Inf. Sci. Lett. 12, No. 6, 2215-2226 (2023) %N =S¥\ 2215

Information Sciences Letters
An International Journal

http://dx.doi.org/10.18576/is1/120602

On the Fractional Fractal Analysis of Multivariate
Pointwise Lipschitz Oscillating Regularity

Ines Ben Omrane

Department of Mathematics and Statistics, College of Science, Imam Mohammad Ibn Saud Islamic University (IMSIU), P.O. Box
90950, Riyadh 11623, Saudi Arabia

Received: 17 Feb. 2023, Revised: 6 May 2023, Accepted: 9 May 2023
Published online: 1 Jun. 2023

Abstract: Classical Lipschitz regularity does not allow to capture possible different oscillating directional pointwise regularity
behaviors in coordinate axes of functions f on R4, d > 2. To overcome this drawback, we use iterated fractional primitives to
introduce a notion of multivariate pointwise Lipschitz oscillating regularity. We show a characterization in hyperbolic wavelet bases.
As an application, we obtain the fractal print dimension of a given set of multivariate Lipschitz oscillating regularity, from the
knowledge of fractional axes oscillating spaces to which f belongs.
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1 Introduction

Multifractal analysis studies functions whose pointwise regularity varies from point to point. Classical multifractal
analysis studies fractal set of points x where f has a given Lipschitz regularity at x. This regularity allows to denoise,
classify and reconstruct signals [1,2,3].
However many multivariate functions have various directional and very oscillatory behaviors. These behaviors are
important in image and signal analysis (see [4,5]).
Developing tools to deal with such problems seems to be one of the goals of multifractal analysis. The usefulness of
wavelet techniques in multifractal analysis has been apparent for some years (see [6] and references therein). In this
paper, we provide further insight into the interplay between wavelet analysis and multifractal analysis via fractional
primitives.

Let us recall these notions. Let 0 < a < 1. Let x € R?.A function f : R? — R belongs to Lip®* (x) if there exists C > 0
such that

IC>0Vy [fy)—f)]<Cly—x". (1

The Lipschitz regularity of f at x is
ar(x) =sup{0<a<1: feLip*(x)}. )

This regularity doesn’t capture oscillations of the function around x: it is the same for cusps such as |y —x|?, or very
oscillatory behaviors such as

frp() =y —x["sin(ly—x|P) with0<y<TlandB >0. 3)

Let 0 < ¢ < 1. The fractional primitive of order ¢ of a function f is f, := (I — /) ~"/2f, where the operator (I — A)~*/2
is the convolution operator, for which f; (&) = (1 + |E[2) /2 f(€).
For 7 small enough, oz (x) =Y+ (1+ B)t. The increase is (1+ )t instead of 7. This explains the following definition of

[7].
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Definition 1 The oscillating singularity exponents of f at x are
d
ay(x), Br(x) = —1+ = ap ()l | -

Many signals on RY,d > 2, present various features and characteristics when measured in different directions.
Unfortunately, the oscillating singularity exponents do not capture possible different directional regularity behaviors in

d
coordinate axes. For example, they do not fit functions of the form g(y1,---,ya) = [ ] lyi — xi|* sin(|y; — x| 7P where
=1

a= (o, 0) € (0,1)and B = (B, ,Ba) € (0,0)".

In order to overcome this drawback, we propose first, to replace direct increments of f by iterated axes differences,
and second we replace the fractional primitive of f by the iterated fractional axes primitives. We will therefore introduce
a new notion of multivariate Lipschitz oscillating regularity for & € (0,1)¢ and B € (0,0)¢. Let us explain this.

Let u; denotes the i-th unit vector in R, For h € R, write Ay f(x) = f(x+ hu;) — f(x). Let Z = {1,---,d}. Let
s=(s1,---,8¢) and 8" = (s},---,5),). Write s <s§" if 5; </ forall i € 2, and s < if 5; < s} for all i € Z. Let also
0=(0,---,0)and 1= (1,---,1).

For A = {i, - it} C Z and h = (hy,--- ,hg) € R?, the iterated axes difference of f is defined as

=

Anaf = An iy 00 Aw i f - 4)
For example, for d =2
Ap iy f(x) = fx+h) + f(x) = f(x1,x2 4+ h2) — f(x1 +hi,x2) - (5)
Ford =3
Ap 1233 f(X) = fx+h) = flo +hi,xo + ho,x3) + f(x1,x2,3 + h3) — f(x)
(x1,%2 +ho,x3 4+ h3) + f(x1, %2+ ha,x3) — (6)

- f
— f(x1+hi,x0,x3+h3) + f(x1 +hi,x2,x3) .

Definition 2 Let f € L”(R?). Let &t € (0,1)¢ and x € RY. We say that f € R*(x), if there exists C > 0 such that
k
VO#A={i1,- it} CP) Vh=(hy,-- hg) €ER? [Apaf(x)| < C]] IR, |% . (7
n=1

For d = 1, R*(x) = Lip%®(x). For d > 2, R%(x) is a pointwise version of some anisotropic generalized Holder classes
of [9] for p = eo. Moreover, contrary to [11,12,13], R*(x) yields extra information on the Lipschitz regularity of partial
functions. For d = 2, R*(x) is more precise than that of [10].

Definition 3 Let f € L>(RY). The iterated fractional axes primitives of order t = (t1,--- ,t7) € (0,1)¢ of f is the function
d 82 d az
fitly) = I_Il(l - ?)ﬂl/zﬂ where the operator I_II(I — ﬁ)ﬁ/z is the convolution operator which amounts multiplying the
1= 1 i= i
d
Fourier transform of f with H(l + |§i|2)*li/2_

i=1

Definition 4 Let a € (0,1)? and B € (0,0)". A function f has multivariate rectangular Lipschitz oscillating regularity
(a,B), and we write f € M%B (x) if
Ve>0  feRMTETUTE(y), ®)

and
Ja>0Ve>0V0o<t<a feROTnUFTB)—Eautta(1+ha)=e)(y) )

In 1988, Rogers [21] has replaced the Hausdorff dimension by a multivariate dimension. If D is a rectangle of R¢, let
Li(D),---,Ly(D) be the edge-lengths of D, with L;(D) < --- < L;(D). For A C R? and & > 0, a family (D,) of rectangles
is a e-cover of A and we write (D,) € 6:(A) if Vn Li(D,) < € and A C |, Dy.

For &€ >0and (6;,---,8;4) >0, let

%(51;%@1) (A) = inf{ Z Id](Li(Dn))a" : (Dp)n € 6e(A)} (10
neNi=1
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Set the measure 81,0,
%(61«,"')5d) (A) = sup%( b d)(A) (1 1)

>0
The print dimension of A (see [16,21]) is the set defined as
printA={(8y,---,8,) >0 : 35 (A) >0} . (12)

In the next section, we prove a characterization of multivariate Lipschitz oscillating regularity in hyperbolic wavelet
bases. As an application, in Section 3, given 0 < & < 1 and B > 0, we obtain the fractal print dimension of sets of the
form

Eqp={x:feM*P(x)} (13)

from the knowledge of fractional axes oscillating spaces to which f belongs.

2 Characterization of multivariate oscillating regularities in hyperbolic wavelet bases

Let y_; (resp. Y;) be a father (resp. mother wavelet). Put [j] = jif j€ Npand [-1] =0.PutN_; =NyU{—-1}.If je N_;
and k € Z, write

v ={ 148 IS a1
Then (2[]]/2%,,((;))]_61\]717/(62 is an orthonormal basis of L?(R) (see [14,19,20]).
Forj € N, put [j] = ([j1], -+, [ja]) and [j| = Zd:ji-
Fork € Z4 and x € R?, put -
Fk(x) = f[lllfj,-,k,- (xi) - (15)
s

Then {2129, : k€ Z¢,j € N?,} is an orthonormal basis of L?(R¢) called hyperbolic wavelet basis [8,15,22,23,24].
Thus any function f € L?(R?) can be written as

f=Y Y Gx¥x (16)
keZd jeNd |
with
Ciae =210 o Tk () dy. (17)
Let —1 denotes the vector (—1,---,—1) in R?,
Remark 1 Using wavelet arguments similar to those of [7,5], we can replace f; in property (9) by the pseudo-iterated
fractional axes primitives of order t = (t1,--- ,1;) of f given by
fi=Y ) Gix¥%xk (18)
kezd jeN? |
with
Cejx :zf[jl]llf"'*[jd]tdcjk ) (19)

We will prove the following theorem that allows to characterize pointwise multivariate oscillating regularities.
Theorem 1 Let & € (0,1)? and B € (0,00)%.
LIf f € M%B(x) then

vkeZ! |Cok|<C, (20)
d

VkeZ! Vje N  \{-1} |G| <CTT2 % (1 + |k — 20x; )% . 1)
i=1

and

d
Ja>0Ve>0v0<t<aVje N \{-1}Vkez! |G| <2 lill@ribi-e) (1 4 ’k,» —lily; \yeitubi=e — (22)
i=1
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2.Let f be uniformly Lipschitz, in the sense that f € L™ and
IC>00<e<l VyzeR!  |f(y)—f2)| <Cly—z[f. (23)

If both (20) and (21) hold then
Va' <a  fERY(x). 24)

Remark 2 The proof is done for d =1 (see [7,17,18,5]). Note also that for any d, we have no need to prove property
(22) because it can de deduced from property (21) by replacing the Cj x by the C j .

Proof of Theorem 1

lLetjeN? andk € Z9.
-If j = —1 then

. d
=1/ FO) T2 05Kl < 1191 -

—Assume that j € Ng.
Relations (5), and (6), together with induction and the fact that the integral of y; vanishes yield

ViEN]  Gu=2U [ A of@Hu0) dy. (25)

Since f € R%(x) then

d
IGix| < sz/ <H|ini|ai> |¥x(y)| dy
=1
d .
=[] <Zji/|)’ixi|ai|‘lfj,-,k,-()’i)| dyi)
=1

d
< T (27 f (b2 1%+ 2 i) Ly )] )
i=1

The localization of the wavelet y; yields (21).

—Assume thatj # —1 and j ¢ Ng. For convenience of notation, we will consider cases d = 2 and d = 3. Our method
extends to the general case following the same induction idea.

—Case d = 2.

olf j; > 0and j, = —1 then

Ciae =21 [ (F0)+ F(3) = £ 0132 Hu) dy
=20 [(Ay 1)/ 00+ F01,22) Fa )y

=2 [ A, 12 SO BRIy + 27 [ FO10) Ba)dy
Since [y_; =1 then

Ciae=2" [ Ay o1 f 0B )dy+27 [ FO1.02)¥0, 1) 6)

Since f € R*(x), then as above, thanks to the localization of both w_; and v, the first term decays as in (21).
On the other hand, since x = (x1,x) and f € R(*1:%) (x) then f(.,x2) € Lip® (x;). Therefore Remark 2 yields

2] [ £01.50) W, 1) | < €2 (1 iy = 200 )

<CH2 i 1+’k 2lily

i)% (because [—1] =0) .

olf j; = —1 and j, > 0 then by s1m11ar1ty Cj x satisfies (21).
—Case d = 3.
oIf (ji,j») € N3 and j3 = —1, then using (6) and the fact that [ y; =0

Cix = 2‘5”/]1%3 (Ay—r 1230 (%) + f(1,52,%3)) Fi (v)dy
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where y = (y1,y2,y3). As above the term 2/l /3 Ay (1230f () F k (v)dy satisfies (21).
. , :

On the other hand, since [ y_; = 1 then

Z‘UH/R3 FO1,y2,%3) ¥k (y)dy = 2/11 7 /R2 FO1y2.23) ¥y o) (k1 o) 15 y2) AV 1y -

Since x = (x1,x2,x3) and f € R(®:%:%)(x) then f(.,.,x3) € R(*1:%) (x;, x,). From the above computation done in

the case d =2
2]l+12|/R2 FO1Y2,23) o).k k) 1 32)dy1dya| < CTT(270 + ‘kizfm —xi|)%.
i=1
Since j3 = —1 and [—1] = 0 then
2J1+}2|‘/]R2 f(yl ay25x3)ql(j1,j2),(k1,k2)(yl ayz)dyldy2| < CH(Zi[jl] + ‘kizi[]i] —Xi )ai :
i=1

#Of course, the cases ((ji,j3) € N3 and jo = —1) and ((j2, j3) € N3 and j; = —1) are similar.
olf j; > 0and j, = j3 = —1, then using (6) and the fact that [ y; =0

Cj,k:Z‘UH/R3(Ay7x,{1,z,3}f(x)+f(y1,yz,x3)+f(yl,XZ,y3)*f(MJst))‘Iﬁ,k(y)dy-

The term 2/l /R Ay (1231 ()% (v)dy satisties (21).
On the other hand, since [w_; =1 and |[j]| = ji1 = |[(ji1,/2)]| then

2Hj“/R3f()’17)’27x3)q§,k()’)dy:2‘[(jl’j2)]"/Rzf()’Ia)’Z;x3)lP(jl,71),(k1,k2)(yla)’Z)d)’ld)’Z-

Since x = (x1,x2,x3) and f € R(O‘la“%%)(x) then f(.,.,x3) € R(O‘1=“2)(x1,x2). From the above computation done in
the case d =2

).

. 2
2HU]’J2)H|/sz()’I7)’27x3)ql(j],jz),(k|,k2)(y1a)’Z)d)’ldy2| < C{IJI(TU"] + }kif["'] —Xi

Since j3 = —1 and [—1] = 0 then

).

3
2”.]”|Az f(yl7y27x3)ql(j1,j2),(k1,k2) (yhyz)dyldyzl S CH(zi[/l] + ‘kizi[fi] —X;
i=1

Of course, similarly the same decay holds for 2/l / , F1,x2,y3) ¥k (y)dy.
R‘

On the other hand, since x = (x1,X2,x3) and f € R(®:%2:%)(x) then f(.,x2,x3) € Lip™ (x;). Therefore Remark (2)
yields

2jl|/f(Yl7x27x3)1I/jl,k1 (y1)dy| < C2771% (1 + ki — 21y o

ki — 2y,

3
< CHQ*U:‘]%‘(l + )%
=1

oOf course, cases (j; = jz = —1 and j[z 0) and (j; = jo = —1 and jz > 0) are similar.
The proof of (22) follows from that of (21) using (19).
2.For convenience of notation, we consider the case d = 2. Our method extends to the general case following the same
ideas.

Remark 3 If f € L*(R?) then
VxeR? Ay f@)| <2llflle <C<CIM* Vm|>1,

VXeR Ay f()] <2/[flle SC < Clhy|® V |hg| > 1
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and using (5)
2 /
VxeR? A1) f(0)] <4/ flle <C<CITIRI% V(b lha]) € [1,00)7 .

i=1
So in order to check that f € R* (x), it suffices to prove that
[Ap (11 f ()] <Clm |1 V| <1,
|Ap 21 /()] < Clha|® Y |hy| <1
and

2 !
[An (120 f (O] S CTTIRil% Y (|, |ha]) & [1,00)* .
i1

Since f is uniformly Lipschitz, then (23) holds.
Ifj = (j1,/2) € N3 or (ji >0,jo=—1), then for all k = (ki, k) € Z>

Ciad = 201 [ (F3) = £ 32) Hay)
< 20 [y — ka2 40 dy

< 2 [y =20y, 0l dvr 2 [y, 02)] o

Using the localization of the wavelet y;
|Cjx| <C27%71. (27)

Analogously, if j € Nj or (j; = —1, j» > 0), then for all k € Z>
Gjx| <C2792 (28)
Relations (27) and (28) imply that
Vj Yk ¥V 6 €[0,1] |Gk | < €296l =0(1-6)i], (29)

Put 6 = 86 and &, = (1 — 6)5. By (21)

2
FC>0V0< o< 1VjVk |G| <C[2 (-0l 4+ ‘kizf[ff] fx,")‘m" .
i=1

Then
2
‘Cj,k’ < CH"Laiﬁivjiakiaxi (30)
i=1
where
oo jii = 2~ (1=0)8ljlp-oalil(y 4 ’kf 2ll)yoe (31)
For h € R, put
Apyin(t) = wir(t+h) — i) . (32)
Clearly
Ap 1y E k(%) = Wi,k (2) An, Wy iy (X1) 5 (33)
A1 Gk (X) = W),k (X1) A, Wy 4y (X2) (34)
and
2
Ap 123 Wk () = [ TAn Wik (xi) - (35)
i=1
© 2023 NSP

Natural Sciences Publishing Cor.



Inf. Sci. Lett. 12, No. 6, 2215-2226 (2023) / www.naturalspublishing.com/Journals.asp ~N S

2221
Set
Z(t) =Y |w_1x(0)] , (36)
keZ
V(ht) =Y |Awy_14(1)] (37)
keZ
Tﬁaht Zﬂaﬁflkz’Ah‘V lk()’v (38)
kEZ
Séa ZZ“aS,;kiH’jk ‘ ) (39)
J=0keZ
Wsa(t) =Y Has -1 |[W-14(0)] (40)
keZ
and
R o (h,1) = ZZuw,kt\Ahw]k )| - (41)
j=0keZ
Split f as
f=f1+F+G+H (42)
where
faa=Y) Coax ¥k, (43)
keZz?
F=Y Y Gi¥x. (44)
jeNZ kez?
G: Z Z C(j]ﬁfl)ﬁkql(j]afl)ak (45)
J1ENg keZ2
and
H=3) Y Ceijpx¥1j)k- (46)
J2€Ng keZ?
Properties (30), (33), (34) and (35) imply that
|An {11F (x)| < CRs, o (h1,X1)Ss, 0, (x2) , 47)
|An (2} F (x)| < CS5, 0, (1)R5, 0, (h2,32) (48)
| A g1 2} F ()] < CHR6 o (hirxi) (49)
|40, (11 G(x)| < CRs, g (h1,x1) W5, 0 (x2) (50)
|An,(21G(x)| < CS5; 0 (¥1)T5,,0 (2, 32) (51)
|Ah,{],2}G('x)} S CRE] ,00 (h] ;X1 )Téz,az (hza-xz) ) (52)
|An (1} H (x)] < CT, g, (h1,21)S5, .0 (x2) (53)
‘Ah,{Q}H(x)| S CWE] , 0 (.X] )Réz,(xz (hZ;-xZ) ) (54)
|An, (121 H (0)] < CT, g, (1,31)Rs, a0, (h2,32) (55)
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| An (3 fo1(0)] < CV(hy,x1)Z(x2)
|An 23 f-1(x)| < CZ(x1)V (h2,x2) |

| A g1 23 f~1(x)| < CV(h1,x1)V (h2,x2)
The following lemma together with Remark 3 and properties (47) to (67) yield (24).
Lemma 1 There exists C > 0 such that
Vit Z(t) < C,
V|h|>1Vt V(h,t)<C,
Vt Sé,a (t) S C 9
VI W(S,Oc(t) S C ’
VIh =1Vt Tsq(ht) <Clh|®,
VIR 1Vt Rsalht) < ClA,

Vo< |h| <1Vt V(h,t) <Clh|,

VO<|h <1Vt T5.q(h,t) < Clhl

and
VO<|h|<1Vr nga(h,t) < C|h|6a+(1—a)6 -

Proof of Lemma 1: For N > 1, the one variable function ¢y (1) = Y (1 +[r —k]
keZ
localization of y_

Z(t) < Con(t) .
This yields (59).
Of course (60) is a consequence of
V(ht)<Z(t)+Z(t+h)<C.

)7N

(56)

(57)

(58)

(39)

(60)

(61)

(62)

(63)

(64)

(65)

(66)

(67)

is bounded. Thanks to the

Clearly
. . . oo
Hesjny < C2-801-0)lil (g0l 1 }szm _ t} ) (68)
and
Hos s < C2-00-0Nlp—0alil(] 4 ’2[11, _ k‘)aa _ (69)
Thanks to (69) and the localization of wavelets y; and y_
Z Noc,é,j,k,z ‘V’j,k(t)’ < Cziﬁ(lid)[j]zi[j]dadwfca (sz)
keZ
So ' '
Y Hasjn | Win(n)] < c270U-ollily-liloa (70)
keZ
Therefore (61) and (62) hold.
On the other hand
|0k ()] < Wi a(O)] + [wjalt +h)] - 71
@© 2023 NSP
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Again

(1+ ‘Z[j]tka(m

Y Hos ke | Wia(t+h)| < c2700-lla ool yy

iz, T (1+ 200 +h) — k)"

By triangle and Holder inequalities

<1+‘2mt—k )M gc((1+ ’2[j](t+h)fk

Then
Y Hasjis |Win(e+h)| < ca80-olilp=oclilgy oo Ul(r + h))
k

+ ¢2780=0)lil| @0 gy 2V (¢ + h)) .
This result together with (70) and (71) imply that

Y bas jns | Mnwis(n)] < c2700-0llil(poall 4 |pjo)
%

—If || > 1 then
Y Has s [Anya(e)] < €270 Ul pjoe
k

This yields both (63) and (64).

—Assume now that 0 < || < 1. Let J € Ny such that 27/ < || < 2.277. Split Rg (h,1) as

)27+ W[ .

(72)

J o
Rsa(ht) =Y Y tosjwi |Anvin®)|+ Y Y Hasjr: |Anwic()] - (73)

J=0keZ J=I+1kEZ

Since o > 0,0 < 6 < 1 and § > 0 then relation (72) yields

Z Z Noc,é,j,k,z ‘Ah‘l’j,k(t)‘ < C|h|ca+(lic)6 .
j=J+1keZ

(74)

Let us bound the first sum in (73). If wavelets y; and y_; are of class C! then by the mean value theorem

|Anwik(t)| < || sup "I’j/‘,k(”)’ ;
uelt,t+h]

where [t,7 4 h] is the segment between 7 and 7 + .
Thanks to the localization of y| and ¥’ ,

2l
— .
(14 [2Ulu —k|)

[Wjx(u)] <

@if k & [21)¢,20)(1 + 1)), then ‘2% fk‘ > min{‘th —k| |20+ 1) — &

}, SO

1 1

)

<c -
(1+ 200 — &)™ ((1 Ul — k)Y (142U ) — k)Y

It follows that

Z ’Ahl[/,hk(l)‘ < C|h| .
ke[t ,t+h]

Also, an argument similar to that of (72) yields

) |

(75)

Y Has ik |Anwia(e)| < €27 (17008l (2 =0l 4 |pjoe) (76)

ket [2U11 211 (14-h)]

© 2023 NSP
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(b)Since j < J and 27/ < || < 2.2~ then there are maximum two integers k in [2/z, 211 (¢ + 1)]. For these ks we

have |r — k21| < |n|. So

Y, |Awwoik(0)| < Clhl
kel t+h]

and (68) implies that

Z Pas jir |[AnWix(t)| < c2~(1=9lialil ) (2= 0l 4 |p| o) .
ke2Ule, 2] (1+h)]

It follows from (75) and (77) that

Y [Anw_1 k()] < Cla|
keZ

and so (65) holds.
Besides, it follows from (76) and (78) that

Y tas s |8nwi(e)] < €27 (-0l p| (2700 4 |p|o%)
keZ

In the particular case where j = —1, we obtain

Y Hos 1k [Any-1 k()| < ClR|(1+[R]7%) < 2C|A| because [A| < 1
keZ

and so (66) holds.
Since (0, 0,8) € (0,1)3, then (80) yields

J
Z Z Na,é,j,k,z ‘Ah‘l’j,k(t)‘ < C|h|aa+5(lic) .
j=0keZ

Both (74) and (82) yield (67).

3 Print dimension of multivariate Lipschitz oscillating regularities

(77)

(78)

(79)

(80)

(81)

(82)

Given 0 < @ < 1 and B > 0, we will obtain the print dimension of the set Eq g given in (13), from the knowledge of

fractional axes oscillating spaces to which f belongs.

For k, j, let
d

A =AGk) =[]k2 7, (ki+1)277%).
i=1
Set
Cyp=Cjx and Aj = {A(j,k) : kez}.

Definition 5 ( see [12])
Let p <0ands = (s1, - ,54) € RY. A bounded function f belongs to o, if

d
(e=0llll+p Y siji P
Ve>03C>03J>0V|[|>7 2 =t Y [ sup|Cy|| <C.

AEA; Aca

where the supremum is over A" € Ay with j > j.

For0 < a < 1, set
PBa={x:feR*x)}.

From property (21) and arguments similar to those of Theorem 4 in [12], we easily obtain the following result.

(83)

(84)

(85)
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Proposition 1 Let p <0 ands = (s, ,54) ERL. Let 0 <@ < 1. If f € O,, then print B is included in the set of
6 = (61, -+ ,84) > 0 such that either &, §ma§(§n, or&y_1+64 < m:élx(énl +‘g’n2)7..., or&+-+86;< max (‘g’nl +
ney ni7n

nyFeFng

ot &y, Jordi 4+ 0 <&+ + &y, where & = (o —si)p+ 1.
We introduce the following definition.

Definition 6 Let p <0, s = (s1,---,5¢) € R and 0 < t = (t1,--- ,t5) < 1. We say that f belongs to the fractional

oscillation space O;’t if fi € 03, where fi is the pseudo-iterated fractional axes primitives fi of order t of f given by (18)
and (19).

Define (p,t) = (n1(p,t), - ,Na(p,t)) by

n(p.t)
fEOPP ! V8:(81,"',8d)>0 (86)
and
ﬂ(l"t)ie,t
f§§0,,p V£=(81,---,8d)>0. 87)

From (13) and Definition 4, we deduce the following result.

Theorem 2 Let p < 0. Let 0 < & < 1 and B > 0. Then print Eq g is included in the set of 6 > 0 such that either &; <
max 6y, or §y—1+6; < max (6, +6y,),---,0r S+ +8 < max (6, +--+6,, )ord+-+0 <0 +--+6
neg ny#ny nyFEeFEng g

where 6; =limsup,_,o+ (0 +#i(1+ B;))p — n:(p,t) + 1.
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