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Abstract: The main aim of this work is to provide a categorical framework for fuzzy soft topological spaces FST. We define some of
their subcategories such as Top, STop, 6;-FST, x-FST, and a-FST. In general, we initiate some functors between them and discuss
some results and relations of fuzzy soft maps. The relationships between FST and their subcategories are studied, for instance, we
show that Top, STop are bireflective full subcategories of FST and a-FSTis a bicoreflective full subcategory of FST. Moreover, we

demonstrate that Top, 8;-FST, and x-FST are isomorphic.
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1 Introduction and preliminaries

It is known that there are some mathematical tools for
dealing with uncertainties such as fuzzy sets (F-sets),
introduced by Zadeh [1], soft setss (S-sets) introduced by
Molodtsov [2], and fuzzy softs (FS-sets), developed by
Maji et al.[3]. To expand the grade spaces of membership
and nonmembership functions, the concepts of SR-fuzzy
sets [4] and (3,2)-fuzzy sets [6] were defined and
discussed. In 1986, Chang [7] studied topological ideas
and notions via fuzzy settings. At this year, Ameen et al.
[8] explored the space of infra-fuzzy topology as a new
generalization of fuzzy topology.

In 2011, Shabir-Naz [9] applied soft sets to define the
concept of soft topology. They discussed the notions of
soft interior and closure operators and soft separation
axioms. Then, many authors redefined the classical
topological concepts via soft topological structure like
[10,11,12,13,14]. Al-shami successfully applied some
theoretical soft topological concepts to to information
science [15] and decision-making problems [16].

Recently, Al-shami [17] has extended this concept to
infra-soft topologies. He has investigated the main
topological notions via the structure of infra-soft topology
such as compactness and fixed point theorem [18],

Homeomorphism and quotient mappings [19], and
separation axioms [20,21,5]. Tanay et al. [22] presented
the concepts of topological structures with respect to
FS-sets and gave some of their properties. Also, Roy and
Samanta [23] gave the definition of FS-topology over the
initial universe set. Then FS-sets have been studied and
applied in different fields in recent time, e.g. [24,25,26,
27,28,29,30].

This paper organized as follows, after the introductory
section, we give some basic definitions which are needed
throughout this paper. In section 2, we give some results
and properties. The relations between the continuity in
fuzzy soft topologies (FSTs) and some induced soft
topologies (STs) are studied. In section 3, in order to
provide a categorical framework for fuzzy soft
topological spaces FST, we define some subcategories of
FST, and construct some functors between them. The
relationship between FST and some of their
subcategories are studied, for instance, we illustrate that
Top, STop are bireflective full subcategories of FST and
o-FST are a bicoreflective full subcategory of FST.
Moreover, we elucidate that the categories Top, 8;-FST,
and y-FST are isomorphic.
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Through this manuscript, X is an universe set, E is the
set of parameters for X, P(X) is the power set of X and IX
is the set of all F-subsets of X, where I = [0,1]. For
background of category theory we refer to [31].

A category is a quadruple ¥ = (d,hom,id,o)
consisting of:
1. A class d, whose members are called € -objects
2. For each pair (A,B) of ¢ -objects, a set hom(A,B),
whose members are called %’ -morphisms from A to B,
3. For each %-object A, a morphism idA : A — A, called
the ©-identity on A
4. A composition law associating with each &-morphism
f A — B and each %-morphism g : B — C an
¢-morphism go f : A — C, called the composite of f and
g, subject to the following conditions:
(a) composition is associative
(b) %-identities act as identities
composition
(c) the sets hom(A, B) are pairwise disjoint.

with respect to

For A C X. The characteristic function x4 of A is a
function x4 : X — {0,1} given by xa(x) =1 if x € A and
xa(x) =0if x & A [32].

A Fuzzy set(F-set) A of X is a set characterized by the
membership function A : X — I and A can be written as
A={(x,A(x)) : x € X,A(x) € I'}. The support of A € I is
the crisp set S(A) = {x € X : A(x) > 0}. For A,B € I and
A; € I"ji € J we have S(AN B) = S(A) N S(B),
S(UjejAj) = U[e]S(Aj), S(Q) = Q,S(l) = X, and
S(xa) = A. For the basic operations on F-sets see [1].

Definition 1.(/34,2]) A soft set (S-set) Fg = (F,E) on X
is a mapping F : E — P(X) where, the value F(e) is a
subset of X for all e € E. Thus a S-set Fg on X can be
represented by the set of ordered pairs
Fr ={(e,F(e)) : e € E,F(e) € P(X)}. The family of all
S-sets on X is denoted by SS(X ,E).

The ST-space ([35,33]) (X,T*,E) where X is an
universe set, E is a fixed set of parameters, and T* is the
collection of soft sets on X which are closed under
arbitrary union, finite intersection, and O, Xg € t*. The
members of T are called soft open sets in X and denoted
by SO(X) and S-set Fg on X is said to be soft closed in X
iff F§ € ©%, denoted by SC(X).

Definition 2.(/36,37]) A fuzzy soft set (FS-set)
fe = (f,E) on X is a mapping f : E — IX, where the
value f(e) is a F-set for all e € E. Thus fg can be written
as the set of ordered pairs
fe ={(e,fle)) :e € E, f(e) € IX}. FSS(X,E) refer to
the family of all FS-sets on X.

Let X be a universe set, E is a fixed set of parameters,
and 0 is the family of FS-sets on X which are closed under
arbitrary union, finite intersection, and O, 1g belong to
0. In this case (X,8,FE) is called a FST-space [26,23].

Definition 3.(/39]) Let SS(X,E) and SS(Y,K) are two
families of all S-sets on X,Y respectively and let

f:X =Y, u:E — K are two maps, then the map
Qur : SS(X,E) — SS(Y,K) is said to be a soft map
(S-map) for which:

1) If Ug € SS(X,E) then the image ¢,¢(Ug) of Ugis the S-
setonY given by @, r(Ug)(k) = U{f(U(e)):ecu ' (k)} if
“U(k) # 0 and @,¢(Ug) (k) = O otherwise for all k € K.
2) If Vk € SS(Y,K) then the preimage of Vg denoted by
(p;f] (Vi) is the S-set on X given by (p;f] (e) =1 (V(u(e))
forall e € E. The S-map @,y is called one-one, if f and u

are one-one and @,y is called onto, if f and u are onto.

Definition 4.(/38]) Let FSS(X,E) and FSS(Y,K) are two
Sfamilies of all FS-sets on X,Y respectively and let
f:X — Yu:E — K are two maps, then the map
Qur : FSS(X,E) — FSS(Y,K) is called a fuzzy soft map
(FS-map )for which:

1) If hg € FSS(X,E) then the image @yf of his the FS-set
onY given by @us(he)(k) = sup{f(h(e)) :e € u™' (k)} if
u= (k) # 0 and @, (he) (k) = Oy otherwise for all k € K.

2) If gk € FSS(Y,K) then the preimage (ﬁ;fl (gk) of gk is
the FS-set on X defined by (ﬁ;fl (e) = f~(g(u(e))) for all

e € E. The FS-map @y is called one-one, if f and u are
one-one and @y is called onto, if f and u are onto.

For more details about the properties of image and
preimage of S-sets see [39].

Theorem 1.(/38]) Let
hie € FSS(X,E),gix € FSS(Y,K) Vi € J, then for a
FS-map @5 : FSS(X,E) — FSS(Y,K), we have:

1) if hig E hyg, then (Puf(hlE)

2)if g1x € g2k, then @, (1) E

3) @up(Uicshie) = Uics Qus (hir),
4) @ur(Mieshie) T r'iej@f(hils),
5) @uft (Uicsgix) = Uies @,/ (gik),
6) (ﬁ,;f] (I_IIGngK) = rlze]‘ﬁ,;fl (gzK),
7) (puf '(1x) = 1 and ¢, (0x) = O,

8) @uy(0x) = O.

Definition 5.(/38]) Let

(puf FSS(X,8,E) — FSS(Y,n,K) be a FS-map, then
Quy is said to be:

Pur(ME),
0ot (82),

1) fuzzy soft continuous (FSC) lf(ﬁ;fl (gx) €0 Vg €N,
2) fuzzy soft open (FS-open)if 9,¢(hg) € N Vhg € 5,
3) fuzzy soft closed (FS-closed)if @, (hg) € nN° Vhg € 8°.

Definition 6.(/29]) Let A C X and Fg € SS(X,E), then:
i) A soft characteristic function Y of A is a FS-set defined

by xa = {(e,xa(e)) : xa(e) = xa Ve € E}.

ii) A soft characteristic function X, of Fg is a FS-set
defined by X, = {(e; Xrz(e)) : Xrz(€) = Xr(e) Ve € E}.
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Theorem 2.(/29]) (1) For any topological space (X,7),
the collection 6; = {}a : A € T} defines a FS-topology on
X generated by t. In this case (X,6:,E) call a g-FST
space.

(2) Every FST-space (X,0,E) defines a topology on X in
the form ©5 = {A C X : Yo € T} which is generated by 8.

Theorem 3.(/29]) (1) For a STS (X,t*,E), the collection
6pr = {Xr, : FE € '} defines a FS-topology on X
generated by T*.

(2) For a FSTS (X,8,E) the collection Ty = {Fg : X, €
T} defines a S-topology on X which is generated by 0.

2 Some properties and relations

In the next, we give some results, properties, and the
relations between the continuity in FSTs and that of some
induced STs are studied.

Definition 7.Let o € 1. The FS-constant set 0 on X is a
FS-set given by the form ag = {(e,0r(e)) : ag(e) =
ale) Ve € E,a(e)(x) = a Vx € X} where oe) is the
constant fuzzy set.

A FSTS (X,8,E) is said to be fully stratified iff o for all
ael

Definition 8.Let fr € FSS(X,E), then the soft support

S(f) of fe is a S-set given by S(fz) = {(e.S(f)(e)) :

S(fe)(e) = S(f(e)) Ve € E, f(e) € IX} where
S(f(e)) is the support of f(e) given by
S(f(e)) ={xeX: f(e)(x) > 0}.

Lemma 1.Ler fr and g € FSS(X,E) and
{fir :i€J} CFSS(X,E), we have:

i) S(1g) = Xg and S(0) = O,

ii) fe C gg == S(fg) C S(gk),

iii) (UiesS(fir) = S(Uies (fir),
iv) S(f£)NS(gr) = S(fe Mgk)-

Proof. It fellows directly from the above Definition.

By using the above lemma, one can check the
following Proposition that show how construct FST from
ST and vice versa.

Proposition 1.(i) For a STS (X, t*,E), the collection:

O = {fe : S(fe) € t*} defines a FST on X which is
generated by T*.
(ii)Ffor ~ a  FSTS (X,0,E) the  collection

75 = {S(fe) : fe € 6} defines a ST on X which is
generated by 6.

Lemma 2.Let f :X — Y andu: E — K are two maps, @y
FSS(X.E) — FSS(Y,K) be a FS-map, @,s : SS(X,E) —
SS(Y,K) be a S-map, and B C Y,Gg € SS(Y,K), then:
D () = X1y
), (Xs) = Xy 1(8):
P S N~ I
3) @iy (Kox) = X(Puy (GK)),
4) ¢,/ (S(gk)) = (9,7 (¢x))-

Proof. It is obvious.

Theorem 4.(1) Let ¢y5 : (X,0,E) — (Y,n,K) be a
FSC-map, then f : (X,t5) — (Y, Ty) is a continuous map.

(2) Let f: (X,7) — (Y, 0) be a continuous map, then @y :
(X,0:,E) — (Y,05,K) is a FSC- map.

Proof. For the case (1). Let ¢, : (X,0,E) — (Y,n,K) be
a FSC-map and let B € Ty, then x5 € 1. By hypothesis and
from (2) of the above lemma @}' (x8) = )qu (5> then by
(2) of Theorem (2) f~!(B) € 5. The result holds.

The proof of the case (2) is obtained from the Lemma (2)
and Theorem (2).

Theorem 5.(1) Let ¢,¢ : (X,8,E) — (Y,n,K) be a
FSC-map, then @,f : (X, 75 ,E) — (Y,0%,K) is a SC-map.

(2) Let ¢u5 : (X,7°,E) — (Y,0",K) be a SC-map, then
Quf : (X,04,E) = (Y,Na,K) is a FSC-map.

Proof. Follows from (3) of Lemma (2) and Theorem (3).

Theorem 6.(1) Let ¢y5 : (X,0,E) — (Y,n,K) be a
FSC-map, then @5 : (X, 75,E) — (Y, 73,K) is a SC-map.
(2) Let ¢uf : (X,7°,E) — (Y,0",K) be a SC-map, then
Qur : (X,60+,E) — (Y,06+,K) is a FSC-map.

Proof. Follows from (4) of Lemma(2) and Proposition(1).

3 One Category of FST-spaces

We know that the FSTSs and FSC-maps between them
forms category, denoted by FST, the topological spaces
with continuous maps between them forms category,
denoted by Top, and the STSs with SC-maps between
them forms category denoted by STop.

In the next theorem, for the categories Top and FST,
we define the following two functors.

Theorem 7.For the categories Top and FST, we define:

i) F:FST — Top as follows V(X,0,E) € FST,
F(X,8,E) = (X,F(0)) and F(Quf) = f V.5, where
F(0)=15={ACX:xa €}

ii) D : Top — FST as follows

V(X,z) € Top ,D(X,t) = (X,D(1),E) and
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D(f) = Quf vf, where
D(t) = 6; ={)xa € FSS(X,E) : A € t}. Then F and D
are functors.

Proof. The proof of case i)follows from(2) of Theorem (2)
and (1) of Theorem (4) and in similar the proof of the case
ii) follows from (1) of Theorem (2) and (2) of Theorem
4).

Definition 9.For the category FST, we define two
subcategories as follows:

1) 0; — FST:full subcategory of FST whose objects are
all  FSTSs in the form (X Ot,E)  where
0: = {Xxa € FSS(X,E) : A € 1},(X,7) € Top and whose
morphisms are all FSC-maps.

2) ¥ — FST:full subcategory of FST whose objects are all
FSTSs in the  form (X, 2s.E) where
As = {Xa € 6 : A C X} for any (X,8,E) € FST and
whose morphisms are all FSC-maps.

Theorem 8.Let the restriction F* : 6; — FST — Top of the
functor F : FST — Top, then the functor D : Top — FST is
a left adjoint to the functor F.

Proof. By using universal property, for any (X,7) € Top
and a continuous map Iy : (X,7) — FD(X,1) = (X, 7).
To show that Iy is an F-universal map. Consider the
restriction F* : 6; — FST — Top of D to 6; — FST and a
continuous map f : (X,r) — F*(Y,0..K) =
(Y,F*(8;.)) V(Y,8;.,K) € 6; — FST. Now we need only
to check that @,y : D(X,7) = (X,D(7),E) — (¥,6}.,K) is

a FSC-map. So let 3 € 8. = B € 7° = F*(8}.). Since
f(X, ) — F*(Y, 5;‘*, ) (Y,F*(8})) is continuous,
then f~!(B) € T = X1y = fY(xs) € 8: = D(7).
Therefore Ix is an F-universal map for (X,7) in Top. So
the result holds.

Theorem 9.The categories Top and O; — FST are
isomorphic.
Proof. First, let us define P : Top — 6; — FST as follows:

P(X,7) = (X,6,E) and P(f) = @ur V(X, T) € Top with a
continuous map f. Consider the restriction
F*: 6; — FST — Top of the functor D, then P,F* are
functors and so, the result follows from the fact that
F'P(X,t) = (X,r) for any (X,7) € Top and
PF*(X,6.E)=(X,0,E) forany (X,0,E) € 8. — FST.

Theorem 10.7he categories Top and ) — FST are
isomorphic.

Proof. The proof is similar of that in the above theorem.

Now from Theorem (9) and Theorem (10) we get the
following result.

Corollary 1.The categories Top, ¥ — FST and &; — FST
are isomorphic.

Theorem 11.The category ¥ — FST is a bireflective full
subcategory of the category FST.

Proof. It is clear that ¥ — FST is a full subcategory of
FST.Let (X,8,E) € FST andlet 8* = {a € 6 :AC X},
then we can verify that (X,6* E) € ¥ — FST and
Ix : (X,0,E) = (X,0%,E) is a FSC-map. Now to show
that Ix is a bireflection of (X,8,E) in } — FST. Consider
(Y,)n,K) € x — FST and a  FSC-map
Or: (X,8,E) — (Y,n,K). We need only to check that
Oru (X, 6 E) — (Y¥,n,K) is a FSC-map. So let iix € 7.
Since (Y K) € y — FST, then hg = xp , also
s : (X,0,E) — (Y,n,K) is a FSC-map, then
~_1
XB

@*f' (hg) = Do (XB) = Xs-1(5) € 6 and 50, -1 (5) € 6™
Therefore ¢z, : (X,0,E

) (Y,n,K) is a FSC-map.
Hence the result holds.

From the above theorem and Corollary (1) we get the next
result.

Corollary 2.The categories Top and 6; — FST are
bireflective full subcategories of the category FST.

Definition 10.For any (X,0,E) € FST and any FSC-map
@pu  such that G(X,8,E) = (X,G(6),E) and
G(¢s,) = @y, where G(8) is a FST on X generated by
the subbase & U{ag : o € I}. We define the full
subcategory & — FST of FST whose objects are all FSTSs
in the form (X,G(8),E) with morphisms are all
FSC-maps.

From the above definition, one can show the following
theorem.

Theorem 12.For the categories 0 — FST and FST, we
have:

1) G : FST — o — FST is functor,

2)R:a—FST — FST is an inclusion functor.

Theorem 13.The category a — FST is a bicoreflective full
subcategory of the category FST.

Proof. Clearly o — FST is a full subcategory of FST. Let
(X,8,E) € FST and 6* = G(8) which is defined as in
Definition (10), then we can verify that
(X,6*E)e a—FST and Iy : (X,0*,E) — (X,6,E) is a
bicoreflection of (X,5,E) with respect to & — FST.
Hence o — FST is a bicoreflective in FST.

In the following, we study the relationship between the
categories FST and S7op, for this reason we define the
following functors.

Theorem 14.For the categories STop and FST, we

define:

(1) Fy : FST — STop as follows. For any (X,8,E) in
FST, FI(X,8,E) = (X,F\(5),E) and
Fi(or) = ouf Vs in FST where,

Fi(6) = Th = {Fz € SS(X,E): iFE € o},
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(2) Dy : STop — FST as follows,

forany (X,8,E) € STop,D,(X,8,E) = (X,D(0),E) and
Di(@us) = @pu Vpuy in STop where, D\(t) = 8o = {XF; €
FSS(X,E): Fg € t}. Then F| and D are functors.

Proof. The proof for the cases (1), (2) follows from the
Theorems (3) and Theorem (5).

In similar, by using Proposition (1) and Theorem (6) one
can show the following theorem.

Theorem 15.For the categories STop and FST, we
define:

(1) Fy : FST — STop as follows,

forany (X,0,E) € STop,F»(X,8,E) = (X,F»(8),E) and
Fr(Qur) = Qur V@ur in FST  where

Fy(8) =08 ={S(fr) € SS(X,E): fp € 6},

(2) Dy : STop — FST as follows,
forany (X,1,E) € STop,D»(X,7,E) = (X,D>(7),E) and
D> (@uf) = Qus V@u5 in STop, where Dy(1) = 87 = {fr €

FSS(X,E):S(fe) € t}. Then F5 and D, are functors.

Definition 11.For the category FST we define the
subcategories as:

(1) 8p — FST:full subcategory of FST whose objects are
all  FSTSs in the form (X,04,E) where,
6r = {Xr, € FSS(X,E) : Fg € t},(X,7,E) € STop and
whose morphisms are all FSC-maps.

(2) [8] — FST:full subcategory of FST whose objects are
all  FSTSs in the form (X,[8],E) where,
[6] = {XF, € 0 : Fc € SS(X,E)}, for any (X,8,E) € FST
and whose morphisms are all FSC-maps.

(3) 85 — FST:full subcategory of FST whose objects are
all  FSTSs in the form (X,85,E) where

o; = {fr € FSS(X,E) : §(fE) € 1}, for any
(X,7,E) € STop and whose morphisms are all

FSC-maps.

Theorem 16.Let the restriction F : 4 — FST — STop of
the functor

F | : FST — STop, then the functor

D, : STop — FST is a left adjoint to the functor F.

Proof. The proof is analogous to that of the Theorem (8).

Theorem 17.The categories STop and 05 — FST are
isomorphic.

Proof. The proof follows from the fact that, for any
(X,t,E) € STop,FiD\(X,7,E) = (X,7,E) and
D\F{(X,0,E) = (X,6,E) for any (X,8,E) € 64 — FST,
where F} : 64 — FST — STop is the restriction of the
functor F.

Finally, the applications of the above results can be
found in different directions, where the calculations

contain uncertainties and nonclassical treatments
[40]-[47]. A number of theories have been proposed for
dealing with uncertainties in an efficient way like theory
of fuzzy sets, theory of intuitionistic fuzzy sets, theory of
vague sets, theory of interval mathematics, and theory of
rough sets [8].

4 Conclusion

In this work, we have presented a categorical framework
for fuzzy soft topological spaces FST and defined some
of their subcategories such as Top, STop,
6; — FST,y — FST, and a — FST. Also, we have
constructed some functors between them and revealed
some results and relations of FS-maps. Moreover, the
relationships between FST and their subcategories have
been studied.

As a future work, we extend this work to some
generalizations of fuzzy soft topological spaces FST such
as supra fuzzy soft and infra fuzzy soft structures.
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