {k: [na] "
k 1 k 1
= < e |5 = > 7
1 ; _ (1-a)
. J AL ,—2An
a7 +(b—a) e
That is |
Hy ((=3)| < 5+ b—a) e, (63)
for j=1,...,N.
Putting things together we have proved
0] w9 0
Hy(fx)=f@)| ) 0(x—k)|||<) —— (64)
k=[na] = J:

2 f(N) (bfa)N

1 ; oy (1-a) 1 1 H o (1-a)
- J AL —2An ) (N) o0 A) —2An

noj (b—a)e™e ] l(f ' )nO‘NN! N! e ’

that is establishing the theorem.

All integrals from now on are of Bochner type [19].
We need

Definition 3. ([17]) Let [a,b] C R, X be a Banach space, o¢ > 0; m = [a] € N, ([] is the ceiling of the number),
f:la,b] — X. We assume that ™ € Ly ([a,b],X). We call the Caputo-Bochner left fractional derivative of order a.:

DEN ) 1= s [ =/ s, Vxe b (65)

m—ao

If o €N, we set D% f = f(m) the ordinary X -valued derivative (defined similar to numerical one, see [18], p. 83), and
also set DY, f := f.
By [17], (D2, f) (x) exists almost everywhere in x € [a,b] and D f € L; ([a,b],X).

1fo<'") ey < = e by 171, DY € C([ab],X). hence [ DS f] € C ([a. b))
Wementiooil o

Lemma 1. ([15]) Let « >0, « ¢ N, m = [a], f € C" ' ([a,b],X) and f'") € L. (|a,b],X). Then D% f (a) = 0.

We mention
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Definition 4. ([16]) Let [a,b] C R, X be a Banach space, o > 0, m := [a]. We assume that f") € Ly ([a,b],X), where
f:la,b] = X. We call the Caputo-Bochner right fractional derivative of order o:

(Dy_f) (x) :=
We observe that (DZ[f) (x) = (—1 )mf(m) (x),formeN, and (Dgif) (x) = f(x).
By [16], (D‘b"ff) (x) exists almost everywhere on [a,b] and (D‘b"if) €L ([a,b],X).
If Hf(m <eo,and a ¢ N, by [16], DY _f € C([a,b],X), hence |DF_f|| € C([a,b]).
We need

Lw([a!b]vx)

Lemma 2. ([15]) Let f € C" ' ([a,b],X), f" € Lo, ([a,b],X), m= [o], o >0, ot ¢ N. Then Dy f(b)=0.
We mention the left fractional Taylor formula

Theorem 9. ([17]) Let m € N and f € C™ ([a,]],X) , where [a,b] C R and X is a Banach space, and let ¢ > 0:m = [ct].
Then
m—1 (xfa)i ) 1 X
MTE) () - a1 DY d 7
T @) gy [ 9T PN @), (©7)
Vx € [a,b].
We also mention the right fractional Taylor formula

Theorem 10. (/16]) Let [a,b] C R, X be a Banach space, &« >0, m = [a], f € C" ([a,b],X). Then

1 i
N —b) g 1 b a-1 (o
0= LS00 g [0t 0 @ (©9)

Vx € la,b].
Convention 2 We assume that

DY, f(x) =0, for x < xo, (69)
and

DY _f (x) =0, for x > xo, (70)

forall x,xy € [a,b].
We mention
Proposition 3. ([15]) Let f € C"([a,b],X), n=[V], v > 0. Then DY, f (x) is continuous in x € |a, D).
Proposition 4. ([15]) Let f € C" ([a,b],X), m = [«], & > 0. Then Dy_f (x) is continuous in x € |a,b].
We also mention

Proposition 5. ([15]) Let f € C" ' ([a,b],X), f € L ([a,b],X), m= [a], a > 0 and

DZ f(x) = ﬁ

| iyt gy, an
X0

Sor all x,xy € [a,b] : x > xo.

Then D2, f (x) is continuous in x.

Proposition 6. ([15]) Let f € C"~ ' ([a,b],X), f" € Lo ([a,b],X), m= [e], & > 0 and

D¢ _f(x)= (_71)”1) / (& —x)" % fm(8)dg, (72)

forall x,xy € [a,b] : xo > x.
Then D _f (x) is continuous in xo.
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Corollary 1. ([15]) Let f € C" ([a,b],X), m= [a], @ >0, x,xo € [a,b]. Then DY, f (x), DY _f (x) are jointly continuous

*X(0)
functions in (x,xo) from [a,b]* into X, X is a Banach space.

We need
Theorem 11. ([15]) Let f : |a, b]z — X be jointly continuous, X is a Banach space. Consider
G(x) = (f(-x),8,[x,b]), (73)

6>0,x¢€la,b].
Then G is continuous on [a,b)] .

Theorem 12. ([15]) Let f : |a, b]z — X be jointly continuous, X is a Banach space. Then
S() = 1 (£ (%), 8, [arx), (74)
€ [a,b), is continuous in x € [a,b], 6 > 0.
We make

Remark. ([15]) Let f € C""'([a,b]), f") € L ([a,b]), n = [V], v >0, v ¢ N. Then

IDY,f W) < ﬂﬁ——ﬁﬂi@w"VVxemm (75)
*a ~ I'(h—v+1) ’ e
Thus we observe
o1 (DY,f,6) = sup ||D,f(x) =D f ()| < (76)
x,y€la,b)
[x—y|<d
£ fln
sup H—ab]) (_xf a) H—ab]) (y - a)nfv
x,y€la,b) F(I’l—v—i—]) F(H—V—i—])
le—y[<8
2|
<« MLe(ab]X) o yn—v
- I'(n—v+1) (b—a)™".
Consequently
2|
D’ W Nw(ablX) p n=v
( *a 56)_ F(H*V+1) (b a) (77)

Similarly, let f € C" ([a,b]), f" € Lo ([a,b]), m = [a], & >0, & ¢ N, then

2

o) (D f,0) < F(m—aJrl]))(b* a)" . (78)

So for f € C" ' ([a,b]), f" € Lo ([a,b]), m = [a], & >0, o ¢ N, we find

2 m

sup @1 (D%, £,8),,. _b(b— ay" (79)

xo€fa.b] I'm—o+1)
and
2|t
L (ab] ) m—o

sup @ _f, <— == (p—a)" 7. (80)

g (D )axo L(m—o+1) ( )
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By [17] we get that DY, f € C([xo,b],X), and by [16] we obtain that DY _ f € C([a,xo] ,X) .
We present the followmg X-valued fractional approximation result by neural networks.

Theorem 13. Let o, A >0, N =[], « ¢ N, f € CV ([a,b],X), 0< B < 1, x € [a,b], n €N :n'"P > 2. Then
i)

N=1 £(]) ( .
HH(f,x> Y () -

4 1 (w' (D}@‘,f ’ ”%)[a,x] + o (ij‘x ’_5)[x,b]>
tanh2A I (¢ +1) noh

+
642,
o (101 -+ 1951 6 | o1

i) if fU) (x) =0, for j=1,....N — 1, we have

L S
tanh2A I" (o + 1)

((m (Pe555) ,, Hon (0% ’_ﬂ)w) .

nop

[ (f %) = f () <

e (D f] Ly (@4 1D ey (0 —0%) ) (82)
iii)

Half0)— FW] <

1H, (f ~ tanh2A

Hf H{ (b a); 42 ,~2Anl1~ B>}+
j:l

F((X+1) naﬁ +
o =221 (HDa f||m o] (4 @) + [|DEefll o gy (b — %) )}}, (83)
Vx€la,bl],
and
iv)
4
Haf =l €
_ ()
Z ’ H { 1 +(b_a)je4aeu,,<lﬁ>}+
DOC ! + %X ,L
! <x§[ipb]w'( £) o xiﬁipb]w'< ﬁ)[x.,b1>
F(Oc—i—l) noB +
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_ (1-B)
o) gy ( sup ([ £ g+ S0P wfxfnm,[x,b]) }} 54
x€la,b] : x€la,b]
Above, when N = 1 the sum ?’;11 .=0.

As we see here we obtain X -valued fractionally type pointwise and uniform convergence with rates of H,, — I the unit
operator, as n — .

Proof. Let x € [a,b]. We have that DY f (x) = D% f (x) = 0.
From Theorem 9, we get by the left Caputo fractional Taylor formula that

()-E (k-

!
n = J! n

o [ (E—J)“ws; ()= DB () dJ,

n

for all x < % <b.
Also from Theorem 10, using the right Caputo fractional Taylor formula we get

f<f_<> YW <§x)’+ 56)

!
n = J! n

forall a < % <x.
Hence we have

k B NG U (%) B I_C,xj
f<n>9(nx k)fj;) i 0 (nx k)(n >+ (87)
_ % a—1
B[ (E0) o w-para
forall x < & < p, iff [nx] <k < [nb], and
/_( - 7Nflf(j) (x) - /_ci J
f(n)e(nx k)szz:o H 0 (nx k)(n x> + (88)
0 (nx—k)

() / (f - S) - (DL f(J) =D& f (x))dJ,

foralla < & <, iff [na] <k < [nx].

Therefore it holds
[nb] N—=1 £(j) [nb] j
Y r(How-n=F L ¥ owm-n(t-a) s (89)
k=[nx]+1 n =0 I k=|nx]+1 n
1 [nb| /Ec k o—1
— 0 nxfk/ <—J) D% f(J)— D2 f(x))dJ,
F(O‘)k:%‘]ﬂ ( ) (DESf () (x))
and | nx] [nx]
nx N=1 £(j) 1% J
Y f <1f> O(nx—k)y=Y f .'(x) Y 6(nx—k) (I_c —x> + 90)
k=[na] \" =0 k=Tna) n
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Z 0 (nx— k/ (JZ)GI(Dgf(J)Dg‘f(x))dJ.

k [na

Adding the last two equalities obtain

[nb] k
B ()= Y f<;> 6 (nv—k) = 1)

| nx| o—1
{ Y 6(nx—k) (1—5) (DY _f(J) =D f(x))dJ+

k=[na]
|nb] k o—1
0 (nx—k -—J D% f(J)—D%f(x)dJ ;.
Lo (50 s ())}

So we have derived

Lnb) N=1 £(j) .
Hy (f.x < Y 6 k) =Y P00 () e, (92)
k=[na] Jj=1
where
| nx| k o—1
en (x) ::—) Z 0 (nx —k) / <JZ> (DX f(J)—D¢ f(x))dJ
k=[na]
nb| £ a—1
+ Y o(mx-— k)/ (— —J) (D f (J) — D%, (x))d]}. (93)
k=|nx|+1 n
We set
£\ @]
et (x) Z 6 (nx— k) / <J ;> (D% f(J)— D% f (x))dJ, (94)
k [na)
and
1 |nb] Eop a—1
=g X 000 [T (o) ar0)-pirear ©3)
r ((X) k:%Jrl X n
ie.
en (x) = ey (x) + ey (). (96)
We assume b —a > niﬁ, 0 < B < 1, which is always the case for large enough n € N, that is when n > [(b — a)fﬂ Ctis
always true that either ﬁfx| < ”iﬁ or }% fx} p
For k = [na],..., |nx|, we consider
. K\ @]
Q= ‘ F(-5) e ro-ptreyar| - o)
X k o—1 . X k o—1 .
/5 <JZ> D* f(J)dJ g/k (JZ) |DE_f(J)||d] <
(=5 5o
) - Y 1 o9

© 2023 NSP
Natural Sciences Publishing Cor.



Progr. Fract. Differ. Appl. 9, No. 4, 597-621 (2023) / www.naturalspublishing.com/Journals.asp NS e 615

That is

Q. < o (xia)a
e < 1D F e o) =4 (99)

for k = [nal,..., |nx].

Also we have in case of |§ fx| < ”iﬁ that

X o—1
s [[(s-5) ot s o) e <

n

. o !
/k<J;> o1 (DY .7 ), ydJ < (100)

. a1
)8
n [a,x]% n

1 (x— 5% 1 1
o, | D* f,— ~ <@ | D* f,— —_—.
1 ( xffa HB > 0 o >~ W ( xffa HB> . Om"‘B

[a,

o <D§‘f :

That is when ‘% fx| < nLﬁ then

[a]
Q< anoP . (101)
Consequently we obtain
1 [nx]
< E— — =
lein ()] < (@) k:z(;,de(”x k) Q21 (102)
1 |nx] [nx]
m Z 9(nx—k).Q|k+ Z G(nx—k)_Q]k <
k= [na] k= [na]
PR ‘x>
1 [nx] o ) (0] (D)(gif7 niﬁ) »
I'(a) Z (nx=k) on®B +
k = [na)
{: é—x] < nLB
Lad x—a)®
Y 0 (nx —k) ||D§‘,f||m7[a’x] ( » ) (103)
— [na
: %—x‘ p
1
1 (] (Dgffv n_B) fa] N
F((X+1) naﬁ
Z 6 (nx - k) HD)?*fHoo,[a,x] ()C - a)a <
k: —0Q
S nx —k| > n' P
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o ¢ L
D el e D ) LS
I ((X —+ 1) noB eZ)er“*B)

So we have proved that
1 (] (Dg,f, nLﬁ)
o+ 1) nop

[aA]

e @I < 7 + (104)

e47L

2An(P) [DE | g (6 — @) } :

Next when k = |nx| + 1,..., |[nb| we consider

k a—1
n [k
o= [ (;J) (DE.f (7)— D% (1)) | < (105)
X
nk o N\
[ (5-9) o) pirlar-
X n
% k o—1
[F(5-0) iptruiars
Jx n
(:-9" (b—x"
x x
HD*afooo,[x,b] nT < HDgfooo,[x,b] o : (106)
Therefore when k = |nx| + 1,..., |[nb| we get that
That is "
b—x
5 < D%y L (107)

In case of ‘% fx‘ < nLﬁ we have

Wk O\
-QZkS/ <EJ> o1 (DEef [ —x])pp d <
X

% k a—1
) / (— —J) dJ < (108)
[ep) /N

1 (£ —x)“ 1 1
prr—) 2 Y g (prr—) —.
()} ( *xf7 I/ZB ) - o ] ( *xfa I’lﬁ ) i) (Xnaﬁ

k
——x
n

()} (D :kxxf B

So when ‘% —x‘ < nLﬁ we derived that

o1 (D;“x 7”%)[x,b]

Ly < po: (109)
Similarly we have that
1 [nb]
llean (D) < =7 < )y 9(nxk)92k> =
r ((X) k=|nx|+1
1 |nb) |nb]
@) Y 6 (nx—k) Qo + ) 0 (nx — k) ¢ < (110)
k=|nx|+1 k= |nx|+1
5= <75 x>
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(D*ax "nP ) [x,0]

on®p +
b—x
0 (nr—1) | D%y L <
o
(D*x ,"ﬁ)[x,b]+
nop
0 (nr— ) | 1D Sy (=) b <

So we have proved that

Therefore

forj=1,...N—1,VxE€la,b].
Putting things together, we have established

g IDE ey (B —2)° }

llen () < flern () + llean ()} <

@1 (Dﬁ‘,f, ”Lﬁ)[a, ]+w1 ( > ’Lﬁ)[x,b]

nop +

ﬁ(HDa ooy &= @) * +IDES N e (B =) )}

From the proof of Theorem 8 we get that

N SS ¥ 617
(111)
(112)
(113)
(114)
(115)
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1 6‘4)L
%Jr(b a) =5 +
o 1 1
1 o (Dx*f’nﬁ)[a,]—i_wl( o ﬁ)[x,b]+
F(a—H) naﬁ
e4)L
15 (1P ey = @+ IDE oy (0= 0)%) = K (2). (116)
As a result we derive 4
Hf’l 9 - S—Kf’l ) ) . 11
I (£5) = F @) £ ———Ka(x), ¥ x€ [a,b] (a17)
‘We further have that
_ ‘ (j)H ] S
e Hm_Z —+(b—a) | (118)
sup (o (D f, L )+ su ( DY f, )
1 {xe[aI,Jb]( 1( ¥ )[a,x] xE[aI,Jb] ( " )[xyb] N
F((X+1) naﬁ

e { (am (10 1,,)+ s (1051,,) ) L=

x€la,b] x€la,b

Hence it holds

4
1Hnf = flloo < s En (119)
We observe the following:
We have v
(—1) /'x N—a—1 4(N)
o = —_— —
(D f) (y)—F(Nia).y (=) NI dl, vy € lax] (120)
and ] .
@ bt N—aed ™| _
102N Ol < g ([ - df) 7™ =
L =" ") =)
r=a o VL= reen . <
=™ )
I'(N—o+1) Hf H ’ (121)
That is
(b—a
(04
198 1. o = 7 7. (122)
and
o (b—a
0 18 Al = P 123)
Similarly we have
o _ 1 /'y _ AN—a—1 ¢(N)
(D*x )(y)*l—v(N_a)x (y t) f (t)dta Vye[va]' (124)
Thus we get
o 1 Yo \N—a-1 (N)
0% 01 < fryg ([ 00" ar) [5] < (125
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1 (- (b—a)*®
TN—a) (N-0) 7. STW-at1) ™.
Hence
DY, (1;7 126)
1% < F = gy 1™ (
and
T L I e i (127
x€la,b] =] F(N a+1 -
From (79) and (80) we get
sup (D"‘ f,— ) <M(b—a)’“‘, (128)
x€la,b] nP [a,x] F(N*(X#’l)
and
sup o <Df‘xf, i) < M (b—a)" ™%, (129)
x€lab] nP )y = T(N—a+1)
That is E,, < oo.
We finally notice that
_ 9 _
Hy ((-—x)7) (x)— =
> (C=27) @ -rw)
H, (f,x) 1 .
(zy”ﬁna 0 (nx — k)) (z,&”g (nx—k))
Nflf(ﬂ(x) . ) B
(JZI i Hn((-—X)’)(X) —fl)=
I RAIC) ~ )
Hi{(f,X)< ——H, ((-—x)") (%) (130)
(z,&”bH,,awe(nxk))l L7 (=)
|nb|
< Z (nx—k) )f( )]
Therefore we get
N V@) | 4
‘H ()= B 5 (=) @)= 10| < s
N=1 £(j) b
|H;(f,x)<z %'(X)H,T(Cx ) ) <Z 0 (nx— k) )|, (131)
Jj=1 ’ k=[na]

V x € [a,b].
The proof of the theorem is now finished.

Next we apply Theorem 13 for N = 1.

Theorem 14. Let 0 < o, B < 1, A >0, f € C' ([a,b],X), x € [a,b], n € N:n' "B > 2. Then
i)
1 (%) = f ()] <

A | <w1 (Djj‘,f,niﬁ)[m 4 + o ( wx 7L)[x,b])

tanh2A I" (@ + 1) nop

+
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e4l

5 (1P o (= @+ IDE oy (0 —0)%) } , (132)
and
ii)
4 1
Hf—fl <—t -~ .
Fnf = fll.. < tanh24 I (o + 1)
sup oy (DY f, 1)+ sup o (D%f,
<xe[a,b] ( * nf ) [a.] x€la,b ( *nb
nop
(b— a)oc et o a
i | S8 IS o+ P IS g | - (133)
When o = % we derive
Corollary 2. Let 0 < B <1, A >0, f € C' ([a,b],X), x € [a,b], n € N:n' "B > 2. Then
i)
1H, (f,%) = f (0)]| <
1 1
o (b)) +or(phrk)
8 ") o] "/ b N
/T tanh2A iy
64)], 1 1
- D; f (x—a)+||Dix Vib=x) | ¢, (134)
2P [
oo, [a,x] oo, [x,b]
and
ii)
Haf = fllo € e
" * = /7 tanh21
1 1
sup o (Djf,%) + sup o (Dfxf,lﬁ>
xEla,b] " Jlax]  xelab] ") eb]
B +
n2
(7(2:; sup ||DZ_f + sup ||D% < oo, (135)
en x€la,b] wfax]  xElab] oo, [x,0]
We make
Remark. Some convergence analysis follows based on Corollary 2.
Let0<B <1,A >0, feC([a,b],X),x € [a,b],n € N:n'"B > 2. We elaborate on (135). Assume that
1 1 R
o (D;f, —ﬁ) <5 (136)
n [a X] n
and | ®
1
) (D*xf, —,3) <= (137)
n [x b] n
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YV x € [a,b],V n €N, where R|,R; > 0.

Then it holds
1 1
sup o (Djf,%) + sup o (Dfxf,lﬁ>
xEla,b] " Jlax]  xelab] ") eb]

B <
n2
R{+R
( Inﬁ 2) (R1+R2) R ]
B = 3B = Tﬁ’ ( 38)
nz2 nz nz2

where R :=R; + R, > 0.
The other summand of the right hand side of (135), for large enough n, converges to zero at the speed ezxi?%ﬁ)’ S0 itis

ar .
about ﬁ, where A > 0 is a constant.
e n

Then, for large enough n € N, by (135), (138) and the above comment, we obtain that

B
[Hnf = flleo < —5 5 (139)

nz
where B > 0, converging to zero at the high speed of +ﬁ
n2
In Theorem 3, for f € C([a,b],X) and for large enough n € N, the speed is nLﬁ So by (139), ||Huf — f||.. converges
much faster to zero. The last comes because we assumed differentiability of f. Notice that in Corollary 2 no initial
condition is assumed.
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