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Abstract: In the current study, we introduce for the first time the transformation formulae corresponding to the Ramadan group
integral transform (RGT) of Riemann-Liouville and Caputo fractional derivatives. Noting that RGT is a generalization for Laplace as
well as Sumudu transforms. The obtained results make significant improvement and complement some known ones in the literature.
illustrative examples are explained to demonstrate that RGT is a potent and effective method for finding a fractional differential
equation’s analytical solution.
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1 Introduction

The fractional calculus is a theory that deals with integrals and derivatives of any real number, even complex ones. (see
[1]). The fact that it is a generalization of the classical calculus means that many of its fundamental characteristics are
retained. The past few decades have demonstrated how useful fractional calculus is for explaining the characteristics of
actual materials, such as polymers ( see [2]). Applications of the fractional calculus can be found in a variety of scientific
disciplines, such as the theory of fractals, physics, engineering, economics, and finance (see Gorenflo and Mainardi [3]).
M. Caputo uses his own definition of fractional differentiation to formulate and address some viscoelasticity difficulties
( see [2]). In the theory of control of dynamical systems, where differential equations of fractional type are utilised to
describe the controlled system and the controller, fractional integrals and derivatives also emerge. Fractional differential
equations have attracted a lot of research attention, we recommend the reader to check these papers [[4], [5], [6], [7], [8],
[9] ]and references cited therein.

In this study, we provide RGT equations for the two most common definitions Riemann-Liouville and Caputo
fractional operators which are essential in fractional calculus. The theory of fractional derivatives and integrals, as well
as applications of this theory in pure mathematics, strongly rely on the Riemann-Liouville formulation (see [2]).
Additionally, the Caputo fractional operator is crucial in practical issues when integer order derivatives with conventional
initial conditions are involved.

Integral transforms like Laplace, Sumudu, and Fourier are utilised in differential equations of fractional type solutions,
which are crucial in helping to solve issues in applied science, mathematical physics, and engineering. Mohammed A.
Ramadan et al. recently introduced a new integral transform that combines Laplace and Sumudu transforms; for more
information, please see the publications [[10], [11], [12], [13]] and references cited therein. Here, using the Ramadan
group transform, we derive the Riemann-Liouville and Caputo fractional operators. We next use these findings to solve
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homogeneous and non-homogeneous differential equations of fractional type with non-zero initial conditions.
We provide several lemmas, definitions, and theorems that are crucial to the proofs of our conclusions in the sections that
follow.

Definition 1(See [10]). Suppose a set A described by

le] .
A={f)|3,11,0o > 0,|f ()] < Mexp'i,ift € (—1)" x[0,00)},
then definition of the RGT is

Je tf(ut)dt, 0<u<t
0

K(s,u) = RG(f(1)) =

Je ¥ flut)dt, —ty <u<0
0

Definition 2(See [10]). If F (s) and G(u) are the Laplace and Sumudu integrals transforms respectively of f(t), then, we
have the following relationships

F(s) =K(s,1),G(u) = K(1,u) and K (s,u) = iF(i)

Theorem 1(See [13, Theorem 3.1]). If K/ (s,u) and »(s,u) are the respective RGTs for the functions f(t) and g(t), then
RG[(f*g)(1), (s,u)] = uKi (s,u)K>(s,u) (N
where x represents the convolution of f(t) and g(t).

Theorem 2(See [10, Theorem 2]). If n > 1 and K(s,u) is the RGT of f(t), then the following is how to determine the
RGT of the n'* derivative of f(t):

"K(s.u nflsnfkfl k
RGI(F(0). (s.0)] = R0 )—kZO el

Definition 3.As shown by Podlubny [1], The following are the definitions fractional integral operator of the Riemann-
Liouville of order p on the Lebesgue space L]0, 1]:

Ph(x) = {fﬁ JEGe—1)P = n(t)dr, Z ig,

Definition 4.As shown in [1], the Riemann-Liouville fractional derivative of order p > 0 is defined by

d
(DPR)(x) = ()" (1" Ph)(x), m =1 < p <m, meN. @)
Definition 5.7he fractional-order derivative with regard to Caputo sense defined by ([1]):
1 X
Dlh(x)= —— / x—1)" P W (1), p >0, x>0, 3
O =Fmpy fo &0 (1dr. p 0
given that
m—1<p<m meN.
So, it is possible to write
0, if ke Noand k < [p],
DIx' = Tlt) oy if k € N and k > @)
Thti—py* » WkelRoandk = Pl

where N={1,2,...} and No={0,1,2,...}.

Definition 6.( See [2]) In terms of two parameters, the Mittag-Leffler function is given by
o p

E =) ———

Ot,ﬁ(z) Zl—v(ak+ﬁ)]7

k=0

such that oo > 0, B > 0 and z belongs to the complex plane C.
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2 Main Results

Theorem 3.If K (s,u) is the RGT of the function f(t), then FRGT of Riemann-Liouville fractional integral of order o for

the function f(t) , as follows
[0

RGIZ f(t); (s,u)] = =K (s,u) 5)

s

Proof.Using the Riemann-Liouville integral’s definition, we obtain

(1) - ﬁ_/;(r ~ el (o Falt e 1oL 6

where * denotes convolution of two functions. Now taking RGT to both sides of the previous equation, then by using
RGT-convolution theorem (See(1)) and table of RGT-transformations [10], we obtain

1 a—1 u®

RG[IFf(1); (s,u)] = u— I'(o)K(s,u) = s—aK(s,u) @)

Theorem 4.Let n € N and o > 0 be such that n— 1 < oo < n and K(s,u) be the RGT of f(t), then the RGT of the
Riemann-Liouville fractional derivative of order a. for f(t), is of the form

RG[Df f(1); (s,u)] = ;—ZK (s,u) nZl u,fil (D f(0)]i=o0 (8)
ProofLet DY f(t) = h™ (1) = L2h(r), we can write
W)= = o)
= SoDEf()
=% f(), ©)

now by taking RGT to equation (9), next using (5), we reach to

unfoc

RGI(t): (s,u)] = RG[L™f(1): (s, u)] = S K(s,u). (10)
Also, from Theorem (2), we have
RGID f(1); (s,u)] = RG[A"™ (¢); (s,u)]
§ n—1 Srszflh(k) (t)|t:0
— ERG[h(t); (s,u)] — ,;) —
§ o n—1 skh(nfkfl)(t”[:()
- ﬁ sn—a K(S,I/l) - Z MkJrl
k=0
O n—1 skh(rszfl)(t)lt:o
= @Kl =Y ——r— (11)
k=0
the fractional derivative of Riemann-Liouville (See (2)) allows us to write
L drszfl
A0 ()|i— = Wh(t)h:o
drszfl o
= a0 Wl
= D" V(1) =0, (12)
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hence, substituting from (12) into (11), we get

o n—1 k

s = S ke
RG[Dtaf(l);(S,u)] = M_OCK(SaM) - Z W[Dta k ]f(l)]tzo.
k=0
The proof is finished with this.

Theorem 5.If n € N and o > 0 be such that n— 1 < @ < n and K(s,u) be the RGT of f(t), then the RGT formula of
fractional derivative in the Caputo sense of order  for f(t), takes the form

o n—1_ k—a ¢(k) 0
RGIDE () 5] = SR o)~ (3
=0

Proof.Utilizing the meaning of the Caputo fractional derivative, we are able to write

t

DYf(1) = ﬁ 0/ £ () (1 — )% du
T s
mo/h(u)(tu) ! du
=1""%h(t) (14

where f")(¢) = h(t), now by taking RGT to both sides of equation (14), then using (5), we have

RG[DY f(1); (s,u)] = RG[I!*h(t); (s,u)] = jij RG[h(t); (s,u)]
= ORGS0 5.0
B Pl n—1 Snfkflf(k) (O)
- s JK(S’M)ikgO uh—k
o n—1_k—o £(k)
=Sk - Y ) 13)
=0 S

The proof is finished with this.

Theorem 6.If f(t) is an exponentially ordered piecewise continuous function on the range [0,0) , also suppose that o > 0
be such that 0 < a. < 1 and K (s,u) be the RGT of f(t), then the RGT formula of fractional derivative in the Caputo sense
of order o for f(t), takes the form

o n—1 M(kfn)(x(D*akf) (O)

K —
(S,I/l) k;) s(k,n)aJrl

RGDLEf(1): (s,u)] =

(16)

me

Proof.Using mathematical induction technique and RGT for Caputo fractional derivatives( See (13)), we obtain
For n =1, formula (16) becomes

o

RGIDEF(1)s(s,1)] = oK (s.u) - s?% 7(0),

which is true with RGT for Caputo fractional derivative ( See (13)).
Forn=2

RGIDI*f(t); (s,u)] = RGIDX(DL £ (t)); (s,u)] = RGIDZh(t); (s,u)], (17
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where h(t) = D®f(r). Using RGT for Caputo fractional derivative ( See (13)) twice, hence (17) becomes
ra SOC -
RGID.Zf(2): (s, u)] =~ RGIA(1); (s,0)] = =577 h(0)
S(Z -
= u—aRG[fo(t); (s,u)] = —577 DY f(0)
S(Z S(Z o o o
:u_a u_aK(s7u)_ ,oH,]f(O)] 7OH»1D f( )
s2a —20 u= ¢ Do
_uz_K(svu) 577/ (0) = o D{f(0), (18)
which is compatible with the formula (16). Finally, assume that the formula is true for n = r, hence
— k
. 0% (Dek ) (0)
RGID* f(1); (s,u)] = —=K(s,u) Z —w,, (19)
we want to prove that it is true for n = r+ 1, now
RGIDY V% £(1): (s,)] = RGID(DL® £(1)): (s,u)] = RGIDE(1): (s,u)], (20)
where z(1) = D'* f(¢). Using RGT for Caputo fractional derivative ( See (13)) and (19), hence (17) becomes
RGPV L 0
[ J(0):(s,u)] = — RGz(2): (s,u)] — FTHZ( )
Sa a A
- _aRG[D*af(t); (Svu)] o+l D af(o)
§o e — (Dockf)( ) P o
:u_o‘[um‘ l;) o+l ] 5= oc+1Dr f(O)
(r+1) rfl —(r+1)) (Dockf)( ) .
= e = —(r+1))a+1 s a+lDr 1(0)
(r+l) r k—(r+1)) (D(xkf)( )
= e Z’ —(r+1)a+1 @n
The proof'is finished with this.
Theorem 7.The RGT oftﬁ’lEaﬁ (At%), is given by
RGP Eq (A1%); (s,u)] = uP 1% P (5% — Au®) ", (22)

given that

a>0,B>0andAc C"" with C a complex plane, such that the real part of the complex number *, is greater than

1
]
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Proof.Using Mittag-Leffler function definition and RGT table of transformations (see [10]) , we obtain

oo ok
G B s = RO T

AkRG[tO‘Hﬁ 5 (s,u)]
Z I'(ak+pB)

Akuak+ﬁ 1

= ~ okt

safﬁ >
_ Ak 2 (k+1)

u—B+1 k:ZO (M)

9 s 1
= u—B+1 ((;)0! _A)
= uP 1% B (5% — Au®)! (23)

This completes the proof.

3 Examples

In this part, we look at a few examples of fractional differential equations that include both homogeneous and non-
homogeneous, which were previously solved by Laplace or Sumudu transforms, and here we solve them by RGT method
to illustrate the relevance of our work.

Example 1(See [8, Example 3.2]). Take into consideration the following non-homogenous differential equation of
fractional type involving fractional derivative of Riemann-Liouville

D{y(t) —ay(t)=h(t), n—1<o<n (24)

with non-zero starting conditions

D y(t) =by, k=1,2,......n
where ¢ and by, are constants and the fractional derivative of Riemann-Liouville of order o represented by DZ.
Taking RGT to both sides of equation (24) and using (8), we obtain

o

K ()~ Z 5‘” (1) li=0 —aKi (s,u) = K (s,u), (25)

where K (s,u), and K> (s,u) are RGT functions of y(r) and h(t) respectively, now (25) takes the form

UKy (s,u) Y4 bu® k!

Kils,u) = (5% —au®) (5% — au®)
= uu® (5% — au®) " Ky (s,u) + zn: breu® sk (% — au®) ™!
=1
= uRG[t* 'Eq o (at®); (s,u)|RGIh(2); (s,u)] + Xn‘, biRG[t* *Eq o ry1(at®™); (s,u)). (26)

k=1

Taking inverse RGT to both sides of equation (26)and using the convolution theorem for Ramadan group ( See (1)), we
get
1
Wt) = / ()t — )% Eqalalt — 7)) 419 Eq gt (a®).
0
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Example 2(See [8, Example 3.4]). Think about the following homogenous differential equation of fractional type involving
Caputo fractional derivative
D%y(t)+ay(t)=0, 0<a <1, 27)
with non-zero initiating condition
y(0)=¢
where ¢ and a are constants and D% denote Caputo fractional derivative of order c.

Taking RGT to both sides of equation (27) and using (13), we obtain

a a—1

S—K(s,u) 2

u¢ u ¢

c+aK(s,u) =0, (28)
where K (s,u) is the RGT of y(z), hence we can write

K(s,u) =s* (5% +au*)"'c
Inverse RGT is applied to both sides of the previous equation, yielding

y(t) = Eq1(—at%)c.

Example 3. Think about the following non-homogenous differential equation of fractional type involving Caputo fractional
derivative

DEf(x)+ D2 f(x) = g(x) (29)

with non-zero initial condition £(0) = ¢, where c is a constant and D?, D” represents fractional derivatives of order a, and
b respectively in the Caputo sense, such that 0 <a < b < 1.
Taking RGT to both sides of equation (29) and using (13), we obtain

54 Safl Sb sbfl

EKI (s,u)776+ JKI (s,u)—FC:Kg(s,u), (30)

where K| (s,u) and K, (s,u) are RGT of f(x) and g(x) respectively, hence we can write

5@ Sb safl Sbfl
[EWLJ]KI(&”):[ a +7]C+K2(5,M),
and so

K>(s,u c
Ki(syu) = 2184, | €
i+ *

b—1.—a

= uKs (s, u) —— = G1)

(sbfa + ubfa) + s

taking the inverse Ramadan Group and using (23), we obtain

F(0) =g () 1" Epgp(—1"") e

4 Conclusion

In this paper, we deduce and demonstrate the Fractional Ramadan Group transform (FRGT) of fractional derivatives,
which represents a generalization of both Laplace and Sumudu fractional derivative transforms. Some key formulae for
FRGT are stated and demonstrated. These formulae are used to solve non-zero initial conditions homogeneous and non-
homogeneous fractional differential equations.
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