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Abstract: In this paper, under certain conditions, the unique solution of a mixed integral equation (MIE) with a singular kernel in
position and a continuous kernel in time, in ( 2+ 1) dimensional is discussed and obtained in the space L, ([a,b] x [¢,d]) x C[0,T], T < 1.
After using a separation technique method, and Product Nystrom Method (PNM), we have a linear algebraic system (LAS) in two-
dimensional with time coefficients. The convergence of the unique solution of the LAS is studied. In the end, and with the aid of Maple
18, many applications when a singular term of position kernel takes a logarithmic form and Carleman function are solved numerically.

Moreover, the error is computed.
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1 Introduction

Integral equations of all kinds play a prominent role in
solving many scientific problems in different sciences.
For example, in mathematical physics, many natural
phenomena have been explained by finding the spectral
relationships of some singular integral equations, in
different domains, see Abdou et al,1-3]. In
two-dimensional problems, in thermoelasticity, for an
elastic plate weakened by curvilinear holes, the problem
can be turned into a kind of singular integro differential
equations that can be solved using the integral equations
method ,see (Ismaill et al., [4], Hamza et al., Abdou et
al.,, [6]). In two- dimensional problems, in quantum
mechanics, see Rehab et al., [7, 8], and in contact and
mixed mechanics problems, see ElBorai et al., [9,10]. The
numerical methods of integral equations play an
important role in solving these kinds. More applications
for using integral equations in some different sciences can
be found in Popov[11], Rahman [12]and Alhazmi [14].
The tremendous development in the various sciences led
the researchers of integral equations to search for
analytical and numerical methods in one, two, or more
dimensions to establish different solutions. Here, we
mention some of these works. For example, Mirzaee et
al., in [15,16] used the collocation method to solve some

two-dimensional MIE, in [15] and integral
Volterra-Fredholm equations with continuous kernels in
[16], respectively. The Toeplitz matrix method was used
to discuss a solution to a nonlinear integral equation when
the singular kernel takes different forms, see Abdou et al.,
[17,18]. One of the famous methods is the orthogonal
polynomial method, in which the researcher uses special
functions and derives the required solution in the form of
the convergent algebraic system; see Mirzaee et al., [19],
Abdou et al., [20, 21]and Al-Bugami [22]. Also, the
famous numerical methods that researchers have used to
solve integral equations when the kernel is continuous,
are the Adomian decomposition method and homotopy
perturbation method, see Almousa et al., [23], Abdou et
al., [24], Elzaki et al., [25] and Berenguer et al., [26].
Moreover, besides using these numerical methods, the
researchers were interested in studying the error resulting
from the use of these methods, as well as the error
resulting from computer programs, for example, see
Hetmaniok et al., [27, 28] and Abdou et al., [29, 30].

The importance of this research is evident in
obtaining a single solution to a mixed integral equation in
the space Ly ([a,b] x [¢,d]) x C[0,T],(T < 1). It has been
assumed that the kernel of position has a singularity. The
researcher was able, under certain conditions, to prove the
existence of a unique solution. Using Product Nystrom
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Method, it is possible to obtain an algebraic system for
which a single solution has been studied. The
convergence of this algebraic system was also studied.
Using the mathematical programs Maple 18, it was
possible to obtain numerical solutions for the algebraic
system when the kernel of the position is in the form of a
logarithmic form or Carleman function.
Consider in the space Ly ([a,b] X [¢,d]) x C[0,T],(T

1), the (2+1) DMIE,

u@(x,y:t) = F(x,y:1)
(1
+QL// /g” -, y—n)®({,n;1)dldndr,

under the condition

d b
/_ / D(x,y,t)dxdy = M(t),t € [0,T] @)

where F(x,y;t) is a known function, u is constant defines the
kind of IE,A is constant, may be complex and have physical
meaning, g(f,7T) is a function of time and represents the kernel
of Volterra integral term, while k(x — {,y — 1) is the position
kernel and have two singularities and @ (x,y;?) is the unknown
function.

In general, many different methods can be used to prove the
existence of a unique solution of the integral equation with
continuous or discontinuous kernel, see Abdou et al,
[17,18,21].

2 The delayed Dalgaard and Strulik model

To discuss the existence of a unique solution of Eq. (1), in view of
Banach fixed point theorem, we write (1) in the integral operator
form

- 1 A

W (x,yt) = ;F(x,y;t) + EW¢(x,y;t), ©)

it ¢d (b
W (x,yit) = fo J¢ Jg 8(t,Dk(x =Ly —m)®
Then, assume the following conditions

(&,n;7t)dldndr.

() In Ly([a,b] X [c,d

{///Ld {/a'b/a'ka(xfu,yfv)dxdu}dydv} <c.

(C is constant ).
(ii) The kernel of time g(r,7) € C[0, 7] satisfies |g(r,7)| <M, M
is a constant. Vt € [0,T],T < 1.

1), the kernel of position satisfies

o=

(iii) The function F(x,y;t), with its partial derivatives with
respect to  x,y and t are continuous in
Ly([a,b] x [a,b]) x C[0,T],T < 1, and for constant G, its norm is

1 (e y3t) | 2y ([a,b] x[ed)) xCl0,T] =

0= t<T<l/{// (e dXdy} dt=G

(iv) The wunknown function @(x,y;r) behaves in
Ly([a,b] x [c,d]) x C[0,T], as the free function F(x,y,t) and its
norm is defined as || ®(x,y;t)|| = O

o=

Theorem 1. The MIE (1) has an existence and unique
solution, under the condition

IAIMCT < |ul. “

To prove the existence and uniqueness of the solution for the MIE
(1) the following two lemmas must be proven:

Lemma 1. In the space Ly([a,b] X [¢,d]) x C[0,T],T < 1,
and under the conditions (i) —( iv), the operator W maps the
space into itself.

Proof: In the light of (3), after using the conditions (ii) and
(iii), and then applying Holder inequality, we have

- G
HWCD(x,y,t)H <7

|1l

+mM~ max \/d/d (/b/b|k(x—u y—v)\zdxdu)dydv\
] 0<t<T " Je Je a Ja ’
1
< [{ [ [ 1@cn.agan | g
0<t<T Jo c Ja

Then, in the light of the conditions (i) and (iv), we obtain

WD (x,y,1) +0|@(x,y1)],

(0‘ = ’i‘MCT) .
(|

From inequality (5) we deduce that the operator W maps the ball
S into itself, where

I< HTGH
5)

6
(lul—[AlMCT]
Since p > 0, therefore we get o < 1. Moreover, the inequality (5)
includes the limitation of the integral operator W, where

p= (6)

W (x,y:0)ll = W@,y < oll@@y:0ll. (D

Lemma 2. Under the conditions (i), (i) and (iv), W is a
contraction in the space L ([a,b] X [a,b]) x C[0,T].
Proof: Assume {®j(x,y;t), D2(x,y;t)} € La([a,b] x
xC[0,T], then we have

[a,b])

Wy (x,y51) =W Da(x,y30)|| < 7

Tl |l
x|k(x—C,y—n) |‘I’1(C7n;f)*‘I’z(C,n;TﬂdCdTldTH-
With the aid of conditions (ii) and (iv), the above inequality

becomes

Wyl < M

|
it rd b
></O/C /a ‘(DI(C7T’;T)_¢2(C7n;7)|dcdnd’[ )

Applying Holder inequality, and then using condition (i), we
finally get

|W P (x,ys1)

Wi (x,:1) )]

— W@ (x,y51)|| < & [| Dy (x,y51) = Pa(x,y50) |-

®)

The inequality (8) leads us to decide that :the integral operator
W is continuous in the space of integration, and then W is a
contraction operator, under the condition o < 1. So, from
Banach fixed point theorem, W has a unique fixed point which is
the unique solution of equation (3).
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3 Convergence of solution

Lemma 3. Besides the conditions (i)-(iii), the infinite series
Y2 o ¥ (x,y;t) is uniformly convergent to a continuous solution
function @ (x,y;t)

Proof: We construct the sequence of functions &, (x,y;t) as

rp®y(x,y;t) = F(x,y;t)

+A// / (1, 2)k(x — Ly — 1) B (¢, )AL,
{‘I’()(X,y, ):F(X,y, )}
)
For ease of manipulation, introduce
Fo(x,y31) = Pn(x,31) = Py (x,331) (10)
m{%(%)’ﬁ) :F(X7)’§f)}7
where
Py(x,y31) = ) Wyt =12,..., (11)

i=0

Using the properties of the modulus, and then with the aid
formula (10), we have

14|
Y (x,p,1)|| <—M

fe Md/f{/f/f‘z ==t}

1=

|| max
0<<<T.

~1(8,m57)

Hence, we obtain

1% (6, 330 2, (0] ¢ ey <o) SO 1 Fa—1 (2,0

(a:’&’Mcr). (42
u

Using the conditions (i), (ii), and mathematical induction
method, we get

n A
([ (6, 20|, (fa.b] ¢ [a.2]) <o) < "M, (05 = ’ﬁ’CT) - (13)

This bound makes the sequence {%¥,(x,y;)} converges and then,
the sequence { P, (x,y;t)} converges. Hence, the infinite series

oo

Y Wix,ysr),ve € [0,T],
i=0

D(x,y;t) =

is uniformly convergent since the terms ¥ (x, y;#) are dominated
by o

dCdn} dr|.

4 Method of solution:

Assume the unknown and known functions, respectively take the
forms
D(x,y:t) = F(x,y:1)

P(x,y)A(), =fxy)AQ@). (14

Hence, the formula (1) yields,

HO(y) = f() +A0) [ [k =y —m)e (¢,matan,
(A() = 35 81, )A(R)dT:A(0) £0)
s)

Through the separation method, we were able to obtain directly,
Fredholm integral equation in two-dimensional with coefficients
time-related. With a scientific view of these coefficients, we find
that they have become a time function of a time integral operator
that can be explicitly calculated at any time points.

4.1 The numerical method for solving T-DFIE

In this section, the numerical solution of the T-DFIE of the
second kind of equation (15) will be discussed using the PNM,
see Delves [31] and Atkinson [32]. For this aim, consider the
position kernel k(x — §,y — 1) of (10) has two singularities
within the range of integration. i.e, we can often factor out the
singularity in k(x — §,y — 1) by writing

k(X—Cd’—n) :’_C(%C;yﬂ?)P(X—C?y—U)A (16)

Here, p(x—{,y—n) and k(x, ;y,n) are badly behaved and well
behaved functions, respectively. Therefore, rewrite (15) to take
the form

no(x,y) = f(x,y)
(17)
A //k (6, Eym)p(e— Gy —m)e(g,m)dLdn,

Let x = xj,x;, = § =a+ih (0 <i<J)h= ;, and
Y=y =Mn=c+al,(0<n<M),H = dﬁc. Then,
approximate the integral term in (17), for even values of J and
M, by product integration from of Simpson’s rule, in the form

d b
/ / 12<xi,c;yn,n>p<xi—c,yn—n><p(c,n>d4dn
( Y Nom+2 C2/+2 (18)
= j o /T] /C xlaCyrh )

xpxi—Cyn—n)@(§,n)dldn.

After this, approximate the nonsingular part of the integrand
over each interval [Cg j7C2_/+2]; [M2m; N2m+2] by the second
degree Lagrange interpolation polynomial which interpolates it

at the points &, 8511, 82423 Mom» M2om-+1, M2m+2, to find
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d b i (M— 2 )20~ 2 )2 i sz
[ &= =) R(G G 0(C mdCan = L g
¢ Ja n— 0 j— om 2
(G241 =€) (&2 = &) (Mams1 — M) (Mami2 — 1) (Goyiam) + (&5 —8) (&2jr2—¢) M2m—n) (M2ms2 — 1)
(277) (I7) v ) 07) o)
[ (Czj+1 ;n2m+1) + (CZj — C) (Czjﬂ(;hi)) ((22;2)_ 1) (a1 =) [ (Czj+2;7”lzm+2) } dfdn
= ZOZ uanlj xl Cp}’n nm) (Cj:nm)y
m=0 j
where §; = jh,Cj1 — & = h; My = mh' M1 — N = B and the weight functions up,,w; j are given by
n 6
00 = 4hzh,z/ J, PG Emn) (6 =) (&6 m —m) (ma—m) G
2 [Gaji2
waremnans = g | /g = 6= 1) (@7 - 0) (2712 =€) O — 1) (a2~ M) L
o 6oy
Ui2jWnom = W/r: B /C —C:Ma—1) (&2 =) (&2j—1 — &) (M2m—2— 1) (M2m—1 —1)ddn (20)
Mom+2 §2/+7
4h2h’2 /m : = &M —n) (&j41 =€) (2742 — &) Mams1 — M) (Mams2 — M) dGdn
&
uiJWnﬁM:W'/n / P =& =) (&—2—8) (&—1=8) (Mmu—2—1) (Mmu—1 —n)d&dn.
If we define the following notations
o 6
Ujom (G70) = ﬁ L PG =) (€2 =€) (B =€) (Rane =) (s )
2m g’/
wlGin) = g [ o PG Gm ) (g €) (i 6) Ot =) (o ), e
Mom sz
Wim (Gisnn) = hzh’2 /m N =& —1) (&2 =€) (&= &) (Mam—2— 1) (2w — M) dSdn,

we can rewrite (20) as the following
Vi (Ginn) = uiowno, AWt mat1 (8i3Mn) = wi2j41Wn 2m+1
Ujm (GisMn) + Vit tms1 (83 Mn) = ti2jWn2m (22)
Uy jamy2 (8 M) = i yW,m-

To rewrite the integral interval of (15) from [0,2], we assume § = &5+ ah, (0 < o < 2);
N = Mom—2+PH,(0< B <2). And then letting §; — §rj_» = (i—2j+2)k;
Mn — Nam—2 = (n—2m+2)K . Finally, consider the following integral formula

ti= [ [ @B (- an (e~ BI) daap,

(23)
(k=0,1,2;z2=i—-2j+2;g=n—2m+2).
Hence, the system (20) yields
hi' .
Ui0Wn0 =~ 2x0(z:8) —3x1(z:8) +x2(z:8)], (z=i58 =n),
Ui2jr1Wnome1 = hh' 221 (z:8) — x2(2:8)], (2 = i —2j:¢ = n—2m),
hi'
wipjWnom =~ [22(2:8) = x1(z:8) +2%0(2 = 258 = 2) 24

=3x1(z2—2:8-2)+ x2(2—2:8-2)], (z=i—-2j+2;g =n—2m+1),
!

Ui jWnM = e X2(z8) —x1(z:8)]-

®© 2022 NSP
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Now, in view of (24), rewrite (17) to obtain the following
LAS:

M J

Z Z Mn.,mWiﬁjl_( (xiaxj;ynaym) ® (xj7)7m)
m=0 j=0

= f(xi,yn), V1 €[0,T],T < 1

O (xi,yn) — A(t)

(25)

For all values of time 7 € [0,T],T < 1, the two- dimensional LAS
(25) can be written in the following matrix form

(L—AWW)H =K, (A =A())

with the solution
H=[ul —AWW] 'K, det|ul —AWW|#0, (26)
where [ is the identity matrix.

The formula (25), or its equivalent formula (26), represents
an approximate solution of the MIE (I) in (2+1) - dimensional in
the space of integration Ly ([a,b] X [c,d]) x C[0,T],T < 1.

5 The existence of a unique solution of the
LAS (25).

To prove the existence of a unique solution of (25), we write it in
the operator sum form

_ 1
E(P(Xh)’n) = E(p (xi7yl1) + 7f(xi7yl1)

E(P(xl yn = L Z Zunmwtj xtyxjvyn:ym)(p(xj:ym)
M Zoi=o0

@7

where

(D Supi;n If(xi;yn)l < 01,
&1, (Q Q1,&,— cons tants)

Then, the following lemma must hold.

Lemma 4 (without proof): If the badly kernel of equation
(16) satisfies the conditions

(3) k(xf C;y - 77) € LZ([avb] X [Cvd])vk(xf C;y - Tl) =

(2) Supy, |k (xi,%/3vm,m)| <

k (xi,xj3yn,ym) px—Ciy—m)

“4) : (=Cy—n)—k( -y -n)| —
0, (x,x') € [a,b]; (y,)') € [¢,d],

then

) SUPZ%:() Z§:0 ’un,mwi,jl_{ (xhxj;))nJm)‘ < &27 (62_
cons tan 7).

(6) l~>1hnn~1>m SuP] m mzojg ‘Mn mWi, jk (x,,xj,yn 7ym) (28)

_Mn’ﬁmwiﬁj]_( (xiaxj;ynaym) ’ —0

The first condition of (28) leads to decide that the operator
sum E@ (x;,y,) is bounded, while the second condition leads to
the continuity of E@ (x;,yn).

¥ (xi,yn) = —

% (xi,yn)| < ‘

6 Convergence of the linear algebraic system:

To discuss the convergence solution of the system (25), we state
the following:

Theorem 2. The LAS (25) for all values of time
€[0,T],T < 1, is convergent in the Banach space ¢,
Proof: We must prove that the infinite series Yo % (xi5 1)

is uniformly convergent to a continuous function ¢(x;y). For this,
we construct the following two sequence

f(xl )’n) .u(Po (XiyYn) ~
At )Z 02] 0 UnmWi, jk (xzax/’)’na)’m) Os—1 (xp)’m)
f(xz>Yn) Qs l(xu)%) B (29)
-2 (t) ZyAy/l[:O Z§:0 Mn.,mWiﬁjk (xi>xj§)7n>)’m) (] (xj7)7m) s
S (xi,yn) = 1@ (xi,¥n) -
It is convenient to introduce
W (xi,yn) = @s (X3, 0) — Ps—1 (X5, Yn) (30)

with

Using (25) in (30), we get

Or (xi,yn) = ) W (xisyn) , 0 (xisyn) = f (xisyn) -

™=

s=0

M J
L Z Z Un lej xl,xj;)’m)’m) ¥ (xi:yn)
M m=0 j=0

€29}

After using (30) and the properties of the modulus, the formula
(31) gives

At)

n Z Z ’uanzjk (xl,x] YnyYm ||.Pv 1 ( xlayn)l

m=0 j=0

(32)

Using (27-1), (28-5) and with the aid of the mathematical
induction method, the formula (32) becomes

%5 (xi, ) | <O° 01, 195 (X2, y0) | = Supy, [ (xi, 305

A1) & <1,€E =max.(€,&).

(33)

Which makes the sequence {%¥ (x;,yn)} converges under the
condition ¢ < 1 and hence, the sequence {@s(xi,yn)} is
uniformly converges. So we can write

© (Xi,Yn) = QR—so0 (Xi,yn) = ) W (Xi3yn) - (34)

s

Thus, the function @ (x;,y,) satisfies the LAS of (29).
To prove that ¢ (x;,y,) is the only unique solution, we

assume another solution ¢ (x;,yy) satisfies equation (29), hence

— | A(r
(P(xi:)’n)*(l’(xhyn) S’ ( ) Z Z ’unmwt jk (xuxj yn:ym)‘
M m=0 j=0
><Su'pi,n ¢(xi7yn)_¢(xi>Yn)

@© 2022 NSP
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Finally, we have

,(o<1). (35)

0 Civ) — 0 G| < & (i) — @ Gavovn)

Since ¢ < 1 then the inequality (35) is true only if @ (x;,y,) = @ (x;,yn) that is the solution of the system (25) is unique.

7 The equivalence between the LT-DFIE and LAS of PNM.

The equivalence between the algebraic system and the integral equation can be proved by the error equation. Or by finding the sequence
of solutions and proving that they converge to the solution of the integral equation.
The estimated error of the method used can be calculated from the equation

d rb M J B
Rin= / / k(x—Cy—me(&,mdldn — Y. Y wymwi ik (xi,xj: Y0, ym) @ (Xi,yn) (36)
c Ja m=0j=0
When Lim;;j ;e R; , — 0 and
M J B d b
Z Z un,mwiﬁjk (xiaxj;ynaym) ® (xivyn) — / / k(x_ Cay_ n)‘P(Cﬂ)dCdTT
m=0 j=0 c Ja

The approximate solution of the LAS (25) is equivalent to the exact solution of (10) in the space Ly ([a,b] X [¢,d]) x C[0,T],T < 1..
Theorem 3. If the sequence of the continuous functions {f* (x;,y,)} converges uniformly to the function f(x,y) as (i;n) — oo, then
the sequence of approximate solution {¢* (x;,y,)} convergences uniformly to the exact solution @(x,y) of equation (15)
Proof: The MIE (15) with its approximate solution gives

lo(x,y) — " (xi, yn)

< |20
u

d b
[ [ =g mllot — o Gsmllagan+ | - = s

Then, after using the conditions (i) and (iii), we get

1
16053) = " G190)1 |7 W50) = £ o) 7

Finally, we have
19(x,y) = @ (xisyn)l| = 0 Since [|f(x,y) = f * (xi,yn) | = Oas (isn) — o0
Also, the error can be determined using the following formula
M J

Ry = |o(x,y)— (¢ (x;,yn))q] - Zo Zbun,mwi,jl_c (i X Yns yim) [(P(x,)’) — (9" (xi,yn))4 (38)
m=0 j=

8 Applications and numerical results

In this section we applied PNM, to obtain the numerical solution of (15) when the kernel k(x — u,y — v) has a singular term in a
logarithmic form in (2 + 1)-dimensional.
Example 1-1. (Logarithmic kernel): Solve the integral equation:

(0.99)®(x,y51) = (0.2) 5 [1, [, §2nee? Infx = & Infy—n|D(S,n:1)dCdndT = F(x,y;1),—1 < xiy < 1
(ES. @(x,y;t) =2 (1-22)) (35)

Here PNM is used to get numerical solution for different two times 7 =0.3,7 = 0.5

®© 2022 NSP
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F =D\ 7

Table (1): The results of logarithmic kernel of examplel-1, when N =21, 4land at T = 0.3,7 = 0.5

N

L

ES
T=03.

Appr. §
T=03.

Error
T=03.

ES
T=05

ams
I=l5.

Error
T=03,

U

-L00

L0000E-2

1960E-02

L001E-

J000IE2

19353502

46T

Q60

T20E-03

6.765E-03

43299E

T2002E-03

§.39097E05

G0908E-04

200

8.0000E-04

TABEEQ

TS8R0

LO00IE-M

SATTTEM

1IBEN

.00

0.0000E-00

LO0GEE-03

LOOBIE0}

O.0001E-00

1LIM06E05

1393603

0.0

§.0000E-04

TAHER

LTSRN

LO00E-M

0.48286EM

L9G36E-04

.60

7.000E-03

G.I6T3E-03

435EH

T200E03

TT00MED3

SO0HEM

1

L0000E2

19638E-02

H0013EH

L0000E02

LMEIER

A151EH

4

-L00

JO000E02

195TEN

4 2861E-04

100M4E0

L95T13E02

4 2870E-M

Q60

T200E-03

6.7366E-03

L6309E-4

T200E-03
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Figure (2): The error values of logarithmic kernel of example 1-1 at 7 = 0.5
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Example (1-2): Solve the integral equation:
t ol 1
(it = (001) [ [ [ 0P Inix—Clinly—n|@( m:1)dgdndT = Fxyin), ~1 <xiy< 1
0 J-1J-1

(ES.®(x,y;1) = 55 (1-12)).
Table (2): The approximate solution and corresponding error of logarithmic kernel, of example 1-2at 7 =0.3,7 = 0.5.

o as [ E | OES | dms N
B s | i | ey | m7 | BREV
00| JONTEL | L9060 | 60765 D: | LOOMEA] | LOS006E01 | 60T e
60| TI0ED | 680EDS | THSED | TIGED |67 | LSRN
020 | 8.10000E-04 | 6.00678E-04 | LIOS2IE-04 | B.10003E-04 |4.24743E-04 | 37323904
2[00 | Q000000 | LTRREDS | L69RIEDS | LOOE-D) | L0606 | LAV
000 | SIOI0E0E | AO9SOOE04 | LIRMIES | RIOUMEH | LIRS | 3AS0IE M
060 | TANEDS | GAOTEAR | TTOEDE | TABED |RUED | SINIEN
100 | LIODOIE02 | [.94043E-02 | 6.97731E-04 | 2I0002E-02 [2.07163E-02 | T1G317E-M4
00| LAOIEQ2 | LOSSR0EA2 | 700501 | LINOIELD | LOOSR0E02 | TAANEM
60| T2N0ED | 6A0IED [SITENN | TB0IED |6 30150 | S0WIEN
020 | SIOOIE-0S | 6ON00SE00 | 141006508 | SI00IED | 63809350 | LIDITEM
411000 | 0.00000E+00 | 7.89419E-06 | 783419E-06 | 0.00000E+00 |7.80419E-06 | 7.81419E-06
000 | SINSEDE | GOMAEM | 120IGEAM | SIOGEL | ASIISGEM | LI0TEM
060 | TI0ED | GAALIED | SIS6VTED | T00BED |64AIED) | SITWEN
100 | LANEA | 103S60EAD | TAS0S0E | LIODCIEAD | 10156640 | TAGOOIEM

Nty

N=21 N=2

Figure (3): the error values of logarithmic kernel of example 1 —1 at T =0.3

Figure (4): The error values of logarithmic kernel example 1-1 at 7 = 0.5
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From the above our results obtained, in general we note that:
1- If A has a fixed value, the error is decreasing as well as N and time increase
2-If the value of N is fixed, the error values are increase.
3- The error has a maximum value at the ends when x = y ~ 41 and a minimum at the middle when x =0,y = 0.

9 Application 2-1 ( Carleman kernel)

Example (2-1): consider the mixed integral equation:

p®(x,yst) = A f§ 1y [ el = ¢V [y —n| TV @(8,ms1)ddndt = F(x,yit),—1 < x;y < 1

(E.S. ®(x,y;t)

)

F(1-22)

. We divided the position interval by N = 21,41 units. In the case (2-1) we assumed v = 0.35,v = 0.37; 4 = 0.039. In the case (2-2) we

considered v =0.38,v = 0.42; A = 0.022.

Case (2-1): v=10.35,y =0.37;4 =0.039,T =04
Table (3): The results for Carleman kernel, when v = 0.35,v = 0.37;A4 = 0.039,7 = 0.4

v | w LS. ) Appr. S: Error ES | ApprS Em{'
ol ow=03 | u=03 | =03 v=037 | p=03]. | v=0¥

-L00 | 7 ppgop0p | LOSISE-D | SO4SIE-DS | 20000E-02 | L00GG3E2 | G.633IE-05
060 | 7200503 | FOTIREDS | 12279E-04 | T00IE3 | T278TEA3 | TATIEAS
Q20 | gopgor.oy | S2I9E-04 | 21S4E-03 | BOOOIE-D4 | 9.86033E-04 | LSGLIE-04

U | 000 | pogoe-on | .963TED | 6963TE-03 | D.0000E+00 | 24B413E-4 | J4B4E-04
020 | goopop.gy | S2U9E-04 | 21G4E-DT | BUOOZE-4 | LIMEIER | 3M33E-04
060 | 72000m.03 | TOTTED3 | 120E-04 | T200E03 | THAITER | 441TSE4
100 | 2000050y | 19915E-00 | OOMSIEGS | 21000E-02 | 2OSMEE-01 | TMBTE-04
-L00 | 7 ppgog0p | LOBGGE-C | L34TZE4 | 2.0000E-02 | 200220202 | 22000E-03
D60 | 77p00mpy | TOMSEDY | LTRSIE-G4 | T2I00E-03 | 722301E-03 | L30NE-0S
020 | goomoE.gy | T99BE-D4 |602IDE06 | GOIOED4 | G0869E04 | LIGETE4

41| 000 |poooopego | 32M4TEDS | 323367E-05 | 0.0000E+00 | LINIISEG4 | LINIZE-04
020 |5 oooop.0y | TOIORE-04 | 60222306 | BOIOE-04 | LOSTROE0E | LATIE-04
060 | 72000E.03 | TO2U3E03 | L7SS0SE-04 |  T2001E-03 | 738603E-03 | 38604E-04
100 | 20000207 | 19866E-00 | L34T13E-04 | 20000E-02 | 203003E-02 | 1.0030E-04

Nt

Figure (5): The error values whenv = 0.35,

A =0.039,T =0.4.
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Figure (6): The error values when v =0.37;4 = 0.039,7 = 0.4

Example (2-2): considter fhe {nixgd iznge%ral equation:
uP(x,y;t) =4 fo [y Joy ST =G [y —n [
xP(&,n;1)dédndt = F(x,y;1),—1 <xy <1
(ES. ®(x,y;t) = 2 (1-12))

Case (2-2) v=0.38,v=0.42;A =0.022,T =0.4 :

Table (3): The results for Carleman kernel, when
v=0.38,v=0.42;1 =0.022,T = 0.4

N | Exactsol | Apprgl | EmT Exactsol. | Appr sol Er.
5P p=038 | w=038 | w=038. v=042 | v=042. | v=042.
10 | 2o0E | 1GSVEQD | LOBGEN | 2000IEQD | 20MEM | 2016EN

060 | 10 | OTHEDS | 1I6G6E0H | T2IIEDS | TAGED3 | 138IEM
00 | so0E0d | SHGRER | L6WGED | SOWIE® | 1I6KED | 368EM
QLONE | LIGED | LTOTEGH | D0000E-D0 | JA00EDT | 4404EM
020 | somE0s | SAGHEEM | TGIIED | SOIOEDE | LIWED | 5360
T80 | Ja0ie0s | OHED | TXGELT | ARG | TASWED | G4IGEM
10 | 200ED | IBVER | LOWGEGI | Z000EDL | 21BEDD | SHIEW
0 | 20000 | 9EDE | 16WED) | TO0GEDD | 1 HEGL | LGWEN
T e e R I I
020 | soouE0s | SOTED | 19SEEDG | SOOMEDM | 1IBIED | JBIEM
LOUNE0 | SRRGED | SASEEDS | ODONCEDO | 3BEDN | AAEM
0 [ sooiges | VOVED | TOEDS | SOMIEM | 1IED | ASOGEQE
T80 | 7300E03 | GOOUEDS | DORGUEOH | TAGOIELR | TAIREDR | GIOENE
00 | 2000ED | LOSHEQD | 16WSEDE | Z000IEAD | LIGBEAD | TISEM

N=41

Figure (7): The error values when v =0.38, 4 = 0.022,T7 = 0.4

N=4

Figure (8): The error values when v =0.42; 4 = 0.022,7 = 0.4

From the above our results obtained, in general, we note that:

1- In the theory of elasticity, the relation between p,v, A are
given by A = % where v is called Poisson ratio, and A, u are
called Lame constants 2- If the values of A and v are fixed, the
error values are decrease as well as N increase for the two
different materials
(vi =0.42,v, =0.38),(v; =0.37,v, =0.35), 3- As x and y are
increasing in [—1, 1], the error has a maximum at the two ends
x =y~ =+1 and minimum at the middle when x,y = 0.

4-If the values of N are fixed, the error values increase with
the increasing of v and A, for each materials

10 Conclusions

1- The importance of the mixed integral equation (1) appears in
different sciences, whether in basic sciences or in plant diseases,
which treat cracks in bodies of all kinds in two dimensions. Its
importance becomes clear if these cracks are linked to time.

2- By studying numerical methods for solving singular integral
equations, it can be concluded that the PNM is one of the best
methods for dealing numerically. As the singular part in the
kernel turns into an integral system in one period [0, 2], and
during this period all the integrals can be calculated in a simple
and easy way.

3- In general, as the time increases the error is also increases.

4- The maximum error at the ends of the points, while the
minimum error at the origin.
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