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Abstract: Water resources management models aims to utilize the availability of water resources so as to meet the
demand of many users as possible as can. In this paper, a two- stage stochastic programming for optimizing water
resources management problem is introduced in pentagonal fuzzy neutrosophic environment. The problem is
considered by incorporating probabilistic seasonal flow and pentagonal fuzzy neutrosophic numbers for all water-
allocation target, net benefit, net benefit reduction, and seasonal flow. Based on the score function, the problem
under consideration becomes deterministic one and with any linear programming techniques, we obtain the
solution. For illustration, an example is given for the sake of the paper.

Keywords: Water resources management; Two- stage stochastic programming; Pentagonal fuzzy neutrosophic
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1 Introduction

Over the past decades, the water resources allocation through municipal, industrial, and agricultural
have been of increasing important (Huang and Chang; 2003; Wang et al. 2003). Among the water users,
the competition due to the growing of population shifts, shrinking water availabilities, varying natural
conditions, and deterioration of water resources quality (Li and Huang, 2008). Hajkowicz and Collins
(2007) reviewed multiple criteria analysis for water resources management and planning. Water
resources management has a wider range of case studies based on economic benefits maximizations (for
instance, Cai et al.,, 2002; Cai et al., 2003a; Cai et al., 2003b; Letcher et al., 2004; Ringler and Cali,
2006; Ringler et al. 2006; Ward et al., 2006; Pulido- Velazquez et al., 2006 etc.). Draper et al. (2003)
presented an economic- engineering optimization model comprises of California's major water supply
system and demonstrates the feasibility of using economic- engineering model for the planning of
California's water resources.

In literature, first of all, Zadeh (1965) proposed the philosophy of fuzzy sets. Decision making in a
fuzzy environment has an improvement and a great help in the management decision problems
(Bellman and Zadeh, 1970). Zimmermann (1978) introduced fuzzy programming and linear
programming with multiple objective functions. Later several researchers worked in fuzzy set theory.
Dubois and Prade (1980) studied the theory and applications of fuzzy sets and systems. Kaufmann and
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Gupta (1988) studied several fuzzy mathematical models with their applications to engineering and
management sciences.

This paper deals with the two- stage stochastic programming for solving water resources management in
pentagonal fuzzy neutrosophic environment.

The rest of the paper is: Section 2 introduces some preliminaries needed in this paper. In Section 3, water
resources management is formulated as a two- stage stochastic programming. Section 4 introduced a solution
procedure for obtaining the pentagonal neutrosophic solution. Section5 presented an example for illustration.
Section 6 presents the discussion of the results. Finally, some concluding remarks are reported in section 7.

2 Preliminaries

This section introduces some of basic concepts and results related to fuzzy numbers, pentagonal fuzzy numbers,
neutrosophic set, pentagonal fuzzy neutrosophic humber and their arithmetic operations.

Definition1.( Zadeh, 1965). A fuzzy set P defined on the set of real numbers R is said to be fuzzy numbers if its
membership function

ps(x): R — [0,1], have the following properties:

us(x) is an upper semi- continuous membership function;

P is convex fuzzy set, i.e., ps(3x + (1 —8) y) = min{u;(x), pus(y) } forallx,y e R;0 <3 < 1;
P is normal, i.e., 3 x, € R for which p(xo) = 1;

Supp (P) = {x € R: p;(x) > 0} is the support of P, and the closure cl(Supp(P)) is compact set.

P owbdPRE

Definition2. (Abbasbandy and Hajjari, 2009; Panda and Pal, 2016 and Chakraborty et al. 2019). A fuzzy number
Ap = (r,s,t,u,v),r < s <t < u<v,onRissaid to be a pentagonal fuzzy number if its membership function is

0, x<r,

X—r
wl( ),forrSXSs,
s—r

1—(1—w)(E) fors<x<t
Plt—s/’ -0
Uip = 1,forx =t,

u—x
1—(1—w2)(m),fortSXSu,

vV —X
wz( ),forquSv,
vV—u

0,forx > v.

The graphical representation of the pentagonal fuzzy number is illustrated as in the following figure
Hap
Definition3. (Smarandache, 1998). A neutrosophic set BN of non empty set X is defined as
BN = {(x Ign(®),Jen(X), Vgn(x)): x € X, Ign(x), Jgn (%), Vgn (%) € 10_, 17[},
where Ign(x),Jgn(x)and Vgn(x) are truth membership function, an indeterminacy- membership function, and a
falsity- membership function and there is no restriction on the sum of Ign(x),Jgn(x),and Vgn(x) , SO 07 <
Sup{Izn(x)} + Sup{Jgn(x)} + Sup {Ven(x)} < 3%, and J0~, 1*[ is a nonstandard unit interval.
Definition 4. . A Single- valued neutrosophic set BSVNof a non empty set X is defined as

BSVN = {(x, Ign (), Jgn (%), Van (%) ): x € X}, where Ign (%), Jgn (x), and Vgn(x) € [0, 1] for
eachx € Xand 0 < Ign(x) + Jgn(x) + Vn(x) < 3.

© 2021 NSP
Natural Sciences Publishing Cor.



Wat.Ener.Food.Env.J 2, No. 1, 31- 40 (2021) / http://www.naturalspublishing.com/Journals.asp % .‘,',\33

A

v

0 a, a, as a, as

Fig.1: Graphical Representation of pentagonal Fuzzy number (Panda and Pal, 2016; Chakraborty et al. 2019).

Definition5. Let tg, @g, wg € [0,1] and r,s,t,u,v € R such thatr <s<t< u<v. Then a single- valued
pentagonal fuzzy neutrosophic (SVPFN), bPN = ((r, s, t, u, v): T Pg» Wg ) IS @ special neutrosophic set on R, whose
truth-membership, hesitant- membership, and falsity- membership functions are

( 0, x<r;
TgPN (l ! (X—I‘)Z) r<x<s;
2 (s—r)2 ’ -T =

1 2 .
rqu(z(t )Z(X—t) +1) s<x<t;

u'qPN(X)=<‘[ PN(Z( 1t)2(X_t)2+1) tSXSu;

1 1 2)
_— —_ < < v
TgPN (2 oo u)2( V) ), us<x<v

0, x>w.
\
( 0, x<r;
1 1
Oqp (2(5 r)z(x—r)2>, r<x<s;

o (1( 1)2( —t)2+1),sSxSt;

Pqu(X)=<(p (1 1 (x—t)2+1), t<x<u

2 (u—1t)2
1 1
POqP (2( )2( —V)2>,uSXSV;
0, x>w.
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( 0, X<T;

1
1 1 2
"“’“(z(t )z(X‘t) +1)’SSXSU
GqPN(X)_<“’dPN(% _1t)2(X_t)2+1)’ tEX=E
1
g (2( u)z(X“’)>'“SXSV;
0, x>w.
\

Where tgen, @gpn, and wgen denote the maximum truth, minimum- hesitant, and minimum falsity membership
degrees, respectively. SVPFNGFN = ((r, s, t,u, v): TgPN, PPN, WgPN ) may express in ill- defined quantity about q,
which is approximately equal to [s, u].

Definition 6. LethN ={(r,s,t,u,v): TGPN, PgPN, WgPN ), and dPN = (', s',t',u’, v'): tgen, @gpN, wgpn ) be two
single- valued PQFNSs, The arithematic operations on gV, and d*Nare

1. g"N @ dPN = ((r+r s+s,t—thu+u V+V) TgPN A TGPN, QPN V. (gPN, 0.)~PNV(DdPN)
2. qPN dPN = ((r —v,s—u,t+t,u—s",v—r ) TgPN A TgPN, QPN V. QgPN, quN V wgpn),
3. N ® dPN = —yd((r S,t, U, V); TgPN A TZeN, QPN V. QgeN, 0PN V WEPN), Yy = (r' + s+t +u+

v )(2 + TgPN — (quN) * 0,
4, qN %) dN = %((r, s,t,u,v); TgPN A TgpN, PgPN V @gpN, WgPN \Y (,oaPN), Yq F 0,
((kr, ks, kt, ku, kV): TGPN, PPN, WgPN ), k>0,
((kv, ku, kt, ks, kr); Toapny Prgen Prgen ), k<0,

~pN—1 11111 ~
PN — . PN
6. d - <(_1_1_1_;_); TTaPN’ (PTaPN’ wTaPN ),d #* 0.

Definition 7. (Das, 2020). Let "™ = ((r,s,t,u,v): T4eN, @gpn, wypn ) be a single- valued pentagonal fuzzy
neutrosophic numbers, then

1. Accuracy function AC(qPN)=(i)(r+ S+t+u+v)*[2+1een — @gen]

5. kdPN = f(x) = {

2. Score function SC@Gm —( )(r+ s+ t+u+v)*[2 4 TN — Qgen — wgen].
Definition 8. (Thamariselvi and Santhi, 2016). The order relations between g*Nand g"Nbased on SC(gN*) and
AC(dN?) are defined as

If SC(@™) < Sc(dPN), thenq < d

If SC(@"™) = sc(dPN), then q = d,

If AC(G™™) < AC(dPN), thenq < d

If AC(G™) > AC(dPN), then q > d,

If AC(G"N) = AC(dPN), thenq = d.

AN

3 Problem Statements

Consider the two- stage stochastic programming model for water resources management ( Wang and Huang, 2011)
as
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max P = S, NBPVEPY © B(E]L, C7Ysjo) ()
Subject to
Zjnzi(TjPN - SjQ) aey™ =z QN )

(' Water availability constraints)

Sjq < T™ = Tymax; Vi 3)
(Water- allocation target constraints)

Siq = 0; Vj Q)
(Non- negative and technical constraints).
Where
F: System benefit ($),

N’BjP N: Net benefit to user j per m3 of water allocation ($/m3) (First- stage revenue parameters),
TN Allocation target for water that is promised to user j (m?)

( First- stage decision variables),
E[. ]: Expected value of a random variable,
C/™: Loss to user j per m* of water not delivered, CfN = NB/™ ($/m?)

(Second- stage cost parameters)
Sjq: Shortage of water to user when the seasonal flow is Q,”N (m?)

(Second- stage decision variables)
Q,PN: Total amount of seasonal flow (m?3) (random variables),
¥PN: Rate of water loss during transportation,
Timax: Maximum allowable allocation amount for user j(m3),
n: Total number of water users,
j: Water users, j = 1,2, 3:
j = 1: Municipality;
j = 2: Industrial user;
j = 3: Agricultural sector.
In order to solve the problem (1)- (4) through linear programming technique, Huang and

Loucks (2000) reformulated the problem as
max FPN = YL, NBYNT™ © XL, B2 piCis;s

Subject to (5)
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YL (TN —$3) A+ 26N v,

3 Tmax Vi 1,
vj, i

Where, S;; is the amount by which the target of water allocation (Tj"”) is not met at the seasonal
flow is (gfN) occurs with probability p;.

S < TN
Sji = 0;

For the model (5), let us define:
NBPN (NBPNl NBPNZ NBPN3 NBPN4 NBPNS (p PN)
) ] ) ] )
N _ PN1 ~PN2 ~PN3 ~PN4 PN5 PN
= (N, N2, N3, PN, NS N, oY, f N )
TP PN1 pPN2 PN3 PN4 PN5 PN
TN = (TP, T2, TN, TPV, T NN, wfN),
= (af™, o™, o, g g™ N, of N, ofN),
(YPNI N2 yPN3 yPN4 YPN4-. TPN (PPN (DPN )
6 Solution procedure
The steps of the proposed solution procedure are as:

Stepl: Consider the pentagonal neutrosophic coefficients and decision variables, problem (5) can be rewritten as

(NBPNI NBPNZ NBPN3 NBPN4- NBPN5 ] '(p] , ]_PN ) ®
max F =Y, (TPNI TPNZ TPN3, TPN4 TPNS, (PN (PN (PN )
7o, )

ezzp‘ (CPN1, CPNZ, CPN3, CPN4 CPNS; PN, PN (PN )5,

) =1 j=
Subject to (6)

i { {(TPNI TPNZ TPN3 TPN4- TPNS ! ,(p] ) ]_PN )_ S]_i} }
j=1

PN1 _PN1 _PN1 _PN1 _PN1, PN PN PN .\
<(q 4 4 i 9 T L9, W ):VL,

S < (TPNI TPNZ TPN3 TPN4 prs t ,cp] ’ jPN) < Timaxi Vi i,
Sji = 0; vj, i.

Step2: Applying the score function definition, problem (6) becomes

PN1 PN2 PN3 PN4 PNS, (PN PN (\PN
Fogmfy (NBN',NBfN?, NBP™3, NB/N*, NB/™; ) ,(p]- oM ) ®
maxk = j=1 (TPNI TPNZ TPN3 TPN4 TPNS T ,(p] , ]PN)

R Zzpl(c]l’Nl CPNZ CPN3 CPN4— CPNS . ;(P] , jPN )S]l

=1 j=1
Subject to (7

ER( . { {(TPNI TPNZ TPN3 TPN4— TPNS . ;(P] , ]PN )_ Sji} })

Jj=1 ® (1 @ (YPNI’Y 'Y vYPN4vYPN4 , (‘OPN, (DPN ))
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PN1 PN1 PN1 .PN1 _PN1. . PN , PN _ PN ).\
S!R(qi i 49 4 .9y S T L9, 04 ),Vl,

PN1 PN2 PN3 PN4 PN5, _PN PN PN . 7
Si < R(TPNM TN TP, TPV TENS; 7Y, @™, 0™ ) < Ty Vi 1,
Sji = 0; V],l

Step3: With the help of MATALB, the solution of problem (7) is obtained.
Step4: Referring to problem (5), to get the pentagonal neutrosophic solution.
7 Numerical example
Consider problem (6) with the following data
Tablel illustrated the Economic data ($/m3) and seasonal flows (in 10°m3) in the case of

different probabilities

Table 1: Economic data ($/m?) and seasonal flows (in 10® m3).

Activity User
j= 1 ] =2 j= 3
Maximum allowable allocation (Tjmax) 8.0 8.0 8.0
Water- allocation target( T*N) Forj=1
TPN =((1.5,1.7,2,2.2,2.5); 1,0, 0)
Forj =2
TPN =((2,2.5,3,3.5,4); 1,0, 0)
Forj =3
TPN =((3.5,4,4.5,5,6.5);1,0,0)
Forj=1
Net benefit when water demand is satisfied NBPN = ((85,90,105,110,115); 1,0,0)
(NT?’JPN) Forj =2
NBEN = ((40, 45,60, 65,75); 1,0, 0)
Forj =3

NBEN = ((27,29,31,32,33);1,0,0)
Reduction of net benefit when demand is not | Forj =1

delivered (C;™) CPN = ((215,225,275, 280, 285); 1,0, 0)
Forj=2
CPN = ((55, 60, 85,90,95); 1, 0, 0)
Forj =3
CPN = ((45,55,65,70,75);1,0,0)
Flow level Probability (%) Seasonal flow (M)
Low (j = 1) 0.2 ((3.3,3.5,4.3,4.5,4.7); 1,0,0)
Medium (j = 1) 0.6 ((7,9,11,12,13); 1,0, 0)
High  =1) 0.2 ((14,16,18,19,20); 1,0,0)
Water loss (y*N) ((0.10,0.2,0.3,0.35,0.4); 1,0, 0)

Using the ranking function definition, The issue of the problem is converted into | crisp problem.
The availability of the model is as

Table2. Defuzzified Economic data ($/m3) and seasonal flows (in 10® m3) in the case of different
probabilities
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Table 2: Defuzzified Economic data ($/m3) and seasonal flows (in 10® m3).

Activity User
j=1 j=2 j=3
Maximum allowable allocation (Tjyax) 8.0 8.0 8.0
Water- allocation target( T;) Forj=1
T, = 1.98
Forj=2
T, =3
Forj =3
T, = 4.7
Forj=1
Net benefit when water demand is satisfied NB; =101
(NB)) Forj =2
NB, = 57
Forj =3
NB, = 30.4
Reduction of net benefit when demand is not | Forj =1
delivered (C;) C, = 205.6
Forj =2
C,=77
Forj =3
C; =62
Flow level Probability (%) Seasonal flow (g;)
Low (i = 1) 0.2 4.06
Medium (i = 2) 0.6 10.4
High (i = 3) 0.2 17.4
Water loss (y) 0.27

Problem (7) becomes

F513.80 (41.12511 + 15.4S,, + 12.4S5, + 123.36S;, + 46.2S,, +>

37.2S5, + 41.12S;5 + 15.4S,5 + 12.4S,,
Subject to ®)
(9.68 — 511 — S;1 — S31)(1 +y) < 4.06,
(9.68 — S1, — Sy, — S32)(1 +y) < 104,
(9.68 — Si3 — Sy3 — S33)(1 +y) < 174,

0.8 <S;; <198,

0.8<S;, <198,

0.8 < S;5 < 1.98,
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0.8<5S, <3,
0.8 < Sy, <3,
0.8 < Sy <3,
0.8 < Sy < 47,
0.8 < Sy < 47,
0.8 < Sy3 < 4.7,
Sji = 0; Vi, i.
The solution is
511 = 521 = 512 = 522 = 532 = 513 = 523 = 533 =0.8x% 106,531 =4.02 X 106,)/ == 0, and

F = 198.2820 x 10°. In pentagonal fuzzy neutrosophic, we deduce that
F = ((—45.4,15.1,142.8,220.36,297.84)) x 10°.

4 Discussions of the Results

In the optimum solution, the total maximum benefit is greater than 15.1 x 10°and less than 220.36 x 10°. The
level is 100% as the total maximum lies between 15.1 x 10° and 220.36 x 10°, the degree of truthfulness is

0, x<r;
1 (1 - ( +454—)2) 454 < x < 15.1:
2(151+—454)7 ) 4 <x< 154
1 1
5o e — ez (x — 142.8)? 1) <x<142.8:
<2 (142.8 — 15.1)2 x 8)2+1),s <x<1428;
HgPn (X) = 1 (1 1 (x — 142.8)% + 1) 142.8 < x < 220.36:
2(220.36 — 142.8)2 = : : 8 <x< 22036
1 1
13 —297.84 2), 220.36 < x < 297.84;
(2 (297.84 = 22036) X ) X
0, x>w.

Hence, the decision maker concludes that the total benefit lies in between $15.1 x 10° and $220.36 x 10°. It is
clear that the obtained results is better comparing with the one obtained with Huang and Louck, (2000).

5Conclusions

In this paper, pentagonal fuzzy neutrosophic water management problem has solved, where we
developed the score function and using the MATALAB for obtaining the solution. For point of view
this method is very easier for real- world problems, also it will be extended to many others real world
problems as transportation problem, assignment problem, job scheduling problem as so on.

Data Availability

The data used to support the findings of the study are available for the corresponding author upon
request.
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