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Abstract: In this work, the study will continue of odd neighbor in Dc domination in graphs. The bounded of this number in general is

determined. Also, the bound of this number in the graph which have at least three vertices of degree the order of the graph mines two is

calculated. Moreover, compute this number for complement of tree is discussed. Finally, When is this number equal to one? in a graph

and complement of a graph are been presented.

Keywords: odd neighbor in Dc dominating set, odd neighbor in Dc domination number, minimum dominating set, maximum degree,
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1 Introduction

The graph G = (V,E) in this work is a finite, undirected,
and simple. Most graph theory terminology that uses in
this paper can be found in[2]. Specially, the size (m) and
order (n) of G. The number of edges which are incidence
with a vertex (v) is called the degree of that vertex and
denoted by deg(v). The minimum and maximum degree
of a vertex is denoted by δ (G) and ∆(G). The degree of a
vertex v, deg(v), is the number of vertices adjacent to v. A
vertex of degree one is called a pendent (lea f ) . For a
subset S ⊆ V , we define by S the subgraph induced by S.
The open neighborhood and the closed neighborhood of v

are denoted by N(v) and N[v] = N(v) ∪ v respectively.
The complement of a graph G is the graph with vertex set
V and two vertices are adjacent in G if and only if they
are not adjacent in G. For another graph theoretic
terminology, we refer to Haynes et.al [2,3].
The domination in graphs has interest of researchers in
recent times. It has taken a wide range of practical
applications in most sciences. In mathematics in
particular, it has become overlapped with most of its
fields, as in general graph [4,5,6,7,8,9,10,11],
topological graph[12,13,14], fuzzy graph[15,16,17],
labeled graph[18,19],and topological indices [20,21,22,
23,24,25,26,27,28,29]. A set D of vertices in a graph G

is a dominating set if every vertex in V −D has a neighbor
in D. The minimum cardinality of all dominating set is
called the domination number and denoted by γ(G).

Haynes, Hedetmiemi, and Slater[2] introduced the
subject of domination and its variations. Omran and
Aljanaby [30], introduced a new definition domination as
the following: A dominating set D of graph G is called an
odd neighbor in Dc dominating set of G if
|N(v)∩ (V −D)|= 0 or odd ∀v ∈ D, then D is called odd
neighbor in Dc dominating (brie f lyMODcS). The value
of number of minimum cardinality of all DS is called the
domination neighbor in Dc (briefly MODcS), and denoted
by γodc(G) [1]. In this paper, many new bounded of this
number are been determined, especially when the graph G

has at least three vertices have the degree (n − 2).
Moreover, many properties of this number are been
calculated. Finally, the number of the complement of a
graph, especially a tree graph is been discussed.

Proposition 1[30] Consider Pn be a path graph with n

vertices, so γodc(Pn) = ⌈ n
2
⌉.

Proposition 2 1.If Cn is cycle graph, then,

γodc(Cn)=

{

n+1
2
, if i f n ≡ 1,2,3 mod 4;

n
2
, i f n ≡ 0 mod 4 .

Proposition 3 1.If Kn is cycle graph, then,

γodc(Kn)=

{

1, if i f n is even;

2, i f n is odd .

Proposition 4 1.If Cn is cycle graph, then,

γodc(Cn)=

{

3, if i f n = 3,5;

2, otherwise .
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2 Main results

Theorem 5.Let G be a graph with n vertices and maximum

degree ∆ :

1.If ∆ is odd, then ⌈ n
∆+1

⌉ ≤ γodc ≤ n−∆

2.∆ is even, then ⌈ n
∆ ⌉ ≤ γodc ≤ n−∆ + 1

Proof.Let D be a γodc-set.
Case1: If ∆ is odd, then to proof the lower bound since
every vertex can dominate at most itself and ∆(G) other
vertices such that each vertex in D is adjacent to odd
number of vertices in V −D. Hence, γodc ≥ ⌈ n

∆+1
⌉.

Now, to proof the upper bound. Let u be vertex that has
maximum degree ∆(G).Then the vertex u dominates N[u]
vertices. Suppose the other vertices in V − N[u] are
dominate themselves only such that achieve the definition
of ODcS. Then the set V − N(u) is odd neighbor in Dc

dominating set since ∆ is odd. Since |V | = n and
|N(u)| = ∆ , then |D| = |V − N(u)| = n − ∆ . So
γodc ≤ n−∆ .
Case2. If ∆ is even by the same way in case1 every vertex
can dominate at most itself and ∆(G) − 1, then
γodc ≥ ⌈ n

∆ ⌉
To proof upper bound by the same hypothesis in case1u
dominates N[u]−w vertices for any vertex w ∈ N[u]. So
|D| = |V − (N(u) − w| = n − ∆ + 1. Hence
γodc ≤ n−∆ + 1 .

Theorem 6.Consider G be a graph of order n and ∀v ∈
V (G), deg(v) = even ≥ 2 , then γodc(G)≥ n

∆

Proof.Proof: Let D is γodc-set of G and ∀v ∈ V (G),
deg(v) = even Then by definition every vertex of D must
adjacent to at least some odd number (say m) such that
m ≤. Since all vertices in V is even, then every vertex in
D must adjacent to 2k + 1 vertices in V − D such that
k = 1,2, . . . , n

2−1
. That is, N(D) = V (G). Since every

vertex v ∈ D has at most ∆ neighbors. Then
∆γodc ≥ |V | = n . So, by dividing this inequality by ∆ we
get γodc(G)≥ n

∆ .

Corollary 7Let G be a graph of order n and

∀v ∈V (G),deg(v) = even ≥ 2
If ∆ ≤ n

k
for some positive integer k, then γodc(G)≥ k.

Proof.By Theorem, γodc(G)≥ n
∆ .

If ∆ ≤ n
k
, then substitution yields γodc(G)≥ k.

Theorem 8.For any connected graph of order n has at

least three vertices of degree n− 2, then γodd(G)≤ 4.

Proof.Suppose that G has three vertices say
V (H) = vi, i = 1,2,3 have degree n − 2 such that H is
subgraph of G. If one of them vertices independent to
others, then this vertex has n − 3 degree but that
contradiction, so every vertex in H is adjacent to at least
one vertex of them. So, an induced subgraph of H is
connected subgraph and it is path of order three. In case
the vertex that not adjacent to

vi ∈ V (H)∀ilieinV (G)−V (H) then an induced subgraph
of H is complete of order three, so H ≡ K3 or P3. Then
there are two cases depending on whether the order is
even or odd.
Case If n is odd, then there are two subcases.
Subcase If v1,v2,v3 ≡ K3, then we distinguish three cases
as follows.
1) If these three vertices are not adjacent to the same
vertex (say u) then two cases are distinguished as follows.
I) If u has odd or zero degree, then D = u,v1 is MODc S,
so γodc(G) = 2.
II) If u has even degree, then two cases are distinguished
as follows.
A. If N(u) has a vertex of odd degree say u1, then
D = u1,v1,v2 is MODcS, so γodc(G) = 3.
B. If all vertices belong to the set N(u) have even degree,
then D = u,u2,v1,v2, where u2 ∈ N(u). One can be
concluded that the set D is MODcS, so γodc(G) = 4.
2) If two vertices say v1,and v2 are not adjacent to the
same vertex say u1 and the vertex v3 is not adjacent to the
vertex u2, where u1 and u2 are different, then four cases
are distinguished as follows.
A) If the vertex u1 has odd degree and the vertex u2 has
even degree, then the set D = u1,v2 is minimum ODcS, so
γodc(G) = 2.
B) If the vertex u1 has even degree and the vertex u2 has
odd degree, then the set D = u2,v3 is MODcS, so
γodc(G) = 2.
C) If two vertices u1 and u2 have odd degree, then and set
D in case A or B is obtained the result.
D) If two vertices u1 and u2 have even degree,
D = v1,v2,v3 is minimal ODc S. So, γodc(G) = 3.
3) If The vertex v1 is not adjacent to the vertex say u1 and
the vertex v2 is not adjacent to the vertex say u2 and the
vertex v3 is not adjacent to the vertex say u3 where the
vertices u1,u2,and u3 are different, then there are cases as
follows.
A. If at least one vertex from the set S = u1,u2,u3 has odd
degree sayu1, then the set D = u1,v1 is MODcS, so
γodc(G) = 2.
B. If all vertices in the set S have even degree, then two
cases are distinguished as follows.
B1. If there is two vertices of the set S are adjacent say
u1,u2, the if N(u1) ∩ N(u2) = V (G), then the set
D = u1,u2 is MODcS, so γodc(G) = 2.
B2. If there is no two vertices of the set S are adjacent,
then the set D = v1,v2,v3 is MODcS, so γodc(G) = 3.
Subcase2. If v1,v2,v3 ≡ P3, then the vertices v1 and v3are
not adjacent. Then the set D = v1,v3 is MODc S. So,
γodc(G) = 2.
Case 2. If n is even, then if G has at least one vertex v of
degree n − 1, then D = v and γodd(G) = 1. Otherwise,
there are two subcases:
subcase1. If v1,v2,v3 ≡ K3 , then we distinguish three
cases as follows.
1) If these three vertices are not adjacent to the same
vertex (say u) then there are two cases as follows.
I) If u has odd, then there are two cases as follows.
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A) If ≡ v ∈ N(u) such that v has even degree, then
D = v,v1 is minimal ODcS.
B) If all vertices in N(u) has odd degree, then
D = u,v1,v2 is the MODcS, so γodc(G) = 3.
II) If u has even degree, then there are three cases as
follows.
A. If N(u) has a vertex of even degree say u1, then
D = u1,v1 is MODcS, so γodc(G) = 2.
B. If all vertices belong to the set N(u) have odd degree,
then let D = u,u2,v1, where u2 ∈ N(u) . One can be
concluded that the set D is MODcS, so γodc(G) = 3.
2) If two vertices say v1,and v2 are not adjacent to the
same vertex say u1 and the vertex v3 is not adjacent to the
vertex u2, where u1 and u2 are different, then there are
two cases as follows.
A. If the vertex u1 has even degree, then the set D = u1,v3

is a MODcS, so γodc(G) = 2.
B. If the vertex u2 has even degree, then the set D = u2,v1

is a MODcS, so γodc(G) = 2.
C. If the vertex u1 and u2 have odd degree, then the set
D = u1,v1,v2 is a MODcS, so γodc(G) = 3.
3) If The vertex v1 is not adjacent to the vertex say u1 and
the vertex v2 is not adjacent to the vertex say u2 and the
vertex v3is not adjacent to the vertex say u3 where the
vertices u1,u2,and u3 are different, then the set D = v1,v2

is MODcS, so γodc(G) = 2.
Subcase2. If v1,v2,v3 ≡ P3 , by hypothesis v1 are v3

pendent vertices of P3. Then D = v1,v2 is MODcS. So,
γodc(G) = 2. From all cases above, the result is obtained.

Corollary 9For any graph of order n has at least three

vertices of degree n− k − 2 and k isolated vertices, then

γodd(G)≤ 4+ k.

Proof.Suppose that G has at least three vertices of order
n − k − 2 and k isolated vertices, then G has k + 1
component such that k isolated vertices and subgraph H
of order m = n− k. Then γodd(G−H) = k.
It is clear H has at least three vertices of order m− 2 and
by theorem9 γodd(H)≤ 4. So, γodd(G)≤ 4+ k .

Corollary 10 1.For any tree graph T of order n and l ≥ 3

such that l is the number of pendent and s is the number

of support vertices in T ,

γodc(T)=

{

3, if i f nis even ands = 1; or see below F

2, i f n is even and s¿1 or n is odd ands=1 or see H .

F = or n is odd and s > 1 and all support vertices in

T have even degree in T

H = or n is odd and s > 1 and there is a support vertex in

T has odd degree in T

Proof.Suppose that v1,v2, . . . ,vl the set of pendent
vertices and u1,u2, . . . ,us is set of support vertices. It is
clear that deg(vi) = n− 2.
If l ≤ 3, then T is path and proof this case by proposition
1
If l ≥ 3 , there are two cases as follows
Case1. If n is even, since deg(vi) is even fori = 1, . . . ,l ,
then there are two cases:

I) If all pendant adjacent to one support vertex say u that
mean G is isomorphic to star graph, then D = v1,v2,u is
minimum odd neighbor in Dc dominating set. Thus,
γodc(T ) = 3.
II) If the pendant vertices are adjacent to more than one
support vertex, then the set D = v1,v2 where the vertices
v1,v2 are adjacent to different two support vertices is
minimum odd neighbor in Dc dominating set. Thus,
γodc(T ) = 2.
Case2. If n is odd, then there are two cases:
I) If all pendant adjacent to one support vertex say u that
mean G is isomorphic to star graph, then D = v1,u is
minimum odd neighbor in Dc dominating set. Thus,

γodc(
T

) = 2.
II) If the pendant vertices are adjacent to more than one
support vertex, then there are two cases:
A) If there is a support vertex say w1 has odd degree, then
D = vi,w1, wherevi is a pendant vertex that adjacent to w1

in the graph T is minimum odd neighbor inDc dominating
set in the graph T . Thus, γodc(T ) = 2.
B) If all support vertices have even degree, then the set
D = v1,v2,v3 is minimum odd neighbor inDc dominating
set in the graph T . Thus, γodc(T ) = 3.
Then, we get the result.

Fig. 1: ODcS of Tree graph has six pendent vertices and his

complement.(a) .

Proposition 11Let G be any graph of order n, then

γodc(G) = 1 if and only if n is even and ∆ = n− 1.
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Fig. 2: ODcS of Tree graph has six pendent vertices and his

complement.(b)

Proof.If γodc(G) = 1, then G has an odd neighbor in Dc

dominating set say D contains one vertex say v such that
it dominates all other vertices in V (G), then degree of this
vertex isn− 1 , and since ∆(G) ≤ n− 1 , so ∆ = n− 1.
Since D is odd neighbor in Dc dominating set, then
deg(v) = n−1 is odd, then n is even
. Conversely, let n is even and ∆ = n− 1 , then the vertex
has degree ∆ dominates all other vertices in V (G) and
since has degree odd since n is even. So γodd(G) = 1.

Proposition 12. Let G be any graph of order n, then

γodc(G) = 1 if and only if n is even and G has at least one

isolated vertex.

Proof.Let γodc(G) = 1 and G has one isolated vertex, then
there is a vertex has degree n−1 in G and this vertex is an
isolated in G.
If n is odd, then n− 1 is even and the dominating set has
one vertex but this set is not ODcS. So, n must be even.
Conversely, if n is even and G has at least one isolated
vertex, then this isolated vertex has odd degree in G and it
represents dominating set. Hence, γodc(G) = 1.

3 Conclusion

Throughout this paper, many new bounded of the
domination graph mentioned above are been calculated.
Moreover, the number of the graph G has at least three
vertices have the degree (n− 2) is been proved. Also, the
bounds of this number of the complement of a graph is
discussed.

Acknowledgement

This paper support by Department of Mathematics,
University of Babylon, Iraq.
The authors are grateful to the anonymous referee for a
careful checking of the details and for helpful comments
that improved this paper.

Conflict of Interest

The authors declare that they have no conflict of interest.

References

[1] G. Chartrand and L. Lesniak, Graphs and Digraphs, Chapman

and Hall/CRC, (2005).

[2] T. W. Haynes, S. T. Hedetniemi, and P. J. Slater,

Fundamentals of Domination in Graphs, Marcel Dekker, New

York, NY, USA, (1998).

[3] T. A. Ibrahim and A. A. Omran, Upper whole domination

in a graph, Journal of Discrete Mathematical Sciences and

Cryptography, 25(1), 73-81,(2022).

[4] M. N. Al-Harere, A. A. Omran, and A. T. Breesam, Captive

domination in graphs, Discrete Mathematics, Algorithms and

Applications,12(6), (2020).

[5] A. A. Omran, M. N. Al-Harere,and Sahib Sh. Kahat,

Equality co-neighborhood domination in graphs, Discrete

Mathematics, Algorithms and Applications, 2021.

[6] A. A. Omran and Haneen H. Oda, Hn-Domination in Graphs,

Baghdad Science Journal 16(1), (2019), 242-247.

[7] A. Alwan, A. A. Omran, Domination Polynomial of the

Composition of Complete Graph and Star Graph, J. Phys.:

Conf. Ser. 1591 012048,2020.

[8] J.R Banavar, J. Damuth, A. Maritan, A. Rinaldo, Proceedings

of the National Academy of Sciences of the United States of

America 99, 10506-10509 (2002).

[9] A. A. Omran and T. Swadi, Observer Domination Number

in Graphs , Journal ofAdvanced Research in Dynamical and

Control Systems 11(1 Special Issue), 486-495,2019.

[10] M. M. Shalaan and A. A. Omran, Co-Even Domination

Number in Some Graphs, IOP Conf. Ser.: Mater. Sci. Eng.

928 042015, 2020.

[11] S. A. Imran, A. Alsinai, A. A. Omran, A. Khan, and H. A.

Othman, The Stability orInstability of Co-Even Domination

in Graphs, Applied Mathematics and Information Sciences,

16, No. 3, 473-478 (2022).

[12] ] K. S. Al’Dzhabri, A. A. Omran, and M. N. Al-Harere, DG-

domination topology in Digraph, Journal of Prime Research

in Mathematics, 2021, 17(2), pp. 93-100.

[13] A. A. Jabor., A. A. Omran, Topological domination in graph

theory, AIP Conference Proceedings 2334, 020010, (2021)

[14] A. A. Jabor and A. A. Omran, Hausdorff Topological of Path

in Graph, 2020 IOPConf. Ser.: Mater. Sci. Eng. 928 042008.

[15] A. A. Omran and T. A. Ibrahim, Fuzzy co-even domination

of strong fuzzy graphs, Int. J. Nonlinear Anal. Appl.

12(1),(2021), 727-734.

[16] S. S. Kahat, A. A. Omran, and M. N. Al-Harere, Fuzzy

equality co-neighborhood domination of graphs, Int. J.

Nonlinear Anal. Appl. 12(1),(2021) 537-545.

c© 2022 NSP

Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci. 16, No. 4, 575-579 (2022) / www.naturalspublishing.com/Journals.asp 579

[17] H. J. Yousif and A. A. Omran, Closed Fuzzy Dominating

Set in Fuzzy Graphs, J.Phys.: Conf. Ser. 1879 (2021) 032022

doi:10.1088/1742-6596/1879/3/032022.

[18] M.N. Al-Harere, A. A. Omran, On binary operation graphs,

Boletim da Sociedade Paranaense de Matematica, 13(7), 59-

67,2020.

[19] M.N. Al-Harere, A. A. Omran, Binary operation graphs,

AIP conference proceeding 2086, 2019.

[20] A. Alsinai, A. Saleh, H. Ahmed, L. N. Mishra, and

N. D. Soner, On fourth leap Zagreb index of graphs.

Discrete Mathematics, AlgorithmsApplications.(2022), DOI:

10.1142/S179383092250077X

[21] A. Alsinai, A. Alwardi, and N. D. Soner, On ψk−polynomial

of graph. Eurasian Chem. Commun.,3, (2021), 219-226.DOI:

10.22034/ecc.2021.274069.1138

[22] A. Alsinai, A. Alwardi, and N. D. Soner, Topological

Properties of Graphene Using ψk− polynomial. In

Proceedings of the Jangjeon Mathematical Society.,24,

(2021), 375-388.

[23] A. Alsinai, H. Ahmed, A. Alwardi, and N.D.Soner

HDR Degree Bassed Indices and Mhr−Polynomial for

the Treatment of COVID−19,Biointerface Research

in Applied Chemistry.,12(6),(2021),7214-7225. DOI:

10.33263/BRIAC126.72147225 .

[24] F. Afzal, A. Alsinai, S.Hussain, D. Afzal, F. Chaudhry,

andM. Cancan, On topological aspects of silicate network

usingM-polynomial. Journal of Discrete Mathematical

Sciencesand Cryptography, 1-11.(2021)

[25] A. Alsinai, Hafiz Mutee ur Rehman, Yasir Manzoor,

Murat Cancan, Ziyattin Tas & Moahmmad Reza

Farahani,Sharp upper bounds on forgotten and

SK indices of cactusgraph, Journal of Discrete

Mathematical Sciences andCryptography,(2022)

DOI:10.1080/09720529.2022.2027605

[26] S. Javaraju,A. Alsinai,H. Ahmed, A. Alwardi,and Soner,

N.D. Reciprocal leap indices of some wheel related

graphs.Journal of Prime Research in Mathematics, 17(2),

101-110,2021.

[27] A. Hasan, M. H. A. Qasmi,A. Alsinai, M. Alaeiyan,M.R.

Farahani,and M. Cancan. Distance and Degree

BasedTopological Polynomial and Indices of X-

Level WheelGraph. Journal of Prime Research in

Mathematics,17(2), 39-50, 2021.

[28] Javarajua, S., Ahmed, H., Alsinaia, A. and

Sonera, N.D., Domination topological properties of

carbidopa-levodopa used for treatment Parkinson’s

disease by using θp-polynomial.3(9),614-624, 2021,

10.22034/ECC.2021.295039.1203.

[29] Ahmed, H., Alsinai, A., Khan, A. and Othman, H.A., 2022.

The Eccentric Zagreb Indices for the Subdivision of Some

Graphs and Their Applications. Appl. Math, 16(3), pp.467-

472.DOI: 10.18576/amis/160308.

[30] Haneen H. Aljanaby and A. A. Omran, Odd Neighbors

Domination in Graphs, accept to publish in AIP Conference

Proceedings, 2021.

Haneen H Aljanaby is
phD student at the College of
Education for Pure Sciences,
University of Babylon,
Iraq. Teaching at Al-Karkh
University of Science, Iraq,
holding a master’s degree
in 2019. She has multiple
interests in mathematics
such as graph theory and

applied mathematics. Her field of scientific research is
domination in graph theory and fuzzy graph. She has
many research published in domination and fuzzy
domination.

Ahmed A. Omran

is Professor Department
of Mathematics, College of
Education for Pure Science,
University of Babylon,
Babylon, Iraq, his Research
and Academic Experience:
Domination in graph theory,
Fuzzy graph theory, algebraic
graph theory, topological

graph theory and ring in graph theory,and his Research
Area:Domination in ( graphs, fuzzy graph, topological
graph, labelled graph and algebraic graph), also he
published more than 49 paprs, and he have totally 30
years of experience teaching as well as supervised seven
Ph.D., students and ten Masters students.

c© 2022 NSP

Natural Sciences Publishing Cor.

www.naturalspublishing.com/Journals.asp

	Introduction
	Main results
	Conclusion

