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In this paper, the notion of the limit of logarithmic likelihood ratio of random se-
quences, as a measure of dissimilarity between two probability measures, is intro-
duced. After establishing a ratio of two measures by means of constructing a new prob-
ability measure, we obtained the strong random deviation theorems for partial sums of
functions of arbitrary discrete random variables under suitable restrictive conditions.
As a direct application, we used our results to derive some limit properties of discrete

information source.
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1 Introduction

In recent years, important progresses have been made in the field of deviation of the
average of random variables from the expectations of their marginals or the reference mea-
sure. The main problem of the research area, tracing back to Liu [5] and [6], Liu and
Yang [7] and Wang [9], is to determine a relationship between the true probability distribu-
tion and its marginals. The present paper focuses on the the strong deviation theorems for

partial sums of arbitrary discrete random variables in more general settings.
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Let (2, F,P) be a probability space, and {F,,,n > 0} be an increasing sequence of
o — fields with F,, C F for n > 0, and suppose that {X,,, F,,,n > 0} be an adapted

random variables taking values in S = {¢, t1, ...} with a joint distribution of
D1, . Zp), x; €S, n=1,2,... (1.1)
Without loss of generality, we may assume p, (g, . .., Z,) > 0. Set
Prn(@n|To,y .o Xn1) = P(Xp = 20| Xo =20y .., Xpne1 = Tp—1), n>1, (1.2)

and II be another measure on €2 defined as follows.

n

H(XO = ZQ,--- ,Xn = a:n) = Wn(xo, e ,xn) = 7'('0(330) Hﬁi(ibi‘l‘o, e ,.’Eifl). (13)

i=1

For n > 0, let f,(zo, - ,x,) denote a real-valued measurable function defined on
gntl,

Definition 1.1. Let {X,,,n > 0} be a sequence of random variables, and P, II be two
probability measures defined as above, {o,,,n > 1} be a integer valued sequence with

opn T oco. Let

I, (Xo, ..., X»n)
L,(w)=——Fr"—"—"-—, 1.4)
() P.(Xo,...,Xn) (
Ap(w) =log L, (w). (1.5)
The random variable A
v(w) = — lim inf n(w)7 (1.6)
n On

is called the limit of the random logarithmic likelihood ratio, relative to the measure II, of
X,,n > 1, where log is the natural logarithm, w is the sample point and X, stands for
Xn(w).

2 Some General Strong Deviation Theorems

In this section, we shall first examine the connection between the Strong Deviation
Theorems for arbitrary random variables and the Chung’s type conditions [4, Theorem 1].
Let {a,} be a sequence of positive real numbers such that a,, 1 > a, and lim, o a, =
oo. Let {U,,(t)} be a sequence of positive, even, continuous functions such that, for ¢, €
Ry, t1 < tg, there are constants 0 < «,, < 2, K,, > 0(n > 1), satisfy,

e ton
\Iln(tl) S Kn \Pn(tQ) '

2.1)

For simplicity, we denote

Zn = fu(Xo,..., Xpn), n>0, 2.2)
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and
Wn = Zn ’ I“Zn‘gan]’ (23)

where [ [ is the indicator function.

Theorem 2.1. Let {X,,,n > 0},{fn,n > 0},{on,n > 1} and v(w) be defined as in

Section 1 with o, T 0o. Let

J ={w:v(w) < oo}, (2.4)
then
, 1 & U, (W)
lim sup - ; KEn| T () | X0,y Xn_1] = c(w) < 00, P —a.s. (2.5)

implies that

1 W = En[Wil Xo, ..., Xi1]
lim inf —
inf =3

. > a(y(w), cw)), P—as.weJ. (2.6)
i=1 ‘

1 & W; — Eg[W;|Xo, ..., X
limsup—z H[ | 0 1]
n O—TL

. < B(y(w), c(w)), P—as.weJ. (27)
i=1 i

where Ery denotes expectation under 11,

a(z,y) =sup{e(s,z,y), s <0}, 0<a,y<—+oo, (2.8)
B(z,y) = inf{p(s,z,y), s >0}, 0<uzy<+o0, (2.9)
1

o(s,z,y) = % + 5862|S‘y, 0< 2,y < oo. (2.10)

and
ar,y) <0, B(z,y) >0, 0 < z,y < oo. (2.11)
a(0,y) = a(z,0) = B(0,y) = B(2,0) =0, 0 <2,y <oo. (2.12)
Jim o(z,y) = lim S(z,y) =0. (2.13)

Proof. Define
Dy owy ={w: Xi=2;,0<i<n}, 7, €8,

then
P(D,,) = po(zo), (2.14)

and
P(Dyy....w,) = Pn(Tos -, Tn) = po(x0) Hpi(xi|x0, ey i)y (2.15)
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Dy, ...z, 1s called an nth-order elementary cylinder. Let N,, be the collection of nth-order
elementary cylinders, A/ be the collection of ¢ and  and all cylinder sets. Let
Y L VV1 — EH[W1‘|X0, e ,Xi_ﬂ y L w; — EH[W1|X0 =ZQy. .- 7Xi—1 = xi_l]
1 T ) 1T k)
a; ;

Qo(s) := mo(xo).
For a real number of s, let
Qi(s;20,...,2i—1) = Enexp[sY;| Xo = xo,..., Xi—1 = 25_1],

mi(Tilzo, ..., zi—1) exp(syi)
Qi(s; o, -, Ti—1)

ﬂ-i(s;an s axi) =

Define a set function p, on N as follows:

:us((b) = 01 M?(Q) = 17 :u‘?(on) = 770(560)7

Ns(Dmo ..... a:n) :/JS(DIO ..... zn_l)ﬂ—n(s;mm"'v‘rn)

(2.16)

2.17)

(2.18)

(2.19)

It follows from (2.16)-(2.19) that p is a measure on A/, Since N is a semi-algebra, 1, has

a unique extension to the o—field o(N). Let

ps(Dxo,.... X))
L,(s;w) = ———==n2,
(85) P(Dx,...x,)

(2.20)

It is easy to see that {N,,,n > 1} is a net relative to (Q, F,P). By Stromberg and Hewitt

[8], there exists A(s) € o(N),P(A(s)) = 1, such that
lim L, (s;w) = a finite number depending on w,w € A(s).

It implies that
limsup o, 'log Ly, (s;w) <0, w € A(s).

By (2.16)-(2.19) and (1.5), we have

log L,, (s;w) = sZYi - Zlog Qi(s) + As,,.
i=1

i=1

Combing (2.22) and (2.23), we find that

1 On On
lim sup - {Z sY;+ Ay, — Zlog Qi(s)} <0, w € A(s).
" "= i=1

2.21)

(2.22)

(2.23)

(2.24)
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By (1.6) and (2.24), we have

hmsup—ZsY < y(w )—l—hmsup—Zlong s), w € A(s).

nzl ™oi=1

337

(2.25)

By (2.16) and the inequality 0 < e* — 1 —z < 3326“”/2, for all x € R, and the fact that

|Y;| < 2, we have
0 < Qi(s) —1=Enlexp(sY;) — 1 — sYj]
1 1 i
< 58262‘S'EHY2-2 < 55262'8‘En[(¥)2|Xo, e Xia)

(2

Now with (2.1), we have

IN

(|I:Zi|)2 (%)aiSKiw’

which implies

vi(Wi)

E Xo,..., X 1| < KE Xoyoooy Xi_1].
H[( a; ) ‘ 0, - 1] H[\I]z(az)| 0 1]
Hence 1 \I/( )
<Q(s) — 1< =228l KBy Xo,..., Xi1].
O_Q’L(S) — 2 [\Ill(a,l)| 0> bl K3 1]
We set

;i (W3)
\Ifi (az)

1 &
H={w:limsup— > KE
{w 1m"sup p ,Z:; ]

From (2.26), (2.29) and (2.30), we have

0< limsupi i[Qz(s) -1 < ;9262‘ fle(w), we HNA(s).

a.
" oi=1

By the inequality 0 < logz <z —1 (z > 1) and (2.31), we have

1 1
O<hmbup—210g@z s) < 23262‘ le(w), weHNA(s).

=1

By (1.6), (2.25), and (2.32), we have
hmsup—ZY < y(w) + ;szezls‘c(w), weHNJT NA(s).
i=1

For s < 0, dividing both sides of (2.33) by s, we find that

hmlnf ZY > 1Y) + 355 2‘Slc(w), weHNTNA(s).

[Xo, ..., Xi—1] = c¢(w) < co}.

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)
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Note that P(A(s) N'H) = 1, taking superimum over s < 0, we get (2.6).
For s > 0, by (2.33), we have

. 1 Yw) 1 o

1 — § Y; < o sse?ld 2.35

1rnnsup on 2SS + 55¢ c(w), weJ, (2.35)
which proves (2.7). O

Corollary 2.1. Under the conditions of Theorem 2.1, if c(w) = 0 or y(w) = 0, a.s. then

1 i W; — En[W;| Xo, ..., Xi_1]

lim — =0, P—a.s. (2.36)
n o Op © a;
i=1
Our next result is to estimate the strong deviation of { f;(Xo, ..., z;)} from its condi-

tional means, which will require the method of conditional moment generating functions.
Theorem 2.2. Under the above set up, if there is 0(w) > 0 a.s.,0 < a < b, such that
) 1 On
limsup — ZEH{eXprZAHXO, o Xt} <0(w). P—a.s. (2.37)
i=1

then, if p(y(w)) < a, we have

) 1 & 27y (w)
lim sup — Z; — Enl|Z;| Xo,..., X5} < , P—as,weJ (2.38)
s -2 (%~ Enlzi ()
lim inf i{z- —EnlZ|Xo, ..., X,]} > — 2@ p_usweg  (@39)
R TR T p(yv(w) ’

Before proceeding with the proof, we need the following lemma.

Lemma 2.1. Let a, b, c be positive constants and

20t c

where 0 > 0. Then g(t,c) attains its maximum value at t = p(c), where t = p(c)(0 <

|t| < @ < b) is the unique solution of equation

20t? = e*c(a — b)?, (2.41)
and 5
C
g(p(c),c) = 0’ (2.42)

g(—p(c),c) = o (2.43)
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Proof of Theorem 2.2: Let t (|t| < a) be a real number, define
Mo(t) = Enlexp(tZo)]. (2.44)
For ¢ > 1, define
M;(t;xg, ..., x;) = Enlexp{tZ;(w)}| Xo = zo, ..., Xi—1 = Zi—1]

= Z exp{tfi(xo, ey Sﬂl‘)}’fri(CE”I(], . 7xi—1)~ (245)

x, ES
M;(t; zg, . .., x;) is called the conditional moment generating function (CMGF) of Z;(w)
given Xy = zo,...,X;—1 = x;—1. For each real number ¢(|t| < ) and nonnegative
integer ¢, we set
exp{tfi(xo, . 71'1')}7TZ'(£L'Z'|£L'(), e ,(Eifl)
it; N ) . 2.46
m( o x) Mi(t;l‘o,...,xi) ( )
As in Theorem 2.1, we define a set function 14 on A as follows:
vi(0) =0, 1n(Q) =1, (D)= mo(zo), (2.47)
Vt(DﬂCo,mﬂUn) = Vt<DI07-~,ﬂCn71)mﬂ<t; Zo, - - - 7xn)
= mo(wo) [ [ mi(ti 20, ., 23). (2.48)
i=1
Let D
Lot w) i 2 PX0X0) (2.49)

P(DX(J»---vXn) .
As in the proof of Theorem 2.1, we know that there exists a set B(t) € o(N) with
P(B(t)) = 1, such that

lim L, (t;w) = a finite number depend on w,w € B(t), (2.50)

SO
limsupo, ' log L,, (t;w) <0, w € B(1). (2.51)

From (2.46), (2.47), and (2.49), we have

On On

1 t 1
—1 L(7 t; = — Zz'ff 1 E tZi X,...,Xi_
08 Lo (1) = -3 2= -3 log Enlexp(tZ1, 3

— i IOg(pn(Xo, ey XZ)/[’]TQ(XQ) ﬂﬂ—i(X”XOa e ,Xifl)D.
" i=1

(2.52)
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Combining (2.51), (2.52) and (1.6), we have

lim sup{a— Z Z; — — Z log Enlexp{tZ;| Xo, ..., Xi-1]} < v(w), w € B(¥).

n

b =1 i=1
(2.53)
and
t o=
lim sup— Z{ZZ - E]‘[[Z”Xo, [P aXi—l]}
[t
) 1 On
<limsup — » {logEnlexptZ;|Xo,...,Xi_1] — En[tZi| Xo, ..., Xi_1]}
n Un .
=1
+v(w), we B(t). (2.54)
Note that

: RS ,
lim sup 07 Z{lOg En[etZ’ |X0, ey Xifl] — EH[tZl|X0, R ,Xifl]}

i=1

XO,-”’Xi—l] —1 —EH[tZi|X0,...,Xi_1]} (255)

1 &
< limsup — Y {[Enle'”
< 1mnbup p i:l{[ nle

On

1
< limsup — > Enl(e'? —1-1Z;)| X, ..., Xi1]

=1
< limnsup% iEn[iZfetzi Xo,. .., Xi_1] (2.56)
_ g fmsp Ui iEH (M2 720112 X)X, ]
< t;limnsupglniEn[eblZi(;|L€__2b)2|XO,...,X,»_1] (2.57)
< efifoi)l;w P as. 2.58)

Here we have used the inequality logxz < z — 1 (for x > 0) in (2.55) , and 0 < e* —
1 —x < z%el®l/2 for all z € R in (2.56). While (2.58) follows from the fact that g(z) =
x2e~"®(x > 0,h > 0) attains its maximum value at z = 2/h.

By (2.55)-(2.58), we have

20(w)t?

R
lim sup — Z{Zl - EH[Zi|X0, ‘e aXi—l]} S
|

(2.59)
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For 0 < t < a, from Lemma 2.4 and inequality (2.59), we have

1 &
I N2 —EulZi| Xo, ... Xi
fm sup = ;{ n[Zi|Xo 1]}

6t () 27(w)
< + =g(t,v7(w)) < JP—asweJ (2.60)
a—vp T e W =000
which proves (2.38).
For —a < t < 0, (2.39) can be proven in the same way. (|

Corollary 2.2. Under the conditions of Theorem 2.2, if there is a (w) > 0 and b > 0,
such that

1 &
limsup — > " Efexp[|bZi[]| Xo, ..., Xi -1} < 0(w). P —a.s. (2.61)
n Un .
=1
then
1 On
hm—Z{Zi —E[Zi|Xo,...,X;]} =0, P—a.s. (2.62)
" On i

Proof. In the proof of Theorem 2.2, if we take II = PP, then (2.62) follows directly. ]

In many statistical models, when assumptions cannot be safely made about the de-
pendence structure of a model, a natural approach is to regard the data as coming from
some specified distribution P. But [P may be difficult to work with, and practitioners may
be led to use the production of marginals II, which is an approximation. Suppose that
" = (xzo,...,x,) were generated from a distribution family denoted P(z"), but that
P(Z™) is not known in detail. One may try to model the data by using a different con-
ditional distribution II(Z") = []:", pi(x;), which assumes independence even when this
is not valid. We take the 7’s to be the marginal from IP, a nature starting choice. Here
we examine the deviation, based on likelihood ratio, of the average (1/n) > ., X; from
(1/n) 1y EuX;.

Let {X,,,n > 0} be a stochastic sequence on the probability space {2, F, P}, taking
values in .S and with the joint distribution (1.1) and their marginal distributions are

Let IT be the measure of the product of the marginal distributions
II(Xo =z0,...,Xpn =2p) =7(x0,...,2,) = le(xz) (2.64)
i=0
Hence

EnXi = Y @ipi(a:)- (2.65)
;€S
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Corollary 2.3. Under the assumptions of Theorem 2.2, let 11 be as defined in (2.64), such
that

limsupaii:]En{epoinH} < O(w). (2.66)

=1

Then, for p(y(w)) < a, we have

) 1 & 2y (w)
lim sup — {X; —EnX;} < , P—as,weJ (2.67)
n On ; p(’y(w))
RS IR 2y(w)
liminf — ) {X; —EpX;} > — , P—a.s.,weJ. (2.68)
no o, ; p(1(w))

3 Limit Properties of Arbitrary Discrete Information Sources

A question of importance in information theory is the study on Shannon-mcmillan-
Breiman theorem. In previous works, conditions such as ergodic,stationary or asymptotic
stationary were assumed, see e.g. [1-3]. In this section we avoid these assumptions by
the technique of CMGF and give a strong deviation theorem regarding the relative discrete
information density and random conditional entropy, which holds for arbitrary discrete
information sources. Before providing our next result, we review some basic concepts of
information.

Let {X,,n > 0} be a sequence of successive letters produced by an arbitrary infor-
mation source with the alphabet S = {tg, 11, ..., } and with the joint distribution of (1.1),
let

1
folw) = fﬁlogp(Xl,...,Xn), (3.1

where w is a sample point, and the quantity f,, (w) is called the relative entropy density
of {X;,1 < ¢ < n}. Also let II be another information source with the joint distribution
(1.3)

Definition 3.1. For: > 1, let

hi(.’I}h . 7.Ti,1) = — Z 7T(£C7;‘.’L'(), . 71'1',1) IOg 7T(217i|1'(), ey (Eifl)7 (32)
z; €S
Hi(w) = hi(z1,...,2i1). (3.3)

H,;(w) is called the random conditional entropy of {X;,0 <i < n}.

Theorem 3.1. Let { X,,,n > 0} be a sequence of succesive letters produced by an arbitrary
information source with the alphabet S and the joint distribution (1.1), f,(w),~v(w) and
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H;(w) be defined in (3.1), (1.6) and (3.3). If there is b > a > 0 such that
lim sup - ZEH{[p (XilXo, .., X)) X0, .., Xic1} <O(W).P—as.  (3.4)
=1

then, for p(vy(w)) < a, we have

lim sup{ fp(w) — — Hi(w)} < , P—a.s.,weJ, 3.5
swlfal) =) i)} < S0
hmlnf{f ——ZH V> - 2y(w) P—as,weJ. (3.6)
p(y(w))’ ’
Proof. In Theorem 2.2, let f;(xq,...,2,) = logp;(zi|zo,...,xi—1), (3.5) and (3.6) fol-
low immediately from (2.38) and (2.39). L]
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