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Abstract: In this article, we investigate the existence and uniqueness of the solution to a nonlinear fractional coupled system of
Langevin equations with boundary conditions. The required results are established based on fixed point theorem and fractional calculus.
Finally, an example is given to illustrate the obtained results.
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1 Introduction

Numerous physicists, mathematicians, and engineers have been interested in fractional calculus, leading to substantial
advances in the theory and applications of fractional systems. Coupled systems of fractional order differential equations
are utilized to address physical problems that integer order differential equations cannot (see [1,2,3,4,5,6]). Many
phenomena can be described by Langevin equation [7]. At present, many researchers have done excellent work on
fractional order Langevin equation (see [8,9,10,11,12,13,14,15]).

In this paper, we discuss the existence and uniqueness of the solution to nonlinear fractional coupled system of Langevin
equations in the following form:

Dyt (‘DY +7)S1(6) = £1(6.31(5),32(6)), ¢ €J:=[0,T],1 < ji <2, 1< <2 W
Dg, (‘D +12)32(6) = 2(5.31(5).32()), ¢ €T =[0.T],1 < <2, 1 <, <2

subject to the boundary conditions:
S1(0) =0, $1(T) =8S1(m). 3(T) =eS}(&) .
32(0) =0, 32(T) = &32(m), 35(T) = £35(%)

where CDéL,“Déi,CDéL,C]D)& denote the Cap_uto_fractional derivative of order ¢, ¢, j; and j, respectively, ), » :
[0,T] x R x R — R are continuous functions, /1, h, € R are the dissipative parameters and &;, & € Rand 0 < n;, & < 1

fori=1,2.

2 Preliminaries

In this part, we present the primary information’s, concepts, and lemmas needed to organize the major outcomes of our
study.
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Definition 1.(see [16, 17]). The fractional integral of order £ > O with the lower limit zero for a function F is given by

I'F(g) = FEE) /0.; © F(g))wdﬁ, c>0 (3)

provided the right-hand side is pointwise defined on [0,0), where I is the gamma function.

Definition 2.(see [17]). The Caputo derivative of order £ with the lower limit zero for a function F is given by

1 s F(9)
DF(g) = _ R o
DF(c) F(nfg)/o (gfﬁ)ﬁ»lfndﬁ I"F"(g), ¢>0,0<n—1<{<n. (4)

Lemma 1.Let ¢, 2 € C([0,T],R) then the solution of linear system (1) is equivalent to the following system:

Si(c) = piki —eilli g/ n kifti —didi\ gt
l kipi—eidi ) T'(ji+1)  \kipi—eid; ) I'(ji+2)

¢ (g—0)liti~! Q 13 Ji—1 .
T =/, N\ 0 TN Vi ) = 152
/0 Ry 00— / Gy S, i 5)
where
L Tii — Smiji Tii+1 _ 5n1;+1 Tii—1 781_51_1}'*1 Tii *Siéiji
i = F(ji+1) , €= F(Jl+2) , U — F(Jz) P [ F(Jz+1) 5
1 T it ji—1 bt ji—1 }
i = = |0 i (T— Ji
A F(&,Jrjl_) |:5‘/0 (77 )" jﬁ( )d v — / ‘13) ﬁ(ﬁ)dﬁ
h: Ni . :
_ ! ; . 9)i—lg. _ T—8)i~1g.
M [5/0 (i — 9)/1S,(9)d /0 (T—9) s,w)dﬁ}
Hi = S — [e~/§i(§~—ﬁ)ff+fi2p~(ﬁ)dﬁ—/T(T—ﬁ)3i+J’f2;0(19)5119]
' F(Ei‘i’ji* 1) ' 0 ' ' 0 l
h: & . T )
L _ 9)Ji—2Qg. _ _ 9)/i—2x.
TG =T {8/0 (& — 9)/23,(9)d /0 (T—9) 3,(19)5119}
Proof.-We know that
(c—v)""
(C]D)]l +h1)31( )—a1+b1g+/ 7)4@1( )
then
) .
DY, S (s >fal+blg+/ —)m )d® — T34 ().

Hence,

a¢h byglith) S (g—0)hti-! _ S (g—)h!
= “—————@1(3)dOd —h 3 (%)dd .
=R G h TGy AR SR i@k

(6)
Also,
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i brcliztl) S (¢ — 3)latin—1
ac” | bag Jr/ (c—9)

- G(gfﬁ)h*l
F(2+1)  T(2+2) Fg 240 e [0 4,

a(e) = o I'(j)
™)

where a;,b;, K; i = 1,2 are real constant.
From (2), we have

Klzoval_ipiﬂvi—eiﬂi — ki — diA;

= , i=1,2.
k,'p,' —e;d; ki iPi — eid;

) 3

Inserting the values of a;, b;,k;, i = 1,2 in (6) and (7), we get the solution (5).

3 Existence and Uniqueness

Let us introduce the space Z = {3(5)|3(g) € C([0,T],R)} through the norm

ISl = sup{3(g), ¢ € [0,T]}. Obviously, (Z,|| - ||) is a Banach space. Then the product space (Z x Z, ||(31,3,)]]) is also
a Banach space equipped with [|(31,32)[| = [|S1]| + [|32]]-

From Lemma 1, we define O : Z X Z — Z x Z by

U1(31,8
6(61.3006) = (a3 3 )

where
) pllu el Qj" killi; — diAii g/iJrl
0:B31,.32)(6) = (kp, ell)F(ji+l)+(kp, ell)r(ji+2)
(c— 19[+jﬁl . (¢— 19]171 ' o
+ [ R oS ). 50— 7) SH(8)dD, i—1.2.
where
L 1 , K C_9\tii—T
)’” - F(£l+fl) |:5l‘/0 (771 19) 4@1(‘9531(19))32(19))6119
T
—/0 (T )[J”’ (@(S 31( ),Sz(ﬁ))dﬁ]
hi M . T .
_ ! ; . 9)i—lg. _ T—8)i~1g.
o [51./0 (i — ) 1,(8)dd /0 (T — 9)13,(8)dd
Wi = %[s /éi(é—ﬁ)["”i*zp(s 31(8),32())dv
il F(Ei‘i’ji*l) 1.0 i (ACPESS| 32
T .
7/0 (T19)["”"zﬂ(s,Sl(ﬁ),Sz(ﬁ))dﬁ]

hi

& . T o
- m{e/o (&— )/ 23,»(19)51197/0 (T — 9)/23;(8)dd|.

For convenience, we set
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Sinfi+ji+']r€,‘+ji Sl_éfiJFji*l +Tf,‘+ji71
ci = , = , :
TG+t 0 T(li+ji)
hi(8m 4 Tt hi(&&/ " 4TI
M; = Cio;+ o T )y = gy SRS :
o r(ji+1) R rji)
1 = UpilMi+ [eif i) G+ DT + ([kil vi + || Mi) T/ T i h{T/
l |kipi — eidi| I (ji +2) r{i+ji+1)  I(i+1)
_ (piloi+leil @) (i + V)T + (k| 7 + |di| o) T/ Tt
A = - - .
lkipi — eidi|I"(ji +2) I(i+ji+1)

Let’s discuss the main theorem by introducing the necessary assumption: :
(H) ;:10,T] x R x R — R are continuous functions and 3 C; > 0 such that, V ¢ € [0, T] and u;, v;, i = 1,2 we have

|2:(G,ur,u2)) — 2:(G,v1,v2)| < Cillur —vi| + |uz —va).

Theorem 1.If (H) is valid, then, the system (1)-(2) has a unique solution provided that vi + v, < 1 where v; = IT; +
GAy, va=1hL+CiA;.

Proof.Define sup (o 11|6i(6,0,0)| = X; < co and > 0 such that
. /\INHr/\zNz7
1-Z
where & = I1; + I,.
Let B, = {(31(5),32(5)) € Zx Z: supcepom)[(S1(6),32(6))| = [[(31,3a) || < r}-

‘We show that OB, C B,.
By using (H), for (31,3,) € B, ¢ € [0,T], we have

sup |4@(g731(G)532(G))| < sup |¢@(Gasl(g)732(g))_m(gvovoﬂ+ sup |¢@(g7070)|

¢€[0.,T] ¢€[0,T] ¢€[0,T]
< G( sup [S1(g)|+ sup [3a2(5)])+ X;
c€[0,T] ¢€[0,T]

<GSl + [IB2l) + X
<Cr+X;,i=1,2

which lead to

1 ni L
H/L‘i” = 212]) m {61'/0 (T]i*ﬁ)fﬁjt 1@(&3](19),32(19))(119
T .
- mrMfﬂflm(s,sm,szw))dﬂ]
i

5 [ "oy sionao - | T(Tﬁ)fflsmcmﬂ

(i)

1 it (it i r/jli i P
< ——— |8 1:+T,+;,] Cir+ X; +7[8» -”+Tf'}
_F(fi+ji+1)[m’ < d I
< Mir+o; X,

and
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1 Si L
||I~Lii|| = ZléIJJ m |:8i/0 (‘:l’—ﬁ)fﬁj, 2@(5‘,31(19)732(19))6113
—/OT('JI‘—L‘})Z"”"Zm(s,Sl(ﬁ),Sz(ﬁ))dﬁ}

h &i . T .

_ ! . _9ViT2g. _ _ 9)i—2g.
F(ji_])[sl [ @ oysiwian— [ - vp-is o)
&/ T [Cir + Xy N rhile &l +Ti )

- i+ i) (i)

vir + T N

A

Hence

1G:(S1,32)[ = sup [Ti(31,32)(¢)]

¢€[0,T]
i T Ji e — s Jit1
— sup (Ptkn etﬂn) Q +<kl”” dzln) g.
ceom |\ kipi—eidi ) T'(ji+ 1)~ \ kipi—eidi ) I'(ji+2)
13 litji— 9)ii!
+ [T (O 6.31(9),52(8))d0 — I gi)sz'(ﬁ)dﬁl
< (|pilllﬁ||+|eilluii|) T/ (|k,~|||u,~,~||+|d,~||l,~,~||) it
- |kip; — eidi| r(ji+1) |kipi — eidi| r'(ji+2)
Téitii (']I‘ji rh;
e (G R)
e Gl s ey

< Upil(Mir+ 0iXi) + |eif (vir + TR TV
- |kip; — eidi| " (ji+1)
[lkil (vir + T X) + |di| (Mir 4 0; X;)] T
|kipi*eidi|r(ji+2)
Tti(Cir+ X))  BTUir
rii+ji+1)  I(ji+1)
< ITir+ A; Y.

Consequently,

0(81,32)| < (IL +ThL)r + Ay R + ARy < 7.

For (31,32), (31,32) € Z x Z and for any ¢ € [0, T], we get
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[01(31,32) = 61(31,32) |
<<|P1|[M1||3_131|+C101|3_232||]+|€1|[Ul|§131||+lel||§232|]> T/
I(

- |k1p1—€1d1| j1+1)
+(|kl|[vl||s§1sl||+cln|s‘zsz||1+|dl|[M1|3'l3"'*C‘°"'§232|”) G
|kip1 —erd] r'(ji+2)
LTS = Sill+ 182 =Sal] 5 TS =S
r(l+ji+1) r(i+1)

< { (1M + [er[v1) (i + DT + (Jki[og + |dy [My) T
- lkipr —e1dy [T (j1 +2)
C TH+h Ay TV _
JrF(fl-Fjl-H) JrF(J'lJrl)}|3] — =l
+a{<lp1|cn+|e1|n><jl+1>1rﬂ+<!k1|r1+|dll<fl>Tf‘*1+ e }|s'z—sz||,
lkip1 —e1dy [T (j1 +2) 't +j+1)
<IN (S = S| +C1A1 |32 — 3a. ®)

Also,

[02(31,32) = B2(31,32) |
- <|P2|[M2||3_2 =30+ C20[S1 = S]] + le2|[12]|S2 = Sof| + 1|31 — S |]> T/
< T

|k2p2 — €2d2| j2 + 1)
(|k2|[vz||3z—32||+czfz|31—31||]+|d2|[M2|32_32||+C262H31_31H]> -
+ .
|kapa — eads| I'(j2+2)
’H“32+/2C2[HS1—31||+H32—32||]_,_;lszzHSZ_SZ”
T(6+j2+1) r(jpp+1)

<

{ (P2 M + [e2]v2) (jo + 1TV + (|ka| V2 + |do | M) T/
|kopa — e2dx [T (o +2)
C, Tt2t12 T2 -
B ] (A
L+ ja+1) T'(p+1)
re {(|Pz|<72+|ezlfz)(jz+1)71“"2+(|"<2|T2+|dz|<72)71“j2+l n Th+7 }llf‘_ 3y
: |kapr — e2da|I"(jo +2) T'(bh+j2+1) et
<ID||S2 — S| + CoA2 |81 — Sy ®

From (8) and (9), we obtain

153(31,32) = B(31,32)[| < (vi+v2) (81 =S| +[1S2 = S

Since v; + v, < 1, therefore, U is a contraction operator. So, from Banach’s fixed point theorem, the operator U has a
unique fixed point, which is the unique solution of system (1), (2). This completes the proof.

4 Example

Consider the upcoming coupled system of nonlinear fractional Langevin equation

c c . — 25 2 1 .
DY (D3 +2x 10793 (g) = S B o + 45 sin®(S2(6)), s €7:=[0,1],

eplsepl. - : 2132(9) 12
DS (DS +3 % 107)32(g) = 1z sin(2731(6)) + gy a2l

(10)

© 2024 NSP
Natural Sciences Publishing Cor.



Progr. Fract. Differ. Appl. 10, No. 1, 73-80 (2024) / www.naturalspublishing.com/Journals.asp N S 79

subject to the boundary conditions

{3,(0)0, 31(1):%31(0.8), 31(1)
3,(0) =0, 3(1)=13,(0.8), 35(1)

131(0.4)

e (11)
131(0.4)
Here,€1:€2:j1:j2:1.5, 21=2X1074, ;12=3X1073, 512522%,812822%,

2 2 )
m=m=08,8=5=04, pl(gvsl(g)vsz(g)) = 10(;4?1»)’?‘2))(‘1(::\%1)‘@)\2) + % Slnz(SZ(G))

2 2
and £5(6,31(5),32(¢)) = 1&=sin(2731(¢)) + zo<g(ﬂ)lz)><‘13f\(§2‘<g>\2> . Take C; = 0.01, C = 0.02. With given data, we find
that

ki =ky =0.48312, e; = e, =0.21478, d| = d, = 0.95, P1=pP2= 0.705, oy =0, =0.21,
T =17 =0.52, A; = Ay =2.4240.10488,
M; =23x1073, M, =73x 1073, v; =5.46x 1073, vy =0.01432,
II} = 0.027836, I, =0.0542,
V) = Hl +C2A2 = 0.0299336, V) = H2 JrC[/\] =0.055248 (12)

Note that

|21(G,ur,u2)) — 1(G,vi,v2)| <0.01(|uy —vi| + uz —v2]),
|22(G,u1,u2)) — 22(G,v1,v2)| < 0.02(|uy —vi|+[uz — v2l).

and v; + vo = 0.0299336 + 0.055248 < 1. Thus all conditions of Theorem 1 are satisfied.
Hence, the system (10), (11) has a unique solution on [0, 1].
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