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Abstract: There exists a systematic study of the formal local cohomology modules. In this paper, we discuted and studied about the
formal local cohomology module. For the definition of this module is used the definition of the local cohomology module with respect
to an ideal, where this module is mencioned in the text. Moreover, we involve the theory of graphs within of such module achieving an

application for the edge ideal of a graph.
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1 Introduction

Throughout this paper, R is a commutative ring with
non-zero identity. The local cohomology theory of
Grothendieck has proved to be an important tool in
commutative algebra. The theory of local cohomology if
has developed so much six decades after its introduction
by Grothendieck. There exists a relation between local
cohomology, given by [1], and formal local cohomology,
given by [2]. Not so much is known about these modules.

The motivation of this work is precisely the formal
local cohomology of P. Schenzel. Let a denote an ideal of
a local ring (R, m). For a finitely generated R-module M,
let H, (M), for 0 < i € Z, denote the local cohomology
module of M with respect to a (cf. [1] for the basic
definitions). There are the following integers related to
these local cohomology modules, such as

grade (a,M) = inf{i € Z | H, (M) # 0} and,
cd(a,M) =sup{i € Z |H, (M) # 0},
called the grade, respectively the cohomological

dimension, of M with respect to a. In general we have the
bounds:

height,, (a) < cd(a,M) < dim(M).
In the case of m the maximal ideal it follows that

grade (m,M) = depth (M) and,

cd(m,M) =dim(M).

From the local cohomology we obtain the formal
local cohomology, and the purpose here is to obtain
results for the formal local cohomology module. Here we
consider the asymptotic behavior of the family of local
cohomology modules given by {Hi11 ( a/,E”M)}n e for an
integer i € Z. By the natural homomorphisms these
families form a projective system. Their projective limit

given by
Jim H!
o\ @

is called the i-th formal local cohomology module of M
with respect to m. Not so much is know about these
modules.

The principal subject of the paper is a systematic study
of the formal local cohomology modules.

In the Section 2 we present notions of local
cohomology modules and some prerequisites, which will
be used throughout of the paper.

In the Section 3 we put some preliminaries of the
theory of graphs which involving the edge ideal of a
graph G, according to [3] and [4]. Associated to the graph
G is a monomial ideal

1(G) = (vi—1vi : vi—1vj is an edge of G),

in the polynomial ring R = K [vy,v,...,vs] over a field K,
called the edge ideal of G, where {v{,vs,...,vs} is the set
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of vertices of G. The preliminaries of the theory of graphs
were introduced in this Section 3 together with the
concepts suitable for the work. Here, we mean by a graph
G, a finite simple graph with the vertex set V (G) and with
no isolated vertices.

In Section 4 we provide a theorem about the formal
local cohomology module, applied on an edge ideal. We
observe that the formal local cohomology module is used
for to characterize some values. For example, we have the
result: “Let a denote an ideal of a local ring (R, m). Then

. M . o (M
dim (a_M) :sup{zEZ | gH% (a”M) #O},

for a finitely generated R-module M.”
Moreover, the description of

(M
inf{icZ| limH. | — ) #£0},
wficz m, (1) 2]

is used for to define the formal grade, i.e., we have that

neN

: M
fgrade (a,M) = inf{i €Z| lér_nH'm (a”—M) #* 0} ,

for an ideal a of R and a finitely generated R-module M.

2 Some prerequisites

Let I be an ideal of R, and let M be an R-module. In [1], the
i-th local cohomology module H} (M) of M with respect to
I is defined by

Hj (M) = limExtg (R/I',M),
teN

forall 0 <ieZ.

Now, for a other ideal of R, we consider that (R,m) is
a local ring, and we consider the family of local
cohomology modules given by {Hj, (M/a"M)} ..
According to [2], for every n € N, we have that there
exists a natural homomorphism

Gui1 Hy (M/a" M) — HE (M /a™M).

These families form an inverse system. Their inverse
limit that, for all 0 <i € Z, is given by
limH,, (M/a"M),

<
eN

=

is called, according to [2], the i-th formal local
cohomology module of M with respect to m, and will be
denoted by T, ., (M).

In the next section, we introduce the edge ideal of a
graph. And, with this definition, we put the object we dealt
with in the result of this article.

Moreover, for a Noetherian local ring (R, m) and M an
R-module we have the Matlis dual module
D (M) = Homg (M,E) of M, where E = E(R/m) is the
injective envelope of the residue field R/m.

The next definition will be used in the sequence of the
paper.

Definition 21Let (R, m,k) and (S,n,!) be two local rings.
A ring homomorphism (R,m.k) — (S,n,/) is a local
homomorphism if mS C n.

In the next section, the following remark will be used.

Remark 22([2, Remark 4.6]) Note that, for (R,m) a local
ring, the short exact sequence

0— a"M/a" "M — M/a""'M — M/d"M — 0
induces an epimorphism
HE, (M/a"" M) — H, (M/d"M) — 0,

of non-zero R-modules for all n € N. Hence, the inverse
limit '

I&nHi11 (M/a"M)

neN
is not zero.

The following definition will be used in the next
section, and concerns the dual definition of the local
cohomology module.

Definition 23([5, Definition 3.1]) Let R be a Noetherian
ring. Let / be an ideal of R and let M be an R-module. The
i-th local homology module H! (M) of M with respect to
is defined by,

HI (M) := I'&nTorf (R/I'M),
teN
for all i > 0, an integer number.

3 The edge ideal of a graph

This section is in accordance with [3] and [4].

Let R=K|vy,...,v;] be a polynomial ring over a field
K,andlet Z = {217 . ,zq} be a finite set of monomials in
R. The monomial subring spanned by Z is the
K-subalgebra,

K[Z]=K]|z,...,zg) CR.

In general, it is very difficult to certify whether K [Z]
has a given algebraic property - e.g., Cohen-Macaulay,
normal - or to obtain a measure of its numerical invariants
- e.g., Hilbert function. This arises because the number ¢
of monomials is usually large.

Thus, we consider any graph G with vertex setV (G) =
{V[ goes ,Vs}.

Let Z be the set of all monomials v;_jv; in
R=K|vy,...,vs), such that {v;_v;} is an edge of G, i.e.,
the graph finite and simple G, with no isolated vertices, is
such that the squarefree monomials of degree two are
defining the edges of the graph G.
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Definition 31A walk of length s in G is an alternating
sequence of vertices and edges
w={V1,21,V1,...,Vs—1,2n,Vs }» Where z; = {v;_jv;} is the
edge joining v;—; and v;.

Definition 32A walk is closed if vi = v5. A walk may also
be denoted by {vi,...,vs}, the edges being evident by
context. A cycle of length s is a closed walk, in which the
points vy, ..., vy are distinct.

A path is a walk with all the points distinct. A tree is
a connected graph without cycles and a graph is bipartite
if all its cycles are even. A vertex of degree one will be
called an end point.

Definition 33A subgraph G C G is called induced if
vi—1v; is an edge of G whenever v;_1 and v; are vertices
of G and v;_1v; is an edge of G.

The complement of a graph G, for which we write
G°, is the graph on the same vertex set in which v;_v; is
an edge of G° if and only if it is not an edge of G. Finally,
let C; be denote the cycle on k vertices; a chord is an
edge which is not in the edge set of Cy. A cycle is called
minimal if it has no chord.

If G is a graph without isolated vertices then let R be
denote the polynomial ring on the vertices of G over some
fixed field K.

Definition 34([3]) According to the previous context, the
edge ideal of a finite simple graph G, with no isolated
vertices, is defined by

1(G) = (vi—1vi : vi—1vi is an edge of G).

We denote by m = (vi,...,vs) the homogeneous
maximal ideal of R = K[vy,...,vs], where we have I(G) a
monomial ideal of R which is finitely generated.

Now, we put the definition that will be dealt with in the
next section.

Definition 35Let R = K[vi,...,vs] be the ring
polynomial, I(G) the edge ideal in R of a finite simple
graph G, with no isolated vertices. Since that I(G) is an
R-module, in the same context of the definition of i-th
formal local cohomology module, we define the i-th edge
formal local cohomology module of /(G) with respect to
m = (vy,...,vy) of the following form:

lim i, (1(G)/a"1(G)).

neN
and will be denoted by §, ., (1(G)).

According to Definition 21, we can to define in the
context of the edge ideal the following concept.

Definition 36Let (R, m, k) and (S,n,[) be two polynomial
rings. And let /(G) be an edge ideal in R, and let I(G)
be an edge ideal in S. A ring homomorphism (R, m,k) —
(S,n,[) is an edge homomorphism if mS C n.

Now, according to Remark 22, we can to remark in the
context of the edge ideal the following.

Remark 37Let R = K[vy, ..., vs] be the ring polynomial,
I(G) the edge ideal in R of a finite simple graph G, with no
isolated vertices. Note that for m = (vy,...,vs), the short
exact sequence

0—a"I(G)/a" " I(G) = I1(G) /" ' I(G) = I(G) /a"I(G) — 0

induces an epimorphism
Hy, (1(G)/a™1(G)) — Hy, (1(G) /a"I(G)) =0,

of non-zero R-modules for all n € N.
Hence, the inverse limit

limHy, (1(G)/a"1(G))

neN

is not zero.

4 The result of application

In this section, we presented a result about the edge
formal local cohomology module which involve the
theory of graphs together with the edge ideal of a graph
G.

Here, we take K a fixed field and we consider
K[vi,...,vs] the polynomial ring over the field K. Since K
is a field, we have that K is a Noetherian ring and then
K|[vi,...,vs] is also a Noetherian ring (Theorem of the
Hilbert Basis). Moreover, K [vy,...,vs] is not a local ring
because K is a field.

We presented the result in the form of theorem.

Theorem 41Let (R, m, k) be a Noetherian ring, where we
have that the ring R =K [v,vy,...,vs], and k = R/m. Let
I(G) be an edge ideal, of a graph G, in the polynomial
ring R. Let (R,m,k) — (S,n,[) be an edge homomorphism
of polynomial rings, with S a Noetherian ring, where
S=K|[vi,va,...,v;| with r < s, and let J be an ideal of R.
We observe that I (G), which is an R-module, is a finitely
generated S-module. If&j’m (I(G)) =0, for each i > 1,
then D (I1(G) /J"'1(G)) is a flat R-module, for some n € N.

Proof.By the hypothesis, for all i > 1, we have that:

Shm (1(G)) = 1imHy, (1(G) /J"1(G)) = 0.

neN

By the Remark 37, we have that there exists n € N such
that the local cohomology module Hi, (I(G) /JI (G)) =
0, where m = (vy,...,vs).

Therefore, it follows, as given in prerequisites, that we
have:

limExt; (R/m",1(G) /J"1(G)) =0.  (¥)
teN
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Thus, applying the Matlis dual module D(e) (see

prerequisites) to (%) we obtain that
D (hgteNExtj;e (R/w',1(G) /J”I(G))) — 0. Now, by [6,
Theorem 2.27], it follows that

D (li_n;[EN Exth (R/m’,1(G) /J”I(G))), which is equal to

Homg <li%mExtj;e (R/m',1(G) JJ"1(G)) ,E(R/m)) ,

teN
is . isomorphic to
lim,_ Homg (Exty (R/m',1(G) /J"(G)),E(R/m)),
which in turn is equal to

lim _ D (Extg (R/m",1(G) /J"1(G))).
By [7, Proposition 3.4.14 (ii)], we have that:

D (Extg (R/m’,1(G) /J"1(G))) = Torf (R/m'.D(I(G) /J"1(G))).
Therefore, by the Definition 23, we have that

H™ (D(1(G) /J"1(G))) = lim Torf (R/m’,D (I (G) /J"1(G))) = 0.
teN

By Remark 37, it follows that there exists € N such
that

Torf (R/m',D(I(G) /J"1(G))) =0, foralli > 1.
Thus, also we have
Torf (R/m,D(I(G) /J"1(G)) =0, (++)

foralli > 1.
To end the theorem, it suffices to prove that

TorX (N,D(I1(G) /J"1(G))) =0

for each finitely generated R-module N, and for all i > 1.
This we achieve by an induction on dim (N).

When dim (N) = 0, let’s induce on the length of N. If
[R(N) =1, then N = R/m, so the desired result is the
mentioned in (x*). When [z (N) > 2, one can get an exact
sequence of R-modules 0 — R/m — N — N —o.

Applying e ®r D(I(G)/J"I1(G)) we obtain an exact
sequénce

<. = TorR (N,D(1(G) /1" (G))) — Tork (NﬂD(/(G) /J"I(G))) A

Since Iy (N
provides us the vanishing.

Let d > 1 be an integer such that for i > 1 we have
that the functor Torf (e,D(I(G)/J"I(G))) whether
vanishes on finitely generated R-modules of dimension up
to d — 1. Let N be a finitely generated R-module of
dimension d. We consider the exact sequence of
R-modules

) = Ig (N) — 1, the induction hypothesis

O—>Fm(N)—>N—>N,—>O,

and the induced exact
Tor® (#,D(1(G) /"1 (G))).

Since [g (I (N)) is finite, it suffices to verify the
vanishing for N'. Thus, replacing N by N', one may
assume that depth(N) > 1. Let x in R be an N-regular
element; then dim(N/(x)N) = dim(N) — 1. In view of
the induction hypothesis, the exact sequence

0— N5 N — N/(x)N — 0 induces an exact sequence

sequence on

Tork (N,D (1 (G))) X Tork (N,D (1 (G))) 0,
fori > 1, with
Tork (N/ (x)N,D (1 (G))) —0,

and where I (G) = 1(G) /J"1 (G).

As an S-module, Torf (N,D(I1(G)/J"(G))) is
finitely generated: we compute it using a resolution of N
by finitely generated free R-modules.

Since, by Definition 36, xS is in the maximal ideal of
S, the exact sequence above implies

Tor (N,D(I(G) /J"1(G))) =0,

by Nakayamas lemma, for all i > 1.
This completes the induction step and hence the proof,
as required.

5 Conclusion

The principal idea of this work was to do a more specific
study about the formal local cohomology module.

Let a denote an ideal of a local ring (R,m). Let M be
a finitely generated R-module. There exists a systematic
study of the formal local cohomology modules, which, as
we have already seen in the text, are given by

: M
lér_nH’m (a”—M> , fori € Z, withi > 0.

neN

These cohomology modules occur in relation to the
formal completion of the punctured spectrum
Spec(R)\ V (m).

We can not fail to mention in our conclusion that we
use many things from the commutative algebra theory to
make the results of the theory of local cohomology and
formal local cohomology.

We can then observe that the formal local
cohomology theory can be further explored in order that
we can obtain more results, which relate more definitions
and concepts. For example, for future studies on the
subject we can establish conditions for that the formal
local cohomology module satisfies the conditions for to
be an co-Cohen-Macaulay R-module.

For more work on this subject, see [8], and, [9].

@© 2022 NSP
Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci. 16, No. 1, 45-49 (2022) / www.naturalspublishing.com/Journals.asp NS e 49
Acknowledgement Carlos Henrique

Tognon received the
The author is grateful to the anonymous referee for a PhD degree in Mathematics
careful checking of the details and for helpful comments for Universidade
that improved this paper. de Sao Paulo - Instituto

de Ciéncias Matemadticas

Conflict of interest

The authors declare that they have no conflict of interest.

References

[1] M.P. Brodmann, R.Y. Sharp, Local cohomology - an
algebraic  introduction  with  geometric  applications,
Cambridge University Press, London UK, 01 - 360,
(1998).

[2] P. Schenzel, On formal local cohomology and connectedness,
Journal of Algebra, 315, 894 - 923, (2007).

[3] A. Alilooee, A. Banerjee, Powers of edge ideals of regularity
three bipartite graphs, Journal of Algebra, 2, 01 - 11, (2014).

[4] A. Simis, W.V. Vasconcelos, R.H. Villarreal, The integral
closure of subrings associated to graphs, Journal of Algebra,
199, 281 - 289, (1998).

[SIN.T. Cuong, T.T. Nam, The I-adic completion and local
homology for Artinian modules, Mathematical Proceedings
Cambridge Philosophical Society, 131, 61 - 72, (2001).

[6]J.J. Rotman, An introduction to homological algebra,
Academic Press, Oxford, 01 - 450, (1979).

[71J.R. Strooker, Homological questions in local algebra,
Cambridge University Press, London UK, 01 - 395, (1990).

[8] C.H. Tognon, Some Properties of Co-Cohen-Macaulay
Modules in the Theory of the Edge Ideal of a Graph
Simple, APPLIED MATHEMATICS & INFORMATION
SCIENCES, 14, 51 - 56, (2020).

[9] C.H. Tognon, A Result for the Formal Local Cohomology
Module and Vanishing Results, APPLIED MATHEMATICS
& INFORMATION SCIENCES, 11, 993 - 997, (2017).

e de Computacio (ICMC
- USP - Sao Carlos - Sao
Paulo - Brazil). His research
interests are in the areas of
commutative algebra and homological algebra including
the mathematical methods of algebraic geometry. He has
published research articles in reputed international
journals of mathematical and applied mathematics.

Radwan A. Kharabsheh
Dr. Radwan A. Kharabsheh
finished a bachelor of
science/physics from
Yarmouk  University  in
Jordan. He then did his MBA
and PhD in international
business from Charles Sturt
University (CSU) Wagga
Wagga NSW Australia where
he taught full time. He then moved to the Hashemite
University in Jordan where he worked as head department
of business administration. Currently, Dr Kharabsheh
works as an associate professor in business administration
at Applied Science University (ASU) in Kingdome of
Bahrain. He also worked as the Director of Quality
Assurance and Accreditation Center at ASU. His research
interests include organizational learning, knowledge
management and international joint ventures. He
published more than 21 articles in referred journals,
obtained numerous grants including fellowship of the
Australia Malaysia Institute and attended more than 20
international conferences. Dr Kharabsheh is member of
ANZIBA and ANZMAC and the Sydney University
Centre for Peace and Conflict Resolution Studies. He
supervised and headed more than 25 postgraduates’ vivas,
supervised more than 30 students and works a reviewer
and examiner for numerous journals and international
conferences. Dr. kharabsheh is the chief editor of Journal
of Knowledge Management Application and Practice.

@© 2022 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

	Introduction
	Some prerequisites
	The edge ideal of a graph
	The result of application
	Conclusion

