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Abstract: This research paper focuses on investigating the existence and uniqueness of solutions in fractional boundary value problems
related to implicit impulsive fractional differential equations, which encompass both fractional derivatives and integrals. The application
of the fixed point theorem is pivotal in exploring the primary outcomes, while the uniqueness of solutions is further explored using the
Banach contraction mapping principle. Concrete examples are presented to elucidate and demonstrate the obtained results.
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1 Introduction

The foundations of fractional calculus and fractional differential equations have emerged as essential models in
numerous fields, including engineering, chemistry, physics, economics, signal processing, cancer treatment, mechanics,
aerodynamics, complex media electrodynamics, and mathematical biology. For a comprehensive understanding of this
theory and its practical applications, interested readers can refer to the following references [1,2,3,4]. These sources
delve into the intricacies of the theory and provide in-depth insights into its wide-ranging applications.

Impulsive differential equations have laid the groundwork for understanding the microscopic realm of biology,
prompting a reevaluation of nature. They hold significant relevance in various applications in bioinformatics and find
practical utility in biotechnologies. For more detailed information on this subject and its applications, the following
references can be consulted [5,7]. These sources delve into the significance of impulsive differential equations in
advancing our understanding of biological systems and highlight their practical implications in the fields of
bioinformatics and biotechnology.

In recent years, fractional differential equations have seen significant progress. Key developments in this area are
documented in the monographs cited in the references. For instance, M. Benchohra and J.E. Lazreg have focused on
implicit fractional differential equations, as noted in [10]. Moreover, K.D. Kucche, J.J. Nieto, and V. Venktesh have
delved into the nonlinear aspects of these equations, with particular attention to their continuous dependence properties,
as discussed in [13]. These works offer a thorough understanding of the advancements in fractional differential equations,
especially regarding implicit formulations.

The investigation of hybrid fractional differential equations has attracted the attention of various researchers. These
equations encompass a combination of a fractional derivative of an unknown function with a nonlinearity that depends
on it. Recent advancements in the field of hybrid differential equations can be found in a series of papers referenced as
[8]-[11].

This paper focuses on the study of fractional boundary value problems for implicit impulsive hybrid fractional differential
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equations of the form:

cyV ‘3(2> _ E/A QA N L
D(W)*é(%vﬁ(%)), %E/.[O,T}, l<v<2 (1)
B(250) = D35 ) 4y k=12,..om y €R, w(:(gzo))o, @)
subject to the boundary conditions
o B(T) el Oy
w0 (G sa) 0P (G s = 3
o (__D(T) o( BT N\ _
= (m(T,&(T)))Hl*”)I (a;(T,@(T)))*"“ @)
) e B(D) B
w0 (i amy) O Gt am) = )

where D? is the Caputo fractional derivative of order ¢ € {v,7;,7,} suchthat | <v <2,0< 7,7 < V, 73,03 € R, [Z is
the Riemann-Liouville fractional integral of order y € {o},00}, 0 < A,u < 1 is given constant and

o: 7 xR—R\{0}and . ¥ xR — Ris given continuous functions.
By a solution of the peoblem (1)-(2)-(3) we mean a function 9 € € (7 ,R) such that

(1) the function > — ﬁ is continuous for each ¥ € R, and

(22,9))
(i) ¥ satisfies the equations in (1)-(2)-(3).

The fractional boundary value problem (1)-(2)-(3) is equivalent to the integral equation:

AL oA m . ;’\{ B . B . R .

B(5%) = (e, D() | Lo+ 8+ 1 [ =11 () = 1" (5] | for sz (320, 1), ©)
i=1

where the non zero constant A; is defined by

AT (AT
r2—n) TI(2-mn)

A= )

and g,81,82 € €(_7,R) satisfies the functional equation where

P = fs ) G B

[ang](ﬁ): ﬁ/()T(TS)V”HE(s,ﬁ(s))ds,
_ T A ~
PRl = s [ R 3()as

The remaining sections of this paper are structured as follows. Section 2 provides a concise overview of the
fundamental tools associated with fractional calculus. In Section 3, we present the main result of our study. The
conclusions are drawn in Section 4. Finally, Section 5 is dedicated to a concrete application.

2 Preliminary Results

In this section, we present the notations, definitions, and preliminary results that will be used throughout the paper
Throughout this paper denotes _Zy = [0,2], 71 = (311,20, ..., Zu-1 = (3a—1,%0], Fn = (34,1], and we introduce
the spaces: For %; € (0,1) such that 3 < 55, < ... < 3, and I' =1\ {37, %2, ..., 5, } and denote by

¢ ={0:[0,1] — R: ¥ € C(I') and left ¥(%;") and right limit ¥ (%)) exist and u(3 ) =u(35),1 <i<n}.
the Banach space with the norm ||| = sup {|3(%)|, d € €(_7,R)}.
xe g
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Definition 1.The derivative of fractional order v > 0 of a function y : (0,00) — R is given by

1 d\m % y(s)
D= (Y [,
0 =rao\a) f Gy
where n = [V] + 1, provided the right side is pointwise defined on (0,o).
Definition 2.The fractional order integral of the function h € L'([0,T],R..) of order v € R, is defined by

1o
m/o (32— 5)"""h(s)ds,

where I is the Euler’s gamma function defined by I'(v) = [;° %' ~'e *d3z,v > 0.

I"h(3) =

Definition 3.For a function h € AC"(_# ), the Caputo’s fractional-order derivative of order v is defined by

5 ! # A~ n—v—1yg(n
DY) = Frry /O (5 — )"V~ A0 (5)dis,

where n = [V] + 1 and [v] denotes the integer part of the real number v.
Lemma 1.For v > 0, the general solution of the FDE’s °D¥ 0 (3¢) = 0 is given by
d(%)=cot+crirt ...t 13,
where ¢c; € R, i=0,1,2,....n—1(n=[v]+1).
In view of Lemma 1, it follows that
1V DY (30) =D (3) +co+crbet ... +cp 137,
forsomec; €R,i=0,1,2,....n—1(n=[V]+1).

Lemma 2.The boundary value problem

where the non zero constant A is defined by

ATI=T N (1-MT'-"
F(szl) F(Z*Tz)

A=

Proof:

(®)

©))

(10)

(1D
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From the first equation of (9), we have

B (%)
DV(———— ) =w(k), #xc 7. 12
(af(}%,ﬁ(}%))) (%) 7 £
we obtain 719(@ = F—('v) fo%(ﬁfs)"’la)(s)derCl +Cy %, for Cy, C, € R.

o (%, 0(%))

The first boundary condition of (9) implies that C; = 0. Hence
d(%) 1 /% vt
= = —s o(s)ds+ Cyse. 13
B0 T o F9) et )

Applying the Caputo fractional derivative of order y € {71, 7 } such that 0 < ¥ < v — 7 to (13), we have

B (%) 1 s _ 1 _
DY - = / 2—5) Vo (s)ds + 2!V,
(ot o)) = T " 00 Gy
Substituting the values Y = 7; and ¥ = 1, to the above relation and using the second condition of (9), we obtain

A T AT!I-®

== T—s) " o(s)ds+ ———C

} F(v—rl)/o (T=s) () re-m)
-1 [T (1-a)Ti-™=

-~ T— V—1r+1 d AN
TTv_m) /0 (T=s)" 2 0()ds + =3 =Co

which leads to

1

G = A {T3 A ) /OT(T—S)WT]Ha)(s)ds

r'v—rm

1-2 T V-1
_71*(va2)/0 (T—5)""2 M w(s)ds|.

Substituting the value of the constant C; in (13), we deduce the integral equation (10). The converse follows by direct
computation. This completes the proof.

Theorem 1./9] Let:?? be a nonempty, closed convex and bounded subset of a Banach algebra Z and let ,Q{A, C X —
X and B . S — X be three operators satisfying:

(a1) 4 is Lipschitzian with Lipschitz constants §,

(b1) A is compact and continuous,

(c1) X =dxXBy = x €. forally e,

(d) 8.4 +p <1, where M =||B(7)).

a

Then the operator equation X = % X%A’y has a solution.

3 Main Results

In the following sections of this paper, we will base our analysis on the following assumptions:
(A;) The function®@: # =[0,T] x R — R\ {0} be a continuous function.
(A2) There exists constants gg, g1 > 0 such that

|@(3c,0) — @ (3,9)| < qolt — |, forany #,7eR,xe 7,
\E(3,0) — E(5,0)| < qu|a—9|, forany @, PeR e 7.

(A3)  There exists a continuous nondecreasing functions n2, @ on [0,0) — (0, 0) such that

|@(%%,u)| <m(%),
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18 (Geu)| < @(%2).
(A4)  There exist a function p(32) € €' ([0, T],R™) such that

|@(%,0)| < p(%), %€][0,T].

Theorem 2.Assume that (A) — (A3) are holds. If

[ ( T TV A TV 1 — Al )+i| |+T v
DI\ AT(v+n+l) AT(V+ntl) Vi

|T3|} <1,

then there exists a on solution for (1) —(2)— (3) on _¢.

Proof:

We defined a subset . of € by be a closed bounded and convex subset of S of & where r is a fixed constant by:

I ={0ed/|v]<r},

where,

|r3|]

TV+1 ’

poiel]

TV TV+1‘M TV+1‘1 Al
Mo {F(v+ 1) T AT (v 4D + AT (v +1) } + Z |yl| +

r> "

TV“\M T"H\l Al
I —q: {F(v+ 1) T AT (v ) + AT (v+1+1) } +Z |yl| +

and therefor . satisfies hypothesis of theorem 1 . Define three operators G C—C, B —C by:
AO(3) =@ (3,D(5)), € 7
and

BO(5) = 1"E(2,9(5) + L vi+ Aﬁl [}g S nE (2, (2) - 1V RE (5, 19(;2))} for 5 (5o, T]

Now with this data we can transform the hybrid integral equation 10 into the operator equation as
B(3) = V() B (3%) , #2€0,T]
Clearly, the fixed points of operator 16 is solution of problem (1) — (2) — (3).
First let us show that the operators o, B satisfy all the conditions of Theorem 1.
Claim 1: let ¥, € € ¢ then by hypothesis (H; ),
|7 B (52) — o e(5)| = |@ (5,3 (%)) — B (32,€(%))| < qo] D (5) —£(52)| < qol| D —e]],

forallxc ¢ .
Taking supremum over Jz, we obtain

|70 — | <qol|d—e| forall d,eec?.

Claim 2: second let us show that Bis continuous in 5”

(14)

5)

(16)

Let (19 )n be a sequence in 5 converging to a point d €. . Then by Lebesgue dominated convergence theorem, Then
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lim #9,(5) = lim, ... [fy,- iy G BB os
+£(|nl- A T g )Y E (s, B (s)ds|
— AL T ) T2+1§(s,19n(s))ds)

m 1 > R Vel ~ R
:i;yﬁm/ (5c—5)" im E(s, Dy (s))ds

2 (18] = s T =)= im E s, B (5)ds

7%&;(T—S)V r2+1r}££10§(s,19n( ))ds)

St s [ G s 3000

+Al(|rs| el (T 5) 1 E (5,9 (5))ds

A (T = )1 E (5, B (s))ds )
= B (),
for all r € [0, T]. Therefore the 2 is a continuous operator on .
Claim 3: To show that the % is compact operator on ..
Let ) € .7, forall 5z € _# define

sup 1&(32,0)| = Mo,

0<#x<1
where

TV TVH‘M Tv+]“ )L‘
r=|m| {|‘P| [F(v—i— ]) T AT (vt +1) Jr/\11" (V+m+1) } + Z il Jr
First, we show that 8(.%) is a uniformly bounded set in 5” .
For & € .7, 5 € [0, T], we have:

+1

|T3|

#9G < Ll + 1 ) G0 B 96) — E65.0) + .0
i=1

A

i (Il r&”ﬁ S0 )54 118 5,9(5) — £(5,0) + E(s.0) s
A I (=) E 5. 9(5) — (5.0) + £(5,0) s ).

Consequently,
1991 < 3+ gy 3140 + T (1l Lo a4+ )

P yl (V+]) QI 0 A] 3 F(V+Tl+]) QI 0

- | 3
A9+ )
A TV TV+1‘M TV+1“ )L‘
< (quﬁH JrMO) {F(v—i— 1) T AT (v +1) JrAll" (VF1o+1) } +Z |y’|+ |T3|
Thus
A A N v TV+1M‘ Tv+l“ )L‘ +1

|20 < (CIIH’SH JFMO) [F(v+ 1) T ATEE) T ATvEGLD) } +Z |yl|jL |T3|

forall § € .7. . A
This shows that % is uniformly bounded on . .
Next, we show that Z(.) is an equi-continuous set on .

Let 2,50 € 7, thenforanyﬁEY A A
(32) = BD)| < bl + s (|G = 9 B B [ G =" Bl )

P — 3¢ A
+<2—‘(|r|— W 0 (T =) (5, D ()l

< z il + —) / Ié(s,ﬁ(s))lds

+—<%2 () - Y (T —5)v =1 E (s, B(s)ds.
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Hence o .
Ve>0, IN>0 : | —3nl<n=|BY0)—BO(n) <e
forall 52,55 € ¢ andforall d € € .
Therefore the operator %A’(Y ) is equlcontmuous setin €.
Then by Arzeld-Ascoli theorem, 4 is a continuous and compact operator on .
Claim 4: Next we prove that (¢) of theorem 1 .
Let ¥ € ¥ and € € . be arbitrary such that ¥ = &/ 9 Xe.
Then, . .
[0(%)] = Iﬁfﬁ(ff)II%E %))

(
<1 DG il + gy )G9 1 (o)
+%(|r3| Pt Joh (T = 5) 51 1€ (5, 2(s))|ds
i o (T =)'~ & (s, B(s)|ds )|
< |m(ﬂ>|[§ i+ oy [ (s 0(as

+E |3| m S (0= 5)Y =541 (2)ds
HL (T =)=+ (50)ds )|

Tv TV+I‘M Tv+l‘1 M +1
< |m|[|¢|[r(v+1) — s + L] +z|y,|+ |r3|]

Further, we obtain

o] <~

Then § € .¥ and hence the hypothesis (c;) of theorem 1 is satisfied.
Finally, we have

M=|2(F)| =sup{|BD|: D €.} <a1

1%

TV+1‘M TV+1‘1 Al
F(v+1)_/\]1"(v+r1+l)+/\11" V+1T+1) }+Z|y’|+ |T3|

and so,
TV TV+I‘M TVH‘]*M
qoM < qo {6]1 (F(V +1) T AT (v D) + AT (V1 +1) ) + Z il Jr

Ttherefore by Theorem of Theorem 1 are satisfied and hence the operator equation #3219 = ¥ has a solution in
7. As aresult, the problem (1)-(2)-(3) has a solution defined on _#. This completes the proof. The following theorems
concerning the Boundary value problems (1) — (2) — (4) and (1) — (2) — (5), are similar to that of theorem 2, we omit the
proofs.

Theorem 3.Assume that (A1) — Az) are holds. If

|ra|} <1

T TV+I|M Tv+l|1 _M m
qO{QI(F(val)_AzF(erGHrl) AT (v+o0y+1) )+Z|y,|+ |T3|}<1
then there exists a on solution for (1) —(2) — (4) on ¢
Theorem 4.Assume that (A) — (A3) are holds. If
TV TV+1|/'L| TV+1|177L| m Tv+1
qo[q‘(r(wr]) TATvEn ) A1F(v+62+1))+i;|yi|+ A lwl] <

then there exists a on solution for (1) —(2) — (5) on ¢

4 Uniqueness Results via Lipschitz Integral Conditions

In this section, to prove the uniqueness results of solution for problem (1) — (2) — (3), we define the operator © : 4 — %9,
we have

~ A

oD (5) = @5, 9(3) 1V<é@><ﬂ>+iyi+%(y31”1(@)( ) -1 M) (7)
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P& = i | G 9 s,

- ‘T -
PN = g [ (T s

A — T A
I""2(65)(T) = F((]V Ari) /o (T— 8" cyds.

Let

m }’\t

As =IO+ Y bl + 4[5 =1 (D) =12 ()(T)].

=1
Theorem 5.Assume that (As) and (As) are holds. If |m|A3q) < 1, then there exists a unique solution for (1) —(2) — (3) on
7.
Proof:
Let B, = {0 € € : ||¥|| < r} be a closed bounded and convex subset of ¢, where the fixed constant r satisfies

A
F>_PM (18)
1 —|m|q1A3

~

5l <165 — A0| + |£0|’ where 50 = (%,0) for

5 € (5, T).

)(2) +Z|y,|+ 'A'( o= 1" (€M)~ 12 (1 )(T) )|

< [IV[ &5 —&l+1&] (ﬂ>+; i

+ 'Ai' (7 = 1P €5 — &ol + 1Eol) (T) — 1"~ [15 = &+ [&ol} (T) )
< bl [ (avr-+2)(1)+ . b

+ A_1 ( u—1"""[qir+p](T)—1""2[qr+7p] (T))}
= |m|(q17A3 + pA3)

<r

Therefore, ©B, C B,. Let 1§1, 192 € B,, we have

~

[©91(2) — ©Da(2)] < |ml[1" (€

g~ &)+ L
+ A_%l (73 — 118, — 5, DM =12 (1, —E%I)(T))}
<l [P (al191— B2 + X
+%(Y3—1m(mllt§1—ézll)(T)—zvffz(qln,gl_52||)(T))}
= |mq1A3]|1 — B,

since |m|q;A3 < 1, the operator © is a contraction. By Banach contraction mapping principle the operator © has unique
fixed point, which leads that problem (1)-(2)-(3) has a unique solutionon _¢#.
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5 Examples
5.1 Example
Consider the impulsive FDE’s with boundary conditions involving two fractional derivatives of the form
d (2 1
CD$<A . (%) T )101 s FEOT), T<v2 (19)
1+[5(%)]
AL AL 1
B ,j)zﬁ(%k)—i—g, (20)
0O - 8, (719(?) )+§D% (719(7:) )= L
®(0,8(0)) 20 o(r,d(x))/ 3 oz, d9(x)’ 1
here v=20 (5, 8(5)) = Wlﬂ)\) A=%1=21, rz = %,73 = &, T =7, observe that 0 < 7,7, < X
Hence the hypothesis (Assumption : 2) is hold with go = 155 00 ,q1 = 1p and we shall check that

{ ( TV TV+]|A| TV+]|]—A|
0N riv+1l) Aar'(v+n+l) AML(v4+n+1)

) ZI 1+ |r3|} ~0.12758496 < 1.

Thus, the theorem 2, the fractional boundary value problem (19)-(21) has a on solution on 7.

5.2 Example
Consider the implicit impulsive FDE’s with boundary conditions involving two fractional integrals of the form
d (5 1
CD‘7°< SRTE (%) 5 )101 s FEOT), 1<v<2 (22)
G2 i3 5 DG o)~ 100+3(2)
1+ |0(3
a A 1

B ( k*):ﬁ(tk)Jrg, (23)

5 3 5 1
_%0) ﬁ,a(L@) e (L@) L

@(0,5(0)" 20 \@(m,d(x)/ 5 \@(rd(m)/ 1
here v =12 &(3,9(5)) = m,u 20,71 L. m=:,13==L,T=n, observe that 0 < 71,7, < &. Hence the

hypothesis (A;) is hold with ¢; = Wlo,qo = ﬁ and we shall check that

[ ( TV B TV+1|/'L| TV+1|17/'L| )+Z| |+
DEINTv+1) AT(v+a+1) AT (v+n+1) Vi

|r3|} ~ 0.1457896451 < 1
Thus, the theorem 3, the fractional boundary value problem (22)-(24) has a on solution on _# .

5.3 Example

Consider the implicit impulsive fractional differential equations with boundary conditions involving one fractional
derivative and one fractional integral of the following form:

D7 () = ! %€ (0 1 2 25
P ((%+1)2(Sim§(2) 3] +3)> 001G CEOn. I<vs (25)
100 T3]
) =)+ (26)
3(0) s ( B(m) 3,40 d(m 1
@(0,5(0))’ 20" <w(7r,z§(77:)))+51 (w(n,@(n)))*n’ @7)
© 2025 NSP
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6

10 E(2 Q2 1 4 1 1
herev:#,&(%,ﬁ(%)):m,u:%,ol:H,GZ:W,@:ﬁ,T:1,0bservethat0<’L’],T2<70.Hencethe

\
hypothesis (A7) is hold with go = ﬁ,ql = % and we shall check that

TV TV+I|7L| TV+I|177L| m Tv+l
qo[q'<r(v+1) AL(V+T+1) A1F(v+rz+1)) ;M A

|73]| &~ 0.31245678 < 1.

Thus, according to Theorem 4, the fractional boundary value problem (25)-(27) has one solution on 7.

6 Conclusion

In this paper, we have investigated the existence and uniqueness results concerning fractional boundary value problems
related to implicit impulsive fractional differential equations, which involve fractional derivatives and integrals. We have
also explored uniqueness results using the Banach contraction mapping principle and Lipschitz integral conditions.
Furthermore, we have extended these results to include new categories of fractional boundary conditions, specifically the
Caputo-Hadamard and Hadamard-Caputo sequential fractional differential equations. This extension was accomplished
by employing fixed-point theorems and Lipschitz integral conditions.
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