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Abstract: In this paper, we generalized the Hamilton formulation for continuous systems with third order derivatives and 
applied it to Lee-Wick generalized electrodynamics. A combined Riemann–Liouville functional fractional derivative 
operator was built, and a fractional variational principle was established under this formulation. The fractional Euler-
Lagrange equations and fractional Hamilton's equations were created using functional fractional derivatives. We found that 
the Euler-Lagrange equation and the Hamiltonian equation resulted in the same outcome. We looked at one example in an 
effort to explain the formalism. 
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1 Introduction  

Fractional derivatives, or derivatives of arbitrary orders, are expansions of classical calculus that have been effectively 
applied in a variety of scientific and engineering domains. Many researchers have recently been interested in fractional 
conformable integrals. Various remarkable inequalities, properties, and applications for fractional conformable integrals 
appear in the literature [1-3]. Fractional derivatives have played significant roles in physics, engineering, and applied 
mathematics [4-10]. Hilfer fractional integro-differential equations were proposed due to the presence of nonlocal conditions 
[11]. The authors used the Monch theory and noncompactness approaches. The presence of an integral solution to the model 
under consideration is guaranteed by the results of fractional calculus theory, the measure of noncompactness, and the Monch 
fixed point theorem. Another work on the analytical solutions of a fractional form of the Bogoyavlensky–Konopelchenko 
equation is described in [12], in which the Atangana–Baleanu-Riemann derivative was utilized to convert the conventional 
form of the model into a nonlinear fractional PDE with an integer order. The main idea behind these tactics is to insert a new 
variable into the equation to transform it into a linear equation with an ordinary derivative.  
During the past decades, new studies of systems with higher-order fractional derivatives have been discussed [13-16], and 
the path integral quantization for both conservative and non-conservative systems has been recovered. The measure of non-
compactness (MNC), fixed point theorems, and k-set contraction were utilized to solve non-autonomous fractional 
differential equations with integral impulse condition [17]. An example supports the obtained results. In this study, the 
treatment for systems with third-order derivatives has been presented; the researchers have generalised the Hamiltonian 
formulation for continuous systems with third-order derivatives and applied this formulation to Lee-Wick generalised 
electrodynamics. Kottakkaran et al. presented a novel generalization of the Struve function called the generalized Galué type 
Struve functional (GTSF), which was defined and used in the kernel with integral operators like Appell's functions or Horn's 
function. The Fox–Wright function was utilized to express the acquired results. It is designed to provide solutions to certain 
generic families of fractional kinetic equations related with the Galué type generalization of Struve function [18] as a novel 
application of the newly built generalized GTSF. Recent symposia proceedings and monographs have underscored the 
application of fractional calculus in continuum mechanics, physics, electromagnetics and signal processing. Here, we specify 
some of these applications. 
The first, Atangana-Baleanu fractional derivative, was used to deduce formulas for velocity and temperature fields generated 
directly using the Laplace transform approach. The results of the inverse of equation findings of the Nusselt number have 
been obtained in tabular form using Zakian's explicit formula. According to the findings, increasing the fraction of 
nanoparticle volume led in heat transfer enrichment [19]. The use of fractional derivatives in the fractional diffusion process 
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for an electro-analog model is advantageous since it allows for simulation of heat dissipation in the circuit board. 
Furthermore, the established employing current operators of fractional calculus via the governing differential equation were 
used to simulate the issue. The comparison of both fractional differentiation approaches clearly disclosed the heat transfer of 
the circuit board and the diffusion process with dissipation [20]. In conjunction with the Laplace transform method, applying 
fractional calculus to the viscous-diffusion equation within a semi-infinite space has exhibited explicit analytical (fractional) 
solutions for fluid speed and shear stress anywhere throughout the domain.  
After comparing the fractional results for boundary shear-stress and fluid speed with the existing analytical results for the 
first and second Stokes problems, the fractional methodology has shown to be much simpler and more powerful than existing 
techniques after validation [21].The functional derivatives method has been succesfully used to solve various types of integer 
and fractional equations. In addition to being used to calculate theinteraction energy between a stationary point charge and a 
conducting plate, this method can alsobe developed for examining the underlying effects of fractional order derivatives on  
energy ineraction physical phenomena in Lee–Wick electrodynamics. 
These functions have prompted us to adopt the functional derivatives method in order toreformulate the fractional Lee–Wick 
electrodynamics equation and derive equations of motion. This work aims to a generalization of the aforementioned work on 
Hamilton's equation for Lee-Wick Field using functional fractional derivatives. 
The remaining of this paper is organized as follows: In Section 2, the definitions of fractional derivatives are discussed 
briefly. In Section 3 the fractional form of the Euler-Lagrangian equation is presented. In Section 4, the fractional form of   
the Euler-Lagrangian equation in terms of functional derivative for the Lee- Wick field is constructed. In Section 5 the 
fractional form of the Euler-Lagrange equation in terms of momentum density of the third order for Lee -Wick field is 
investigated. After that, in Section 6, the equations of motion for Lee–Wick field in terms of Hamiltonian density in fractional 
form are obtained. Then, in Section 7, we derived the Hamilton's equation in terms"𝝓	and	𝑨𝒊	𝑎𝑛𝑑	𝑨𝒋.. One example is 
described in Section 8. In Section 9, we obtain the fractional Lee- Wick equations using the Euler-Lagrange equations. The 
work closes with some concluding remarks. 
 
2 Basic definitions 
 
In this part of study, we briefly present some fundamental definitions used in this work. The left and right Riemann- 
Liouville fractional derivatives are defined as follows:  
The left Riemann- Liouville fractional derivative [22, 23]. 

 

 

The right Riemann- Liouville fractional derivative [22, 23]. 

 
Here α is the order of the derivative such that n −1≤α ≤ n and is not equal to zero. If α is an integer, these derivatives are 
defined in the usual sense ,i.e., 

 

 
 

3 Fractional Euler-Lagrange equations for Lee-Wick 
 
A covariant form of the action would involve a Lagrangian density L via			𝑆 = ∫ℒ		𝑑3𝑥 	= ∫𝛿ℒ		𝑑6𝑥𝑑𝑡	, Where 
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and with	𝐿 = ∫ℒ		𝑑3𝑥	 The corresponding covariant Euler-Lagrange equations are: 
 

 
 
where 𝜓 is the field variable, eq. (5)	, stands for the Euler Lagrange equation, a math equation which contains both the 
combined Riemann–Liouville fractional derivative with third order derivatives.,α=β=1,	 𝐷? @A

B = ∂D, 			 𝐷@A E
F =

−∂D	𝑎𝑛𝑑		 𝐷? @A
B 𝐷? @H

B 𝐷? @I
B = ∂D ∂J ∂K	, 𝐷@A E

F 𝐷@H E
F 𝐷@I E

F = −∂D ∂J ∂K.Using, α=β =1, we can rewrite Eq (5),	which 
becomes the following : 
 

 

 
 
 

4 The fractional form of the Euler- Lagrangian equation for the Lee- Wick field in terms of 
functional derivative for the Lee- Wick field 
 

Using Eq (11),we can write the variation in L using ordinary derivatives: 
 

 
 
 

where(𝜇 = 0, 𝑖	),(𝜎 = 0, 𝑟), (𝜀 = 0, 𝑓	),		𝑎𝑛𝑑	(𝜌 = 0, 𝑙).Now we can take the previous equation's integration over space 
𝑑𝜏	and transform it to summation, as follows: 
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In terms of Lagrangian density, we can express Eq. (8) as follows: 
 

	 
Here the left-hand side in Eqs. (12) and (13) represents the variation of L (i.e. δL) which is now produced by independent 
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B𝜓[.Y, 𝛿" 𝐷? Z
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¶/ 𝐿

¶/ 𝐷𝑎 𝑡
𝛼𝜓0

= lim
𝛿𝜏𝑗→0

𝛿𝐿
𝛿( 𝐷𝑎 𝑡

𝛼𝜓0)𝑗 𝛿𝜏𝑗
					,																																																																																			(10) 

 

																
¶/ 𝐿

¶/ 𝐷𝑎 𝑡
3𝛼𝜓0

= lim
𝛿𝜏𝑗→0

𝛿𝐿
𝛿( 𝐷𝑎 𝑡

3𝛼𝜓0)𝑗 𝛿𝜏𝑗
		,																																																																																												(11) 

 																						
¶/ 𝐿

¶/ 𝐷𝑎 𝑡
𝛼𝜓𝑙

= lim
𝛿𝜏𝑗→0

𝛿𝐿
𝛿( 𝐷𝑎 𝑡

𝛼𝜓𝑙)𝑗 𝛿𝜏𝑗
					,																																																																																								(12) 

 

 
																							

¶/ 𝐿
¶/ 𝐷𝑎 𝑡

3𝛼𝜓𝑙
= lim

𝛿𝜏𝑗→0

𝛿𝐿
𝛿( 𝐷𝑎 𝑡

3𝛼𝜓𝑙)𝑗 𝛿𝜏𝑗
					.																																																																																		(13) 
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and 
 

 

We can rewrite the Eq. (5) Euler-Lagrange equation in terms of the Lagrangian L in fractional form using Eqs. 
((14),(15),(16),(17), and(18). 

 
For  α →, Eq. (81) reduces to the standard Euler-Lagrange equation for classical fields, which is as follows: 
 

																												
¶/ 𝐿

	¶/ 𝐷𝑎 𝑡
𝛼𝜓0

= lim
𝛿𝜏𝑗→0

𝛿𝐿
𝛿( 𝐷𝑎 𝑡

𝛼𝜓0)𝑗 𝛿𝜏𝑗
=

𝜕ℒ
𝜕 𝐷𝑎 𝑡

𝛼𝜓0
																																																																(14) 

 
																					

¶/ 𝐿
¶/ 𝐷𝑎 𝑡

3𝛼𝜓0
= lim

𝛿𝜏𝑗→0

𝛿𝐿
𝛿( 𝐷𝑎 𝑡

3𝛼𝜓0)𝑗 𝛿𝜏𝑗
=

𝜕ℒ
𝜕 𝐷𝑎 𝑡

3𝛼𝜓0
																																																																			(15) 

 

 
																				

¶/ 𝐿
¶/ 𝐷𝑎 𝑡

𝛼𝜓𝑙
= lim

𝛿𝜏𝑗→0

𝛿𝐿
𝛿( 𝐷𝑎 𝑡

𝛼𝜓𝑙)𝑗 𝛿𝜏𝑗
=

𝜕ℒ
𝜕 𝐷𝑎 𝑡

𝛼𝜓𝑙
																																																																										(16) 

 																																
¶/ 𝐿

¶/ 𝐷𝑎 𝑡
3𝛼𝜓𝑙

= lim
𝛿𝜏𝑗→0

𝛿𝐿
𝛿( 𝐷𝑎 𝑡

3𝛼𝜓𝑙)𝑗 𝛿𝜏𝑗
=

𝜕ℒ
𝜕 𝐷𝑎 𝑡

3𝛼𝜓𝑙
																																																									(17) 

 

 

¶/ 𝐿
¶/ 𝜓

=

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

𝜕ℒ
𝜕𝜓0

+
𝜕ℒ
𝜕𝜓𝑙

− 𝐷𝑎 𝑥𝑖
𝛼 𝜕ℒ
𝜕2 𝐷𝑎 𝑥𝑖

𝛼 𝜓03
− 𝐷𝑎 𝑥𝑖

𝛼 𝜕ℒ
𝜕2 𝐷𝑎 𝑥𝑖

𝛼 𝜓𝑙3
+

− 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜕ℒ

𝜕 6 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜓07

− 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜕ℒ

𝜕 6 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜓𝑙7

− 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑡
𝛼 𝜕ℒ
𝜕2 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑡

𝛼𝜓03
− 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑡

𝛼 𝜕ℒ
𝜕2 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑡

𝛼𝜓𝑙3

− 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜕ℒ

𝜕 6 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜓07

− 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜕ℒ

𝜕 6 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜓𝑙7

− 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑡
𝛼 𝜕ℒ
𝜕2 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑡

𝛼𝜓03
− 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑡

𝛼 𝜕ℒ
𝜕2 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑡

𝛼𝜓𝑙3

− 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜕ℒ

𝜕 6 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜓07

− 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜕ℒ

𝜕 6 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜓𝑙7

−

− 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑡
𝛼 𝜕ℒ
𝜕2 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑡

𝛼𝜓03
− 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑡

𝛼 𝜕ℒ
𝜕2 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑡

𝛼𝜓𝑙3

− 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜕ℒ

𝜕 6 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜓07

− 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜕ℒ

𝜕 6 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜓𝑙7⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

										(18) 

 
 
 
 

 

																					
𝐿

𝜓
− 𝐷$⬚ %

& $
𝐿

𝐷$⬚ %
&𝜓
% − 𝐷$⬚ %

&& $
𝐿

𝐷$⬚ %
&&𝜓

% = 0																																																														(19  )

 

¶/
¶/

¶/
¶/

¶/
¶/
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We can write the variation of Lagrangian in terms of functional derivatives and variations of 𝐷? Z

B𝜓 , 𝐷? Z
6B𝜓`, and with 

the help of Eqs. (12) and (16) as: 
 

 
In many cases, we take 𝐷? @A

B 𝐷? @H
B 𝐷? @I

B 𝜓`(𝑥, 𝑡) = 𝐷@A E
F 𝐷@H E

F 𝐷@I E
F𝜓`(𝑥, 𝑡) = 0 because we define (in the Lagrangian 

density and the Hamiltonian density) the time derivative in the right side as 𝐷? Z
\B𝜓, 𝐷Z ?

\B𝜓, so that 𝜋Bb = cℒ

cd ef g
bhij

= 0 

and 𝜋Fb =
cℒ

cd eg f
bhij

 = 0. Therefore take 𝜋B =0, and 𝜋F=0; 

 
 
5 Fractional Form of the Euler-Lagrange equation in terms of momentum density of the third 
order for Lee -Wick field 
 
The right side of the fractional form of momentum is written as follows [25]: 

 

Using Eqs. ((19),(21),and(22)), we obtain: 

	 
We may get the right side form of momentum density from Eqs. ((23),(24)) as follows: 
 

 

	 
Taking the left fractional derivative of  Eqs. ((25),(26)), we get: 

 

𝐿

𝜓
−
𝜕
𝜕𝑡
&

𝐿

𝜓̇
( −

𝜕3

𝜕𝑡3
&

𝐿

𝜓*
( = 0.	 

 

																					 

¶/
¶/

¶/
¶/

¶/
¶/

														𝛿𝐿 = %&
¶/ 𝐿
¶/ 𝜓𝜌

𝛿𝜓𝜌 +
¶/ 𝐿

¶/ 𝐷𝑎 𝑡
𝛼𝜓𝜌

𝛿 𝐷𝑎 𝑡
𝛼𝜓𝜌 +

¶/ 𝐿
¶/ 𝐷𝑎 𝑡

3𝛼𝜓𝜌
𝛿𝜓𝜌/ 	d3r																																									(20) 

 

																																															𝑃𝑗𝑎 =
𝛿𝐿

𝛿 𝐷𝑎 𝑡
𝛼𝜓𝜌

																																																																																																								(21) 

   							𝑃𝑗𝑎 =
𝛿𝐿

𝛿 𝐷𝑎 𝑡
3𝛼𝜓𝜌

																																																																																																												(22) 

 
																														"𝑃𝑗𝑎&1 = lim

𝛿𝜏𝑗→0

𝛿ℒ
𝛿 𝐷𝑎 𝑡

𝛼𝜓𝜌
𝛿𝜏𝑗 + lim

𝛿𝜏𝑗→0
𝐷𝑎 𝑡
2𝛼 8

𝛿ℒ
𝛿 𝐷𝑎 𝑡

3𝛼𝜓𝜌
: 𝛿𝜏𝑗 					

=
¶/ 𝐿

¶/ 𝐷𝑎 𝑡
𝛼𝜓𝜌

𝛿𝜏𝑗 +		 𝐷𝑎 𝑡
2𝛼 <

¶/ ℒ
¶/ 𝐷𝑎 𝑡

3𝛼𝜓𝜌
= 𝛿𝜏𝑗 																																																																	(23) 

 

 

 

																																"𝑃𝑗𝑎&3 = lim
𝛿𝜏𝑗→0

𝛿ℒ
𝛿 𝐷𝑎 𝑡

𝛼𝜓𝜌
𝛿𝜏𝑗 =

¶/ 𝐿
¶/ 𝐷𝑎 𝑡

𝛼𝜓𝜌
𝛿𝜏𝑗 																																																																	(24) 

 

																				(𝜋)1 =
𝛿ℒ

𝛿 𝐷𝑎 𝑡
𝛼𝜓𝜌

+ 𝐷𝑎 𝑡
2𝛼 1

𝛿ℒ
𝛿 𝐷𝑎 𝑡

3𝛼𝜓𝜌
3 =

¶/ 𝐿
¶/ 𝐷𝑎 𝑡

𝛼𝜓𝜌
+	 𝐷𝑎 𝑡

2𝛼 5
¶/ ℒ

¶/ 𝐷𝑎 𝑡
3𝛼𝜓𝜌

6																								(25) 

 																																				(𝜋)3 =
𝛿ℒ

𝛿 𝐷𝑎 𝑡
3𝛼𝜓𝜌

=
¶/ 𝐿

¶/ 𝐷𝑎 𝑡
3𝛼𝜓𝜌

																																																																																	(26) 

 

													 𝐷𝑎 𝑡
𝛼(𝜋1)=			 𝐷𝑎 𝑡

𝛼 *
¶/ 𝐿

¶/ 𝐷𝑎 𝑡
𝛼𝜓𝜌

. + 	 𝐷𝑎 𝑡
3𝛼 *

¶/ ℒ
¶/ 𝐷𝑎 𝑡

3𝛼𝜓𝜌
.																																																																				(27)					 
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Now, substituting Eqs. ((27)𝑎𝑛𝑑(28)) into Eq. (19), we get: 

 

 

 
 

The above equation represents the fractional form of the Euler- Lagrange equation in terms of  momentum density and the 
functional derivative of  the Lagrangian. 
 
6 Equations of motion for Lee–Wick field in terms of Hamiltonian density in fractional form 
  
We start with the general definition of the Hamiltonian density ℋ in fractional form as [26]: 
 

  
Hamiltonian H can also be written in terms of Hamiltonian density ℋ in the following way: 
 

 
Substituting Eq. (27)into Eq. (28),	one gets: 
 

 
In continuous form, Eq. (26) can be written as follows: 
 

Taking the variation of H, we get: 
 

The above equation can be written as: 
 

	 
Substituting Eq. (51)into Eq. (50), one gets:	 
 

 
 
By analogy with the variation in L (i.e: Eq. (20)), we can write the variation of Hamiltonian produced by variations of 
independent variables in terms of functional fractional derivative as follows in cases 1 and 2. 
 

Case 1: All variables are independent		(	𝛙𝛒	, 𝝅𝜶𝟏, 𝝅𝜶𝟑). 
In this case, all variables 		(	𝛙𝛒	, 𝝅𝜶𝟏, 𝝅𝜶𝟑)	can be shown to be independent, as follows: 
 

 
Comparing Eq. (37)with Eq. (36),we get Hamilton’s equations of motion in a form of functional fractional derivatives 
(see appendix A). 

																													 𝐷𝑎 𝑡
𝛼(𝜋3)=				 𝐷𝑎 𝑡

𝛼 *
¶/ 𝐿

¶/ 𝐷𝑎 𝑡
3𝛼,𝜓𝜌 /

0																																																																																		(28) 

 
 

												 ¶/ 𝐿
¶/ 𝜓

= 𝐷𝑎 𝑡
𝛼𝜋1                      																																																													(29) 

 
 

							ℋ = 𝜋𝛼1 𝐷𝑎 𝑡
𝛼𝜓𝜌 + 𝜋𝛼3 𝐷𝑎 𝑡

3𝛼𝜓𝜌 	− ℒ																																																																															(30) 
 

    H = ∑ ℋ𝑖𝑖 𝛿𝜏𝑖 																																																																																																																											(31) 
   

H =∑ "𝜋𝛼1&𝑖" 𝐷𝑎 𝑡
𝛼𝜓𝜌&𝑖 + "𝜋𝛼3&𝑖" 𝐷𝑎 𝑡

3𝛼𝜓𝜌&𝑖𝑖 𝛿𝜏𝑖 −	∑ ℒ𝑖𝑖 𝛿𝜏𝑖 																																							(32) 
   

H=∫"𝜋𝛼1 𝐷𝑎 𝑡
𝛼𝜓𝜌 + 𝜋𝛼3 𝐷𝑎 𝑡

3𝛼𝜓𝜌- 𝑑3𝑟 − ∫ℒ 𝑑3𝑟																																																														(33) 
   

𝛿𝐻 = ∫𝛿%𝜋𝛼1 𝐷𝑎 𝑡
𝛼𝜓𝜌 + 𝜋𝛼3 𝐷𝑎 𝑡

3𝛼𝜓𝜌0 	d3r − 𝛿𝐿																																																	(34)   

 

	𝛿𝐿 = ∫&	' 𝐷𝑎 𝑡
𝛼𝜋𝛼1 + 𝐷𝑎 𝑡

3𝛼𝜋𝛼3	0𝛿𝜓𝜌 + 𝜋1𝛿 𝐷𝑎 𝑡
𝛼𝜓𝜌 + 			𝜋3𝛿 𝐷𝑎 𝑡

3𝛼𝜓𝜌3 	d3r 												(35) 

																				"#$ 𝐷𝑎 𝑡
𝛼𝜋𝛼1 + 𝐷𝑎 𝑡

3𝛼𝜋𝛼3	-𝛿𝜓𝜌 + 𝐷𝑎 𝑡
𝛼𝜓𝜌𝛿𝜋𝛼1 				+ 𝐷𝑎 𝑡

3𝛼𝜓𝜌𝛿𝜋𝛼31	d
3r																											(36) 

 

																		𝛿𝐻 = #$
¶/
	
¶/
𝐻

𝜓$
𝛿𝜓$ +

¶/
	
¶/
𝐻

𝜋&&
𝛿𝜋&&

¶/
+
¶/
𝐻

𝜋&'
𝛿𝜋&'( 	d

*r																																								(37  )
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Case 2:	𝛑𝟏 depends on (𝛙𝛒),	and	𝝅𝟑	depends on ( 𝑫𝒂 𝒕

𝜶 𝑫𝒂 𝒕
𝜶𝛙𝛒). 

So, if we only consider the variation for the independent variables ψ}	, 𝐷? Z
Bψ} and 𝐷? Z

\Bψ}, we get: 

 
Details of the equations of motion from Eq. ( 39),are given in (Appendix B). 
 
7 The Hamilton’s equation in terms"𝝓	𝐚𝐧𝐝	𝑨𝒊	𝒂𝒏𝒅	𝑨𝒋.  
 

In this part, and utilizing the generic formulae in (case 1 and case 2), we construct further equations of motion from the 
variables in the other fields (𝝓 and 𝑨𝒊and 𝑨𝒋 ), where the following two situations are considered: (see Appendix C). 
 
8 Examples  
 
In this section, we study two examples as applications on the formalism presented above. 
The most general form of Lagrangian density for a four-vector field is given by the so-called Lee- Wick Lagrangian density 
[27]:  

	 
where 𝐽D is an external source, m is a parameter that has mass dimension, and ξ is a gauge fixing parameter , it is important 
to mention that there are other covariant gauge conditions for this theory[26, 27].As discussed in many works [28-32],the 
Lagrangian (39) exhibits gauge invariance and two distinct poles, in momenta space, for the corresponding propagator; a 
massless one and a massive one  
To rewrite the Lee- Wick Lagrangian density in Riemann – Liouville fractional form we use these relations: 

	 

	 

 

 

 
Where	𝜇 = 0, 𝑖 = 1,2,3	𝑎𝑛𝑑	𝑣 = 0, 𝑗 = 1,2,3	𝑎𝑛𝑑	𝛼 = 0, 𝑘 = 1,2,3.		  
Expand	µ, ν	, α	in	termes	of(	0, i	), 0, j	and	(0, k) respectively, and use definition of left Riemann – Liouville fractional 
derivative, the fractional electromagnetic lagrangian density formulation takes the form : 
 

								δH = % &
¶/ H
¶/ ψρ

δψρ +
¶/ H

¶/ * 𝐷𝑎 𝑡
2𝛼ψρ0

δ* 𝐷𝑎 𝑡
2𝛼ψρ01 rd 3 																																																																					(38) 

 

																								ℒ𝐿𝑊 = 	−	
1
4
𝐹𝜇𝜈 𝐹𝜇𝜈 −	

1
4𝑚2 𝐹𝜇𝜈 𝜕𝛼𝜕

𝛼𝐹𝜇𝜈 	−
𝜕𝜇𝐴𝜇

2𝜉
− 𝐽𝜇𝐴𝜇 																																																	(39)	 

 

																						"
𝐹𝜇𝜈 = 𝐷𝑎 𝑥𝜇

𝛼 𝐴𝑣 − 𝐷𝑎 𝑥𝑣
𝛼 𝐴𝜇

𝐹𝜇𝜈 = 𝐷𝑎 𝑥𝜇
𝛼 𝐴𝑣 − 𝐷𝑎 𝑥𝑣

𝛼 𝐴𝜇
.																																																																																																						(40) 

 																		"
𝜕𝛼 = 𝐷𝑎 𝑥𝜇

𝛼 = * 𝐷𝑎 𝑡
𝛼 , 𝐷𝑎 𝑥𝑖

𝛼 .

𝜕𝛼 = 𝐷𝑎 𝑥𝜇
𝛼 = * 𝐷𝑎 𝑡

𝛼 , − 𝐷𝑎 𝑥𝑖
𝛼 .
0																																																																																																				(41) 

 												𝐹𝜇𝜈 𝐹𝜇𝜈 = 2 ' 𝐷𝑎 𝑥𝜇
𝛼 𝐴𝑣 𝐷𝑎 𝑥𝜇

𝛼 𝐴𝑣 − 𝐷𝑎 𝑥𝜇
𝛼 𝐴𝑣 𝐷𝑎 𝑥𝑣

𝛼 𝐴𝜇 /																																																																								(42) 

		 													𝐹𝜇𝜈 𝜕𝛼𝜕𝛼𝐹𝜇𝜈 = 2 ) 𝐷𝑎 𝑥𝜇
𝛼 𝐴𝑣 𝐷𝑎 𝑥𝛼

𝛼 𝐷𝑎 𝑥𝛼
𝛼 𝐷𝑎 𝑥𝜇

𝛼 𝐴𝑣 − 𝐷𝑎 𝑥𝑣
𝛼 𝐴𝜇 𝐷𝑎 𝑥𝛼

𝛼 𝐷𝑎 𝑥𝛼
𝛼 𝐷𝑎 𝑥𝑣

𝛼 𝐴𝜇 0																							(43)	 

	 
																											"

Aα = &ϕ, A))⃗ +
Aα = &ϕ,−A))⃗ +

-																																																																																																																							(44) 
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9 Fractional forms of Euler-Lagrange equations of Lee-Wick density 
 
Let us begin with the definition of fractional Lee- Wick Lagrangian density and then utilize the generalization formula of 
Euler – Lagrange equation (5) to derive the equations of motion from Lee- Wick Lagrangian density. Take the first field 
variable	𝜙, then: 
 

 
Calculating these derivatives with respect to 𝜙, we get:  
 

 

 
 
 
 

												ℒ = 

−	
2
4
⎣
⎢
⎢
⎢
⎡ −* 𝐷𝑎 𝑡

𝛼𝐴𝑗 1
2
+ 𝐷𝑎 𝑡

𝛼𝐴𝑗 𝐷𝑎 𝑥𝑗
𝛼 𝜙

−* 𝐷𝑎 𝑥𝑖
𝛼 𝜙1

2
+ 𝐷𝑎 𝑥𝑖

𝛼 𝜙 𝐷𝑎 𝑡
𝛼𝐴𝑖

+* 𝐷𝑎 𝑥𝑖
𝛼 𝐴𝑗 1

2
− 𝐷𝑎 𝑥𝑖

𝛼 𝐴𝑗 𝐷𝑎 𝑥𝑖
𝛼 𝐴𝑖⎦

⎥
⎥
⎥
⎤
−

2
4𝑚2

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡ − 𝐷𝑎 𝑡

𝛼𝐴𝑗 𝐷𝑎 𝑡
3𝛼𝐴𝑗 − 𝐷𝑎 𝑡

𝛼𝐴𝑗 𝐷𝑎 𝑥𝑘
2𝛼 𝐷𝑎 𝑡

𝛼𝐴𝑗
+ 𝐷𝑎 𝑡

𝛼𝐴𝑗 𝐷𝑎 𝑡
2𝛼 𝐷𝑎 𝑥𝑖

𝛼 𝜙 + 𝐷𝑎 𝑡
𝛼𝐴𝑗 𝐷𝑎 𝑥𝑘

2𝛼 𝐷𝑎 𝑥𝑖
𝛼 𝜙 −

𝐷𝑎 𝑥𝑖
𝛼 𝜙 𝐷𝑎 𝑡

2𝛼 𝐷𝑎 𝑥𝑖
𝛼 𝜙 − 𝐷𝑎 𝑥𝑖

𝛼 𝜙 𝐷𝑎 𝑥𝑘
2𝛼 𝐷𝑎 𝑥𝑖

𝛼 𝜙 +
𝐷𝑎 𝑥𝑖
𝛼 𝜙 𝐷𝑎 𝑡

3𝛼𝐴𝑖 + 𝐷𝑎 𝑥𝑖
𝛼 𝜙 𝐷𝑎 𝑥𝑘

2𝛼 𝐷𝑎 𝑡
𝛼𝐴𝑖 +

𝐷𝑎 𝑥𝑖
𝛼 𝐴𝑗 𝐷𝑎 𝑡

2𝛼 𝐷𝑎 𝑥𝑖
𝛼 𝐴𝑗 − 𝐷𝑎 𝑥𝑖

𝛼 𝐴𝑗 𝐷𝑎 𝑥𝑘
2𝛼 𝐷𝑎 𝑥𝑖

𝛼 𝐴𝑗 −
𝐷𝑎 𝑥𝑖
𝛼 𝐴𝑗 𝐷𝑎 𝑡

2𝛼 𝐷𝑎 𝑥𝑖
𝛼 𝐴𝑖 + 𝐷𝑎 𝑥𝑖

𝛼 𝐴𝑗 𝐷𝑎 𝑥𝑘
2𝛼 𝐷𝑎 𝑥𝑖

𝛼 𝐴𝑖 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

                             														− 𝐷𝑎 𝑡
𝛼𝜙
2ξ

+
𝐷𝑎 𝑥𝑖
𝛼 𝐴𝑖
2ξ

+ 𝐽0𝜙−	𝐽𝑖𝐴𝑖 																														(45) 
 
 
 
 
 
 

 

 

								

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

𝜕ℒ
𝜕𝜙

− 𝐷𝑎 𝑡
𝛼 𝜕ℒ
𝜕 𝐷𝑎 𝑡

𝛼𝜙
− 𝐷𝑎 𝑥𝑖

𝛼 𝜕ℒ
𝜕 𝐷𝑎 𝑥𝑖

𝛼 𝜙
+

𝐷𝑎 𝑡
3𝛼 𝜕ℒ
𝜕 𝐷𝑎 𝑡

3𝛼𝜙
− 𝐷𝑎 𝑡

2𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜕ℒ
𝜕 𝐷𝑎 𝑡

2𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜙

− 𝐷𝑎 𝑡
2𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝜕ℒ
𝜕 𝐷𝑎 𝑡

2𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝜙

− 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜕ℒ
𝜕 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑥𝑓

𝛼 𝜙

− 𝐷𝑎 𝑡
2𝛼 𝐷𝑎 𝑥𝑖

𝛼 𝜕ℒ
𝜕 𝐷𝑎 𝑡

2𝛼 𝐷𝑎 𝑥𝑖
𝛼 𝜙

− 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜕ℒ
𝜕 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑥𝑓

𝛼 𝜙

− 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑡
𝛼 𝜕ℒ
𝜕 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑡

𝛼𝜙
− 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑥𝑓

𝛼 𝜕ℒ
𝜕 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑥𝑓

𝛼 𝜙⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

= 0																								(46) 

 
 

 
 
 
 
 

 

 

														

⎩
⎪
⎨

⎪
⎧ 𝜕ℒ
𝜕 𝐷𝑎 𝑡

𝛼𝜙
= −

1
2ξ

𝜕ℒ
𝜕 𝐷𝑎 𝑡

3𝛼𝜙
= 0

																																																																																																																																				(47) 

 

 													

⎩
⎪
⎨

⎪
⎧

𝜕ℒ
𝜕 𝐷𝑎 𝑥𝑖

𝛼 𝜙
= −0− 𝐷𝑎 𝑥𝑖

𝛼 𝜙 + 𝐷𝑎 𝑡
𝛼𝐴𝑖4

−
2
4𝑚2 8

− 𝐷𝑎 𝑡
2𝛼 𝐷𝑎 𝐴𝑗

𝛼 𝜙 − 𝐷𝑎 𝑥𝑘
2𝛼 𝐷𝑎 𝑥𝑖

𝛼 𝜙

+ 𝐷𝑎 𝑡
3𝛼𝐴𝑖 + 𝐷𝑎 𝑥𝑘

2𝛼 𝐷𝑎 𝑡
𝛼𝐴𝑖

<
																																																																																							(48) 
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Substituting equations ((47), (48), (49), and (50)) into equation (46), we get: 

	
This represents the first non- homogeneous equation in fractional form. 
 

Now use the general formula (5)to obtain other equations of motion from the other fields' variables 𝐴Y and		𝐴_ . 
 

 
 
Calculating these derivatives yields:  

									

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧

𝜕ℒ
𝜕 𝐷𝑎 𝑡

2𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜙

= −
2
4𝑚2 4 𝐷𝑎 𝑡

𝛼𝐴𝑓 − 𝐷𝑎 𝑥𝑓
𝛼 𝜙6

𝜕ℒ
𝜕 𝐷𝑎 𝑡

2𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝜙

= −
2
4𝑚2 8 𝐷𝑎 𝑡

𝛼𝐴𝑟 − 𝐷𝑎 𝑥𝑟
𝛼 𝜙9

𝜕ℒ
𝜕 𝐷𝑎 𝑡

2𝛼 𝐷𝑎 𝑥𝑖
𝛼 𝜙

= −
2
4𝑚2 8 𝐷𝑎 𝑡

𝛼𝐴𝑖 − 𝐷𝑎 𝑥𝑖
𝛼 𝜙9

𝜕ℒ
𝜕 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑥𝑓

𝛼 𝜙
= −

2
4𝑚2 8 𝐷𝑎 𝑡

𝛼𝐴𝑓 − 𝐷𝑎 𝑥𝑖
𝛼 𝜙9

																																																																												(49) 

 

 

 

 

 

									

⎩
⎪⎪
⎨

⎪⎪
⎧

𝜕ℒ
𝜕 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑥𝑓

𝛼 𝜙
= 0

𝜕ℒ
𝜕 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑥𝑓

𝛼 𝜙
= 0

𝜕ℒ
𝜕 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑡

𝛼𝜙
= 0

																																																																																																																									(50) 

 

 

 

 

												

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ 𝐽0 = 𝐷𝑎 𝑡

𝛼 ,
1
2ξ
0 − 𝐷𝑎 𝑥𝑖

𝛼 4− 𝐷𝑎 𝑥𝑖
𝛼 𝜙 + 𝐷𝑎 𝑡

𝛼𝐴𝑖8

+
2
4𝑚2 𝐷𝑎 𝑥𝑖

𝛼 4− 𝐷𝑎 𝑡
2𝛼 𝐷𝑎 𝑥𝑖

𝛼 𝜙 − 𝐷𝑎 𝑥𝑘
2𝛼 𝐷𝑎 𝑥𝑖

𝛼 𝜙 + 𝐷𝑎 𝑡
3𝛼𝐴𝑖 + 𝐷𝑎 𝑥𝑘

2𝛼 𝐷𝑎 𝑡
𝛼𝐴𝑖8

+
2
4𝑚2 𝐷𝑎 𝑡

2𝛼 𝐷𝑎 𝑥𝑓
𝛼 > 𝐷𝑎 𝑡

𝛼𝐴𝑓 − 𝐷𝑎 𝑥𝑓
𝛼 𝜙? +

2
4𝑚2 𝐷𝑎 𝑡

2𝛼 𝐷𝑎 𝑥𝑟
𝛼 4 𝐷𝑎 𝑡

𝛼𝐴𝑟 − 𝐷𝑎 𝑥𝑟
𝛼 𝜙8

+
2
4𝑚2 𝐷𝑎 𝑡

2𝛼 𝐷𝑎 𝑥𝑖
𝛼 4 𝐷𝑎 𝑡

𝛼𝐴𝑖 − 𝐷𝑎 𝑥𝑖
𝛼 𝜙8 +

2
4𝑚2 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑥𝑓

𝛼 > 𝐷𝑎 𝑡
𝛼𝐴𝑖 − 𝐷𝑎 𝑥𝑓

𝛼 𝜙?⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

													(51) 

 

 

 

 

 
			0 =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

𝜕ℒ
𝜕𝐴𝑖

− 𝐷𝑎 𝑡
𝛼 𝜕ℒ
𝜕 𝐷𝑎 𝑡

𝛼𝐴𝑖
− 𝐷𝑎 𝑥𝑖

𝛼 𝜕ℒ
𝜕 𝐷𝑎 𝑥𝑖

𝛼 𝐴𝑖

− 𝐷𝑎 𝑡
3𝛼 𝜕ℒ
𝜕 𝐷𝑎 𝑡

3𝛼𝐴𝑖
− 𝐷𝑎 𝑡

2𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜕ℒ
𝜕 𝐷𝑎 𝑡

2𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝐴𝑖

− 𝐷𝑎 𝑡
2𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝜕ℒ
𝜕 𝐷𝑎 𝑡

2𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐴𝑖

− 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜕ℒ
𝜕 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑥𝑓

𝛼 𝐴𝑖

− 𝐷𝑎 𝑡
2𝛼 𝐷𝑎 𝑥𝑖

𝛼 𝜕ℒ
𝜕 𝐷𝑎 𝑡

2𝛼 𝐷𝑎 𝑥𝑖
𝛼 𝐴𝑖

− 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜕ℒ
𝜕 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑥𝑓

𝛼 𝐴𝑖

− 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑡
𝛼 𝜕ℒ
𝜕 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑡

𝛼𝐴𝑖
− 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑥𝑓

𝛼 𝜕ℒ
𝜕 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑥𝑓

𝛼 𝐴𝑖⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

																							(52) 
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Substituting equations ((53), (54), (55),and (56)) in equation (52); we get: 
 

 

 
Take the field variable	𝐴_, then:  

					

⎩
⎪⎪
⎨

⎪⎪
⎧

𝜕ℒ
𝜕𝐴𝑖

= −𝐽𝑖

𝜕ℒ
𝜕 𝐷𝑎 𝑡

𝛼𝐴𝑖
= −

2
4
3 𝐷𝑎 𝑥𝑖

𝛼 𝜙6

𝜕ℒ
𝜕 𝐷𝑎 𝑥𝑖

𝛼 𝐴𝑖
= −

2
4
7 𝐷𝑎 𝑥𝑗

𝛼 𝐴𝑗 9

																																																																																																																								(53) 

 

 

 

					"
𝜕ℒ

𝜕 𝐷𝑎 𝑡
3𝛼𝐴𝑖

= 0																																																																																																																																														(54) 

 

			

⎩
⎪
⎨

⎪
⎧

𝜕ℒ
𝜕 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑥𝑓

𝛼 𝐴𝑖
= 0

𝜕ℒ
𝜕 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑥𝑓

𝛼 𝐴𝑖
= 0

																																																																																																																															(55) 

 

 

						

⎩
⎪
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎪
⎧

𝜕ℒ
𝜕 𝐷𝑎 𝑡

2𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝐴𝑖

= −
2
4𝑚2 5 𝐷𝑎 𝑥𝑖

𝛼 𝐴𝑓6

𝜕ℒ
𝜕 𝐷𝑎 𝑡

2𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐴𝑖

= −
2
4𝑚2 5 𝐷𝑎 𝑥𝑖

𝛼 𝐴𝑟6

𝜕ℒ
𝜕 𝐷𝑎 𝑡

2𝛼 𝐷𝑎 𝑥𝑖
𝛼 𝐴𝑖

= −
2
4𝑚2 5 𝐷𝑎 𝑥𝑖

𝛼 𝐴𝑖6

𝜕ℒ
𝜕 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑡

𝛼𝐴𝑖
= −

2
4𝑚2 5 𝐷𝑎 𝑥𝑘

𝛼 𝜙6

𝜕ℒ
𝜕 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑥𝑓

𝛼 𝐴𝑖
= −

2
4𝑚2 5 𝐷𝑎 𝑥𝑘

𝛼 𝐴𝑖6

																																																																																														(56) 

 

 

 

 

 

										

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡−𝐽𝑖 =

2
4

𝐷𝑎 𝑡
𝛼/ 𝐷𝑎 𝑥𝑖

𝛼 𝜙2 +
2
4

𝐷𝑎 𝑥𝑖
𝛼 4 𝐷𝑎 𝑥𝑗

𝛼 𝐴𝑗 7 +
2
4𝑚2 𝐷𝑎 𝑡

2𝛼 𝐷𝑎 𝑥𝑓
𝛼 / 𝐷𝑎 𝑥𝑖

𝛼 𝐴𝑗 2

+
2
4𝑚2 𝐷𝑎 𝑡

2𝛼 𝐷𝑎 𝑥𝑓
𝛼 / 𝐷𝑎 𝑥𝑖

𝛼 𝐴𝑟2 +
2
4𝑚2 𝐷𝑎 𝑡

2𝛼 𝐷𝑎 𝑥𝑟
𝛼 / 𝐷𝑎 𝑥𝑖

𝛼 𝐴𝑟2

+
2
4𝑚2 𝐷𝑎 𝑡

2𝛼 𝐷𝑎 𝑥𝑖
𝛼 / 𝐷𝑎 𝑥𝑖

𝛼 𝐴𝑖2 +
2
4𝑚2 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑡

𝛼/ 𝐷𝑎 𝑥𝑘
𝛼 𝜙2

+
2
4𝑚2 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑥𝑓

𝛼 / 𝐷𝑎 𝑥𝑘
𝛼 𝐴𝑖2 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎤

																																	(57) 
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Calculating these derivatives yields: 

	 
 

	 

	

 
Substituting equations ((59), (60), (61) and (62)) in equation (58)	we get:  
 

							0 =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

𝜕ℒ
𝜕𝐴𝑗

− 𝐷𝑎 𝑡
𝛼 𝜕ℒ
𝜕 𝐷𝑎 𝑡

𝛼𝐴𝑗
− 𝐷𝑎 𝑥𝑖

𝛼 𝜕ℒ
𝜕 𝐷𝑎 𝑥𝑖

𝛼 𝐴𝑗

− 𝐷𝑎 𝑡
3𝛼 𝜕ℒ
𝜕 𝐷𝑎 𝑡

3𝛼𝐴𝑗
− 𝐷𝑎 𝑡

2𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜕ℒ
𝜕 𝐷𝑎 𝑡

2𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝐴𝑗

− 𝐷𝑎 𝑡
2𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝜕ℒ
𝜕 𝐷𝑎 𝑡

2𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐴𝑗

− 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜕ℒ
𝜕 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑥𝑓

𝛼 𝐴𝑗

− 𝐷𝑎 𝑡
2𝛼 𝐷𝑎 𝑥𝑖

𝛼 𝜕ℒ
𝜕 𝐷𝑎 𝑡

2𝛼 𝐷𝑎 𝑥𝑖
𝛼 𝐴𝑗

− 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜕ℒ
𝜕 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑥𝑓

𝛼 𝐴𝑗

− 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑡
𝛼 𝜕ℒ
𝜕 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑡

𝛼𝐴𝑗
− 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑥𝑓

𝛼 𝜕ℒ
𝜕 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑥𝑓

𝛼 𝐴𝑗 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

																							(58) 

 

 

 

 

 

 

												"
𝜕ℒ
𝜕𝐴𝑗

= 0	 																																																																																																																																																			(59) 

 

					

⎩
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎧

𝜕ℒ
𝜕 𝐷𝑎 𝑡

𝛼𝐴𝑗
= −

2
4
2 𝐷𝑎 𝑥𝑗

𝛼 𝜙 + 2 𝐷𝑎 𝑡
𝛼𝐴𝑗 6

−
2
4𝑚2 8

𝐷𝑎 𝑡
3𝛼𝐴𝑗 − 𝐷𝑎 𝑥𝑘

2𝛼 𝐷𝑎 𝑡
𝛼𝐴𝑗

𝐷𝑎 𝑡
2𝛼 𝐷𝑎 𝑥𝑗

𝛼 𝜙 + 𝐷𝑎 𝑥𝑘
2𝛼 𝐷𝑎 𝑥𝑗

𝛼 𝜙
;

𝜕ℒ
𝜕 𝐷𝑎 𝑥𝑖

𝛼 𝐴𝑗
= −

2
4
22 𝐷𝑎 𝑥𝑖

𝛼 𝐴𝑗 − 𝐷𝑎 𝑥𝑗
𝛼 𝐴𝑖6

−
2
4𝑚2 8

𝐷𝑎 𝑡
2𝛼 𝐷𝑎 𝑥𝑖

𝛼 𝐴𝑗 − 𝐷𝑎 𝑥𝑘
2𝛼 𝐷𝑎 𝑥𝑖

𝛼 𝐴𝑗
− 𝐷𝑎 𝑡

2𝛼 𝐷𝑎 𝑥𝑗
𝛼 𝜙 + 𝐷𝑎 𝑥𝑘

2𝛼 𝐷𝑎 𝑥𝑗
𝛼 𝐴𝑖

;

																																																																																												(60) 

 

 

 

 

 

					

⎩
⎪⎪
⎨

⎪⎪
⎧

𝜕ℒ
𝜕 𝐷𝑎 𝑡

3𝛼𝐴𝑗
= 0

𝜕ℒ
𝜕 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑥𝑓

𝛼 𝐴𝑗
= 0

𝜕ℒ
𝜕 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑥𝑓

𝛼 𝐴𝑗
= 0

																																																																																																																															(61) 

 

 

 
			

⎩
⎪
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎪
⎧

𝜕ℒ
𝜕 𝐷𝑎 𝑡

2𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝐴𝑗

= −
2
4𝑚2 5 𝐷𝑎 𝑥𝑓

𝛼 𝐴𝑗 6

𝜕ℒ
𝜕 𝐷𝑎 𝑡

2𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐴𝑗

= −
2
4𝑚2 8 𝐷𝑎 𝑥𝑟

𝛼 𝐴𝑗 9

𝜕ℒ
𝜕 𝐷𝑎 𝑡

2𝛼 𝐷𝑎 𝑥𝑖
𝛼 𝐴𝑗

= −
2
4𝑚2 8 𝐷𝑎 𝑥𝑖

𝛼 𝐴𝑗 9

𝜕ℒ
𝜕 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑡

𝛼𝐴𝑗
=

2
4𝑚2 8 𝐷𝑎 𝑥𝑘

𝛼 𝐴𝑖9

𝜕ℒ
𝜕 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑥𝑓

𝛼 𝐴𝑗
=

2
4𝑚2 5 𝐷𝑎 𝑥𝑓

𝛼 𝐴𝑗 6

																																																																																																								(62) 
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This represents the first homogeneous equation in fractional form. If 𝛼	goes to 1, Eq. (58)	go to the standard equations. 
The conjugate momenta are defined as[23]: 

Then, using Eq. (27),	the Hamiltonian density can be written as: 

 
 
Using Hamiltonian equation (𝑫𝟏)	in case (1) , by taking the derivative with respect to	𝜙, we get: 

										

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ 0 =

2
4

𝐷𝑎 𝑡
𝛼 - 𝐷𝑎 𝑥𝑗

𝛼 𝜙 + 2 𝐷𝑎 𝑡
𝛼𝐴𝑗 3

+
2
4𝑚2 𝐷𝑎 𝑡

𝛼 - 𝐷𝑎 𝑡
3𝛼𝐴𝑗 − 𝐷𝑎 𝑥𝑘

2𝛼 𝐷𝑎 𝑡
𝛼𝐴𝑗 + 𝐷𝑎 𝑡

2𝛼 𝐷𝑎 𝑥𝑗
𝛼 𝜙 + 𝐷𝑎 𝑥𝑘

2𝛼 𝐷𝑎 𝑥𝑗
𝛼 𝜙3

+
2
4

𝐷𝑎 𝑥𝑖
𝛼 -2 𝐷𝑎 𝑥𝑖

𝛼 𝐴𝑗 − 𝐷𝑎 𝑥𝑗
𝛼 𝐴𝑖3 +

2
4𝑚2 𝐷𝑎 𝑥𝑖

𝛼 - 𝐷𝑎 𝑡
2𝛼 𝐷𝑎 𝑥𝑖

𝛼 𝐴𝑗 − 𝐷𝑎 𝑥𝑘
2𝛼 𝐷𝑎 𝑥𝑖

𝛼 𝐴𝑗 − 𝐷𝑎 𝑡
2𝛼 𝐷𝑎 𝑥𝑗

𝛼 𝜙 + 𝐷𝑎 𝑥𝑘
2𝛼 𝐷𝑎 𝑥𝑗

𝛼 𝐴𝑖3

+
2
4𝑚2 𝐷𝑎 𝑡

2𝛼 𝐷𝑎 𝑥𝑓
𝛼 - 𝐷𝑎 𝑥𝑓

𝛼 𝐴𝑗 3 +
2
4𝑚2 𝐷𝑎 𝑡

2𝛼 𝐷𝑎 𝑥𝑟
𝛼 ; 𝐷𝑎 𝑥𝑟

𝛼 𝐴𝑗 <

+
2
4𝑚2 𝐷𝑎 𝑡

2𝛼 𝐷𝑎 𝑥𝑖
𝛼 ; 𝐷𝑎 𝑥𝑖

𝛼 𝐴𝑗 < −
2
4𝑚2 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑡

𝛼; 𝐷𝑎 𝑥𝑘
𝛼 𝐴𝑖< −

2
4𝑚2 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑥𝑓

𝛼 - 𝐷𝑎 𝑥𝑓
𝛼 𝐴𝑗 3 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

																														(60) 

 

 

 

 

 

 

 

							

⎩
⎪
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎪
⎧ 𝜋11 = 	−

1
2ξ
																																																					 .

𝜋12 = 	−
2
4
. 𝐷𝑎 𝑥𝑖

𝛼 𝜙5																																								.

𝜋13 = 	−
2
4
7 𝐷𝑎 𝑥𝑗

𝛼 𝜙 + 2 𝐷𝑎 𝑡
𝛼𝐴𝑗 <																	 .

−
2
4𝑚2 >

𝐷𝑎 𝑡
3𝛼𝐴𝑗 − 𝐷𝑎 𝑥𝑘

2𝛼 𝐷𝑎 𝑡
𝛼𝐴𝑗

𝐷𝑎 𝑡
2𝛼 𝐷𝑎 𝑥𝑗

𝛼 𝜙 + 𝐷𝑎 𝑥𝑘
2𝛼 𝐷𝑎 𝑥𝑗

𝛼 𝜙
@	

𝜋31 = 	0																												.																																	.
𝜋32 = 	0																													.																																	.
𝜋33 = 	0																													.																																	.

																																																																																										(61) 

 

 

 

 

 

							ℋ =
1
4
&

−( 𝐷𝑎 𝑡
𝛼𝐴𝑗 /

2
− ( 𝐷𝑎 𝑥𝑖

𝛼 𝜙/
2

+( 𝐷𝑎 𝑥𝑖
𝛼 𝐴𝑗 /

2
− 𝐷𝑎 𝑥𝑖

𝛼 𝐴𝑗 𝐷𝑎 𝑥𝑖
𝛼 𝐴𝑖

									5 + 

2
4𝑚2

⎣
⎢
⎢
⎢
⎢
⎡ 𝐷𝑎 𝑥𝑖

𝛼 𝜙 𝐷𝑎 𝑡
2𝛼 𝐷𝑎 𝑥𝑖

𝛼 𝜙 − 𝐷𝑎 𝑥𝑖
𝛼 𝜙 𝐷𝑎 𝑥𝑘

2𝛼 𝐷𝑎 𝑥𝑖
𝛼 𝜙 +

𝐷𝑎 𝑥𝑖
𝛼 𝜙 𝐷𝑎 𝑡

3𝛼𝐴𝑖 + 𝐷𝑎 𝑥𝑖
𝛼 𝜙 𝐷𝑎 𝑥𝑘

2𝛼 𝐷𝑎 𝑡
𝛼𝐴𝑖 +

𝐷𝑎 𝑥𝑖
𝛼 𝐴𝑗 𝐷𝑎 𝑡

2𝛼 𝐷𝑎 𝑥𝑖
𝛼 𝐴𝑗 − 𝐷𝑎 𝑥𝑖

𝛼 𝐴𝑗 𝐷𝑎 𝑥𝑘
2𝛼 𝐷𝑎 𝑥𝑖

𝛼 𝐴𝑗 −
𝐷𝑎 𝑥𝑖
𝛼 𝐴𝑗 𝐷𝑎 𝑡

2𝛼 𝐷𝑎 𝑥𝑖
𝛼 𝐴𝑖 + 𝐷𝑎 𝑥𝑖

𝛼 𝐴𝑗 𝐷𝑎 𝑥𝑘
2𝛼 𝐷𝑎 𝑥𝑖

𝛼 𝐴𝑖 ⎦
⎥
⎥
⎥
⎥
⎤

 

																																																					+
𝐷𝑎 𝑡
𝛼𝜙
2ξ

−
𝐷𝑎 𝑥𝑖
𝛼 𝐴𝑖
2ξ

− 	𝐽0𝜙+	𝐽𝑖𝐴𝑖 																																																																	(62) 
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Eq.	(63) is exactly the same as the equation that has been derived by (Eq. (49)) in fractional form. 
Using Hamiltonian equation (𝑫𝟐), in case1 by taking the derivative with respect to	𝐴Y, we get: 

 
 
And using Eq.(𝑫𝟑),with respect to	𝐴_, we get: 
 

 

And using Eq. (𝑫𝟒) in case (2),with respect to  𝜙 , then we obtain : 

Applying the Hamiltonian equation Eq. (𝑫𝟓) in case 2, then we get: 
 

							

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡ 𝐽0 = −)− 𝐷𝑎 𝑥𝑖

𝛼 𝜙 + 𝐷𝑎 𝑡
𝛼𝐴𝑖3

+
2
4𝑚2 𝐷𝑎 𝑥𝑖

𝛼 )− 𝐷𝑎 𝑡
2𝛼 𝐷𝑎 𝑥𝑖

𝛼 𝜙 − 𝐷𝑎 𝑥𝑘
2𝛼 𝐷𝑎 𝑥𝑖

𝛼 𝜙 + 𝐷𝑎 𝑡
3𝛼𝐴𝑖 + 𝐷𝑎 𝑥𝑘

2𝛼 𝐷𝑎 𝑡
𝛼𝐴𝑖3

+
2
4𝑚2 𝐷𝑎 𝑡

2𝛼 𝐷𝑎 𝑥𝑓
𝛼 : 𝐷𝑎 𝑡

𝛼𝐴𝑓 − 𝐷𝑎 𝑥𝑓
𝛼 𝜙; +

2
4𝑚2 𝐷𝑎 𝑡

2𝛼 𝐷𝑎 𝑥𝑟
𝛼 ) 𝐷𝑎 𝑡

𝛼𝐴𝑟 − 𝐷𝑎 𝑥𝑟
𝛼 𝜙3

+
2
4𝑚2 𝐷𝑎 𝑡

2𝛼 𝐷𝑎 𝑥𝑖
𝛼 ) 𝐷𝑎 𝑡

𝛼𝐴𝑖 − 𝐷𝑎 𝑥𝑖
𝛼 𝜙3 +

2
4𝑚2 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑥𝑓

𝛼 : 𝐷𝑎 𝑡
𝛼𝐴𝑖 − 𝐷𝑎 𝑥𝑓

𝛼 𝜙;⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎤

																			(63) 

 

 

 
										

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡−𝐽𝑖 =

2
4

𝐷𝑎 𝑡
𝛼/ 𝐷𝑎 𝑥𝑖

𝛼 𝜙2 +
2
4

𝐷𝑎 𝑥𝑖
𝛼 4 𝐷𝑎 𝑥𝑗

𝛼 𝐴𝑗 7 +
2
4𝑚2 𝐷𝑎 𝑡

2𝛼 𝐷𝑎 𝑥𝑓
𝛼 / 𝐷𝑎 𝑥𝑖

𝛼 𝐴𝑗 2

+
2
4𝑚2 𝐷𝑎 𝑡

2𝛼 𝐷𝑎 𝑥𝑓
𝛼 / 𝐷𝑎 𝑥𝑖

𝛼 𝐴𝑟2 +
2
4𝑚2 𝐷𝑎 𝑡

2𝛼 𝐷𝑎 𝑥𝑟
𝛼 / 𝐷𝑎 𝑥𝑖

𝛼 𝐴𝑟2

+
2
4𝑚2 𝐷𝑎 𝑡

2𝛼 𝐷𝑎 𝑥𝑖
𝛼 / 𝐷𝑎 𝑥𝑖

𝛼 𝐴𝑖2 +
2
4𝑚2 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑡

𝛼/ 𝐷𝑎 𝑥𝑘
𝛼 𝜙2

+
2
4𝑚2 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑥𝑓

𝛼 / 𝐷𝑎 𝑥𝑘
𝛼 𝐴𝑖2 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎤

																																	(64) 

 

 

 

					

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ 0 =

2
4

𝐷𝑎 𝑡
𝛼 - 𝐷𝑎 𝑥𝑗

𝛼 𝜙 + 2 𝐷𝑎 𝑡
𝛼𝐴𝑗 3

+
2
4𝑚2 𝐷𝑎 𝑡

𝛼 - 𝐷𝑎 𝑡
3𝛼𝐴𝑗 − 𝐷𝑎 𝑥𝑘

2𝛼 𝐷𝑎 𝑡
𝛼𝐴𝑗 + 𝐷𝑎 𝑡

2𝛼 𝐷𝑎 𝑥𝑗
𝛼 𝜙 + 𝐷𝑎 𝑥𝑘

2𝛼 𝐷𝑎 𝑥𝑗
𝛼 𝜙3

+
2
4

𝐷𝑎 𝑥𝑖
𝛼 -2 𝐷𝑎 𝑥𝑖

𝛼 𝐴𝑗 − 𝐷𝑎 𝑥𝑗
𝛼 𝐴𝑖3 +

2
4𝑚2 𝐷𝑎 𝑥𝑖

𝛼 - 𝐷𝑎 𝑡
2𝛼 𝐷𝑎 𝑥𝑖

𝛼 𝐴𝑗 − 𝐷𝑎 𝑥𝑘
2𝛼 𝐷𝑎 𝑥𝑖

𝛼 𝐴𝑗 − 𝐷𝑎 𝑡
2𝛼 𝐷𝑎 𝑥𝑗

𝛼 𝜙 + 𝐷𝑎 𝑥𝑘
2𝛼 𝐷𝑎 𝑥𝑗

𝛼 𝐴𝑖3

+
2
4𝑚2 𝐷𝑎 𝑡

2𝛼 𝐷𝑎 𝑥𝑓
𝛼 - 𝐷𝑎 𝑥𝑓

𝛼 𝐴𝑗 3 +
2
4𝑚2 𝐷𝑎 𝑡

2𝛼 𝐷𝑎 𝑥𝑟
𝛼 ; 𝐷𝑎 𝑥𝑟

𝛼 𝐴𝑗 <

+
2
4𝑚2 𝐷𝑎 𝑡

2𝛼 𝐷𝑎 𝑥𝑖
𝛼 ; 𝐷𝑎 𝑥𝑖

𝛼 𝐴𝑗 < −
2
4𝑚2 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑡

𝛼; 𝐷𝑎 𝑥𝑘
𝛼 𝐴𝑖< −

2
4𝑚2 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑥𝑓

𝛼 - 𝐷𝑎 𝑥𝑓
𝛼 𝐴𝑗 3 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

																												(65) 

 

 

 

 

 

 

 

					

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡ 𝐽0 = −)− 𝐷𝑎 𝑥𝑖

𝛼 𝜙 + 𝐷𝑎 𝑡
𝛼𝐴𝑖3

+
2
4𝑚2 𝐷𝑎 𝑥𝑖

𝛼 )− 𝐷𝑎 𝑡
2𝛼 𝐷𝑎 𝑥𝑖

𝛼 𝜙 − 𝐷𝑎 𝑥𝑘
2𝛼 𝐷𝑎 𝑥𝑖

𝛼 𝜙 + 𝐷𝑎 𝑡
3𝛼𝐴𝑖 + 𝐷𝑎 𝑥𝑘

2𝛼 𝐷𝑎 𝑡
𝛼𝐴𝑖3

+
2
4𝑚2 𝐷𝑎 𝑡

2𝛼 𝐷𝑎 𝑥𝑓
𝛼 : 𝐷𝑎 𝑡

𝛼𝐴𝑓 − 𝐷𝑎 𝑥𝑓
𝛼 𝜙; +

2
4𝑚2 𝐷𝑎 𝑡

2𝛼 𝐷𝑎 𝑥𝑟
𝛼 ) 𝐷𝑎 𝑡

𝛼𝐴𝑟 − 𝐷𝑎 𝑥𝑟
𝛼 𝜙3

+
2
4𝑚2 𝐷𝑎 𝑡

2𝛼 𝐷𝑎 𝑥𝑖
𝛼 ) 𝐷𝑎 𝑡

𝛼𝐴𝑖 − 𝐷𝑎 𝑥𝑖
𝛼 𝜙3 +

2
4𝑚2 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑥𝑓

𝛼 : 𝐷𝑎 𝑡
𝛼𝐴𝑖 − 𝐷𝑎 𝑥𝑓

𝛼 𝜙;⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎤

																					(66) 
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And using Eq.	(𝑫𝟔)	in case(2), with respect to	𝐴_,we get: 

 

This represents the second homogeneous equation in fractional form. 
 

10 Conclusion 
 

We developed the Hamiltonian formulation of continuous field systems. Our results are identical to those obtained using the 
Euler-Lagrange model. There are two kinds of conjugate momenta: field dependent and field independent. The equations of 
motion discoveries can be shown to agree with the Lagrangian formulation of continuous systems as a specific case, with 
derivatives of integer orders only. This method can be used to calculate the interaction energy between a stationary point 
charge and a conducting plate. This method can be developed in order to calculate interaction of two charged conducting 
parallel plates. 
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⎣
⎢
⎢
⎢
⎢
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⎢
⎡−𝐽𝑖 =

2
4

𝐷𝑎 𝑡
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2
4𝑚2 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑡

𝛼/ 𝐷𝑎 𝑥𝑘
𝛼 𝜙2
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4𝑚2 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑥𝑟
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𝛼 / 𝐷𝑎 𝑥𝑘
𝛼 𝐴𝑖2 ⎦

⎥
⎥
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⎥
⎥
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⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ 0 =

2
4

𝐷𝑎 𝑡
𝛼 - 𝐷𝑎 𝑥𝑗

𝛼 𝜙 + 2 𝐷𝑎 𝑡
𝛼𝐴𝑗 3

+
2
4𝑚2 𝐷𝑎 𝑡

𝛼 - 𝐷𝑎 𝑡
3𝛼𝐴𝑗 − 𝐷𝑎 𝑥𝑘

2𝛼 𝐷𝑎 𝑡
𝛼𝐴𝑗 + 𝐷𝑎 𝑡

2𝛼 𝐷𝑎 𝑥𝑗
𝛼 𝜙 + 𝐷𝑎 𝑥𝑘

2𝛼 𝐷𝑎 𝑥𝑗
𝛼 𝜙3

+
2
4

𝐷𝑎 𝑥𝑖
𝛼 -2 𝐷𝑎 𝑥𝑖

𝛼 𝐴𝑗 − 𝐷𝑎 𝑥𝑗
𝛼 𝐴𝑖3 +

2
4𝑚2 𝐷𝑎 𝑥𝑖

𝛼 - 𝐷𝑎 𝑡
2𝛼 𝐷𝑎 𝑥𝑖

𝛼 𝐴𝑗 − 𝐷𝑎 𝑥𝑘
2𝛼 𝐷𝑎 𝑥𝑖

𝛼 𝐴𝑗 − 𝐷𝑎 𝑡
2𝛼 𝐷𝑎 𝑥𝑗

𝛼 𝜙 + 𝐷𝑎 𝑥𝑘
2𝛼 𝐷𝑎 𝑥𝑗

𝛼 𝐴𝑖3
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4𝑚2 𝐷𝑎 𝑡
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𝛼 - 𝐷𝑎 𝑥𝑓

𝛼 𝐴𝑗 3 +
2
4𝑚2 𝐷𝑎 𝑡

2𝛼 𝐷𝑎 𝑥𝑟
𝛼 ; 𝐷𝑎 𝑥𝑟

𝛼 𝐴𝑗 <
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2
4𝑚2 𝐷𝑎 𝑡

2𝛼 𝐷𝑎 𝑥𝑖
𝛼 ; 𝐷𝑎 𝑥𝑖

𝛼 𝐴𝑗 < −
2
4𝑚2 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑡

𝛼; 𝐷𝑎 𝑥𝑘
𝛼 𝐴𝑖< −

2
4𝑚2 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑥𝑓

𝛼 - 𝐷𝑎 𝑥𝑓
𝛼 𝐴𝑗 3 ⎦
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Appendix A  
The Hamilton equations of motion, where all variables are independent (𝝍𝛒,𝝅𝟏 ,𝝅𝟑  )  
In this (Appendix), we obtain equations (A 1, A 2) and A 3 in terms of functional fractional derivatives. 
When comparing (36) and (36), we obtain the equations of motion in terms of the Hamiltonian as: 

	

	 

 
By analogy with Eq. (30)	for functional fractional derivative of  Lagranian in terms of derivative of Lagrangian density, we can simply 
define the functional derivative of H in terms of derivative of Hamiltonian density with respect to the general variable field φ as [24]. 

																			
¶/ 𝐻
¶/ 𝜓𝜌

= − 𝐷𝑎 𝑡
𝛼𝜋𝛼1 −	 𝐷𝑎 𝑡

3𝛼𝜋𝛼3 																																																																																																(𝐴1) 

 																					
¶/ 𝐻
¶/ 𝜋𝛼1

= 𝐷𝑎 𝑡
𝛼𝜓𝜌 																																																																																																																													(𝐴2) 

 
																			

¶/ 𝐻
¶/ 𝜋𝛼3

= 𝐷𝑎 𝑡
3𝛼𝜓𝜌 																																																																																																																													(𝐴3) 
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Using the definition given in Eq. (A 4) and simplifying, we rewrite the equations of motion (i.e. Eq. (A 1)) in terms of the Hamiltonian 
density as follows: 
  

 
Appendix B  
The Hamiltons equations of motion ( all variables are dependent (𝝍𝛒,𝝅𝟏 ,𝝅𝟑)). 
To state the equations of motion from Eq.	(37)	, let us define  and	𝜋� = 𝑔(ψ})	, 𝜋\ = 𝑓( 𝐷? Z

Bψ})		𝜋6 = 𝑘( 𝐷? Z
\Bψ}) So 

that, we can write their variations as: 

	
¶/ 𝐻
¶/ 𝜙

		=

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

𝜕ℋ
𝜕𝜙0

+
𝜕ℋ
𝜕𝜙𝑙

− 𝐷𝑎 𝑥𝑖
𝛼 𝜕ℋ
𝜕3 𝐷𝑎 𝑥𝑖

𝛼 𝜙04
− 𝐷𝑎 𝑥𝑖

𝛼 𝜕ℋ
𝜕3 𝐷𝑎 𝑥𝑖

𝛼 𝜙𝑙4
+

− 𝐷𝑎 𝑡
2𝛼 𝐷𝑎 𝑥𝑓

𝛼 𝜕ℋ

𝜕 8 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜙09

− 𝐷𝑎 𝑡
2𝛼 𝐷𝑎 𝑥𝑓

𝛼 𝜕ℋ

𝜕 8 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜙𝑙9

− 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑡

2𝛼 𝜕ℋ
𝜕3 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑡

𝛼𝜙04
− 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑡
2𝛼 𝜕ℋ
𝜕3 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑡

𝛼𝜙𝑙4

− 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜕ℋ

𝜕 8 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜙09

− 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜕ℋ

𝜕 8 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜙𝑙9

− 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑡

2𝛼 𝜕ℋ
𝜕3 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑡

𝛼𝜙04
− 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑡
2𝛼 𝜕ℋ
𝜕3 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑡

𝛼𝜙𝑙4

− 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜕ℋ

𝜕 8 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜙09

− 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜕ℋ

𝜕 8 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜙𝑙9

−

− 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑡
𝛼 𝜕ℋ
𝜕3 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑡

𝛼𝜙04
− 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑡

𝛼 𝜕ℋ
𝜕3 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑡

𝛼𝜙𝑙4

− 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜕ℋ

𝜕 8 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜙09

− 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜕ℋ

𝜕 8 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜙𝑙9⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

(𝐴4) 

 

 

 

 

 

 

 

 

 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ ¶/ 𝐻

¶/ 𝜓𝜌
=
𝜕ℋ
𝜕𝜓0

+
𝜕ℋ
𝜕𝜓𝑙

− 𝐷𝑎 𝑥𝑖
𝛼 𝜕ℋ
𝜕3 𝐷𝑎 𝑥𝑖

𝛼 𝜓04
− 𝐷𝑎 𝑥𝑖

𝛼 𝜕ℋ
𝜕3 𝐷𝑎 𝑥𝑖

𝛼 𝜓𝑙4
+

− 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜕ℋ

𝜕 7 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜓08

− 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜕ℋ

𝜕 7 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜓𝑙8

− 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑡
𝛼 𝜕ℋ
𝜕3 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑡

𝛼𝜓04
− 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑡

𝛼 𝜕ℋ
𝜕3 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑡

𝛼𝜓𝑙4

− 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜕ℋ

𝜕 7 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜓08

− 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜕ℋ

𝜕 7 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜓𝑙8

− 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑡
𝛼 𝜕ℋ
𝜕3 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑡

𝛼𝜓04
− 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑡

𝛼 𝜕ℋ
𝜕3 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑡

𝛼𝜓𝑙4

− 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜕ℋ

𝜕 7 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜓08

− 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜕ℋ

𝜕 7 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜓𝑙8

−

− 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑡
𝛼 𝜕ℋ
𝜕3 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑡

𝛼𝜓04
− 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑡

𝛼 𝜕ℋ
𝜕3 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑡

𝛼𝜓𝑙4

− 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜕ℋ

𝜕 7 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜓08

− 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜕ℋ

𝜕 7 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜓𝑙8⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

																	

= − 𝐷𝑎 𝑡
𝛼𝜋𝛼1 +	 𝐷𝑎 𝑡

2𝛼𝜋𝛼2 − 	 𝐷𝑎 𝑡
3𝛼𝜋𝛼3																																																																								(𝐴5) 
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Now, by substituting Eqs. ((𝑩�), (𝑩�), and (𝑩�) in Eq. (37) and comparing with Eq.(63), we obtain the general equations of 
the Hamiltonian density for this case: 

 

Appendix D  
The Hamilton's equation in terms(𝝓,𝑨𝒊,	𝑨𝒋)  
In this Appendix, by using  the  fields′ variables (𝝓 𝑎𝑛𝑑 𝑨𝒊 𝑎𝑛𝑑 𝑨𝒋), we can write the Hamilton's equation in terms of functional 
derivative as follows (𝑐𝑎𝑠𝑒𝑠 1 𝑎𝑛𝑑 2),We  get :  
Case 1: All variables are independent 

																																						𝛿𝜋𝛼1 =
𝜕𝑔
𝜕𝜓𝜌

δψρ																																																																																																										(𝐵1) 

 																																				𝛿𝜋𝛼2 =
𝜕𝑓

𝜕) 𝐷𝑎 𝑡
𝛼ψρ/

δ) 𝐷𝑎 𝑡
𝛼ψρ/																																																																														(𝐵2) 

 																														𝛿𝜋𝛼3 =
𝜕𝑘

𝜕) 𝐷𝑎 𝑡
3𝛼ψρ/

δ( 𝐷𝑎 𝑡
2𝛼ψρ)																																																																																	(𝑩3) 

 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ ¶/ 𝐻

¶/ 𝜓𝜌
=
𝜕ℋ
𝜕𝜓0

+
𝜕ℋ
𝜕𝜓𝑙

− 𝐷𝑎 𝑥𝑖
𝛼 𝜕ℋ
𝜕3 𝐷𝑎 𝑥𝑖

𝛼 𝜓04
− 𝐷𝑎 𝑥𝑖

𝛼 𝜕ℋ
𝜕3 𝐷𝑎 𝑥𝑖

𝛼 𝜓𝑙4
+

− 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜕ℋ

𝜕 7 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜓08

− 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜕ℋ

𝜕 7 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜓𝑙8

− 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑡
𝛼 𝜕ℋ
𝜕3 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑡

𝛼𝜓04
− 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑡

𝛼 𝜕ℋ
𝜕3 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑡

𝛼𝜓𝑙4

− 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜕ℋ

𝜕 7 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜓08

− 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜕ℋ

𝜕 7 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜓𝑙8

− 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑡
𝛼 𝜕ℋ
𝜕3 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑡

𝛼𝜓04
− 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑡

𝛼 𝜕ℋ
𝜕3 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑡

𝛼𝜓𝑙4

− 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜕ℋ

𝜕 7 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜓08

− 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜕ℋ

𝜕 7 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜓𝑙8

−

− 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑡
𝛼 𝜕ℋ
𝜕3 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑡

𝛼𝜓04
− 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑡

𝛼 𝜕ℋ
𝜕3 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑡

𝛼𝜓𝑙4

− 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜕ℋ

𝜕 7 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜓08

− 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜕ℋ

𝜕 7 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜓𝑙8⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

																			

= − 𝐷𝑎 𝑡
𝛼𝜋𝛼1 −	 𝐷𝑎 𝑡

3𝛼𝜋𝛼3 + 𝐷𝑎 𝑡
𝛼𝜓𝜌

𝜕𝑔
𝜕𝜓𝜌

																																																																					(𝑩4) 
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Case2 :		𝛑𝟏,𝟏 	𝛑𝟏,𝟐 	𝛑𝟏,𝟑  depend on 𝑫𝒂 𝒕

𝜶𝝓, 𝑫𝒂 𝒕
𝜶𝑨𝒊, 𝑫𝒂 𝒕

𝜶𝑨𝒋)  and 𝛑𝟑,𝟏 	𝛑𝟑,𝟐 		𝛑𝟑,𝟑 depend ( 𝑫𝒂 𝒕
𝟐𝜶𝝓, 𝑫𝒂 𝒕

𝟐𝜶𝑨𝒊, 𝑫𝒂 𝒕
𝟐𝜶𝑨𝒋), we get the general 

equations of the Hamiltonian density for this case: 
 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ ¶/ 𝐻

¶/ 𝜙
=
𝜕ℋ
𝜕𝜙

− 𝐷𝑎 𝑥𝑖
𝛼 𝜕ℋ
𝜕/ 𝐷𝑎 𝑥𝑖

𝛼 𝜙0

− 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜕ℋ

𝜕 3 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜙4

− 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑡
𝛼 𝜕ℋ
𝜕/ 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑡

𝛼𝜙0
−

𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜕ℋ

𝜕 3 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜙4

− 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑡
𝛼 𝜕ℋ
𝜕/ 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑡

𝛼𝜙0

− 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜕ℋ

𝜕 3 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜙4

− 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑡
𝛼 𝜕ℋ
𝜕/ 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑡

𝛼𝜙0

− 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜕ℋ

𝜕 3 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜙4 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

								

= − 𝐷𝑎 𝑡
𝛼𝜋11 − 𝐷𝑎 𝑡

3𝛼𝜋31																																																																																																								(𝑫𝟏) 
 

 

 

 

 

 

 

 
⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ ¶/ 𝐻

¶/ 𝐴𝑗
=
𝜕ℋ
𝜕𝐴𝑗

− 𝐷𝑎 𝑥𝑖
𝛼 𝜕ℋ
𝜕0 𝐷𝑎 𝑥𝑖

𝛼 𝐴𝑗 1
+

− 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜕ℋ

𝜕 5 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝐴𝑗 6

− 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑡
𝛼 𝜕ℋ
𝜕0 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑡

𝛼𝐴𝑗 1
−

𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜕ℋ

𝜕 5 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝐴𝑗 6

− 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑡
𝛼 𝜕ℋ
𝜕0 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑡

𝛼𝐴𝑗 1

− 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜕ℋ

𝜕 5 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝐴𝑗 6

− 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑡
𝛼 𝜕ℋ
𝜕0 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑡

𝛼𝐴𝑗 1

− 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜕ℋ

𝜕 5 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝐴𝑗 6 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

																											

= − 𝐷𝑎 𝑡
𝛼𝜋13 − 𝐷𝑎 𝑡

3𝛼𝜋33																																																																																																							(𝐃𝟑) 
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⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ ¶/ 𝐻

¶/ 𝜙
=
𝜕ℋ
𝜕𝜙

− 𝐷𝑎 𝑥𝑖
𝛼 𝜕ℋ
𝜕/ 𝐷𝑎 𝑥𝑖

𝛼 𝜙0
+

− 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜕ℋ

𝜕 4 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜙5

− 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑡
𝛼 𝜕ℋ
𝜕/ 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑡

𝛼𝜙0
−

𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜕ℋ

𝜕 4 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜙5

− 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑡
𝛼 𝜕ℋ
𝜕/ 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑡

𝛼𝜙0

− 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜕ℋ

𝜕 4 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜙5

− 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑡
𝛼 𝜕ℋ
𝜕/ 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑡

𝛼𝐴00

− 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜕ℋ

𝜕 4 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜙5 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

																																																							= − 𝐷𝑎 𝑡
𝛼𝜋11 − 𝐷𝑎 𝑡

3𝛼𝜋31 + 𝐷𝑎 𝑡
𝛼𝜙 @

𝜕𝑔
𝜕𝜙
	B																																																			(𝐃𝟒) 

 

 

 

 

 

 

 

 ⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ ¶/ 𝐻

¶/ 𝐴𝑖
=
𝜕ℋ
𝜕𝐴𝑖

− 𝐷𝑎 𝑥𝑖
𝛼 𝜕ℋ
𝜕/ 𝐷𝑎 𝑥𝑖

𝛼 𝐴𝑖0

− 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜕ℋ

𝜕 3 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝐴𝑖4

− 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑡
𝛼 𝜕ℋ
𝜕/ 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑡

𝛼𝐴𝑖0
−

𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜕ℋ

𝜕 3 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝐴𝑖4

− 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑡
𝛼 𝜕ℋ
𝜕/ 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑡

𝛼𝐴𝑖0

− 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜕ℋ

𝜕 3 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝐴𝑖4

− 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑡
𝛼 𝜕ℋ
𝜕/ 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑡

𝛼𝐴𝑖0

− 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜕ℋ

𝜕 3 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝐴𝑖4 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

																																																	= − 𝐷𝑎 𝑡
𝛼𝜋12 − 𝐷𝑎 𝑡

3𝛼𝜋32 + 𝐷𝑎 𝑡
𝛼𝐴𝑖 ?

𝜕𝑔
𝜕𝐴𝑖

	A																																																				(𝐃𝟓) 
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⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ ¶/ 𝐻

¶/ 𝐴𝑗
=
𝜕ℋ
𝜕𝐴𝑗

− 𝐷𝑎 𝑥𝑖
𝛼 𝜕ℋ
𝜕0 𝐷𝑎 𝑥𝑖

𝛼 𝐴𝑗 1

− 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜕ℋ

𝜕 4 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝐴𝑗 5

− 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑡
𝛼 𝜕ℋ
𝜕0 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑡

𝛼𝐴𝑗 1
−

𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜕ℋ

𝜕 4 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝐴𝑗 5

− 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑡
𝛼 𝜕ℋ
𝜕0 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑡
𝛼 𝐷𝑎 𝑡

𝛼𝐴𝑗 1

− 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜕ℋ

𝜕 4 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑡

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝐴𝑗 5

− 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑡
𝛼 𝜕ℋ
𝜕0 𝐷𝑎 𝑥𝑖

𝛼 𝐷𝑎 𝑥𝑟
𝛼 𝐷𝑎 𝑡

𝛼𝐴𝑗 1

− 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝜕ℋ

𝜕 4 𝐷𝑎 𝑥𝑖
𝛼 𝐷𝑎 𝑥𝑟

𝛼 𝐷𝑎 𝑥𝑓
𝛼 𝐴𝑗 5 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

																																							= − 𝐷𝑎 𝑡
𝛼𝜋12 − 𝐷𝑎 𝑡

3𝛼𝜋32 + 𝐷𝑎 𝑡
𝛼𝐴𝑗 @

𝜕𝑔
𝜕𝐴𝑗

	B																																																																(𝐃𝟔) 

 

 

 

 

 

 

 

 


