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Abstract: In this paper, we provide a fractional dynamical model of extended spectrum beta lactamase (ESBL)-producing 
Klebsiella pneumoniae to visualize future perspective of susceptibility characteristics of K. pneumoniae infections for 
antibiotics; carbapenems and piperacillin-tazobactam (PTZ). The model approach is based on the Caputo type fractional 
differential equation system. The existence and uniqueness of the system solution is demonstrated using Lipschitz conditions. 
Two equilibrium points were found, the absence of disease and the presence of disease, and stability analyzes were performed 
with the help of Hurwitz criterion. According to the SIS-type model, while non-ESBL K. pneumoniae infections seem to 
remain susceptible to both antibiotic groups, the opposite is true for ESBL-producing K. pneumoniae infections. For ESBL-
producing K. pneumoniae infections, resistance to both carbapenems and PTZ will occur approximately 7.5 years later 
according to the mathematical modelling of our data. In addition, resistance to PTZ in ESBL-producing infections is observed 
to be less than to carbapenems. As a result, resistance against agents called last line antibiotics, which are preferred in the 
treatment of ESBL-producing infections, has been observed that will increase in the future, and necessary measures should 
be taken to delay this situation. 
 

Keywords: Antibiotic resistance, Caputo type fractional derivative, extended spectrum beta lactamas, mathematical 
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1 Introduction  

One of the most important problems encountered in the treatment of infectious diseases is antibiotic resistance. 
Excessive and inaccurate use of antibiotics has caused bacteria to develop resistance to these agents over time. One of the 
resistance mechanisms created is extended-spectrum beta-lactamase (ESBL) production. This resistance mechanism is 
frequently seen in members of the Enterobacteriaceae family, which are also the main cause of nosocomial infections [1]. 
Carbapenems are the antibiotics of choice for the treatment of ESBL-producing infections. Frequent use of carbapenems for 
empirical therapy has led to the development of carbapenem-resistant Enterobacteriaceae. Due to the limited treatment 
possibilities of carbapenem-resistant Enterobacteriaceae, particular attention needs to be given to the use of broad-spectrum 
antimicrobials [2]. Piperacillin-tazobactam (PTZ) has been considered as an alternative to treatment with carbapenem of 
certain infections, in order to reduce the formation of resistance to carbapenems [3]. 

 As a result of a systematic review, it was evident that carbapenem treatment cannot be ignored as a treatment option 
in ESBL bloodstream infections, the evaluation of PTZ as an alternative agent depends on the source of the infection [4]. For 
the treatment of mild to moderate infections, the use of PTZ is preferred. In addition, given that urinary tract infections are 
also the most common infection, the use of alternative drugs is extremely important to reduce the use of carbapenems [5].  

Although the contribution of mathematical modeling in the control of emerging infections is already well known, it 
is thought that it can be an effective tool in the regulation of the policies of health institutions in the control of antimicrobial 
resistance [6]. It has been observed that mathematical models make accurate predictions in studies on the emergence of 
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resistance in malaria, MDR-TB and influenza, and mathematical models are used for the control of antimicrobial resistance 
in health facilities [7]. Especially recently, mathematical models have been widely used for coronavirus research [8,9].  

Dynamic systems in mathematical models are widely used approaches in the study of biological phenomena. The 
use of fractional-order equations rather than integer-order equations for the interpretation of many biological phenomena, 
especially for modeling memory systems, provides more natural results [10,11,12]. 

Antimicrobial resistance and multidrug resistance depend on exposure times to drugs. Accordingly, the memory 
effect is important for both cases. Therefore, the fractional order formulation, which is related to memory systems, is 
convenient for the study of these phenomena [13,14].  

Today, increasing antibiotic resistance, especially multi-drug resistant microorganisms, has turned the treatment of 
infectious diseases into a struggle. Difficulty in treatment reduces the patient's quality of life and increases medical costs. 
This study was conducted to predict the state of antibiotic resistance in the future for carbapenems which are defined as the 
last line antibiotics and PTZ that both are used in the treatment of K. pneumoniae infections.  

This research was carried out as a continuation of a previous study [15] and an innovative approach was preferred. 
Carbapenem and PTZ susceptibility profiles of ESBL-producing K. pneumoniae infections were investigated by using 
fractional-order equations for better interpretation of antibiotic resistance. According to our study, after a certain period of 
time, carbapenems and PTZ will be insufficient in the treatment of ESBL-producing K. pneumoniae infections and other 
antimicrobials will be required. The creation of new antibiotics is difficult and time consuming. Thus, it was considered to 
determine a timeline for interventions to slow down the resistance formation process. Therefore, the aim of this study is to 
develop a mathematical model which will assist in the prediction of resistance probability against two important antibiotic 
groups effective in the treatment of a common nosocomial infectious agent such as K. pneumoniae. This data can then be 
used by physicians and other healthcare professionals in patient treatment approaches. 

The present paper is structured as follows: In section 2, we provide a Caputo type fractional derivative order system 
for the susceptibility properties of ESBL-producing K. pneumoniae for carbapenems and PTZ. Equilibrium points, basic 
reproduction number and the stability analysis are also investigated in section 2. The results of our study are presented and 
discussed based on the research data in section 3. Finally, section 4 contains the conclusion of the study. 

2 Materials and Methods 

2.1 Collection, Identification and Antimicrobial Susceptibility Tests of Klebsiella Strains 

Procedures were followed as mentioned in [15].  
 
2.2 Adaptation of Susceptibility Properties for Carbapenems and Piperacillin-Tazobactam to the 
Mathematical Model 
As the first stage of the study, a new model was created depending on the model included in the study by Bagkur et al. (see 
Figure 1) where the parameters are described in Table 1 [15]. 
 

 
Fig. 1: A compartment model of ESBL- and ESBL + K. pneumoniae and susceptible individuals to K. pneumoniae infection 
[15]. 
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Table 1: Descriptions of parameters of the compartment model. 
 

Parameters Descriptions 
𝑺 Susceptible to K. pneumoniae. 

  𝑬# ESBL negative K. pneumoniae. 
  𝑬$ ESBL positive K. pneumoniae. 
𝜦 The number of hospital admission. 
𝒎𝟏 The fraction of patients admitted with ESBL# 

K. pneumoniae. 
𝒎𝟐 The fraction of patients admitted with ESBL$ 

K. pneumoniae. 
𝑪 Probability that person take drug one and be 

resistant to the drug. 
𝜹𝟏 Transmission rate of susceptible patient 

infected with ESBL# K. pneumoniae. 
𝜹𝟐 Transmission rate of susceptible patient 

infected with ESBL$ K. pneumoniae. 
𝜷𝟏 Transmission rate from ESBL#  K. 

pneumoniae to susceptible class. 
𝜷𝟐 Transmission rate from ESBL$  K. 

pneumoniae to susceptible class. 
𝜷𝟑 Transmission rate from ESBL#  to ESBL$ K. 

pneumoniae. 
 

By adding carbapenem group antibiotics (K) and piperacillin-tazobactam (T) parameters, previous compartment 
model of ESBL- and ESBL + K. pneumoniae was improved and a new model was created. In this study, Caputo type fractional 
order model was obtained and the additional parameters of the new model are shown in Table 2. This model was created by 
applying the data of susceptibility properties of carbapenem group antibiotics (K) and piperacillin-tazobactam (T), used for 
the treatment of patients with ESBL+ K. pneumoniae infections detected in a university hospital from 2016 to 2019. In the 
study, the carbapenem group antibiotics consisted of ertapenem, imipenem and meropenem, and resistance to at least one of 
them was evaluated as resistance to the group. 

 
The Caputo fractional derivative of order 𝛼 is denoted by 𝐷∗4 and it is defined by 
 

 
 
where α is the order of the derivative and it is allowed to be a real or complex number. 
 

Table 2: Descriptions of additional parameters of the Caputo type fractional order antibiotic model. 
 

Parameters Descriptions 
𝒌 Rate of individuals with ESBL+ K. 

pneumoniae infections that can be treated 
with carbapenems (K).  

p Rate of individuals with ESBL+ K. 
pneumoniae infections that can be treated 
with piperacillin-tazobactam (T). 

𝜶𝟏 Rate of individuals who recovered from 
taking carbapenems (K). 

𝜶𝟐 Rate of individuals who recovered from 
taking piperacillin-tazobactam (T).  
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The differential equation system of the model is given as follows; 
 
𝐷∗7𝑆(𝑡) = 𝛬(1 −𝑚8 −𝑚9) − 𝛿8𝐸#𝑆 − 𝛿9𝐸$𝑆 + 𝛼8𝐾 + 𝛼9𝑇 + 𝑐𝛽8𝐸# + 𝛽9𝐸$ − 𝜇𝑆,   
 
𝐷∗7𝐸#(𝑡) = 𝛬𝑚8 + 𝛿8𝐸#𝑆 − 𝛽8𝐸# − 𝜇𝐸#,                             (1) 
 
𝐷∗7𝐸$(𝑡) = 𝛬𝑚9 + 𝛿9𝐸$𝑆 + (1 − 𝑐)𝛽8𝐸# − 𝛽9𝐸$ − (𝑘 + 			𝑝)𝐸$ − 𝜇𝐸$,  
 
𝐷∗7𝐾(𝑡) = 𝑘𝐸$ − 𝛼8𝐾 − 𝜇𝐾,  

𝐷∗7𝑇(𝑡) = 𝑝𝐸$ − 𝛼9𝑇 − 𝜇𝑇.  

With the initial no negative values; 
 

 
 
 
System (1) can be written as a matrix form as follows; 
 

 
where, 

 

Let’s consider 𝐷∗7(𝑡) = 𝐹(𝑡, 𝑋(𝑡)), the solution 𝑋 ∗	∈ 𝐶D of the system (1) bounded and the positive 
invariant region is, 
 

𝛺 = FG𝑆(𝑡), 𝐸#(𝑡), 𝐸$(𝑡), 𝐾(𝑡), 𝑇(𝑡)L ∈ 𝐶$D:	𝑁 ≤
𝛬
𝜇
R. 
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From the invariant set,  𝐸#∗ ≤ T

U
, 𝐸$∗ ≤ T

U
 and ‖𝑋′‖ ≤ T

U
, therefore, we have 

‖𝐹(𝑋∗) − 𝐹(𝑥Z)‖ ≤ [‖𝐵‖ +
𝛬
𝜇
(‖𝐶‖ + ‖𝐷‖)^ ‖𝑋∗(𝑡) − 𝑋Z(𝑡)‖. 

With choosing 𝐿 = ‖𝐵‖ + T
U
(‖𝐶‖ + ‖𝐷‖) > 0, it is obtained 

‖𝐹(𝑋∗) − 𝐹(𝑥Z)‖ ≤ 𝐿‖𝑋∗(𝑡) − 𝑋Z(𝑡)‖. 
 
Therefore, the continuous function 𝐹(𝑋(𝑡)) satisfies the Lipschitz condition and so the system (1) has a unique 
solution.  
 
 

2.3 Equilibrium Points 
With equalizing right hand side of each equation in system (1) to zero, we obtain two equilibrium points that are disease free 
equilibrium point 𝐸b = cT

U
, 0,0,0,0,0d		(when both 𝑚8 = 𝑚9 = 0) and endemic equilibrium point 𝐸8 =

G𝑆∗, 𝐸#∗, 𝐸$∗, 𝐾∗, 𝑇∗L ,where 
 
𝐸#∗ = Tfg

U$hg#igj
 ,  

𝐸$∗ = Tfk
hk$l$m$U#ikj

+ (8#n)hg
hk$l$m$U#ikj

Tfg
U$hg#igj

,	  

𝐾 = l
4g
𝐸$∗,  

𝑇 = m
4k
𝐸$∗,  

and 𝑆∗ is the solution of the following equation, 
 

 
 
2.4 Basic Reproduction Numbers 
With using the Next Generation Matrix method, basic reproduction numbers are found as follows;  

𝑅b,8 =
𝛿8𝛬

𝜇(𝛽8 + 𝜇)
, 

𝑅b,9 =
𝛿9𝛬

𝜇(𝛽9 + 𝑘 + 𝑝 + 𝜇)
. 
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2.5 Stability Analysis 
Theorem 1: The disease free equilibrium point is locally stable when 𝑅b,8 < 1	and  𝑅b,9 < 1. 
 

Proof: 
The Jacobian matrix of the system (1) at the disease free point 𝐸b = cT

U
, 0,0,0,0d is 

 

𝐽(𝐸!) =

⎝

⎜
⎜
⎜
⎜
⎜
⎛
−𝜇 −𝛿"

𝛬
𝜇
+ 𝑐𝛽" −𝛿#

𝛬
𝜇
+ 𝛽# 𝛼" 𝛼#

0 𝛿"
𝛬
𝜇 − 𝛽" − 𝜇 0 0 0

0 (1 − 𝑐)𝛽" 𝛿#
𝛬
𝜇 −

(𝛽# + 𝑘 + 𝑝 + 𝜇) 0 𝑜

0 0 𝑘 −𝛼" 0
0 0 𝑝 0 −𝛼#⎠

⎟
⎟
⎟
⎟
⎟
⎞

. 

 

 
The Eigenvalues of the Jacobian matrix are 𝜆8 = −𝜇, 𝜆9 = 𝛿9

T
U
− (𝛽9 + 𝑘 + 𝑝 + 𝜇), 𝜆� = 𝛿8

T
U
− (𝛽8 + 𝜇), 𝜆� = −𝛼8, 𝜆D =

−𝛼9. Since 𝜆8, 𝜆� and 𝜆D	are all negative, and 𝜆9	and 𝜆�	are negative whenever  ikT
U(hk$l$m$U)

< 1 and igT
U(hg$U)

< 1 that means, 
the disease free equilibrium 𝐸b is locally asymptotically stable whenever 𝑅b,8 < 1 and 𝑅b,9 < 1. 
 

 
Theorem 2: The endemic equilibrium point 𝐸8 = G𝑆∗, 𝐸#∗, 𝐸$∗, 𝐾∗, 𝑇∗L is locally stable when 𝑅b,8 > 1	and 𝑅b,9 > 1. 
Proof: 
The Jacobian matrix of the system (1) at the endemic equilibrium 𝐸8 = G𝑆∗, 𝐸#∗	, 𝐸$∗, 𝐾∗, 𝑇∗L is 
 

𝐽(𝐸") =

⎝

⎜⎜
⎛
−𝛿"𝐸$∗ − 𝛿#𝐸&

∗ − 𝜇 −𝛿"𝑆∗ + 𝑐𝛽" −𝛿#𝑆∗ + 𝛽# 𝛼" 𝛼#
𝛿"𝐸$∗ 𝛿"𝑆∗ − 𝛽" − 𝜇 0 0 0
𝛿#𝐸&

∗ (1 − 𝑐)𝛽" 𝛿#𝑆∗ − (𝛽# + 𝑘 + 𝑝 + 𝜇) 0 𝑜
0 0 𝑘 −𝛼" 0
0 0 𝑝 0 −𝛼#⎠

⎟⎟
⎞
, 

 
with the Eigenfunction, 
 

𝜆D + 𝑎8	𝜆� + 𝑎9	𝜆� + 𝑎�	𝜆9 + 𝑎�𝜆 + 𝑎D. 
 
Where, 

𝑎8 = 𝛼8 + 𝛼9 − 𝑎 − 𝑟8 − 𝑟9, 
𝑎9 = 𝛼8𝛼9 − 𝑎(𝑟8 + 𝑟9) − 𝑏𝛿8𝐸# − 𝑑𝛿9𝐸$, 

𝑎� = 𝛼8𝛼9(𝑟8 + 𝑟9 − 𝑎) − (𝛼8 + 𝛼9)	(𝑎(𝑟8 + 𝑟9) + 𝑟8𝑟9 + 𝑏𝛿8𝐸# + 𝑑𝛿9𝐸$) − 𝑎𝑟8𝑟9 − 𝑏𝛿8𝑟9𝐸# − 𝑑𝛿9𝑟8𝐸$ − 𝑑𝛿8𝐸#
+ 𝛿9𝐸$(𝑘𝛼8 + 𝑝𝛼9), 

𝑎� = −(𝑎𝑟8𝑟9 + 𝑏𝛿8𝑟9𝐸# + 𝑑𝛿9𝑟8𝐸$ + 𝑑𝑒𝛿8𝐸#)(𝛼8 + 𝛼9) − (𝛼8𝛼9)	(𝑎(𝑟8 + 𝑟9) − 𝑟8𝑟9 + 𝑏𝛿8𝐸# + 𝑑𝛿9𝐸$)
+ (𝑘 + 𝑝)𝛼8𝛼9𝛿9𝐸$ + 𝛿8𝑒𝐸# + 𝛿9𝑟8𝐸$, 

𝑎D = −𝑎𝑟8𝑟9 − 𝑏𝛿8𝑟9𝐸# − 𝑑𝛿9𝑟8𝐸$ − 𝑑𝑒𝛿8𝐸# + (𝑘 + 𝑝)(𝛿8𝐸#𝑒 + 𝛿9𝐸$𝑟8)(𝛼8𝛼9), 
 
and 

𝑎 = −(𝛿8𝐸# + 𝛿9𝐸$ + 𝜇), 
𝑏 = −𝛿8𝑆∗ + 𝑐𝛽8, 
𝑑 = −𝛿9𝑆∗ + 𝛽9, 
𝑒 = (1 − 𝑐)𝛽8, 

𝑟8 = 𝛿8𝑆∗ − 𝛽8 − 𝜇, 
𝑟9 = 𝛿9𝑆∗ − 𝛽9 − 𝑘 − 𝑝 − 𝜇. 

 
Since all parameters are positive and when the basic reproduction numbers 𝑅b,8	and 𝑅b,9 are greater than one, 

𝑎, 𝑏,	and 𝑑 are negative and 𝑒, 𝑟8 and 𝑟9 are positive, therefore the all coefficients 𝑎8, 𝑎9, 𝑎�, 𝑎� and 𝑎D of the Eigenfuncitons 
are positive. Hence, from the Hurwitz stability criteria the endemic equilibrium point 𝐸8is locally stable. 
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3 Results and Discussion 

Susceptibility Model for Carbapenems and Piperacillin-Tazobactam  
Using the SIS-type model of non-ESBL (E-) K. pneumoniae and ESBL-producing (E+) K. pneumoniae, a 

mathematically adapted model was created with carbapenem (K) and piperacillin-tazobactam (T) antibiotic groups used in 
the treatment of ESBL-producing K. pneumoniae infections. 
 

The following graph was created by applying the data obtained from the hospital to the differential equation system 
created for the model. Figure 2 shows the efficacy of carbapenem (K) and piperacillin-tazobactam (T) antibiotic groups 
against non-ESBL (E-) and ESBL-producing (E+) K. pneumoniae infections for the coming years. 
 

 
Fig. 2: Graph of susceptibility in K. pneumoniae infections with the use of carbapenem (K) and piperacillin-tazobactam (T) 
antibiotics for the coming years. 

The fact that the line representing non-ESBL infections is below the lines representing the antibiotic groups indicates 
that both antibiotic groups will continue to be effective in the treatment of non-ESBL infections. 

Data obtained as a result of the administration of carbapenem and piperacillin-tazobactam antibiotics to ESBL+ K. 
pneumoniae patients detected from 2016 to 2019 were applied to the differential equation system of the model, and the graph 
in Figure 3 was obtained. 

 
Fig.3: Efficacy of carbapenem (K) and piperacillin-tazobactam (T) antibiotics on ESBL-producing (E+) K. pneumoniae 
infections for the coming years. 
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Based on the graph in Figure 3, it appears that carbapenems and piperacillin-tazobactam will continue to be effective 
for the treatment of ESBL+ K. pneumoniae infections for another 7.5 years. After approximately 7.5 years, it is estimated 
that these two groups of antibiotics will be insufficient in the treatment of ESBL+ K. pneumoniae infections (resistance will 
increase). Therefore, it can be interpreted that other groups of antibiotics will be needed as the treatment of ESBL+ infections 
are not improving in time by the use of carbapenems and PTZ as can be seen in Figure 3.  

 
PTZ is one of the important alternatives to carbapenems in the treatment of ESBL-producing infections. A growing 

number of studies show that PTZ can be as effective as carbapenems [2,16,17]. Resistance to third- and fourth-generation 
cephalosporins by ESBL-producing bacteria poses challenges for the usability of existing antibiotics. Treatment of these 
increasingly common infections with carbapenems leads to the formation of carbapenem-resistant Gram-negative bacteria. 
Therefore, beta-lactam/beta-lactamase inhibitor (BL/BLI) combinations that encourage sparing use of carbapenem group 
antibiotics such as piperacillin-tazobactam are considered for such infections. Members of the Enterobacteriaceae harboring 
ESBL are generally susceptible to PTZ in vitro [18]. 

 
On the other hand, the available evidence for piperacillin-tazobactam (PTZ) as an effective treatment alternative is 

controversial. In the study conducted by Tullos et al., PTZ had a similar clinical response rate to carbapenems. There was no 
significant difference in results compared to carbapenems when PTZ was used for the treatment in patients with urinary tract 
infections caused by ESBL-producing Enterobacteriaceae. Although further studies are needed and carbapenems are the 
treatment of choice in patients with more severe clinical manifestations such as bloodstream infection, the study demonstrates 
that PTZ may be an effective alternative in patients with ESBL-associated infections from a urinary source only [2].  
 

In the study conducted by Sharara et al., it was concluded that PTZ may be a suitable alternative to the use of 
carbapenems for the treatment of pyelonephritis caused by ESBL-producing organisms, except for bacteremia [17]. Tamma 
et al. also stated that PTZ is less effective than carbapenem in the treatment of ESBL bacteremia, and early carbapenem 
treatment should be considered in patients with a high risk of invasive ESBL infection [19].  
 

Although the addition of tazobactam reduces the hydrolyzing effect of beta-lactamase enzymes on the beta-lactam 
ring of piperacillin, reduced activity of tazobactam has been observed when high concentrations of bacteria are present 
(inoculum effect) [20]. This may explain why carbapenems are more effective than PTZ in the treatment of bloodstream 
infections.  
 

Figure 3 demonstrates that although PTZ is considered as an alternative in place of carbapenem treatment, resistance 
to both carbapenems and PTZ will develop simultaneously after approximately 7.5 years. Although it can be observed from 
the graph that other antibiotic groups will be required for ESBL+ K. pneumoniae infections, the fact that PTZ (T) is observed 
above carbapenem (K) in the graph can be interpreted as PTZ is expected to be more effective compared to carbapenems in 
treatments.  
 

The presence of other mechanisms of beta-lactam resistance, such as AmpC beta-lactamase production or additional 
ESBLs, in a given bacterium further complicates the bacterial environment, reducing the efficacy of PTZ [19]. The 
effectiveness of PTZ antibiotics on ESBL-producing Enterobacteriaceae depends on the type and amount of enzyme 
produced. The efficacy of PTZ may be reduced when organisms produce more than one ESBL, particularly if AmpC beta-
lactamase presents. In addition, the effect differs between beta-lactamase classes [21]. 
 

On the other hand, there are three main mechanisms by which Enterobacteriaceae are resistant to carbapenems: 
enzymatic hydrolysis of carbapenems by carbapenemases (such as NDM, KPC, VIM, OXA and IMP), expression of efflux 
pumps that actively extrude carbapenems from bacterial cell and reduction of outer membrane permeability through the 
production of beta-lactamases (AmpC) with changes in the bacterial cell membrane (porin mutations in OmpK35 and 
OmpK36) [22]. 

Based on the above information, it can be suggested that PTZ has a more advantageous position against resistance 
mechanisms such as carbapenemase, efflux pumps and porin mutations that affect carbapenems, due to its beta-lactamase 
inhibitor (tazobactam). This can be used to understand why PTZ is more effective against ESBL+ K. pneumoniae infections 
as demonstrated in Figure 3, through its advantage over carbapenem resistance mechanisms. 
 

Considering the preference of carbapenem treatment in patients with high risk invasive ESBL infection and the low 
treatment rate of PTZ in the treatment of ESBL bacteremia, it is seen that the susceptibility of these two groups of antibiotics 
against ESBL+ infections in the coming years is of concern. Treatment practices need to be developed to prevent this situation 
and it should be emphasized that it is very important for clinicians to administer antibiotics to patients according to their 
resistance profiles during the treatment. 
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4 Conclusion 

Gram-negative bacteria resistant to carbapenems are a major clinical concern as they cause virtually incurable 
infections, as carbapenems are among the antimicrobial agents of last resort. Therefore, alternative treatment options should 
be evaluated in order to prevent resistance to carbapenem. Although piperacillin-tazobactam is an antibiotic chosen as an 
alternative to carbapenem, it is not as effective as carbapenems in the treatment of certain infections. According to the data 
of the current study, resistance to both types of antibiotics will lead to a dead end in treatment if precautions are not taken.  
 

Our study, which is an example of fractional calculus and its applications, makes a difference in many antibiotic 
resistance studies using mathematical modeling by including the antibiotic groups preferred as a last resort in treatment and 
predicting the future resistance to these antibiotic groups. We think that the results of our study will be enlightening for 
clinicians in the treatment of K. pneumoniae infections, other nosocomial infectious agents and resistant microorganisms.  
 

For future studies, optimal control methods can be applied to determine which parameters are more effective in 
delaying the development of antibiotic resistance. 
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