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Abstract: In this paper with the help of the fundamental polynomials, from general operators, we construct Bézier-type and GBS

Bézier-type surfaces, which correspond to the given control points.
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1. Introduction

Let N be the set of positive integers and Ng = NU{0}.

In this section we recall some notions which we will
use in this paper.

We consider I C R, I an interval and we shall use the
function sets: B(I) ={f|f:1—R, f boundedonI},C(I) =
{fIf:T—=R, f continuous on I} and Cg(I) = B(I)NC(I).
For any x € I, let the functions v, : I = R, y,(¢) =1 —x,
foranyr €landey: I — R, eg(x) =1 forany x € I.

If I C Ris a given interval and f € B(I), then the first
order modulus of smoothness of f is the function w(f;-) :
[0,00) — R defined for any 6 > 0 by

o(f;8) =sup{|f(x) = f(x")|: X, X eI, |¥ =x"| < &}.
ey
LetI;,>,J1,J> C R be intervals, E(11 X ]2), F(]] X Jz)
which are subsets of the set of real functions defined on
I} x I, respectively J; x J, and L: E(I)} X ) — F(J; X
J>) be a linear positive operator. The operator UL : E(I; X
L) — F((I1NJ1) x (bNJ,)) defined for any function f €
E(I; x b), any (x,y) € (I1NJ1) x (lL,NJ2) by

(ULF)(xy) = L(f(e6) + f(0) = () (vy) - (2)

is called GBS operator ("Generalized Boolean Sum" oper-
ator) associated to the operator L, where "-" and "x" stand
for the first and second variable (see [2] or [7]).

If f€ E(l; xL) and (x,y) € I X I, let the functions
fo= Flr)s £ = fC3) i 1y x B — B, fulsr) = Flxt),
fY(s,t) = f(s,y) for any (s,t) € I} x I,. Then, we can con-
sider that f,, f” are functions of real variable, f, : L — R,
fit) = f(x,t) forany r € L and f7 : [} = R, f(s) =
¥ (s,y) forany s € 1.

Let I, C R be given intervals and f: I} x I, — R be
a bounded function. The function @y (f; -, %) : [0,00) X
[0,00) — R, defined for any (8}, 8;) € [0,00) X [0,0) by

Ororat (3 01,8) =sup {| f(x,y) — fF(¥,Y)] : (x,3), (' ,)) €
Lxh,|x=x[<8,[y—y[< 8}
3)

is called the first order modulus of smoothness of function
f or total modulus of continuity of function f (see [2] or
[7D.

The first order modulus of smoothness for bivariate
functions has properties similar to the properties of the first
modulus of smoothness for univariate functions.

If (Ly)m>1 is a sequence of operators, Ly, : E(I) —
F(J),meN, form € N and i € Ny define 7, ; by

(Tn,iLm) (x) = m' (Lmll’;l;) (x) 4

for any x € INJ, where E(I), F(J) are subsets of the set of
real functions defined on /, respectively J.

In application, we use the fundamental polynomials
from Bernstein and Bleimann-Butzer-Hahn operators.
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Form e N, let B,, : C([0,1]) — C([0, 1]), the Bernstein op-
erators, defined for any function f € C([0,1]) by

9= 3 puator () ©

where p,, x(x) are Bernstein polynomials defined as fol-
lows

Pmi(x) = (’Z)xk(l —x)" (6)

for any x € [0, 1], and any k € {0,1,...,m} (see [3] or [8]).

In 1980, G.Bleiman, P.L.Butzer and L.Hahn introduced
in [4] a sequence of linear positive operators (Lm)mzl’ L,
Cp([0,00)) — Cp(]0,0)), defined for any function
f € Cg([0,%0) by
1
7
k) , (D

e (427 (e

for any x € [0,), and any m € N, where Cp([0,0)) =
{f|f :[0,0) — R, f bounded and continuous on [0,c)}.
This class of operators has been intensively studied ob-
taining various generalizations. One of the most recent ap-
proaches aimed at g-Calculus (see [1]).

(Lnf)(x) =

2. Preliminaries

For the following constructions and the results as well, see
[7].

In this section let p,,, = m for any m € N or p,,, = o for any
m € N and similarly is defined ¢,, n € N.

Let I1,1,J1,Jo C R be intervals with I; NJ; # @ and
LNJy; #0.FormneNand k € {0,1,...,pn} NNy, j €
{0,1,...,g,} NNy, we consider @, : J1 = R, @y x(x) >0
forany x € Ji, ¥, j: b = R, v, j(y) > 0 for any y € J»
and the linear positive functionals A, : Ei () = R, B, ; :
Ex(L) — R.

For m,n € N define the sequences of operators (L, )m>1
and (K ( n)n>l by

9= Y Ok (Ami(f), ®)
k=0

)= ¥ v (9B (8) ©)
=0

for any f € Ei(), g € Ex(b), x € J; and y € J,, where
E\(I1), E2(Iy) are subsets of the set of real functions de-
fined on 17, respectively 1.

In the following let s € Ny, s even. We suppose that
the operators (Ly;)m>1, (Ku)n>1 verify the conditions: there

forany x € I; N Jy,

i ) )

n—oo nﬁj

=Dbj(y) (11)

for any y € I, NJ, and if we note

{01%}} (12)

Ys = max {(XS*ZH“ﬁzl e

then
O+ Pous2—%—2<0
O 242+ Pu—%—2<0 (13)
O_242+ ﬁ21+2 - Ys 4<0

wherele{ml,z,...;}.

In the following we consider the set E(I} x L) = { flf:
I xL =R, fy € E»(I) for any x € I} and f> € E (1) for
any y € 12}.

Form,n € N, let the linear positive functionals A, , «,; :
E(I) x I,) — R with the property

A (=0 G =3)") = A (= )) By (5 =3)")
(14)

forany k€ {0,1,...,pm} NNy, j€{0,1,...,¢,} NNy, i, €

{0,1,...,s} andxell,yelz

Let m,n € N. The operator L;, , defined for any function

f€E(l xI) and any (x,y) €J1 x Jp by

Pm  4n

(m ZZ‘Pmk

llln,J mn,k,j(f) (15)

is named the bivariate operator of LK-type.
In the following we consider that

(Tm,OLm)(x) :Am,()(EO) =1 (16)
forany x € 1 NJ;, m € N and
(Tn,OKn)(Y) = Bn,O(eO) =1 a7

foranyye hNJ, n e N.
From (16), (17) it results immediately that

Pm
Y Oni(x) =1 (18)
k=0

foranyxe [ NJ;,meN,
qn
Y v =1 (19)
j=0

foranyy e LbNJy,n € Nand ag = o = 0.

exist the smallest ¢, 8; € [0,00), j € {0,2,4,...,5+2},
such that (T L) ()

. m, jlom )\ X
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In the following, in addition we suppose that
Oy < O+ 2, ﬁs+2 < ﬁs +2 (20)

and for any f € E(I; X I,) we have

Am,n,k,j(fx) = Bn,j(fx)a (21)

Am,n,k,j (f)) = Am,k (fy)7 (22)

Am,n,k,j(f) m k( n ](fx)) n ](Am,k(fy)) (23)
foranyxelj,y€ b, ke {0,1,...,pm} NNy,

j€{0,1,...,q,} NNy; myn € N.
Now, let (UL* >1 be the GBS operators associ-

m m)
ated to the (L;,,) operators. If m,n € N, then U Ly,

have the form et
(UL uf) (%3) = (Kufo) ) + (L f) (%) = (L f) ()6(72%
for any (x,y) S (11 ﬂ]l) X (12 ﬁ]z), any f € E(Il X 12).

Now, we recall two results from [7], which are obtained
for s = 0 and which we will use in this paper.

Theorem 1.Let f : I} x I, — R be a bivariate function.

If (x,y) € (hNJy) x (bNJ2) and f is continuous in
(x,y), then
lim (L, ,.f) (%) = f(x.y) (25)
and
lim (ULm mf) (x,y) = f(x,y). (26)

m—yoo

Assume that f is continuous on (I; NJy) x (b NJ2) and
there exist the intervals Ky C I} NJ1, K, C ILbNJ, such that
there exist m(0) € N and ay,by € R depending on Kj, re-
spectively K, so that for any m € N, m > m(0) and any
x € Ky, y € Ky, we have

TwoLm

Trola)0) _,, o
and

(T2 Kim) (v)

Then the convergence given in (25) and (26) are uniform
on K; x K» and

|(L:1.,mf) (xvy) *f(X,y)|

(1+02)(1+b2)wtotal <f’

< (29)
L 1)
Vim® N

and

|(ULy, W f) (x,y) — )| < (30)

+(1+az)(1+b2)(o,,,,a[( Sy m)g

(I+b))w ( x;\/’:%) +(14+a)o ( 75 \/,1;1750>+
(I+a2)(1+b2) Wrorar (f;

1 1
Vm%7Vm%>
for any (x,y) € K| X K> and any m € N, m > m(0), where

Somax{[bz,azz,;(a2+[b4)}.

3. Bézier type surfaces

Let K1, K; be the intervals from the Theorem 1. For m,n €
N, let the nodes x,,x € Ki, Yn,; € K2, Zunk,;j € R where
ke{0,1,...,pm} NNy and

j€{0,1,2,...,q, } NNy.

In the following, we consider a continuous function on
Ky x K>, f: Ki x Ky = R, so that f (X, ;yn,j)
where mn € N, k € {0,1,..., p} NNy
and j € {0,1,2,...,g,} NNy.

Definition 1.Let m,n € N. The point
M,E"j”’) (Xm s Yn.jiZmnk,j) € K1 x Kp xR, where
ke{0,1,...,pm} NNy and j€{0,1,2,...,g,} "Ny is called

control point of (m,n) order.

= Zm,n.k,j>

Definition 2.Let m,n € N. The LK-Bézier surface, respec-
tively GBS-Bézier surface of (m,n) order, which corre-

spond to the control points M,E";.’”), ke {0,1,....pm} NNy

and j € {0,1,2,...,g,} NNy are defined by
Pm 4qn (m I‘l)
(an Z Z(Pmk Wn/ ) (31)
respectively
n plﬂ
an le/n] M +Z(Pmk V)
(32
Pm  dn

7ZZ(pmk lI/n,/ (r;zn):

Pm 4n

ZZmek

)i j (V) (M (1) + N (v) = M),
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where (u,v) € K1 x K3, ](" () = (tsyn 12} J)(u))
)

N 0) = Congvs 2y ()2} @) = flusyng)s 2575 () =
f(mec;V),
ke{0,1,...,pm} NNy and j € {0,1,2,...,g,} "Ny .

In the following, we consider that A, , x ;(fu) =
Bn.,j(fu) = f(uvyn,j)v Amﬁ?k,j(fv) :AmJC(fv) = f(xm,kav)v
Am,n,k,j(f) = f(xm,kaynq,j) for any (M,V) € Ky X K»,
ke{0,1,....,pn} NNy, j€{0,1,2,...,g,} NNy and
m,n € N,

Then, from (31), (18) and (19) one obtains

(Bmn) (u,v) = ((Limer (u); Kner (v); (L, mnf)(u V), (33)

(UBmn) (u,v) = (95 (UL, ) (,v), - (34)

for any (u,v) € K x K3, k€ {0,1,....pm } NNy,
j€{0,1,2,....,g,} "Nypand m,n € N .

In the examples from this paper, we have that o, = 3, = 1,
Y = 1 and exist the constants ay, b, verifying (27), (28) in
every application. Taking Theorem 1 into account for the
construction above, the following theorem holds.

Theorem 2.The following convergence

Tim (Byn) (,v) = (v £ (u,v) 35)
and
Bim (UBn) (u,v) = (u3v: £ (u,v)) (36)

are uniform in K1 X K;

Exists m(0) € N so that

(L)) — )] <
(14 a2) (14 b2) Ororar (f’ % \/%) (37)

and

| (UL f) (0,v)) = fu,v)| <

(1+b2)o <f”; \/1,71) +(l+am)o (f%\/%)

1 1

(1+a2)(14b2) Wrorar (f§ W \/%>
for any (u,v) € Kj X K; and any m € N, m > m(0).
Next, in applications we consider m = n = 1 and let be the
function
£:]0,00) x[0,00) = R, f(u,v) = u?v for any (u,v) € [0,00) x
[0,00).
Also,wetakex; o=—1,x11=1y10=0,y11=2,21100=
—2,21,1,01 = —6, 21.1,1,0 = 2 21,1,1,1 = 2,and then the con-
trol points of (1,1) order are Mé}él) =(-1;0;-2), M(()ll‘l) =
(—1:2,—6) M\ = (1;0;2),M 5" = (1;2;2). One ob-
tains Mé”(u) = (u;y1,0; f(u3y10)) = (4;0;0), M§1)(u) =
(115 f (wsy11)) = (0,2;20%),

+

(38)

pro(u)pi (V)Mé}fl) +p1a(u)pra (V)Mfll’l)

N(gl)(") = (x1,0:v: f(x1,05v)) = (—1;v;v) and
NO @) = (v fasv) = ().

In the below figure is the graphical representation of

the function f, which have the following parametric equa-
tion:

x(u,v)=u
y(u,v) =v
2(u,v) = u?v,

where (u,v) € [0,00) X [0,00).

Application 1

LetK, =K, = [Oa 1]’ (Pm,k(”) = pm,k(u)v Wn,j(v) = pn,j(v),
u,ve[0,1],myneN, ke {0,1,....m}, j€{0,1,...,n} and
using the above conditions one obtains:

(Br1) (u,v) = pro(w)pro()MYs" + pra(w)prom)ms) +

)

and using this, one obtains:

(Br1) (u,v) = (=14 2u;2v; =2 + 4u — 4v + 4uv), u,v €
[0,1]

The parametric equations of the above surface are:

x(u,v) =—142u

y(u,v) =2v
Z2(u,v) = =2+ 4u—4v +4uv,

where u,v € [0, 1] and the graph of this surface is plotted
below:
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(I+v)"
: ke {0,1,....m}, j € {0,1,...,n} and using the above con-
ditions one obtains: o o
(B11)(u,v) = (Pl,o(u)‘Pl,O(V)Mé,d )+9°1,1(M)<P170(V)M1(,6 )+
1,1 1,1
<P1,0('4)(P1,1(V)M(()’1' )+(p1,1(u)(p171(v)M§11 )
and using this, one obtains:

—1. 2v . —24+2u—6v+2
(B11) (1,v) = (ks 25 =22 ouiw)

The parametric equations of the above surface are:

II/n,j(V) = 1 (r]l)vf, u,v e [0700),m,neN’

x(u,v) = %

) =
>: —242u—6v+2uy
2\, (+u)(i+v) °

where u,v € [0,00) and the graph of this surface is plotted
below:

On the other hand, one obtains
WBL) () = (Pro0)My” () + pra M (w)) +

(ProlNy () + pri(N}" () = (Br)(u,v) =
(u;v;2 — 4u + 5v — duv + 2u®v),

u,v € [0,1], and using this one obtains the parametric equa-
tions of the GBS-surface, which are

x(u,v) =u
y(u,v) =v
2(u,v) =2 — 4u+5v — duv + 2u?v,

where u,v € [0,1] and the graph of this surface is plotted

below:
The GBS-surface is:
(UB1.1) (,v) = (@10IME () + pra ()M () +
(1) (1) _ _
@ro(u)Ny (V) + @11 (u)Ny 7 (v) ) — (B (u,v) =
B (u'v‘ 2u3v+2u2v+2uv2+v2+7v—uv+2—2u>
S\ (14u)(1+v)
and
x(u,v) =u
y(u,v)=v
Z(M, ) — 2u3v+2u2v+(211:\i;r(\iﬁ)§v7uv+272u’
Application 2
h o0 h h of this surface is pl
Let K1 = Ky = [0,5%), @y (i) = (]+1u)m (;;:) . livelzr“e/:u,v € [0,0) and the graph of this surface is plotted
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Application 3
Let Ky = [0,1], K> = [0,00), @y (1) = pmic(ut), Y, j(v) =

(L+v)" Jj
j€{0,1,...,n} and then:

(B1.1) (u,v) = @1.0(w) y100)My " + @11 (W) w0 (M) +

1,1 1,1
Pro(u) i1 (V)M((),l’ BT (V)Mil )
and using this, one obtains:

(B1,1)(u,v) = Qu— 1;%;%)’

(UB11) (,v) = (vaoWM; () + yia )M @) +

(@106NG () + 011 N () = (Br) ) =

20ty —8uv —du+v:+7v+2
= uv; .
1+v

The Bézier surfaces and GBS-Bézier surfaces from this ap-
plication are given parametrically by

x(u,v) =2u—1

o= &
z(u,v) — —2+4u—6v+8uv

1+v ’

respectively

_ 2uPv—8uv—4u+vi+Tv+2
- 1+v ’

where u € [0,1),v € [0,0) and the graphs of these surfaces
are plotted below:

! (”) v,ue0,1],ve[0,00),mneN,ke{0,1,...,m},
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