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Abstract: Some concepts of the biconvex sets and biconvex functions are considered in this paper. Properties of the strongly biconvex
convex functions are investigated under suitable conditions. The minimum of the sum of differentiable biconvex functions and
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1 Introduction

Convexity theory is a branch of mathematical sciences
with a wide range of applications in industry, physics,
social, regional and engineering sciences. It is worth
mentioning that variational inequalities represent the
optimality conditions for the differentiable convex
functions on the convex sets. The convex sets and convex
functions have been extended and generalized in several
directions using innovative ideas to consider completed
problems. See an excellent book by Cristescu and
Lupsa [1]. Inspired by the research work going on in this
field, Noor and Noor [2—4] introduced and and considered
a new class of nonconvex sets and nonconvex functions
with respect to an arbitrary bifunction. This class of
nonconvex set is called the biconvex set and the noncovex
function is called biconvex function. functions is called
the biconvex functions. Noor et al [2-4] have studied
some basic properties of the biconvex functions. It have
been shown that the biconvex functions have
characterizations as the convex functions enjoy.

Mixed variational inequalities involving term can be
viewed as novel extension of variational inequalities.
which were introduced and studied by Stampacchia [5]
and Lions et al [6]. Mixed variational inequalities have
witnessed an explosive growth in theoretical advances,
algorithmic developments and applications across almost

all disciplines of engineering, pure and applied
sciences.and There are several methods for solving mixed
variational inequalities. Due to the nature of the mixed
variational inequalities, projection and Wiener-Hopf
methods cannot be applied for solving mixed variational
inequalities. In recent years, the auxiliary principle
technique is being used to suggest and analyze some
iterative methods for solving variational inequalities and
equilibrium problems. Glowinski et al [7] used this
technique to study the existence problem for mixed
variational inequalities, whereas Noor [8—11] and Zhu et
al. [12] have used this approach to suggest and analyze
some iterative methods for solving various classes of
variational inequalities and equilibrium problems. For
more details, see [5—16] and the references therein.

In this paper, we consider the mixed bivariational
inequalities, which arise as a sum of differentiable
biconvex function and nondiferentiable biconvex
function. The auxiliary principle technique is used to
suggest several new iterative schemes for mixed
bivariational inequalities. We also prove that the
convergence of these methods require either
pseudomonotonicity or partially relaxed strongly
monotonicity. These are weaker conditions than
monotonicity. As a special case, we obtain new iterative
schemes for solving mixed bivariational inequalities,
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variational inequalities and optimization problem. The
comparison of these methods with other methods is a
subject of future research.

2 Preliminaries and basic results

Let K be a nonempty closed set in a real Hilbert space H.
We denote by (-,-) and || - | be the inner product and
norm, respectively. Let F : Kg — R be a continuous
function and let B(. —.) : Kg x Kg — R be an arbitrary
continuous bifunction.

We now recall the known concepts and basic results,
which are mainly due to Noor and Noor [2—4].

Definition 1.  The set Kg in H is said to be biconvex set
with respect to an arbitrary bifunction B(- —-), if

u+AB(v—u)c Kg, Yu,v e Kg,A € [0,1].

The biconvex set K is also called 3-connected set. Note
that the biconvex set with B (v,u) = v —u is a convex set
K, but the converse is not true.

For example, the set Kg = R — (—%, %) is an biconvex set
with respect to 717, where

B(vu){v—u, for

u—v, for

v>0,u>0 or
v<0,u>0 or

v<0,u<0
v<0,u<O0.

It is clear that Kﬁ is not a convex set.

From now onward Kjp is a nonempty closed biconvex
set in H with respect to the bifunction B(- — -), unless
otherwise specified.

We now introduce some new concepts of biconvex
functions and their variants forms.

Definition 2.  The function F on the biconvex set Kg is
said to be a strongly biconvex with respect to the bifunction
B(-—"), if there exists a constant [t > O such that
Flu+AB(v—u)) < (1—=2A)F(u)+AF(v)
—pA(1=2)[B(v—u)l?,
Yu,v € Kg,A € [0,1].
The function F is said to be strongly biconcave, if and

only if, —F is strongly biconvex function. Consequently,
we have a new concept.

Definition 3. A function F is said to be strongly affine
involving an arbitrary bifunction B(-—-), if

Flu+AB(v—u))=(1—2A)F(u)+AF(v)

—pA(1=2)|[B(v—u)|?,
Yu,v € Kg,A € [0,1].

Note that every strongly biconvex function is a strongly
affine biconvex, but the converse is not true.

If B(v—u) = v —u, then the strongly biconvex function
becomes a strongly convex function, that is,

Flu+A(v—u)) < (1—=A)F(u)+AF(v)
—HA(L=A)IBv—w)l?,
Yu,v € K,A €0, 1].
For the properties of the convex functions in variational

inequalities and equilibrium  problems, see
Noor [7-10, 14], Zhu et al. [12] and Patriksson [16].

Definition 4. The function F on the biconvex set Kg is
said to be strongly quasi biconvex with respect to the

bifunction B(-—-), if
Fu+AB(v—u)) < max{F(u),F(v)}
—pA(1=2)[Bv—w)]?
Yu,v € Kg,A €[0,1].

Definition 5.  The function F on the biconvex set Kg is
said to be strongly log-biconvex with respect to the

bifunction B(- —-), if
FlutAB(v—u) < (F(u)' " (F()*
—pA(1=2)[B(v—u)l?,
Vu,v € Kg,A €[0,1].
where F(-) > 0.

We can rewrite the Definition 5 in the following form

Definition 6.  The function F on the biconvex set Kg is
said to be strongly log-biconvex with respect to the

bifunction B(- —-), if
logF(u+AB(v—u)) < (1—A)logF (u)+ AlogF(v)
—HA(1=2)[Bv—w)?
Vu,v € Kg, 4 € [0,1].
where F(-) > 0.

This definition can be used to discus the properties of the
differentiable strongly log-biconvex functions.

From the above definitions, we have
Flut+AB(v—u)) < (Fu) " (F)*
—pA(1=2) B —w)|?
< (1=A)F(u)+AF(v)
—ud (1= A)|B—u)|?
< max{F(u),F(v)}
—pA(1=2)[B(v—u)|*.
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This shows that every strongly log-biconvex function is
strongly biconvex function and every strongly biconvex
function is a strongly quasi-biconvex function. However,
the converse is not true.

For A = 1, Definition 2 and 5 reduce to the following
condition.

Assumption 1
Fu+B(v—u)) <F(v), YvucKg,

which is called the Condition A.

To derive the main results, we need the following
assumptions regarding the bifunction (- — ).

Assumption 2.  The bifunction (,—,) said to satisfy the
assumptions, if

(i). B(yB(v—u))=vB(v—u),Yu,v e Kg,v€ R".
(ii). Bv—u—yB(v—u))=(1—y)B(v—u),Yu,ve K,
which is called the Condition M.

Remark. Let B(-— ) : Kg x Kg — H satisfy the
assumption

B(v—u)=B(r—2)+B(a—u).Yuvz € Kp.

One can easily show that B(v —u) =0 Vu,v € Kg.
Consequently

Blv—u)=0 < v=uVuyveKkg.
Also
Bv—u)+B(u—v)=0,

This implies that the bifunction (. —.) is skew symmetric.

VM,VEKB.

Theorem 1. Ler Ky be a biconvex function in H and the
condition M hold. If the function F is a differentiable
strongly biconvex function with constant U > 0, then the
following are equivalent.

(i).  The function F is a strongly biconvex function.

(ii). F(v) = F(u) > (F'(u), B(v—u))

+u|[B(v—u)||*,Yu,v € Kg.

(iii). (F'(u), B(v—u)) + (F'(v), B(u—v))
VII21}.Vu,v € Kg.

< —p{|BO— w2+ 1B —v)

3 Main Results

In this section, we consider and study the mixed
bivariational inequalities. Some iterative methods are
suggested for finding the approximate solution of the
mixed bivariational inequalities. First of all, we discuss
the optimality conditions for the differentiable biconvex
functions. To be more precise, we consider the energy
functional /[v] defined as:

IV =F(v)+¢(v), YveH,

where F and ¢ are two suitable biconvex functions.

(3.1)

Theorem 2. Let F be a differentiable biconvex
function and ¢ be a nondifferentiable biconvex function.
If u € Kg is the minimum of the energy functional Iv|, if
and only if, u € Kg satisfies the

(F'(u),B(v—u)) +¢(v) — ¢(u) > 0,

Proof. Let u € Kg be a minimum of the functional /[v].
Then

I(u) <1(v),Vv € Kg.

weks (32

(3.3)

Since Kp is a biconvex set, so, Vu,v € Kg, 4 €[0,1],

vy =u+AB(v—u)€Kg.
Taking v = v, in (3.3), we have
Fu)+¢(u) < Flu+AB(v—u)+ou+AB(v—u))
SFu+AB(v—u))+ o) +A(¢(v)—¢(u)),
from which, we have

F A — —F
0 < tim (PUHAPU D 2Py () g
A—0 A
< (F'(u),Bv—u)) +9(v) — ¢ (u),
which is the inequality (3).
Conversely, let u € Kp satisfy (3). We have to show that
u € Kg is the minimum of the functional /[v] defined by
3.1).
Since F is differentiable biconvex function, so
F(u+AB(v—u)) < F(u) + A(F(v) — F(u)),¥u,v € Kg,

which implies that

3.4)

F(u)

Pt 2B —w) -
F(¥) = Flu) > lim | .

From (3.1), (3) and (3.5), we obtain

Hu] = Iv] = —{F(v) = G(u) + ¢(v) — ¢(u)}
—{(F'(u),B(v—u)) + ¢(v) — $(u) }
0.

This implies that

Iu] <1I[v], VYve€Kg,

oGS
<
<

This shows that u € Kp is the minimum of the functional
I[v] defined by (3).
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The inequality of the type (3) is called the mixed
bivariational inequality and appears to new one.

It is worth mentioning that inequalities of the type (3)
may not arise as a minimization of the biconvex
functions. This motivated us to consider a more general
mixed bivariational inequality of which (3) is a special
case.

For a given operator T, bifunction (. —.) and
continous function ¢, consider the problem of finding
u € H, such that

(Tu,B(v—u)) +¢(v) =9 (u) > 0,vv € H,

which is called mixed bivariational inequality.

(3.6)

It is worth mentioning that for suitable and
appropriate choice of the operators, biconvex sets and
spaces, one can obtain a wide class of variational
inequalities and optimization problems. This shows that
the mixed bivariational inequalities are quite flexible and
unified ones.

Due to the inherent nonlinearity, the projection
method and its variant form can not be used to suggest the
iterative methods for solving these bivariational
inequalities. To overcome these drawback, one uses the
auxiliary principle technique of Glowinski et al. [7] to
suggest and analyze some iterative methods for solving
the mixed bivariational-like inequalities(3.6). This
technique does not involve the concept of the projection,
which is the main advantage of this technique. We again
use the auxiliary principle technique coupled with
Bergman functions. These applications are based on the
type of convex functions associated with the Bregman
distance. We now suggest and analyze some iterative
methods for mixed bivariational inequalities (3.6) using
the auxiliary principle technique coupled with Bregman
distance functions.

For a given u € Kp satisfying the bivariational
inequality (3.6), we consider the auxiliary problem of
finding a w € K such that

(pTw,B(v—w) + (E'(w) — E'(u),B(v—w))
+¢(v) —¢(u) >0, YveH,

where p > 0 is a constant and E’(u) is the differential of a
strongly biconvex function E(u) at u € Kg. Since E (u) is
a strongly biconvex function, this implies that its
differential E’ is strongly S-monotone. Consequently it
follows that the problem (3.6) has an unique solution.

(3.7)

Remark. The function
B(w,u) = E(w) — E(u) — (E'(u), B(w,u))

associated with the biconvex function E(u) is called the
generalized Bregman function. By the strongly

boiconvexity of the function E(u), the Bregman function
B(.,.) is nonnegative and B(w,u) = 0, if and only if
u=w,Vu,w € Kpg.

We note that, if w = u, then clearly w is solution of
the mixed bivariational inequality (3.7). This observation
enables us to suggest and analyze the following iterative
method for solving (3.7).

Algorithm 1. For a given uy € H, compute the
approximate solution u,\ by the iterative scheme
(PTun 1, B —ttns1)) + (E'(uns1) = E" (un), By = tn 1))
+0(v)—¢(upr1) >0, VYveH, (3.8)
where p > 0 is a constant. Algorithm 1 is called the
proximal method for solving mixed bivariational
inequalities (3.6). In passing we remark that the proximal

point method was suggested in the context of convex
programming problems as a regularization technique.

If B(v—u) = v—u, then Algorithm 1 collapses to:

Algorithm 2. For a given uy € H, compute the
approximate solution u, 1 by the iterative scheme

<PT(Hn+1),V*un+]> + <E,(ul’l+l)7E,(u),V*Mn+|
+¢(v)—9(u) >0, YveH,

for solving the mixed variational inequality.

For suitable and appropriate choice of the operators
and the spaces, one can obtain a number of known and
new algorithms for solving variational inequalities and
related problems.

Theorem 3. Let the operator T be pseudomonotone. Let
E be differentiable higher order strongly biconvex
function with module v > 0 and Condition M hold. If
pu < v, then the approximate solution u,y; obtained
Jfrom Algorithm I converges to a solution u € K satisfying
the mixed bivariational inequality(3.6).

Prooflet u € H be a solution of mixed bivariational
inequality(3.6). Then

(Tu,B(v—u))+9(v) - 9(u) >0,
implies that
—(Tv,Bu=v))+ () - ¢(u)) >0, VveH,

since T is B-pseudomonotone.
Taking v = u in (3.8) and v = u,,+1 in (3.9), we have

(PT (un11), B(u,u—n+1))
H(E (tn 1) = Ep (un, B (= tn 1))
+¢(u) = ¢ (ns1) > 0.

and

~(Tupi1, B(u—tni1)) + (V) = ¢ (1) > 0.

YveH,

3.9)

(3.10)

(3.11)
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We now consider the Bregman distance function
B(u,w) = E(u) = E(w) — (E'(w, B (1 —w))
> VB (u—w)|?,

using higher order strongly biconvexity of E.
Now combining (3.12),(3.10) and (3.11), we have

B(u,up) — B(u,tn+1)
= E(upr1) — E(un) — (E'(un), B (4 — un))
H(E (1), B — tns1))
= E(up+1) — E(un) = (E'(un) — E" (1, B(u — tp11))
—(E (tp, tps 1 — )
> VB et — ) P+ (1) — ' (tn), Bt — 1))
V1B (tnt1 — MH)H2 — (T (tn+1), B(u—ttns1))
—p | B(u—upi)|?

(3.12)

AV

> (v—p)[IB (i1 — un) .
If u,+1 = up, then clearly u, is a solution of the
problem(3.6). Otherwise, it follows that

B(u,u,) — B(u,u,1) is nonnegative and we must have
r}g‘;”ﬁ(”nﬂ —un)|[ =0.

from which, we have

1im [l1 — ] = 0.

It follows that the sequence {u,} is bounded. Let i be a
cluster point of the subsequence {u,,}, and let {u,,} be a
subsequence converging toward i#. Now using the
technique of Zhu and Marcotte [12], it can be shown that
the entire sequence {u,} converges to the cluster point i
satisfying the mixed bivariational inequality(3.6).

It is well-known that to implement the proximal point
methods, one has to find the approximate solution
implicitly, which is itself a difficult problem. To overcome
this drawback, we now consider another method for
solving the mixed bivariational inequality(3.6) using the
auxiliary principle technique.

For a given u € H, find w € Kp such that

(PT(u,B(v—w)) + (E'(w)—E",B(v—w))
+o(v)—o(u) >0, VYveH, (3.13)

where E’(u) is the differential of a biconvex function E (u)
at u € H. Problem (3.13) has a unique solution, since E is
strongly biconvex function. Note that problems (3.13) and
(3.7) are quite different problems.

It is clear that for w = u, w is a solution of (3.6). This fact
allows us to suggest and analyze another iterative method
for solving the mixed bivariational inequality (3.6).

Algorithm 3. For a given uy € H, compute the
approximate solution u,. by the iterative scheme

(PTun, B(v—ttni1))

HE (un 1) — E (), B(v — 1))

+0(v) = ¢(uny1) > 0,Yv € H, (3.14)

for solving the mixed bivariational inequality (3.6).

If B(v,u)) = v —u, Algorithm 3 collapses to:

Algorithm 4. For a given uy € H, compute the
approximate solution u, 1 by the iterative schemes

P<TM”,V—M,H,1> + <E/(Mn+1)—E/(un),v—un+1>
+¢(v) — ¢ (up1) >0,Yv e H,

for solving the variational inequalities and appears to be a
new one.

We now again use the auxiliary principle to suggest some
more iterative methods for solving bivariational
inequalities.

For a given u € H satisfying (3.6), find w € H such that

(PT(w,B(v—w)) +(w—u+a(—u),v—w)
+o(v)—¢(u) >0,YveEH,

which is the auxiliary mixed bivariational inequality. We
note that, if w = u, w is a solution of (3.6). This fact
allows us to suggest and analyze another iterative method
for solving the mixed bivariational inequality (3.6).

(3.15)

Algorithm 5. For a given uy € H, compute the
approximate solution u, 1 by the iterative schemes

p<Tun+1aﬁ(V_ Mn+1)>
+<Mn+1 _un) + a(l/t,,, — Mnfl);v_ Mn+1>
+0(v) = ¢ (uns1) > 0,Yv € H,

where o is a constant. Algorithm 5 is called the inertial
proximal method for solving the mixed bivariational
inequalities (3.6).

For a = 0, Algorithm 5 becomes:

Algorithm 6. For a given uy € H, compute the
approximate solution u, 1 by the iterative schemes

(3.16)

p<TMn+laﬁ(v_un+1)> + <Ltn+1 —M”),v—un+1>
+0(v) = ¢ (uns1) > 0,Yv € H,

which is called the proximal method for solving the
mixed bivariational inequalities (3.6).

If B.—.) = v —u, then the boconvex set Kg becomes the
convex set K. Consequently Algorithm 3.6 reduces to:

Algorithm 7. For a given uy € H, compute the
approximate solution u, 1\ by the iterative schemes

P (Tuni1,v — tins1)

+<un+|7un)+(X(un*M”7]),V*M”+]>20, VveH.

Algorithm 7 is known as the inertial proximal method for
solving variational inequalities.

We now consider the convergence analysis of Algorithm
5.

@© 2021 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

474 NS e

M. A. Noor: Biconvex functions and mixed...

Theorem 4. Let it € H be a solution of (3.6) and let uy, |
be the approximate solution obtained from Algorithm 5. If
the T : H— R is pseudo B-monotone, then

1 — ]|

< ot — a1 — [t — ttn = G (1t — 1) |
A { [l —al|* — lup—y — >

2ty — 1|} (3.17)
ProofLet it € H be a solution of (3.6). Then
(Tu,B(v—u))+¢(v) =¢(u) =20, VveH,
implies that
—(Tv,B(a—v))+¢()—9u) =0, VweH,

since T is pseudo -monotone.
Taking v = u,,11 in (3.18), we have

(Tuni1, (i —tp41)) > 0.

Now taking v = i in (3.16), we obtain
(PTuns1, B — upy1))

+ <“n+l —Un — an(“n - unfl)vﬁf “rz+l> >0

From (3.19) and (3.20), we have

(3.18)

(3.19)

(3.20)

<“n+l *un*an(“n*unfl)vﬁ*uwrw
> —(pTups1, B — upi1)) = 0,

One can write (3.21) in the form

(3.21)

<“rz+l *unyﬁ*un+l>

> an<l4n_unflaﬁ_un+un_un+l>- (3.22)

Using the inequality
20u,v) = |lu+ v[* = flul® = [v|*.Yu,y € H and
rearranging the terms in (3.21), one can easily obtain
(3.17), the required result.

Theorem 5. Let H be a finite dimensional space. Let
Upr1 be the approximate solution obtained from
Algorithm 5 and @ € H be a solution of (3.6). If there
exists o € (0,1) suchthat0 < o, < @, VYn €N and

Z O‘nHurz - Mnlez < oo,

n=1

then lim,, .o u,, = i.

Proof.Let ii € Kg be a solution of (3.6). First we consider
the case , = 0. In this case, we see from (3.17) that the
sequence {||ii — up||} is nonincreasing and consequently
{un} is bounded. Also from (3.17), we have

oo

Y Nt = unl|* < fluo — %,
n=0

which implies that

lim ||uy1 — uy]] = 0. (3.23)
n—soo

Let i be the cluster point of {u,} and the subsequence
{un;} of the sequence {u,} converge to it € H. Replacing
u, by Up; in (3.17) and taking the limit n; — oo and
using (3.23), we have

which implies that i solves the mixed bihemivariational
inequality problem (3.6) and
et — vl |* < o0 — >

Thus it follows from the above inequality that the sequence
{u, } has exactly one cluster point 2 and

lim u, = 4.
n—soo

Now we consider the case o, > 0. From (3.17), we
have

Yttt — ttn — Gt — w1)|> < [l — 1]
n+1

+ Y Aoy —al® +2{un — 1 |*} < oo,
n=1

which implies that
lim Hun+1 — Uy — an(”n - unfl)llz =0.
n—>o0

Repeating the above arguments as in the case o, = 0, one
can easily show that lim, . u,, = i, the required result.

For a given u € H satisfying the mixed bivariational
inequality (3.6), consider the auxiliary problem of finding
w € H such that

(pTu,B(v—u)) + (w—u,y—w)

+o(v)—9(u) >0, VYveH, (3.24)
where p > 0 is a constant. Problem (3.24) is known as the
auxiliary bivariational inequality. We note that, if w = u,
then clearly w is a solution of the problem (3.6). This

observation enables us to suggest and analyze the
following iterative method for solving the problem(3.6).

Algorithm 8. For a given uy € H, compute the
approximate solution u,\ by the iterative scheme

(PTwn, B(v—wn))

+(tnp1 — Wi,V =ty 1) +O(V) — 0 (upq1) > 0,Vv € H,

(VT (un, B (v —un))

Wi — tn, v —wn) +0(v) — @ (wy) >0,
where p > 0 and v > 0 are constants. Algorithm 8 is

two-step predictor-corrector method for solving the
mixed bivariational inequalities (3.6).

VYveH,

Remark. For suitable and appropriate choice of the
operators and the spaces, one can obtain various known
and new algorithms for solving mixed bivariational
inequality (3.6) and related optimization problems.
Convergence analysis of these new algorithms can be
considered and investigated using the above techniques
and ideas.
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4 Conclusion

In this paper, we have shown that the optimality
conditions of a sum of differentiable biconvex functions
and nondifferentiable biconvex can be characterised by a
class of bivariational inequalities. This result is used to
introduce a more general class of mixed bivariational
inequalities. Auxiliary principle techniques is used to
suggest and analyze some iterative methods for solving
the mixed bivariational inequalities. Convergence analysis
of the proposed methods is condition using the pseudo
monotonicity which is a weaker condition than
monotonicity. Our method of proofs is very simple as
compared with other techniques. Despite the current
activities in these fields, much clearly remains to be done
in these fields. It is expected that the ideas and techniques
of this paper may be starting point for future research
activities.
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