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Abstract: In this paper, we generalized the Hamilton formulation for continuous systems with third order derivatives and
applied it to Lee-Wick generalized electrodynamics. A combined Riemann—Liouville functional fractional derivative
operator was built, and a fractional variational principle was established under this formulation. The fractional Euler-
Lagrange equations and fractional Hamilton's equations were created using functional fractional derivatives. We found that
the Euler-Lagrange equation and the Hamiltonian equation resulted in the same outcome. We looked at one example in an
effort to explain the formalism.
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1 Introduction

Fractional derivatives, or derivatives of arbitrary orders, are expansions of classical calculus that have been effectively
applied in a variety of scientific and engineering domains. Many researchers have recently been interested in fractional
conformable integrals. Various remarkable inequalities, properties, and applications for fractional conformable integrals
appear in the literature [1-3]. Fractional derivatives have played significant roles in physics, engineering, and applied
mathematics [4-10]. Hilfer fractional integro-differential equations were proposed due to the presence of nonlocal conditions
[11]. The authors used the Monch theory and noncompactness approaches. The presence of an integral solution to the model
under consideration is guaranteed by the results of fractional calculus theory, the measure of noncompactness, and the Monch
fixed point theorem. Another work on the analytical solutions of a fractional form of the Bogoyavlensky—Konopelchenko
equation is described in [12], in which the Atangana—Baleanu-Riemann derivative was utilized to convert the conventional
form of the model into a nonlinear fractional PDE with an integer order. The main idea behind these tactics is to insert a new
variable into the equation to transform it into a linear equation with an ordinary derivative.

During the past decades, new studies of systems with higher-order fractional derivatives have been discussed [13-16], and
the path integral quantization for both conservative and non-conservative systems has been recovered. The measure of non-
compactness (MNC), fixed point theorems, and k-set contraction were utilized to solve non-autonomous fractional
differential equations with integral impulse condition [17]. An example supports the obtained results. In this study, the
treatment for systems with third-order derivatives has been presented; the researchers have generalised the Hamiltonian
formulation for continuous systems with third-order derivatives and applied this formulation to Lee-Wick generalised
electrodynamics. Kottakkaran et al. presented a novel generalization of the Struve function called the generalized Galué type
Struve functional (GTSF), which was defined and used in the kernel with integral operators like Appell's functions or Horn's
function. The Fox—Wright function was utilized to express the acquired results. It is designed to provide solutions to certain
generic families of fractional kinetic equations related with the Galué type generalization of Struve function [18] as a novel
application of the newly built generalized GTSF. Recent symposia proceedings and monographs have underscored the
application of fractional calculus in continuum mechanics, physics, electromagnetics and signal processing. Here, we specify
some of these applications.

The first, Atangana-Baleanu fractional derivative, was used to deduce formulas for velocity and temperature fields generated
directly using the Laplace transform approach. The results of the inverse of equation findings of the Nusselt number have
been obtained in tabular form using Zakian's explicit formula. According to the findings, increasing the fraction of
nanoparticle volume led in heat transfer enrichment [19]. The use of fractional derivatives in the fractional diffusion process

*Corresponding author e-mail: yazen_awaida@yahoo.com
© 2023 NSP
Natural Sciences Publishing Cor.



190 D == ¥ Y. Alawaideh et al.: Hamiltonion Analysis Formulaiton

for an electro-analog model is advantageous since it allows for simulation of heat dissipation in the circuit board.
Furthermore, the established employing current operators of fractional calculus via the governing differential equation were
used to simulate the issue. The comparison of both fractional differentiation approaches clearly disclosed the heat transfer of
the circuit board and the diffusion process with dissipation [20]. In conjunction with the Laplace transform method, applying
fractional calculus to the viscous-diffusion equation within a semi-infinite space has exhibited explicit analytical (fractional)
solutions for fluid speed and shear stress anywhere throughout the domain.

After comparing the fractional results for boundary shear-stress and fluid speed with the existing analytical results for the
first and second Stokes problems, the fractional methodology has shown to be much simpler and more powerful than existing
techniques after validation [21].The functional derivatives method has been succesfully used to solve various types of integer
and fractional equations. In addition to being used to calculate theinteraction energy between a stationary point charge and a
conducting plate, this method can alsobe developed for examining the underlying effects of fractional order derivatives on
energy ineraction physical phenomena in Lee—Wick electrodynamics.

These functions have prompted us to adopt the functional derivatives method in order toreformulate the fractional Lee—Wick
electrodynamics equation and derive equations of motion. This work aims to a generalization of the aforementioned work on
Hamilton's equation for Lee-Wick Field using functional fractional derivatives.

The remaining of this paper is organized as follows: In Section 2, the definitions of fractional derivatives are discussed
briefly. In Section 3 the fractional form of the Euler-Lagrangian equation is presented. In Section 4, the fractional form of
the Euler-Lagrangian equation in terms of functional derivative for the Lee- Wick field is constructed. In Section 5 the
fractional form of the Euler-Lagrange equation in terms of momentum density of the third order for Lee -Wick field is
investigated. After that, in Section 6, the equations of motion for Lee—Wick field in terms of Hamiltonian density in fractional
form are obtained. Then, in Section 7, we derived the Hamilton's equation in terms(q) and A; and Ai)' One example is
described in Section 8. In Section 9, we obtain the fractional Lee- Wick equations using the Euler-Lagrange equations. The
work closes with some concluding remarks.

2 Basic definitions

In this part of study, we briefly present some fundamental definitions used in this work. The left and right Riemann-
Liouville fractional derivatives are defined as follows:
The left Riemann- Liouville fractional derivative [22, 23].

1 d\" [* .
DI = ey () | @, (1)

The right Riemann- Liouville fractional derivative [22, 23].

D) = e (1) [ @m0 @

(n—a) dx
Here a is the order of the derivative such that n —1<a < n and is not equal to zero. If a is an integer, these derivatives are
defined in the usual sense ,i.c.,

d

£ = () oo, ©)

d n
DiFE) = () F© a=12. @
3 Fractional Euler-Lagrange equations for Lee-Wick
A covariant form of the action would involve a Lagrangian density L via S = [ £ d*x = [§L d*xdt, Where

Yur aDE P, (.8, 5, DY, (1, 1),

L=L B B P
oD, DL WDEW, (X, ), 1, D}« DY . Df W, (x, 1)
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and with L = [ £ d*x The corresponding covariant Euler-Lagrange equations are:
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where 1 is the field variable, eq. (5), stands for the Euler Lagrange equation, a math equation which contains both the
combined Riemann—Liouville fractional derivative with third order derivatives.,a=p=1, aD,‘j‘# =0, x#Df =

—d, and aDx, aPx, oDx, = 0,0,0 Dfdefngf =—0,0,0..Using, a= =1, we can rewrite Eq (5), which
becomes the following :

oL 5 oL oL
o, " o(0,1,) "0 (0,05 0:)

4 The fractional form of the Euler- Lagrangian equation for the Lee- Wick field in terms of
functional derivative for the Lee- Wick field

€ Xpu

—9,0,0

=0. (6)

u

Using Eq (11),we can write the variation in L using ordinary derivatives:

_6L6¢+ oL DPy, + 5 D% 1, |
P " o, DEwx, 0, 0T 9uDE, TP
ff + oL S DF DF DF Y d*x =0 (7)
0 oDE, o DY, oDEp, © T T ST
oL
+ 6x Df anf ngflle
L axnyxchl[jngflpp . E

where(u = 0,i),(cd =0,7),(e =0,f), and (p = 0,1).Now we can take the previous equation's integration over space

dt and transform it to summation, as follows:

i oL Do oL N .
61[11 T a( aDJLCzl-llbl)
_ pra_pa oL _ p pe oL
a ax a atx,
"0 (D2 oDE ) 9(aD?* oaDE Py)
D T aDE D WD, oL — oD§ JD?° oL S1)i67
a a~xy ax ax; a . .
i ! 0 ( angz aD)?r aD??flpl) 6( aD’?i athalrbl) L '
— D& D& D% oL - ,D% ,D% D& oL
ax; a ax ax; aVx, a
4 7} ( aD,?L_ aDta aDgf“pl) a( aDgi aDgr angzlpl)
— D« D& D& 0L
| ax; a’xy aFxy a(aiaraolpz) |
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In terms of Lagrangian density, we can express Eq. (8) as follows:

Z[az:]i 57, = 0

9)

Here the left-hand side in Eqgs. (12) and (13) represents the variation of L (i.e. L) which is now produced by independent
variations in 8();, 8(uDEWs),, 8(uDFo) , and 8@ 8( DEW,),, 5( D).

Suppose now that all §(1o);, 8( aDft0),, 8( aDE%Ps),

,8( oDE%ho) and 8@y, 8( aDEY,), 8(aDF%Y,), are zeros

except for a particular dyj . It is natural to define the functional derivative of the Lagrangian (0L) with respect
0 §Wo)i §(aDE*Po),,and )y, 8( DY), 8( oDF*Py), for a point in the j -th cell to the ratio of 5L to Sy;j [27].

dL i SL
—— = lim
d aDtal,[JO 67;-0 6( aDtal»bO)j 6‘L'j

dL i 6L
——— = lim ,
d aDt?)alpo 670 6( aDt3al)b0)j6rj

oL SL
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d aDgl/Jl 67;-0 6( aDgxlpl)j 6‘[]’

oL oL

)

(10)

(11)

(12)

)

—— = lim
@ aDEaIIJl 6‘[1'_)06( aDgalpl)j6Tj

(13)

The functional fractional derivative of L with respect to D&, D%y, (Df;, (D%, is defined by setting all

the 81; equal to zero except for a particular §1);.
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We can rewrite the Eq. (5) Euler-Lagrange equation in terms of the Lagrangian L in fractional form using Eqs.
((14),(15),(16),(17), and(18).

dL .. ( dL > . ( dL )
— =Dl ——— | =D | ———— | =0
R Q GDEY ? D3«

For o —, Eq. (81) reduces to the standard Euler-Lagrange equation for classical fields, which is as follows:

(14)

(15)

(16)

(17)

(18)

(19)
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ﬁi(ﬂ)ﬁ(ﬁ)_o
d ot d ot3 )

We can write the variation of Lagrangian in terms of functional derivatives and variations of ,Dfy, D3 “1,, and with
the help of Egs. (12) and (16) as:

6L f ( oL oY, + oL 6 DY, + oL oY > d3 (20)
= &, W T 0 WYy T — 0y r

, & DEP, & D3,
In many cases, we take Dy oDy, oDy, ¥, (x,t) = x#Df def stf Y, (x,t) = 0 because we define (in the Lagrangian
density and the Hamiltonian density) the time derivative in the right side as D%y, D2%, so that Ty, = oL

0

6( athall))
— oL = = =()-
and g, = —a( 02) 0. Therefore take m, =0, and 73=0;

5 Fractional Form of the Euler-Lagrange equation in terms of momentum density of the third
order for Lee -Wick field

The right side of the fractional form of momentum is written as follows [25]:

oL
Pja = 21)
6 aDy¢ wp
a _ SL
b =3 D3, (22)
Using Egs. ((19),(21),and(22)), we obtain:
oL oL
([}-a) = lim —aSTj + lim aDtZ“ [#] 6Tj
1 671208 Dy 1/Jp 67,0 8 oD lpp
oL oL
= 5t + D2 OT; (23)
b a J ¢ 3a 7
aDt wp d aDt wp
. 6L dL
(Pja) = lim — 677]‘ =75T]- (24)
3 5Tj_)06aDt I'DP @ aDtaw,D

We may get the right side form of momentum density from Egs. ((23),(24)) as follows:

(n)1=67L+aDt2a[ o ]= oL + o DF” _or (25)
8 oD, 8D, @ g, 7 | @ DEY,
6L dL
s = 5059, ~ @ 0w, @)
Taking the left fractional derivative of Egs. ((25),(26)), we get:
WDE ()= oDf [L] + D [L] 27)
® 0y, D D3y,
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aww¢:w4—ﬁi—] (28)
O DI (Wp)

Now, substituting Egs. ((27)and(28)) into Eq. (19), we get:

DL

M aDf (29)

The above equation represents the fractional form of the Euler- Lagrange equation in terms of momentum density and the
functional derivative of the Lagrangian.

6 Equations of motion for Lee—Wick field in terms of Hamiltonian density in fractional form
We start with the general definition of the Hamiltonian density # in fractional form as [26]:
H = Ty, aDL?lpp + ULE aDt3al»bp —L (30)
Hamiltonian H can also be written in terms of Hamiltonian density  in the following way:
H=};H; 1 (31
Substituting Eq. (27)into Eq. (28), one gets:
H:Zi(nal)i( aDtawp)i + (T[a3)i( aDt?)alpp)i 67:1’ - Zi Li 67:1’ (32)
In continuous form, Eq. (26) can be written as follows:
H=[|ry, ;DfY, + Moy D3, | d3r — [ Ld3r (33)

Taking the variation of H, we get:
SH = [ 8[ry, «DEY, + Mo, oDE*P,| d3r — 8L (34)
a1 a~t Fp a3z a™~t p
The above equation can be written as:

SL = [[ (oDfmy, + oD*my, )OY, + 118 (DEY, + w36 DY, | d3r (35)
Substituting Eq. (51)into Eq. (50), one gets:

f[(augnal + oDy, )Y, + DEY, 6T, + DEY,0m,,| dr (36)

By analogy with the variation in L (i.e: Eq. (20)), we can write the variation of Hamiltonian produced by variations of
independent variables in terms of functional fractional derivative as follows in cases 1 and 2.

Case 1: All variables are independent (,, 7, ,7,,).
In this case, all variables (W, , Ty, Tq,) can be shown to be independent, as follows:

SH f @H6¢+ @HS + @H(S d3 (37)
= _— T —OTT, r
o, ~ dme, | Oma,
Comparing Eq. (37)with Eq. (36),we get Hamilton’s equations of motion in a form of functional fractional derivatives
(see appendix A).
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Case 2: Ty depends on (Js,,), and 1t depends on ( . Df ,Df,).
So, if we only consider the variation for the independent variables Y, , D¢, and aDtZ“lij, we get:

dH dH , ,
8H :] — 8y, +—28( «DE,)| d7r (38)
AR @ (aDZ"Wp)
Details of the equations of motion from Eq. ( 39),are given in (Appendix B).

7 The Hamilton’s equation in terms(¢ and 4; and Aj)

In this part, and utilizing the generic formulae in (case 1 and case 2), we construct further equations of motion from the
variables in the other fields (¢ and A;and A; ), where the following two situations are considered: (see Appendix C).

8 Examples

In this section, we study two examples as applications on the formalism presented above.

The most general form of Lagrangian density for a four-vector field is given by the so-called Lee- Wick Lagrangian density
[27]:

u

Ly = 1F FHv F.d 0%F* 04 A* 39
LW__ZHV _4m2uva _25 _]y ( )

where ], is an external source, m is a parameter that has mass dimension, and & is a gauge fixing parameter , it is important
to mention that there are other covariant gauge conditions for this theory[26, 27].As discussed in many works [28-32],the
Lagrangian (39) exhibits gauge invariance and two distinct poles, in momenta space, for the corresponding propagator; a
massless one and a massive one

To rewrite the Lee- Wick Lagrangian density in Riemann — Liouville fractional form we use these relations:

|:P;w = aDg#Av - aDchz,,Au (40)
F‘uv = aD;{[,LAU — a ;:VAH
aa = aD;lM = (aDtat aD;ch-) (41)
0% = Dgu = (D, — D)
FoF* =2 D A, (DAY = ,DE A, (DAY ] (42)
Fuy 0,09F* = 2| ,DE A, DY, oDfe oDuA” = (DE A, (DE, oDia (DA | (43)
[ e (44)
Aq = (b, —A)

Whereu =0,i =1,23andv=0,j =1,23and a = 0,k = 1,2,3.
Expand p, v, o in termes of( 0,1), 0,j and (0, k) respectively, and use definition of left Riemann — Liouville fractional
derivative, the fractional electromagnetic lagrangian density formulation takes the form :
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L =

- antAj aDt3aAj - aDtaAj aDJ%]ix aDL?Aj
+ oD Ay (D (DEp + uDiA) (DI (DG —
2 | oDE¢ oDP WDEp — WDEp (DI (DEP +
, 4m?|  DE¢ (DA + oDE b DI JDEA; +
+(aDEA4) = oDEA oDEA DL D2 DEA — DA (D2 DS A; ~
oDEA) oDFY (DEA; + DEA (D2 DEA; |

[_(aDtaAj)z + aDélAj aDJ€(1'¢—|
| —(uD%8)" + oDEb WDEA; |~
|

oDEP | aDYA;
— 08 2 o Jid (45)

9 Fractional forms of Euler-Lagrange equations of Lee-Wick density

Let us begin with the definition of fractional Lee- Wick Lagrangian density and then utilize the generalization formula of
Euler — Lagrange equation (5) to derive the equations of motion from Lee- Wick Lagrangian density. Take the first field

variable ¢, then:

i oL L oL L oL ]
o Y907 oDz
D3« 9L _ p2a pa 9L
P oD T YT, DE D¢
2a a 9L a a a 9L
B P TR S K R N T T I (46)
2a a oL a a a 0L
~aDi" oDy, 3 D2 D& «Px oDi oDy 0 oDE oDff (DL ¢
— D% DY DF oL — JDF DF DI oL
| T AT 9 D (DY DG T 9, Dg (DE. (DE @]

Calculating these derivatives with respect to ¢, we get:

(o 1
d.Df¢p 2%

oL (47)
T p3ag =0
\ a.D3¢
( oL

——— = —(-_D% DEA.

aaDﬁ’i(l) ( a xl¢+a t L)

(48)

2 - atha aDZj(p - aDag;? aD::id)
4m?\ 4+ D3*A, + D% ,DfA,
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198 N SS
( L B 2 ., i
0 atha a ;fo(l) - _4m2(aDt Af - anf¢)
L 2 , .
g~ e (DA = D)

a™t a“xy
aL 2 , i}
g~ T (sDF A = D)
a™t a=x;
oL B 2 3 )
Ka aDJ(CXi aD;cxr aDJ‘fod) T 4m?2 (aDt Af o anid))

( oL —0
0 aDéz aDathr aDJ‘chqb
0L
< a a a = O
0 ani aDt anfd)
oL B
La aDylcxi aDJ?T aDsz(p

Substituting equations ((47), (48), (49), and (50)) into equation (46), we get

This represents the first non- homogeneous equation in fractional form.

Now use the general formula (5)to obtain other equations of motion from the other fields' variables A; and 4; .

2a DEA;)

1
]0 = aDg (Z_E) - aDgi(_ aD2?i¢ + aDtaAi)
2 a 2a a 2a a 3a

+m ani(_ aDf ani¢ - ank ani¢ + oD; Ai + ank a
+ D2« D“( DA, — D‘>f<;>)+i D2 ,DE ( ,DEA, — D )

4m2at Xf att 4f xf 4m2at ax, \ at “r axy

2

+ 5 oDE* DL (oDEA = (DED) + 3 oDE uDE oDE, (o DEA; — oD, $)

) oL pa_ 9L pe 9%
aAi a t a aDtaAi “ o a aD;(liAi
_ppe 05 pre ps O
a a a”x
6 aDt3aAi 4 a atha aD;czfAl
0= _ p2a pa oL — D ,DE. DE o
= att atxr 5 atha aDJlrxrAi att atxr aPxy 5 aDta aD)((Z_r aDngi
_ D2a Doc 6—L —_ Da Da Da aL
allt ax; P atha aD;cliAi ax; a™t axg 0 aDJ?i aDta anfAi
— D% Do pa 9L — ,D% D% D% or
| eTmaTE ATt g Dg GDg (DFA; T OTN g De Dg DA,

Calculating these derivatives yields:

(49)

(50)

GD

(52)
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( L

aAi - _]z
oL 2 .
\ 30 = ~3(P5®) (53)
a™t L
oL 2
—_— e a
0 ,DEA; 4(“D"1Af)
oL
—6 ED =0 (54)
a™t L
=0
a Dta aDJ(cZ aDafAi
| (55)
=0
@ .Dg aDgf D2 A,
xXf
( aL 2
=———(,D*A
0 oDZ“ DE A a2 (D5Ar)
oL 3 2 “.)
8 D2 ,DE A, A4mZ}TrCT
oL B 2 De A
< aatha aDJ?iAi B 4m2 ara (56)
oL 2 .
9 D¢, D¢ Df‘A-=_4 7 (D5 #)
oL
9 D* DI DaA Z(D 4)
\M a¥x; axy aZxplli

Substituting equations ((53), (54), (55),and (56)) in equation (52); we get:

2 —
~Ji == oDF( DL )+—aD“( DEA) + 7 DF D, (DL A4)

4a
2
> oD D“(DA)+ > oDF% DI (DEA,)
2a a a o a
+ oz aDs D(DA)+ oDE oD (DE(DE @)

2
i +Wani «DE D ( DZ A;)

Take the field variable A]-, then:

© 2023 NSP
Natural Sciences Publishing Cor.



200 DN =S E Y. Alawaideh et al.: Hamiltonion Analysis Formulaiton

oL oL oL

aA] a™t a g_DtaA] @i a aDﬁA]
X oL 5 oL
_aDtaﬁ_ aDtaa )z(x 2a
0 D" A 0 oD o DY 4
0= _ Dp2a pa ot — oDf oDy, DY —
= a™~t a~xy a atha aDgrA] a™t a~xy a xf a aDta aDgT aDng]
o pe— 05 e peope 0L
aVt  alx; P) atha aDJ‘CZiAj atx; att aVxy 0 aD;cxi aDta aD,‘szAj

oL

a a a
- ani anr aD

oL

— D¢ DE Df
| T aTE At aaD;cIl- aDJ?T aDtaAj

Calculating these derivatives yields:

{GL 0
94,
( oL 2
m = —Z(ané‘jcb + 2 an‘Aj)
2 oDP%A; — (DI DEA;
Am?\ DF DS G + (D2 DY b
3
a—L:_E(Z DZA. — DaA-)
a~="x; ax: i
0 (D A; 4 J ;
2 [ oD uDiA; — (DI DA
 4m?\ - D% D ¢ + oD} JDf A
( aL
—3 — 0
9 D34,
aL
4 o p p =0
a aDt anT anfA]
L — o
La aD)‘CZi aDta aDJ(chA]
( oL 2 )
0 oaDZ* oDg, A, T T amz? (apg4))
oL 2 .
o atha aDZ A; = T Am2 (anTAj)
oL . 2 e A
) aathaaDﬁ-Aj__4m2(“ i i)
oL _ 2 .
9 ,Dg D& ,DFA; ~ 4m? (oDg . A)
oL _ 2 e 4
ka aD)lczi anfr aD;th T 4m?2 ( aTxr j)

J

Substituting equations ((59), (60), (61) and (62)) in equation (58) we get:

10 (Dg, o DE, oD

a
XfAj_

(58)

(59)

(60)

(61)

(62)
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2 a a a
0=2 oDf (oD ¢ +2 D 4))

s oDE (aDF“A) — (DI WDEA + WDPY DED+ WDE WD)

2
+7 oD% (2 DEA; — aD;ngi) +
(60)

X7

2 D= (D2 \DEA, — D2 DEA — (DE* D + DI DE A,
x; \a”t ax;ty a“x, a ataxj(»b azxp a~x;

4m2? ¢
2 2a a a 2 2a a a
+4m2 aDt anf (anfA') + 4m2 aDt anr( anrAj)
2 2a a a 2 a a a a
+ 2 aDt ani( anl-Aj) - 2 ani anT aDt (ankAi) -
4m 4m

2 a a a a
4_77’1,2 ani an,- anf (anfA') ]

This represents the first homogeneous equation in fractional form. If & goes to 1, Eq. (58) go to the standard equations.

The conjugate momenta are defined as[23]:

( 1
7'[11 = _Z_E
7'[2 — _E( Dad))
1 4 ax;
2
ni = —2(oDf ¢ +2 DEA;)
) 4 J (61)
2 aDt3aAj - aDJ?;il aDgAj
4m? \ D% D& ¢ + (DI (DE ¢
mi=0
i =0
\73 = 0

Then, using Eq. (27), the Hamiltonian density can be written as:
_ 1] —(uDEa)” = (uD5e)’
4 +( aD;CIiAJ')Z — oDx4j oDr A
[ oD% ¢ oD (D — oDi o DZ (DED + ]
2 DL} o DPCA; + (DG DE oDFA; +
4m?) DL A; (DE* ,DELA — DSAI (D2 DEA; —
[ DA oD (DEA; + (DEA (DEY (DY A, J
L oDED_ WDEA )

2t - 2t — Jo+ JiA;

+

Using Hamiltonian equation (D) in case (1) , by taking the derivative with respect to ¢, we get:
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Jo=—(-
D;Czl(_ atha aD;czl-d)

X a

4m? ¢

+_2 atha aD;clf (aDtgAf -

oD oDE (o DFA; — D“¢>)+

+
L 4m?

aDJ?l-¢ + aDtaAi)

DZa Da

2
4m2? ¢

2a
Xp a

D{A;)
D¢ ¢)
D% 9))]

¢+ DA+ D
(63)

tha aDJ?r( aDéZAr

oDE oDE oDf, (o DEA; -

Eq. (63) is exactly the same as the equation that has been derived by (Eq. (49)) in fractional form

Using Hamlltonlan equation (D), in casel by taking the derivative with respect to 4;, we get:

oDE A

DE(WDED) + 2 uD

D{® .Df (¥ A)+

_]i 4 a

4m? ¢

to7a oD o DE( 4D A)+
a7 «PraDi

And using Eq.(D3),with respect to 4;, we get:
2 a a
0=7 oD (Db

X a

3
iz oDE (D24 =

iz D% (DF* DAy — JDE

+ D A;

Xf_]

)+

2
2
iz @D oD (

2
4m? ¢

And usmg Eq. (D) in case (2),with respect to ¢ , then we obtain :
Jo = —(—aDEp + DFA;)

Dgl(_ atha aDgi¢ DJ?

+

2
+—

4m? ¢
tha aD;cIf (aDaAf -

D% oD (DA = oDEb) + 77—

-+ 4m? ¢

DI (DEA; + (D¢
2 a a
+5 aDf (2,084 — .

DE A

2
atha aD)(cxi( aDJ‘cziAj) - m

DZ oDE oDf, (

D“¢)+42—2a

Dg, (uD54))|
A)
D& DE DI (DL D)

A)

Za
D¢

2
) 4m? @

5 oDE% oDE (oD
(64)

(D

+2 ,Df4)

D¢ WDE ¢)

D& G +

DE A;) +
WD D% A:) (65)

oD (DY P +
tha aDgr( aD’?’rA])

Ap) =

2
4m? ©
«DE oDE D (. D¢,

)

oD% A,

ag. )
Dy, $)
D5 #)]

@ D¢+ D3%A; + D,%,ff oDf
(66)

tha aD)?r( aDéIAr

oDg oDE oDE, (( DEA; -

Applying the Hamiltonian equation Eq. (Dg) in case 2, then we get
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£ .5\

_]i_Za t(a xi¢)+z

+

4m? ¢ f

+

4m? ¢

2
+ —_
And using Eq. (Dg) in case(2), with respe

2
0=Za

2
+4m2 a

4m2 a=x;

2
+ —

2
7 PP uDE

4m? ¢

aDJ(r.xi (aDJ(clej) + 4i7n,2 a

Dg o Di. oD% (uDf A:)
ct to A;,we get:

D& (oD +2 (DEA;)

J

2 a a a
+7 oD% (2034 — oDEA;) +

2
oDEA) + 7 DF D

xf 4m? ¢

D2% ,D
2
tha aDJ? (aDg‘cxiAr) + 4_7712 atha aD;(r( aDJ?{iAr)

2a a a 2 a a a a
Dt anl-( anl-Ai) + W ani anT aDt (ank¢)

X

gf( aD;CXiAJ')

Dg (aDtBQAj - aDJ?;iz aDéZAj + atha aD;cz-d)_i_ aDQ?;? aDJLcljd))

2 D¢ DZa D% A. — DZO( DA, — DZ(X D¢ DZa D% A.
a’t  alx; 4 atxy altx; 4 ataxj¢+axkale

ar( aD;CITA])

(67)

(68)

+

2
4m2 atha aDJ?i( aD;cxiAj) - m aD)‘cxi aD;cIr aDta( aDJCclkAi) -

L 4m? ¢

DE oDF oD, (aDE,4))

This represents the second homogeneous equation in fractional form.

10 Conclusion

We developed the Hamiltonian formulation of continuous field systems. Our results are identical to those obtained using the
Euler-Lagrange model. There are two kinds of conjugate momenta: field dependent and field independent. The equations of
motion discoveries can be shown to agree with the Lagrangian formulation of continuous systems as a specific case, with
derivatives of integer orders only. This method can be used to calculate the interaction energy between a stationary point
charge and a conducting plate. This method can be developed in order to calculate interaction of two charged conducting
parallel plates.
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Appendix A

The Hamilton equations of motion, where all variables are independent (,,7, ,73)

In this (Appendix), we obtain equations (A 1, A 2) and A 3 in terms of functional fractional derivatives.
When comparing (36) and (36), we obtain the equations of motion in terms of the Hamiltonian as:

OH
ﬁ = aDézT[oq - aDg)anag (Al)

2]

O H
aDéxlrbp (AZ)

O my,

dH 30

= aDt l/)p (A3)

o my,,

By analogy with Eq. (30) for functional fractional derivative of Lagranian in terms of derivative of Lagrangian density, we can simply
define the functional derivative of H in terms of derivative of Hamiltonian density with respect to the general variable field ¢ as [24].
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£ . SN\ 205

- 0F 93 . 0K pa 0 :
dpo  0br T a(DEBo) T O(uDEB)
2a a OH 2a a oH
- aDt anf o . - aDt anf « o
0 ( aDt aDt aD;?beo) 0 ( aDt aDt anZfd)l)
— D« D2a OH _ D& DZa OH
@ ae a(aDta aDar aDta¢O) @ et a( aDg aDJ?T aDta¢l)
a a a oH a a a oH
- aDt anr anf o« - aDt anr aDXf «
@ H a ( aDt aD;ch aDgf(pO) a ( aDt aDgr aDgf(pl) (A )
_ = 4
o ¢ — D& p2a O — D& p2« OH
ax; at « a a a~x; a™~t a a a
a( anL- aDt aDt ¢0) a( anl- aDt aDt ¢l)
— D« D% D« OH _ D& D& D« oH _
ax; a”t a¥xy « o atx; a”t atxy o o o
3} ( aD)?l- aDt aDXf¢0) 3} ( ani aDt an,cd)l)
— D« D& D& oH — D« D& D% OH
AT ST 9(oDg oDE. oDEPo) T T 9(WDE oD oDE 1)
a a a 0H a a a OH
- ani anr an]c - ani anr anf
| a ( aDJ(cli aD;ch anch¢o) a ( aD)(cli aD;cZT aDatczf(ﬁl)_

Using the definition given in Eq. (A 4) and simplifying, we rewrite the equations of motion (i.e. Eq. (A 1)) in terms of the Hamiltonian
density as follows:

a a
ani anT aD

@H _ 0¥ O

a
"0 (uDg oD oDE o)

Appendix B
The Hamiltons equations of motion ( all variables are dependent (,,7, ,73)).

To state the equations of motion from Eq. (37) , let us define and m; = g(P,) , 7, = f( (DfW,) T3 = k( athalIJp) So
that, we can write their variations as:

oOFH

a 2a
- aDt oy -+ aDt T, —

OH

= + — DX sy &P
D, OPo oYy 3 ( aDg o) a( aDg Y1)
a pa pa i @ nma e AT
aDt aDt anf « « - aDt aDt aDXf « «
a(aDt aDt aDJCclwa) a(aDt aDt aDJ(clf_'*pl)
— oDf D& ,DF oFt — D& pa pa oFH
@t e et 6( aDg aD;ch aDtaIIJO) @t e et a( aDg aD;ch aDtaI/)l)
o « « OH o « « OH
aDt an,- aDXf « - aDt anr anf «
9 (aDE uDE, oD o) 8 (aD& oDE oD, Y1)
— D% _DFf _DF il — D& pa pa OH
aTxeaTe ATt a( aDgi aDg aDtaI/JO) aTreaTe ATt a(aDgi aDta aDtaInbl)
@« pa pa o w e e AT
ani a Dy anf « - anl- aDs¢ aDXf . -
9 (aDg oD oDEPo) 9 (aDg, oDE oD, 1)
D& D& D« o — D« D& D& 9
T et a( aDgl- aDgr aDtal:bO) @ AT @t a( aD;cXL- aDJ?T aDtawl)
OH OH

a a
ani anr aD

3a
aDE Ty

a
0 (uDg oDE oDEA;) ]

As)
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om

om

“2 7 9( DIV,

“ = 3( DI,

o 3007 0,)

)5( «DE“P,)

(B1)

(B2)

(B3)

Now, by substituting Eqgs. ((B,), (B;), and (B;) in Eq. (37) and comparing with Eq.(63), we obtain the general equations of
the Hamiltonian density for this case:

OH 03 03 . 0% e 0
oy, o O “o(aDgYe) T 0(uDf)
oH oH
_aDta aDta aDchxf o o - aDta aDta aD;clf o o
0 ((aDf oDE oDE o) 9 ((aDf oDE oDE, Y1)
Df ,D¥ .Df i Df ,DF .Df i
ant e et a(aDLEX aDatczr aDtal)bO) ant T et a( aDta aDJ(czr aDtalnbl)
a a a 0H a a a 0H
- aDt anr anf « - aDt anr anf «
d ( aDt aDJ(cxr aDJ(cxflpO) 4] ( aDt aDJ(ch anflljl)
D% . Df ,Df il D% ,Df ,Df il
TS 9( oD oD oDfpe) T T 0 ((uDg (DF (DEYL)
oH OH
- aDJ?i aDéz aD)(cIf o - aDgi aDél aDJ(cxf o -
a ( aD,?‘i aDt aD)lcszO) 7 ( aDJ(czi aDt aD)lczflpl)
— D% D& D@ 0H — D% D& D@ 0H
AT a( aDgi aDychr aDglpbO) T a( aDJ‘cZi aDylczr aDéxlpl)
oH 0H

- aDJ‘ch- aD)?r aD)?f

— a
- _aDt Ty —

Appendix D

The Hamilton's equation in terms(¢,4;, 4;)
In this Appendix, by using the fields’ variables (¢p and A; and Aj), we can write the Hamilton's equation in terms of functional
derivative as follows (cases 1 and 2),We get :

C

ase 1: All variables are independent

0 (oS, DL uDF Po)

- aDJ‘cxi aDgr aD;fo

9 (oDE, aDE, uDE Y1)
ag

aDtg)aT[ag + aDEIl/)p W
D

(B4)
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[ OH _03t . 9K
dp 00 T o(.DEe)
_aDél aDLEl aDchx 07t - aDta aDg aDg o7t -
"9 (uDf oDF oDE ) "7 9(uDf oD, WD)
oH oH
aDLEz aDJ(clr aDaLclf - aD;ri aDLfZ aDéz . a a
0 ( aDg aD)lczr aDJ‘ch(p) a( ani aDt aDt (,‘b)
OH OH
DE oD oD T e K T Ty
a(aDQ‘CliaDt aD;cqub) a~x; a~“Xxy a t¢
oH
— D2 pa pa
aVx; aPx, a xfa( Dz D2 Da d))
L a=x; a~Xxy a x/c

— a1 3a..1
__aDtT[l_ aDt 3

(D1)

OH OH « 0 ]
oA, 04 " To(lDe4y)
oOH oH
- aDéz aDg aDgf - aDta aDgr aDta P @ a @y -
0 ( aDéz aDéz aD;clfAj) (aDt anr aDt j)
o0H 0H
aDta aD;cxr aDJ‘ch - aDJ‘ch- aDta aDta a a a
d ( aD;Z aDalczr aDngj) a( anL- aDt aDt Aj)
oH oH
- aDJ?l- aDg aDJ‘ch - aDJ(cxl- aDgr aDta « o« a
d ( aD)(cxl- aDta aDngj) a( ani anr aDt Aj)
0H
— D% D& p@«
a¥x; a¥xy a¥xy 3 D¢ pa pa A
a“x; a¥xy a¥xy i

— a3 3a..3
__aDtT[l - aDt 3

(D3)

2

Case2 : wj 5 i depend on ,Df¢p, ,DfA;, DFA;) 5 midepend (D%, ,D?%A;, D?*A;), we get the general

and né, T
equations of the Hamiltonian density for this case:
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— a1 3a
- _aDt Ty — aDt

[ OH O0H OH
— =7 D5 7=+
R 9( aDs;®)
oOH OH
- aDtg aDta aDJlle - aDg aDJ‘cZT aDta a « a -
0 (D¢ uDf oD, ) 0(uDF oD, <Df$)
0H 0H
oD oDy, oDy, — oDE (Df ,Df —
0 (uDf DL (DL $) 3(uDE Df DfD)
oH 0H
- aDJ(cli aDta aD)?,f - aD;ri aDgr aDta - - =
0 (aD, oDf oD, 0) 0( D oD, Df Ag)
OH
— D8 DY DY
_ aVx; aVx, alxy P ( ani aDg. aD,‘quﬁ)

n + an¢(§—¢9))

[ OH _0H 0K
o4, 04 “To(.DgA)
— D JDF DS, il A S A
0 (oD uDF oD, A; ) 9(uDE 4DE 4DEA;)
0H o0H
aDta aD;er aD)?f - aDJ?fi aDta aDta . a a
a ( aDéz aD)‘ch aD;cfoi) a( aDXi aDt aDt Ai)
0H 0H
- aDJ[r.li aDéz aD)(clf - aDJ[r.li aD;er aDLfl a « a
6 ( aD;gl- aDta aDa(cIfAi) a( ani anr aDt Ai)
0H
— D2 p2 p«
ax; a¥xy a¥xy
| 0 ((uD, uDE, oD A;)

ag
= —uDfmt = Dt + (DEA (55 )
L

(Dy)

(Ds)
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