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Abstract: Consider a W—Caputo fractional stochastic differential equation of order 0 < v < 1 given by
y ' .
oot =y [ B0 >0

Assume a non-negative and bounded function @(x,0) = ¢g(x), x € B(0,r¥) C R?, C@g'qj is a generalized ¥—Caputo fractional
derivative operator, ¥ : B(0,7V) — R is Lipschitz continuous, 7 (y,?) a space-time white noise and ¥ > 0 the noise level. Under some
precise conditions, we present the existence and uniqueness of solution to the class of equation and give upper moment growth bound
and the long-term behaviour of the mild solution for the parameter v such that % < v < 1. The result shows that the second moment of
the solution to the W—Caputo-type fractional stochastic differential equation exhibits an exponential growth in time at most

c5exp (cm/ﬁ ‘I’(t)), V¢ > 0; and at a rate of % as the noise level grows large.

Keywords: Asymptotic behaviour, ¥W—fractional calculus, moment growth bound, Y¥-fractional Integral solution, ¥—Caputo
fractional derivative, stochastic Volterra type equation.

1 Introduction, motivation and preliminaries

The ¥W—fractional calculus is a generalized class of fractional operators, given by fractional integration and differentiation
in regard to other function. In general, fractional calculus over the years is increasingly acceptable and crucial because of
its use in modeling the anomalous diffusion characteristics of real-world processes. Systems with long-time memory and
long-range interactivity are known to be most represented by the fractional calculus.

Various generalized fractional integrals and derivatives have been extensively studied. A new and recent direction of
research is the study of the existing different generalized fractional integrals and derivatives about other function. Kilbas
et al. in [1] have studied the notion of Riemann—Liouville (R-L) fractional calculus as regards some other function ¥. See
the following articles [2-8] and also [9-12] and their references for more on ¥-fractional calculus.

Motivated by the R—L fractional calculus in relation to some other function ¥, Almeida in [13] studied ¥—Caputo
derivative with reference to ¥. Caputo fractional derivatives with regard to other function have been applied in solving
boundary value problems, see [14, 15]. Now, we study a class of ¥Y—Caputo fractional stochastic differential equation of
order0 < v <1

R =y [ HOUON 0<1 <on
’ (0

¢(x,0) = @o(x), x € B(0,1"),

with v (y,7) a space-time white noise, ¥ > 0 a noise level, ¥ : B(0,7") — R Lipschitz continuous, and C@g’w the Caputo-
type fractional differential operator of order 0 < v < 1.
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For all we know, the above model does not exist in literature and we therefore seek to make sense of its solution. Next,
we give a mild solution to (1) in L?(P) sense:

Definition 11  The function {@(x,t),x € B(0,1"),0 <t < T} is said to be a mild solution of (1) if almost surely,

o(x.1) = @)+ ¢ —®(5))" " (5)0(@(y,5)) W (y,5)dyds

B(0,V)

= ql / e (E O F O (5)2 (005wl ).

If in addition, {@(x,t),x € B(0,1"),0 <t < T} satisfies

sup  sup  E|o(x,1)[? <eo,
1€[0,T]xeB(0,1V)

then {@(x,t),x € B(0,1V),0 <t < T} is a random field solution to (1).
The following proposition motivated our problem:

Proposition 1( [16]). Let 0 < v < 1, and consider the generalized fractional differential equation

Coy" f(t) = Bf (1) +h(t), 1 >0
£(0) =2,

with C@g’w a Caputo-type fractional differential operator, B a n X n constant matrix and h(t) a n-dimensional continuous
function. Then the solution is identical to the Volterra equation

1

f(t):kﬁLm

/Ot(‘P(t) —P(s) I (s) [Bf(s)+h(s)]ds, 0 <1 < eo.

Definition 12 ([11,17])  Given that (a,b)(—e < a < b < o) and a > 0. Suppose V(t) is increasing and positive
monotone on (a,b], with a continuous derivative ¥'(t) on (a,b). The left- and right-sided W-R-L fractional integrals of a
Sfunction g with regard to some other function ¥ on [a,b] are

180 = gy [ @0 - P e

15 / () g(x)dx.

Alternative definition is as follows:

Definition 13 ([13]) Ifa >0, I = [a,b], h: I — R an integrable function and ¥' € C'(I) an increasing function such
that ¥'(x) # 0Vx € L. Then, fractional integrals and fractional derivatives of a function h about other function ¥ are

1% h(x) == ﬁ / ) (W) - P hn)r,

and

o, .7 1 d\" n—o, ¥ . 1 1 d
) = (g 35) 100 = gy (w

where n = [o] + 1.

) / ) (P () - 0) hr,

Remark.  For ¥ (r) =t, then Ia ¥ = = I% is the usual R-L integral and for ¥(¢) = In¢, then I:fp becomes the Hadamard
fractional integral operator.
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Definition 14 ([13])  Suppose & > 0, n € N and —oo < a < b < o be an interval. Let ¢,V € C"(I) be two functions
such that ¥ is increasing and V' (x) # 0V x € I. The left ¥— Caputo fractional derivative of g of order o is

T o0 = (s 4 ) 000

and the right ¥ — Caputo fractional derivative of g of order « is

C@g—’lp (x) == [ZjOCH’ ( - 'P'](x) %) ¢ (x),

where n=[a]+ 1 fora ¢ N, n = o for oo € N.

Remark. In [3], given B € R with B > n, the ¥—~Caputo fractional derivative of the power function ¢ (x) = (¥(x) —
w(a)) s

C oY - F(ﬁ) . B-oa—1
7, 9(x) = TR (P(x) —¥(a)) :
Theorem 1([13]).  If ¢ € C'[a,b] and o > 0, then 2% 1% ¢ (x) = ¢ (x) and C2* 1" ¢ (x) = 9 (x).

a

Lemma 1([13]). LetA €R, o0 >0, and ¢(x) = E¢(Y(W(x) — ¥ (a))%*) and ¢(x) = Eq(Y(¥(b) — W (x))%), with Eq a
Mittag—Leffler function. It follows that

7% o (x) =79 ()
and

€28 o(x) = yo(x).

This is the outline of the paper. Section 2 contains the main results and their proofs. In section 3, a brief summary of the
result is given.

2 Main results

Assume a global Lipschitz continuity on ¢ as follows:

Condition 21  Suppose 0 < Lipy < oo. Then assume
|9 (x) = ¥ ()| < Lipgjx —y|, ¥x, y € B(0,1") C R?,
and let ¥(0) = 0 for convenience. The constant Lipy satisfies some linear growth condition

[9(2)]

Lipy := sup —— <o
2€B(0,1Y) |2|

Condition 22 We assume V' to be exponentially bounded: For some positive numbers M, ¢, we have ¥ (1) < Me“.

Now, we give L?(P) norm of the solution as follows:

@35, := sup sup e P¥OE[Q(x1)]*, T < oo,

0<1<T xeB(0.4")
and the result follows
Theorem 2. Let ¢3 < m for 0 < Lipy < oo. Suppose Condition 21 and Condition 22 hold, then there exists a
unique solution to equation (1), with c3 := % %, V> %

We will give the proof of the above result by Banach’s fixed point theorem. For 0 < v < 1, define the operator

Aot =m0+ s [0 -8 08wl ds),

and the solution of (1) is obtained as a fixed point of the operator .<7.
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Lemma 2.  Let ¢ be a random solution such that ||@||, g\, < . Suppose Condition 21 and Condition 22 hold. Then for
¢, ¢3 > 0 we have ) , )
1 I3 5.y < c2+ e3P Lingloll3 ..
M aT?eT I(2v—1) 1

where ¢ :=c; sup e P¥O) ¢y:= V> .
Ogth FZ(V) Bval 2

Proof.  Using It6 isometry and suppose that |(,00(x)|2 < ¢y, one gets

E|/ ¢(x,)|* = |go(x) rz / / om' =W (5))% 2 (W (5)) B9 (9 (y,5)) 2dyds

72 pz? / /Olv (»20{72(IP/(S))ZE|(P()7,S)|2dyds

2L
<o+l “’1’ P [0) sup Bl POF() — ()2 (5)ds
)EBOIV

Since P is assumed to be exponentially bounded, that is, ¥(s) < Me®, s > 0 and ¥'(s) < M e, M| = Mc, then

t
El/o(x,0) <ci+ VF (pl)’M w2e [ sup Elp(s)P(P() — W)W (s)ds.
0 yeB(0,1V)

Now, multiply both sides by e P¥() to obtain

POE|S p(x 1) < 17 PFO

ZL' 2 1
4 71/—‘2 1P%s M, n.t2vect/ e*ﬁ(‘l’(t)f'f’(s))(q/(t) 7 W(S))Zafhp/(s) sup efﬁ?’(s)E|(P(y,s)|2ds
(v) 0 YEB(0,tV)

2Li 4
= PYO ¢ er(pg’M w013 5. / e PEFO=FO) (1) — W (5))>* 2/ (s)ds.

Next, we take supremum(s) over t € [0,7], T < e, and x € B(0,") to obtain

||rQ{(PH§7[3V <cr+ 72 (pl)?M 7'[T2v CT”(szﬁ V sup / )*'P(S))(III(I) _ qj(s))2a72q,/(s)ds
,),2 pﬁMl ETZVECTH(sz /‘mefﬁr,L.vaZdT
") 2 |

where the last line follows by substitution. For < v < 1 and the gamma function I,

rev-1)
v

1319

||"Q{(p||2ﬁv<62+’yz r2(v)

MaT? e gl .,

Following similar steps, we have

Lemma 3.  Let ¢ and ¢ are random solutions satisfying || @[> g v+ ||2,8,v < oo. Suppose Condition (21) and Condition
22 hold. Then for a positive number c3, we have

|79 — 9|35, <c3¥Lipllo— 055,

Proof(Proof of Theorem 2). =~ We now apply Lemma 2 and Lemma 3. Using Banach fixed point theorem, one obtains
¢o(x,t) = &/ @(x,t) and by Lemma 2,

10135y =17 0l35, <c2+ec37°Lipg @3 4.,

It follows that |

2 2
0] 1 C3y2L1p < = ||@lapy <o =3 < - .
|| Hz,[i,v[ 19} || H ﬁ,V ('}/I lpﬁ)z
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On the other hand, using Lemma 3, one gets

lo—0l55, =0 —F9|55, <c3rLipgllo—9l35.,-

Thus, || — ¢||%,ﬁ,v [1—c37’Lip5] <0 and [|@ — @|lrp., < O for c3 < m. Therefore, using Banach contraction
principle, existence and uniqueness of solution follows.

2.1 Second moment bound

In order to prove the growth moment bound, we first state the following generalized Gronwall’s inequality

Theorem 3( [9]).  Suppose @ and ¢ are two integrable functions and h a continuous function with domain |a,b). Let
¥ € Cla,b] be an increasing function with W' (t) # 0 for all t € |a,b]. Given that

1. @ and ¢ are nonnegative,
2. his nonnegative and nondecreasing.

If
0(t) < 0(0)+h1) [ ¥(2)(¥(0) ~¥(0) " u(w)d.
then

1 k
(P(t) < ¢(t)+/ Z W;—?(FT(]CO;)]W/(T)[W(t)‘P(T)]O‘kldT_
4 k=1

Corollary 1([9]).  Following the assumptions of Theorem 3, suppose ¢ is a nondecreasing function on [a,b]. Then
o(t) < O(t)Ea (h()I () [¥ (1) = P(a)]"), V1 € [a,b],
oo £

ithEg(t) =) ———,
with Eq (1) k;)r(akﬂ)

Re (a) > 0, a Mittag—Leffler function.
Now, the result:
Theorem 4.  Given that Condition 21 and Condition 22 hold. For all t > 0 and v > % one obtains

2
sup Elo(x,1)|* <csexp (cey™ Ty (1)),
xeB(0,1Y)

for some positive constants cs and ce.

Proof.  Since |@p(x)|* < ¢; and ¥ is exponentially bounded, it follows from Lemma 2 that

27 1.2 t
sup Elo(un)? < e+ LBy ar2v e [0~ w2 () sup Elo(.s)Pds,
xeB(0.4") I2(v) 0 VeB(0.Y)

Let fy(r) = sup E[@(x,r)| to get
xeB(0,1Y)

o) crtea? [ (0 PO 6 A0S = e+ ear? [ (0 —P6)PDPR ()ds
Thus, by applying Corollary 1 for v > %, we obtain
fr(t) <ciExy_y (C472F(2v —1)(P(r) - ‘I’(O))z"') <ci1Eyy_1 (0472F(2v — 1)(*1/(;))2“) .
Next, using a known inequality, that for 0 < v < 1, b > 0, ¢ > 0, one obtains

1
Ey(b(y(1)) < C"" V0, C > 0.
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Thus, for all % < v <1, wehave

o) < r.cexp (e (r2v - 1)) )

and therefore

sup E|p(x.)> < csexp <ceyzv21 sv(t)),
x€B(0,tY)

1
where ¢s = ¢;.C and ¢ = (C4F(2v _ 1)) VT

Moreso, we give an immediate consequence of the above Theorem 4. The result states the rate at which the moment of
the solution grows with regards to the noise parameter y:

Corollary 2.  Let v > } and conditions of Theorem 4 hold. For x € B(0,t") and some t > 0,

loglogE 02 2
Jim sup 102102 lo(x,1)] < .
y—soo logy 2v—1

3 Conclusion

The long term behaviour of solution to a ¥—Caputo time-fractional stochastic differential equation with respect to a noise
level ¥ was studied. We proved the existence and uniqueness of solution under some linearity condition on ¥ using Banach
fixed point theorem, and also estimated an upper second moment bound of the solution. It was observed that the second
moment of the mild solution exhibits an exponential growth rate in time as a function of V.
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