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1 Introduction

We consider a high order partial differential equations

%—% %: f(xt), meN" xe[0,1], t>0,

subject to the initial conditions @
wzd}i(x), 0<i<m-1 x€e[0,1], (2

and integral conditions

u(,t) = /Ola(x)u(x,t)dx+ p(t), t>0, (3)

u(Lt) = /Olb(x)u(x,t)derq(t), t>0, (4)

where x andt are the spatial and time coordinate
respectively,f, ¢ (0<i <m-1),a,b,p,q are prescribed
continuous function andi (x,t) is an unknown function
wich is a solution of (1.1) and satisfies conditions
(1.2) — (1.4) at the same time.

Certain problem of modern physics and technology

can be effectively describe in terms of nonlocal problems

for partial differential equations2] has considered a one
dimonsional heat equation with nonlocal (Integral)

conditions. The autor has taken the Laplace transform of
the problem and then used the numeriacl technique= —s
(Stehfest algorithm) for the inverse Laplace transforme to

obtain the solution. We first take the Laplace transform of
the equatio(il.1) to reduce the problem to a second order
inhomgeneous ordinary differential equation with a set of
boundary conditions. After discretization, we use a
numeriacl method for inverting the Laplace transform to
get the solution.

2 Laplace Transform Method

Laplace transform is an efficient method for solving many
differential equations and partial differential equatipn
the main difficulty with Laplace transform method is in
inverting the Laplace domain solution into the real
domain. In this section we shall apply the Laplace
transform technique to find solutions of partial differanti
equations, we have the Laplace transform.

U (x;s) = {u(xt);t — s} = /Ooou(x,t)e*Stdt, (5)

where s is positive reel parameter. Taking the Laplace
transforms on both sides ¢f.1), we have

d—2U (x8) —

v (S"t+1)U(x9)

d2

[F (%.8)+ (5+1) @0 (X) — L 90 (X) + B2 (X) + .. + ¢,M(x)] 7

(6)
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whereF (x,s) = {f (x,t);t — s}. Similarly, we have and
4 o] 0<i<m-1 @)
ot U (0;s) = ¢i (X), shsm—4, ai(s) = 1— / VI Ly a2(9)
1
U(O;s):/ a(x)U (x;s)dx+P(x), (8) —1- / VI Ty
0
1 _ e VI [Tpe VI T
U (0:s) — / a(x)U (x:9) dx+ Q(x), @ =0-° / e *
0 azz<5) _ \/Sm’1+17/0 b(x)e—\/sm’:brlxd)(’
Thus, considered equation is reduced in boundary value, (s) = 7%
problem governed by second order inhomogeneous fgﬂ 1 2
ordinary differential equation. We obtain a general /0KF(T,S)+(S+1)¢0(T)7W(Po(r)+¢1(T)+...+¢m71(r)>
solution of(2.2) as o
(22) x/la(x)sinh(\/sm*hrl[xfr])dx]dr+P(s),
U (x,8) = -
(%9) v(9) = - et

r1 d?
/O{(F<r,s>+<s+1>¢o<r>f@%(r)+¢1<r>+...+¢mfl<r>)

7 B[F (.94 (5+ D o(0) — S0 (1) 4 1(0) + .+ b1 (1)] /b psinn(( VLT afor s

+
S 9“*1+l

X d2
F (1,9 +(s+1)¢o(T) — =5 o (1) + d1(T) +... 4+ Pm-1(T)
sinh(@[x—r]) dT+Cy(s)e VI HHIX | Cy(5) eV s X, /0 { ’ e ™ ' ' ]

(10)
whereCyandC;, are arbitrary functions of. Substitution
of (2.6) into (2.4) — (2.5), we have

C1(s) {k/é%(x)e*”“’”%x] X sinh(\/sm*1 +1[x— r]) dr. (12)
1Co(s) [17 /0 "a(ge S’"’1+1de]

1

f st @ It is possible to evaluate the integrals (8.6) and
/0 HF<TaS)+(S+1)¢O<T)*W‘I’O(T)de’l(r)+---+¢m—1(r)] (2.8) exactly. In general, one may have to resort to
N numerical integration in order to compute them, however.
x‘/r a<X>sinh(v§"*1+1[xfr])d><]dr+P(S), For example, the Gauss’s formul@25.4.30) given in
Abramowitz and steguril] may be employed to calculate
these integrals numerically, we have
. 1
Ci(s) {,ﬂm, /1b(x e—wﬁxdx] /O (bgg)eﬂ gy
RV o VI T N 1y
e - 3Bl
1 i= 2
~ s 141 "X d2
. F(r,s)+(s+1 T)— —5¢o(T)+ T+ ..+ m1(T
[l eeevm Eanine s [+ (640 00(r) - Lo 00(0) 4 00) ot b a0
: T 1k
x/1b(x)sinh(\/@*1+l[x—r])dx]dr+Q(s), Xs'nh< +1[x r])dr
~ Zw.[ ( (i+1).5) + (s+1)¢0( (i+1)
where

feto (3004 D) 1 (3 +D) bt bt (S04 )
1 dT 2
(&6)-(358) ~(26): @ am(variie uen))
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whereT =5 (x+1).
/0‘1 KF(r,s)+(s+l)¢o(T)* %;%(U+¢1(T)+»~+¢mfl<r)>
% ‘/Tl (E‘Eg ) sinh( L (x— r)) dx] dr

~ %iiwi {F (%
~Sto(3ourn) +ou (G0

1—L(x+1 N a
X(#>X W,

xsinh( Sﬂ71+1<<17%<2xi+1)>x1+ H%(Z)Hl) —%m +1)>>.,

wherex; andw; are the abscissa and weights, defined as

(% +1),s> +(s+1)¢o

x :iMzeroofPy(x), @ =2/(1-%) [Pr; (x)]2

Their tabulated values can be found i {or different
values ofN.

2.1 Numerical inversion of Laplace transform

Sometimes, an analytical inversion of a Laplace domain
solution is difficult to obtain; therefore a numerical

[2] Ang, W. T:A Method of Solution for the One-Dimentional
Heat Equation Subject to Nonlocal Conditiorisoutheast
Asian Bulletin of Mathematic26, 185-191 (2002).

[3] Beilin, S. A.Existence of solutions for one-dimentional
wave nonlocal conditions Electron. J. Differential
Equations2001, 1-8 (2001).

[4] Bouziani, A.: Problemes mixtes avec conditions intégrales
pour quelques équations aux dérivées partielle$.D.
thesis, Constantine University, (1996).

[5] Bouziani, A.: Mixed problem with boundary integral
conditions for a certain parabolic equatiod, Appl. Math.
Stochastic Anal09, 323-330 (1996).

[6] Bouziani, A.: Solution forte d'un probleme mixte avec
une condition non locale pour une classe d'équations
hyperboliques [Strong solution of a mixed problem with
a nonlocal condition for a class of hyperbolic equations]
Acad. Roy. Belg. Bull. Cl. Sci8, 53-70 (1997).

[7] Bouziani, A.: Strong solution to an hyperbolic evolution
problem with nonlocal boundary conditiodaghreb Math.
Rev.,9, 71-84 (2000).

[8] Bouziani, A.:Initial-boundary value problem with nonlocal
condition for a viscosity equatioint. J. Math. & Math. Sci.,
30, 327-338 (2002).

[9] Bouziani, A.:On the solvabiliy of parabolic and hyperbolic
problems with a boundary integral conditiointernat. J.
Math. & Math. Sci.,31, 435-447 (2002).

[10] Bouziani, A.: On a class of nonclassical hyperbolic
equations with nonlocal conditionsJ. Appl. Math.
Stochastic Anal.15, 136-153 (2002).

inversion method must be used. A nice comparison of{11] Bouziani, A.:Mixed problem with only integral boundary

four frequently used numerical Laplace

Pooladi-Darvish 16]. In this work we use the Stehfest’s

algorithm 6] that is easy to implement. This numerical

technique was first introduced by Graveld] and its
algorithm then offered by 26].Stehfest’'s algorithm
approximates the time domain solution as

( nInZ)
X, — |,
t

n4+-m < min(n,m) K™ (2K)!
(=1) Zk:[%_l] (M—K)TK (k—1)T(n—K)! (2k—n)! *
(14)
and[q] denotes the integer part of the real numdper

In2 2m
u(x,t) = S Z BnU
=]

n

(13)

where,mis the positive integer,

Bn:
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