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Abstract: The present study deals with the classical and Bayesian estimation of the progressive Type-II censored samples under
assumption that the lifetimes follow the mixture of Weibull and Lomax distributions. We consider the maximum likelihood estimation
(MLE) and Bayes estimator of the parameters under symmetric square error (SE), the asymmetric linear exponential (LINEX) and
general entropy (GE) loss functions, by using the approximation forms of Lindley approximation and Tierney and Kadane (T-K)
approximation. Simulation study is used to illustrate the discussed methodology.
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1 Introduction

In many life test studies, units are lost or removed from the experiment before the failure occurs. However, in many
situations, the removal of units prior to failure is pre-planned in order to provide saving in terms of time and cost associated
with testing. In survival analysis Type-I and Type- II censoring schemes are the two most popular censoring scheme, but
using the type of censoring they do not allow removal of units at points other than the termination point of an experiment.
Progressively Type-II censoring which is considered to be a generalization Type-II censoring is an important method of
obtaining data in such lifetime studies. This type of censoring allows the experiment before its end, thus resulting in
saving in cost as well as experimental time (For more detail see Balakrishnan and Aggarwala [1], Balakrishnan et al. [2],
Balakrishnan and Hossain [3] and Balakrishnan [4]). The estimation of parameters from different lifetime distributions
based on progressive Type-II censored samples are studied by several authors ( Krishna and Kumar [5], Rastogi and
Tripathi [6], Singh et al. [7], Mahmoud et al. [8], Pandey and Kumari [9] and Rashad et al. [10]).

In recent years, mixtures of distributions have gained great interest in the role of the analysis, since mixtures of
distributions play a vital role in many practical applications. In life testing, reliability and quality problems, mixed failure
populations are sometimes encountered. Mixture distributions include a finite or infinite number of components that can
analyse different distributional types, that can describe different features of data. Finite mixtures of distributions have
been used as models through out history of modern statistics. For more details about finite mixtures of distributions [see
Everitt and Hand [11], Titterington et al. [12], McLachlan and Basford [13], Lindsay [14], McLachlan and Peel [15]].
Also, mixtures of distributions have been considered extensively by several researchers using both classical and Bayesian
techniques, [ for example Elsherpieny [16], Shawky and Bakoban [17], Abu-Zinadah [18], Afify [19], Erisoglu et al. [20],
Feroze and Aslam [21], Daniyal and Rajab [22], Elshahat and Mahmoud [23], Abushal and Al-Zaydi [24], and Mahmoud
et al. [25]].

The Weibull distribution has been widely used in modeling of lifetime event data; this is due to the variety of shapes
of the probability density function (pdf) based on its parameters. The Weibull distribution has been shown to be useful for
modeling and analyzing lifetime data in the applied engineering sciences (Murthy et al. [26]). The Lomax distribution,
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sometimes called Pareto of the second kind, has a considerable importance in the field of life testing because of its uses
to fit business failure data (Lomax [27]).

A random variable X is said to have a mixture of two components Weibull and Lomax distributions if its cumulative
distribution function (cdf) is given by

2
F)=Y piFi) . j=12 (1)
j=1

Fi(x)=1-—e 0" Fa(x)=1—(1+6)"®

where x > 0, (et; > 0,6; > 0), j =1, 2. The mixing proportions p; are such that 0 < p; <1, 25:1 pj=1.
The corresponding probability density function (pdf) and reliability function, respectively are given by

2
=1
fi (1) = oy a0 1o f(x) = 0265 (1 + 6x) (T
And
2
R(x):_ZleRj(x) ) j=12 3)
=
Ry (x) = o Ry (x) = (1 +6%)

This paper is arranged as follows: In Section 2 we describe the classical estimation with maximum likelihood estimator
(MLE) of parameters. Different approximation methods to evaluate Bayes estimators are discussed in Section 3. Monte
Cario simulation results are presented Section 4. Finally, Section 5 presents concluding remarks.

2 Maximum Likelihood Estimation

Suppose that units from population with pdf (2), are placed on a life-testing and m failures are going to be observed. After
units have failed each item can be attributed to the appropriate subpopulation. Suppose m units have failed during the
interval (0,x,,): r; units from the first subpopulation and r, units from the second subpopulation, such that m = ry + r,.
At the time of the first failure, %] of the remaining n — 1 surviving units are randomly removed from the experiment.
At the time of the second failure, %;of the remaining n — % — 2 units are randomly removed from the experiment.
This experiment terminates at the time when the m' failure is observed and the remaining %}, =n—m— %} —--- —
Py, surviving units are all removed. Assume also that x;; denote the failure time of the 7 unit belonging to the "

subpopulation and x;; < x,, ; j = 1,2,...,r; i = 1,2, where x,, denotes the failure time of the m'™ unit. Based on the
observed sample x| < --- < x,, from a progressive Type-II censoring scheme, (%5, ...,%,,), the likelihood function is
given by

'l

L(ai,0,01,6,plx) =C [leﬁ (x1/)

Jj=1

Jj=1

Jj=1

[ﬁl’zfz (xzf')} ﬁ [1=F ()] )

whereC:n(nflf%i‘)...(nfﬁff...f@*

e —m+ 1), R(xj) = 1 —F (x;). Substituting (2) and (3) into (4), the
likelihood function can be written as

4 RPN ) -~ o
[1rica6ix] e “] [sza292(1+92x2j) ‘“2“)] x TTIR () (5)
=1 =1

J J Jj=1

L(OCI,O52791792;P|E) =C

oyt -
where R (x;) = pre” " +pa(1+6xx;) %, pr=p,pa=1—p.
Assuming that the parameters 8 and 6, are known, the likelihood function (5) reduces to

2 e 62 _ m .
Loy, 00, plx) o< [ ] (pios) xe” @ E=17 TT (1 + 60x2)) 2 x [T R (1)) (©6)
i=1 j=1 j=1
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Thus, the log-likelihood function can be expressed as

2 T r m
IIIL(OC],(XQ,[JE)°< Z{rilnp,-Jrriln(xi }7(11 Zx?}—azzm(lJerxzj) + Z%’;‘ln[
=1 Jj= j=1 =1

1

Taking derivatives with respect to o, o, and p in Equation (7), we obtain the following

dInL(ai,00,plx) 1 x?‘*i Zj (IR (x))
doy o =l jle(xj) doy

J

IInL(0y,00,plx) 12 & Vv Zi(9R(x))
(9062 o (04} jzz:lln(1+92xzj)+; R(Xj) 3062

dp o SR

dInL(ay,00,plx) 1 & % <8R(xj>>

where,

JR(x;)
8051

Otlxje-l x91
J

=—pre

IR (x})

=— pz(l + 92Xj)7a21H(1 + 92)(]')

IR(x}) o B
oy = ()

R(x;))] (N

The maximum likelihood estimators of the three parameters are obtained by solving the above equations

simultaneously after equating to zero.

3 Bayesian Estimation

In this section, we derive Bayes estimators of the parameters o, o and p of the considered model based on
progressively Type-II censoring samples. Assuming the following independent prior distributions for the parameters
oy ~ Gamma (ay,by), 0y ~ Gamma (az,b,), and p ~ Beta(c,d) for the mixing parameters p, the joint prior distribution

of oy , op and p is:
m(o,00,p)=m (o) m () T3 (p)
where

a,'*] —b:ot; .7
= ; %o >0, a;,b; > 05i=1,2.
F(aj) ] € 9 ] 9 alv 1 l

_ I'(c+d)
753(17)—m

From Equation (8) and (9), the joint prior distribution of «; , & and p can be written as follows

hpdt, 0<p<l, ¢,d>0

2
ai—1_—boy 1 d—1
(o, 00, p) o [H o e ""'] x pi Py
i=1

The joint posterior density function of o, 0 and p; can be written in the form

L(ay, o, plx) w(ou,00,p)
fol Jo Jo L(ou,00,plx)m(ar,00,p)dondondp

P(oy,00,plx) =

®)

©))

(10)

(1D
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The Bayes estimator under squared error loss function of any function ¢ (a1, @, p) is the posterior mean which is
given by:

_ fO] fo°°f0°°¢ (OC],Ocz,p)L(OC],Ocz,p|§)7r((x],ag,p)d(x]d(xzdp

95 (01,02, p) = Eqy a0y p1x 9 (011,02, )] I L e, 0o, plx) 7 (0,00, p) dondandp (12)
Also, the Bayes estimators of ¢ (¢, &2, p) using LINEX and general entropy loss function are
y g g Py
- 1 _
OLivex (04,00,p) = —aln |:Eot1,oc2,p\1 {e q¢(a]’a2’p)” , q#0 (13)
where
E | {e*qwa],az,p)} o I fT e 1 2D (o, 00, plx) 7t (ou, 0, p) doydopdp (14)
ay,0,plx = = (oo
p Jo I 5T Lou, 0, plx) w(au, 0, p) dondoydp
and
1
¢GE (ahaZ)p) = [Eal,az,p‘g |:¢((X1,(X27p)7h:|:| ha h 7& O (]5)
where
1 poo oo —h
ap, o Lo, o (o, o dojdopd
Eay o pis [¢(O€1,Oﬂz,p)7h} _Jo Jo Jo 9(ou,00,p) "L(0u,00,plx) T (04,00, p)dondoydp (16)

Jo Jo I L(au, 00, plx) 7 (au, 00, p) doudondp

The integrals in Equations (12), (14) and (16) cannot be obtained in a closed form. Therefore, in this case, we propose
approximation methods namely Lindley’s approximation method and Tierney-Kadane approximation method that can be
used to compute the Bayes estimators for the parameters.

3.1 Lindley’s Approximation Method

We consider, in this subsection, the Lindley’s approximation method to obtain the Bayes estimators. According to Lindley
[28]. The approximate Bayes estimate of ¢ (o, oz, p) is given by:

I oo oo L(a,00,p)+p(ar,00,p)
01,02,p) € doydond
E[p(on 00, p)] — Jdo o 0(01,00:p) ety (17)
Jo I§ J5 eMaroap)tp(en.cop)doy dopdp

Where L (o, 02, p) is the log-likelihood function is given by (7) and p (o, @, p) = Inm (04, 0z, p). In a three parameter
case, we approximate this expectation as follows

~

¢ (alvazvp) :E[‘P(O‘lvazvl’)b_f]

1
= ¢ ((X] ) aZap) + <¢(X1 Tocl + ¢OC2 Totz + ¢]JT[7 + ¢Ot1062 6061 [05) + ¢(X1]JG(X1[J + (POtszOQ[J + 5 (‘Pﬂtlal Galal + ¢OC20¢2 Gotzotz + (P]JPGPP))

1
+ E [llfl (¢a1 Ooyay + %62 Ooyop + ‘PPGOHP) +yn (¢0¢1 Ooyay + %62 Ooyop + ‘PPGOQP) + Y3 (¢0¢1 Opay + %62 Opay + ‘PPGPP)]
(18)

where, T; = pq, Cia; + Po, Cia, + PpOip ;1 = 1,2,3, where, 1,2, 3 refer for o, 0, p respectively,

Y1=0q, o La] a o +2 (60!1 0!2L0!1 Qo + GO!IPLO!IPO!I + Gaszazpal ) + GazazLazaza] + cFPPLPPOCI
Y2=0g o Lﬂtl o0 +2 (6061 062L061 [€917) + GalPLOCmOQ + GOQPLOQPOQ) + 60620¢2L0¢20¢20¢2 + GPPLPPOQ

Y3=0g, o La] app +2 (Ga] [2%) La] oQp + GO!lPLOt]pP + GazPLOQPP) + Oy Lazazp + GPPLPPP
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J 20 (o, ot
andpi:a—g,izl,z,&wl =q, 0 =0, and 03 = p, ¢; = d)(alcl)z’p)
(] (4

2°L
Todmdon ,i,j,k=1,2,3 and o;; denotes the element in the inverse of matrix (—L;;),i,j = 1,2,3, all
10 W0 Wy

9’9 (a,00,p) , L .
8wi8a),~ Y (9()(),'(9()0]7 J

,0ij =
1,2,3L,-jk:

evaluated at the MLE of the parameters. The method requires that (&, &%, p) be the unique MLE of (@;, %, p ). We have,

e D (S _(e=D) (d-1)
“T b, po,= (0%) b2 and pp= p1 p2 o
L _n §g £ (3R0))
Ly ==5—=——) xi+ . ]
“T oy oy j;x” J; R(x;) \ dau
- & % (0R(x))
Laz____—ZIH +92x2] ]ZIR(xj)( day )

_PL_ n o ¢ %;f))z(ak(xj))z

Loyo, = Layey = =

Lo 9L I A [0°R(x))
G o (90613[7 7].:1R( (90613[7

d°L mZ: (J*R(x;)  [IR(x;)\ [IR(x;)\ 1
LO‘ZP:LPO‘ZZ—:

dapdp j:lR( damdp \ dm dap R (xj)

_PL 2 W 2 PR IR(x))\ [(*R(x))\ 1 OR(x)\> 1
Lalalala—a?(x_?JerlR(xjj){ aa?j 3< aO‘lj >< aalzj )R(xj)+2< aalj) (R(xj))z}

L PL 2m W Z PR IR(x;)\ [ I*R(x;))\ 1 OR(x)\> 1
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L
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IR(x))\ [(OR(x))\* 1 IR (x))\ [ *R(x;)\ 1
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PRy oo
i
3R (x; _
%:_ Ppa(1465x)) "% [In(1+ 62x)) |
3
83R ('xj) — efoclx?] xz'el
8061281) J
23R (x; _
W(a;)) = — (1 +92Xj) az[ln(l 4+ 92Xj) ]2
5

Now, the Bayes estimators of o, and p are computed as follows:
If ¢ (o4, a2, p) = @y, Thus, the approximate Bayes estimator of @ under square error loss function is given by

o SE_Lindley = 001 + (‘P(xl Toy + Qo To, + PpTp + Py 0, Oty ar + Py p Oty p + Pt p Ot p + % (¢(x. o Oy + P O, + Ppp GPP))
+ % (W1 (90 Oay oy + P, Oy, + 9p O p) + W2 (Pt Oy, + P e + $pOetsp) + W3 (9, Oty + Pty Oper, + 9 Gpp) |
Similarly the Bayes estimator of , and p, respectively
a‘2SEJJndley =0+ (¢a1 Toy + Qo Ta, + ¢p T+ Poy o, Oy, + OaypOoyp + ¢azp Co,p + % (¢a1a1 Ooyay + P Oy, + ¢pp O'W))
+ % [II/I (¢(x. Oy oy + P, Oty o, + ¢p0'a]p) + vy ((Pa] Oy + P, Ocy 01, + ¢p0'a2p) +y3 ((Pa] Opay + Pa, Opar, + ¢p0'pp)]
and
ﬁSEJJndley =p+ (¢a1 Toy + Pa To, + PpTp + Poyya, Oty + ¢a1p0a1p + O pOarp + % (‘Poq o Oy + P00 Cca + Ppp GPP))
+ % [‘I/l (‘Poq Ooyay + 0o, Oy, + ¢p0'a1p) +y2 (‘Poq Ooyo, + P, Ocyat, + ¢p0'azp) +y3 (‘Poq Opay + Qo Opar, + ¢p0'pp)]
If ¢ (ay, 00, p) = e 9%, The approximate Bayes estimator of @; under LINEX loss function is given by

QI LINEX Lindley =

- é In {e"’“' + ((Z)a, Tay + Po, Tay + PpTp + Pty Oty 0 + Pty p Oty p + P p Oty p + % (Pey 0 Oty o + Doty 0 Oty + ¢pp0pp))
+% (W1 (90 Oe o + Py Oy, + 9p Ot p) + W2 (Pt Oty + P et + PpOictspp) + W3 (9 Opoty + Pty Ope, + ‘PPGPP)]}
Also, similarly, the Bayes estimator of & and p under LINEX loss function, respectively, are
D LINEX Lindley =
- é In {e—qaz + (¢a1 Toy + Do, Tor, + ¢p7p + Oay 0 Oy, + ¢a1p0'a1p + 0o pOarp + % (¢a1a1 Ooyay + P Oy, + ¢ppopﬁ))

1
+§ [Wl ((pal Oajay + ¢az Caja, + ¢p0-051p) +y2 ((pal Oopay + (paz OCopa, + ¢P0-052P) +y3 (¢a1 Opay + (paz Opay + ¢PO-PP)]:|

and
PLINEX _Lindley =

1 _ 1
- gln {e ar 4 (‘Pm Toy + P To, + OpTp + Pty o, Oy oy + Dty p Oty p + Do, p Oy p + 3 (Pey 0 Oty o + Doty 0 Oty + ¢pp0pp))

1
+§ (W1 (®0, Oy ey + Pery Oayy + PpOes p) + V2 (P Oty + Pty Cevyty, + 9pOatsp) + W3 (P Opary + Dot Opty + ¢PGPP)]:|
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If o (%) =0 " then the approximate Bayes estimator of & under general entropy loss function is given by

~ _ 1
QI GE Lindley = {a] h + (‘Poq Toy + Qo Toy + PpTp + Py 0, Octy otr + Py p Oty p + Pt pOtap + 5 (¢a1 o ooy + oo O, + Ppp O'W))

S o=

1
+§ [‘I/l (‘Poq Cayoy + 90, Octy 01y +¢p0'a1p) +y (¢a1 OCayoy + 9o, Oty a1y +¢p6azp) +y3 (¢a1 Opa; + P, Opary +¢p(7pp)]}

Also, similarly, the Bayes estimator of o, and p under general entropy loss function, respectively, are

~ _ 1
OQGE Lindley = {az h + (‘Poq Tay + Qo To, + PpTp + Py 0, Octy otr + Py pOty p + Pt pOtsp + 5 (¢a1 o ooy + oo O, + Ppp O'W))

S o=

1
+§ (W1 ($a O 0 + Pty Oty o + POy p) + V2 (904 Oty + ot Oty + 9pOetsp) + W3 (O Oty + Pty Oty + ‘Ppo'pp)]}

and

A _ 1
PGE Lindley = {P e (¢a. Tar + 9o To, + 9pTp + G0, O + P p Oouip + PopOanp + 5 (¢ey o Oety oy + oty ety + P Gpp))

==

1
+§ [‘I/l (‘Poq Ooy0y + 9o, Oy oy + ¢p0'a1p) +y (¢a1 Cayoy + 9o, Oty a1y +¢p6azp) +y3 (¢a1 Opa; + P, Opary +¢p(7pp)]}

Noting the when value 7 = —1, the general entropy loss function is the same as the squared error loss function.

3.2 Tierney_ Kadane’s approximation method

Here, we compute the Bayes estimators of o, & and p by using the method given by Tierney and Kadane [29]. The
Bayes estimator of ¢ (a1, &, p) can be expressed as

RIS %P g dodp

E Qp,0,p)lx| = o0 [0
[¢( 1,02 )| ] f()lfo .fO enﬁ(ocl,ocz,n)dald(xzdp

19)

We consider the following functions

1 1
8(a15a27p) = - [L(al;a27p|)_c)+p(a]aazap)]5 0 (a17a27p) = S(alaaQap)+_ln¢(a]7a27p)
n ¢ n

where, L (o, 0, p|x) is the log-likelihood function is given by (7) and p (a;, 0, p) =Inzm (o, 0z, p), and also assuming
that (0 5+, 05+, Ps+) and (O, 0hs, Ps) maximize functions 85 (ou, 0, p) and & (a1, 02, p), respectively
Following Tierney and Kadane [29], Equation (19) can be approximated in the following form

~ 1Yol e in o~ A,
o(ai,00,p) = ﬁfxl’["{%(0516*,0025*,175*)*5(‘11670(25,175)}} (20)

where Y5 and ¥ are the negatives of the inverse Hessians of §; (o1, 00,p) and 8 (a1, 00,p) at (@s-, 05+, ps-) and
(05,05, Ps) respectively. We have

S(ay,00,p) == [(r1+c—Dlnpy +(ri+a;—1)Inoy +(rp+d—1)Inp, + (r2+a—1)Inoy

S| =

3 ” m
-y Zx?}- — o Z In (1 + 92X2j) + Z%’jln R(xj)] —bioy —bro
Jj=1 j=1 j=1

Then (05, 05, Ps) are computed by solving the following non-linear equations
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98 1l(nta-1) & o % (IR _
8051 711 (04] 7;xlj+;R(Xj) 8051 71)] 70,

98 _1|(nta—-1) ¢ % (IR(x)) _
d0  n o jzl]n(1+92x2j)+j]R(xj)< P >b2 =0,
98 1 |(n+tc—1) (n+td-1) i %] <8R(xj)) —0

dp n pi P2 SR\ dp
We further obtain
by = L0 L[ _nrar =) g A JPRGy) (9R())* !
AN 902 n o? ARx) | oo day ) R(x))
by = 28 L[t l)  § H [PRG) (OR(x)F_L
22T 902 n o2 HRx) | 003 day ) R(x))
5 _ 0 1| (nte-) (ntd-1) ¢ % <aR<xj>>2
Papr Pt r SR\ 9p
O Y | 7%‘ R <8R(xj)) <8R(xj))
172 2% 2004y n = (R(xj))z oy 00
S = Oy = 20— LNy A {82R<x,~><aR<xj>><aR<xj>) 1 }
ar =P T dondp  n S R(x)) | doudp ooy dp ) R(xj)
s 0?6 L H; {82R(xj)<8R(xj)) <8R(xj)) 1 }
@r PR T dondp  n S R(x)) | dondp oL dp ) R(xj)

where, the derivatives of R (x;) with respect to the three parameters are given previously in subsection 3.1.
The matrix Y, takes the form:

926
== _ [ ] = 1 2 3 21
Y ( aw,»awj)’ i,j=1,2, 1)
where ®; = o, @, = 0 and w3 = p.
Now, the Bayes estimators of o, o and p are computed as follows:
If ¢ (o4, 0, p) = @; and consequently 5$ (ay, 0, p) becomes
* 1
g, (a1,00,p) =6 (a1,00,p)+ Zlnal
and then (0, 5+, 05+, Ps+ ) are obtained by solving the following non-linear equations:
9%, 95 1 9% 95 3% 95
80517805] na17’8a278a27’8p78p7'
Using the following expressions
. 326; %8 1 N ” * * *
6a1a1 = W%l = a—alz - n—alzaSalaz = 6a1aza5a1p = 5061Pa5a2a2 = 50620627 5052,7 = 506217’51717 = 51717'
Hence,
. 98, 1o )
Z(Xli 7(9(1)180)] ) Lj=1 53' ( 2)
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where o = o, @, = o, and w3 = p.
Thus, the approximate Bayes estimator of o under square error loss function is given by

_ X5 | P PO
QisETK = |§1| exp [n {84, (s, 05+, ps+) — 6 (05,005, Ps) }]

Similarly the Bayes estimators of , and p, respectively

. 1Yo, o PO

Obse 1K = |§2| exp [n{8,, (Q5+, 005+, P5+) — 6 (Qis, Cas, Ps) }]
and

R 15| e SO

PSE_TK = mexp [” {5p (05+, 05+, Ps+) — 6 (045, 00267176)}]

If ¢ (a1, 0, p) = e 9% and consequently 5‘; (aq, 0, p) becomes

* 1
5a1 (a17a27p) = 6(a1;a25p) - ;qal

and then (@ 5+, Ohg+, Ps+) are obtained by solving the following non-linear equations:

B 98 1 9% 95 9% 95 _
doy  doy nl V90  dom  ap ap
Again, one can obtain };, from (22)
i 82521 %8, . X * x
Where 6(11 a3 2 3.2 % m— 50‘1 0> 5(1117 = 50‘117* 5(12(12 = 5012012’ 6a2p = 60!2P’ 6pp = 51717 :
3061 aal

The approximate Bayes estimator of o under LINEX loss function is given by

. 1 [1X6 e o
OILINEX_TK = *gln |§1| exp [’1{5(11 (015+, a5+, Ps+) *5(051&00257176)}]

Also, similarly, the Bayes estimator of o and p under LINEX loss function, respectively, are

_ 1 [ o o
OQLINEX TK = —aln |§2| exp ["{55?2 (O5+, 05+, P5+) — O (0515,00257175)}]

and

R 1 X5 P PO
Prvex.rk = —=In —Lexp ["{3; (Qis+5 05+, Ps<) — 5(0‘157052&]75)”

q X
_ ~y—h *
If ¢ (ou, a2, p) = 0 " and consequently &5 (01, &, p) becomes
N 1
5a] (ala(XZap) =0 (a17a27p) - ;h ]nal

and then (@ 5+, Ohg+, Ps+) are obtained by solving the following non-linear equations:

98, a5 h 98, 35 98, 35

= —— = =—=0,—=—=0.
8061 (9061 nog ’ 3062 (9062 ’ ap ap
And obtain } i, from (22)
Oy 8252] %5 h o d, o, Ooy p> O d, O Ocyp» Oy = O
Where oo — 8—06% = 8—0612 nTCCIZ’ oo — Qa0 Oayp = Qo ps> Oy — 005 Poyp = Qarp> Opp — Opp
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The approximate Bayes estimator of ¢ under general entropy loss function is given by

_ 2, | TR "
QIGE_TK = |§]| exp [” {58?1 (Os+, 05+, Ps<) — O (Qys, 00257176)}]
Also, similarly, the Bayes estimator of o, and p under general entropy loss function, respectively, are
1
- 5| Cim o o "
OLGETK = v P [n{84, (O5+,0hs,Ps+) — 8 (Cis, O, Ps) }]
and
1
A 5] eaa PO h
PGE_TK = mexl? [" {5p (Os+, 05, Ps<) — 6 (45, 0025,175)}]
Noting the when value 7 = —1, the general entropy loss function is the same as the squared error loss function.

4 Simulation Study

In this section, a Monte Carlo simulation study is carried out to examine the performance of proposed estimators. The
samples were generated based on the algorithms of Balakrishnan and Sandhu [30], we generate progressively Type-II
censored from a mixture of Weibull and Lomax distributions with parameters ¢ = 2, o = 3, p = 0.45 along with
(6, =0.5,0, = 1.5) with sample sizes (m) from a random sample of size (n) under censoring scheme %. We estimate
the parameters using Maximum likelihood estimation and Bayes estimation obtained by Lindley’s approximation and T-K
approximation. The following values are used for the hyper parameters (a; = 0.2,a, =0.12,b; =0.35,b, =0.15,c=1.5
and d = 3.5) for informative prior. In case of non informative prior, we take {(a; =a, =b; =b, =0),(c=d =1)}. All
results are based on 1000 replications and the average values and mean squared error (MSE) of estimates are given in
Tables 1-6. All results are obtained using Mathematica 11.

5 Conclusion

The purpose of this paper is estimation of the mixture of Weibull and Lomax distributions based a progressive Type-II
censoring scheme. The maximum likelihood estimators and Bayes estimators under assumption symmetric and
asymmetric loss function using Lindley and T-K approaches are provided. It is observed from Tables (1-6), that the
performance of Bayes estimators obtained under informative prior have less MSE as compared to the non-informative
prior in all considered approximation techniques especially in case T-K approximation. Also, in most cases, notice that
the MSE of Bayesian estimation are smaller than the maximum likelihood estimation, so Bayesian procedure is better
than the maximum likelihood as expected. In most values, the MSE decreases when the sample size n and the effective
sample m increase. We have observed that, in general, Bayes estimation, T-K approximation are quite good compared to
the Lindley’s approximation.
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Table 1: Average estimates and corresponding MSE of the parameter o based on informative prior
Bayes_Lindley Bayes_T-K
(n,m) Scheme MLE SE LINEX GE SE LINEX GE
q=05 =05 h=05 h=05 q=05 =05 h=05 h=05
1415 2.10370 2.07103 1.99367 2.15749 1.94826 2.04363 2.05496 2.01396 2.16272 1.95922 2.00473
(30.15) (0.02124) | (0.00647) | (0.00097) | (0.02707) | (0.00356) | (0.00262) | (0.00321) | (0.00146) | (0.02670) | (0.00181) | (0.00018)
’ (3.0.0)*5 2.05446 2.01272 1.94883 2.09091 1.91324 1.96272 2.00527 1.97072 2.08002 1.90253 1.98120
e (0.02066) | (0.00053) | (0.00305) | (0.00860) | (0.00770) | (0.00174) | (0.00008) | (0.00141) | (0.00672) | (0.00968) | (0.00051)
1#25 2.08548 2.09957 2.03069 2.13440 2.00427 2.05280 2.06015 2.03960 2.13736 2.00203 2.03907
(50.25) (0.01430) | (0.01023) | (0.00106) | (0.01854) | (0.00017) | (0.00330) | (0.00407) | (0.00173) | (0.01910) | (0.00010) | (0.00172)
o (5.0,0,0,0)*5 2.02428 2.01311 1.95913 2.04432 1.93642 1.99358 2.00087 1.96782 2.05751 1.93766 1.96771
P71 (0.01215) | (0.00028) | (0.00221) | (0.00219) | (0.00414) | (0.00013) | (0.00012) | (0.00112) | (0.00353) | (0.00396) | (0.00124)
Table 2: Average estimates and corresponding MSE of the parameter o, based on informative prior
Bayes_Lindley Bayes_T-K
(n,m) Scheme MLE SE LINEX GE SE LINEX GE
q=05 q=-05 h=0.5 h=-0.5 q=05 =05 h=0.5 h=-05
%15 3.28540 3.16843 2.98187 3.42717 3.00105 3.13117 3.21069 3.04936 3.51270 3.05492 3.19540
30.15) (0.12803) | (0.03173) | (0.00755) | (0.18590) | (0.00303) | (0.02129) | (0.04470) | (0.00357) | (0.26352) | (0.00344) | (0.03887)
o (3.0.0)5 3.18031 3.13863 2.90101 3.2680 2.91768 3.05646 3.14759 2.93362 3.34933 2.92810 3.08909
o (0.11026) | (0.02028) | (0.01036) | (0.07253) | (0.00864) | (0.00447) | (0.02244) | (0.00563) | (0.12330) | (0.01175) | (0.00845)
1%25 3.24931 3.21493 3.08434 3.35943 3.11621 3.18549 3.25282 3.16290 3.50372 3.14193 3.21087
(50.25) i} (0.09268) | (0.04666) | (0.00797) | (0.13018) | (0.01395) | (0.03498) | (0.06419) | (0.02710) | (0.25445) | (0.02061) | (0.04528)
’ (5.0.0.0.0)*5 3.15628 3.11301 2.96850 3.24258 3.01517 3.06138 3.11917 3.06169 3.25255 3.03723 3.10091
AU (0.06280) | (0.01343) | (0.00248) | (0.05932) | (0.00205) | (0.00410) | (0.01461) | (0.00395) | (0.06459) | (0.00197) | (0.01071)
Table 3: Average estimates and corresponding MSE of the parameter p based on informative prior
Bayes_Lindley Bayes_T-K
(nm) | Scheme MLE E LINEX GE E LINEX GE
4=03 G=03 =035 =035 405 G=03 =03 =05
1415 0.44676 0.43312 0.43146 0.43575 0.42043 0.42893 0.451079 0.44631 0.45332 0.43633 0.44706
(0.00004) | (0.00034) | (0.00052) | (0.00029) | (0.00119) | (0.00054) | (7.6302x 10°(-6)) | (0.00005) (0.00001) (0.00019) (9.7697x 10°(-6) )
G015 , 044612 | 042816 | 042554 | 043013 | 0AI513 | 04239 049942 0.44435 0.45266 043564 0.44607
GO0 000010) | ©.00049) | ©:00061) | ©:00041) | ©:00123) | ©.00069) | (3.39695x 10°-6)) | (0.00009) | (7.76503% 10°(6)) (0.00021) (0.00002)
125 0.44676 0.43841 0.43761 0.43966 0.43033 0.43562 0.45752 0.45450 0.45886 0.44767 0.45452
(0.00002) | (0.00015) | (0.00017) | (0.00012) | (0.00040) | (0.00022) (0.00006) (0.00003) (0.00008) (5.76842x 10°(-6) ) (0.00002)
025 o | 044652 | 043399 | 043335 | 043604 | 042386 | 043202 0.45501 0.45464 045731 044717 0.45308
0000551 60006) | (0.00026) | (0.00028) | (0.00020) | (0.00058) | (0.00032) (0.00005) (0.00002) (0.00005) (8.57949% 10°(-6)) | (9.8256x 10°(-6) )
Table 4: Average estimates and corresponding MSE of the parameter ¢; based on non-informative prior
Bayes_Lindley Bayes_T-K
(n,m) Scheme SE LINEX GE SE LINEX GE
=05 =05 h=0.5 h=-05 =05 =05 h=0.5 h=05
%15 2.10891 2.03167 2.18041 1.98561 2.07113 2.06603 2.04492 2.18051 1.96262 2.0330
(30.15) (0.01264) | (0.00222) | (0.03361) | (0.00171) | (0.00836) | (0.00460) | (0.00233) | (0.03289) | (0.00157) | (0.00137)
? (3.0.0)%5 2.04835 1.98782 2.13663 1.91543 2.00687 2.01697 1.99618 2.10682 1.93701 1.97497
o (0.00284) | (0.00059) | (0.01917) | (0.00751) | (0.00024) | (0.00041) | (0.00029) | (0.01221) | (0.00414) | (0.00084)
1%25 2.09409 2.05493 2.14780 2.03432 2.07697 2.07592 2.05164 2.13849 2.01451 2.05592
(50.25) (0.00907) | (0.00321) | (0.02209) | (0.00133) | (0.00628) | (0.00591) | (0.00271) | (0.01927) | (0.00037) | (0.00322)
’ (5.0.0.0.0)%5 2.02780 1.98777 2.08109 1.96540 2.00179 2.02566 1.97986 2.0690 1.96729 1.99630
e (0.00086) | (0.00048) | (0.00671) | (0.00124) | (0.00012) | (0.00069) | (0.00046) | (0.00483) | (0.00115) | (0.00022)
Table S: Average estimates and corresponding MSE of the parameter o based on non-informative prior
Bayes_Lindley Bayes_T-K
(n,m) Scheme SE LINEX GE SE LINEX GE
=05 =05 h=0.5 h=-05 =05 =05 h=0.5 h=05
1#15 3.34943 3.1370 3.51991 3.13613 3.28911 3.23977 3.14338 3.51752 3.11764 3.22701
(30.15) (0.12661) | (0.02194) | (0.36041) | (0.02104) | (0.08609) | (0.05882) | (0.02144) | (0.26905) | (0.01851) | (0.05281)
? (3.0.0)%5 3.23382 3.01537 3.36736 3.03872 3.16901 3.19635 3.07076 3.42015 3.05902 3.14854
T (0.05557) | (0.01354) | (0.13743) | (0.00202) | (0.02976) | (0.03949) | (0.00555) | (0.17761) | (0.00418) | (0.02341)
1%25 3.31846 3.17203 3.41361 3.18914 3.28254 3.26755 3.18493 3.43765 3.15515 3.24292
(50.25) (0.10245) | (0.03015) | (0.17326) | (0.03654) | (0.08039) | (0.07206) | (0.03456) | (0.19188) | (0.02458) | (0.05916)
’ (5.0.0.0.0)%5 3.15859 3.05399 3.29341 3.05360 3.13620 3.16235 3.08645 3.43765 3.04553 3.13812
e (0.02584) | (0.00453) | (0.08699) | (0.00320) | (0.01953) | (0.02819) | (0.00783) | (0.09753) | (0.00344) | (0.01998)
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Table 6: Average estimates and corresponding MSE of the parameter p based on non-informative prior

Bayes_Lindley Bayes_T-K
(n,m) Scheme SE LINEX GE SE LINEX GE
q=0.5 q=-0.5 h=0.5 h=-0.5 q=0.5 q=-0.5 h=0.5 h=-0.5
%15 0.46123 0.45414 0.46388 0.44753 0.45737 0.46900 0.46695 0.47362 0.45482 0.46596
(30,15) (0.00020) (0.02468) (0.00027) | (0.00010) (0.00011) (0.00037) | (0.00029) | (0.0006) | (0.00002) | (0.00026)
’ (3,005 0.45612 0.45270 0.45866 0.44222 0.45135 0.46928 0.46625 0.47180 0.45453 0.46491
o (0.00005) (0.00003) (0.00009) | (0.00008) (0.00002) (0.00037) | (0.00027) | (0.00048) | (0.00002) | (0.00022)
125 0.45550 0.45442 0.45742 0.44728 0.45319 0.46930 0.46565 0.47096 0.45945 0.46603
(50.25) (0.00004) (0.00004) (0.00007) | (0.00002) (0.00002) (0.00038) | (0.00027) | (0.00044) | (0.00009) | (0.00026)
’ (5.0.0.0,0)*5 0.45171 0.44970 0.45299 0.44275 0.44817 0.46651 0.46560 0.46961 0.45817 0.46498
U T (6.7339% 107(-6) ) | (7.90426x 107(-6) ) | (0.00001) | (0.00006) | (6.00968x 10°(-6)) | (0.00028) | (0.00025) | (0.00039) | (0.00007) | (0.00022)
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