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1 Introduction

The fractional differential equations have received
increasing attention, because the behavior of many
physical systems can be properly described by using the
fractional order system theory; one can see the
monographs of [1, 3-5] and the references therein.

Recently, some mathematicians have considered
fractional differential equations depending on the
Hadamard fractional derivative [6-8, 10]. Nowadays,

Hilfer-Hadamard fractional derivative (for short H-H
fractional derivative) have attracted much attention to
researchers. A detailed description of H-H fractional
derivative can be found in [2,9, 11-14].

n [15], K. Balachandran et al. studied the fractional
nonlinear neutral pantograph equations. Due to its
importance in many fields, it is interesting to study the
fractional model of the pantograph equations. Such model
can be suitable to be applied when the corresponding
process occurs through strongly anomalous media.

In this paper, we discuss mainly the existence and
Ulam stability of solution for Hilfer-Hadamard fractional
neutral pantograph equation with nonlocal condition of
the following type

u D a(t) = f(t,2(t), 2(M),m DYz (M),
te J = [1,b], )
1+ :17(1) = Zl 1 sz(Ti),
O‘SFY*O‘+/670[/B<17 TiE[lvb]v
where a, X € (0,1), 8 € [0,1], x D’ is the H-H

fractional derivative of order «v and type (3, introduced by
Hilfer in [1]. Let X be a Banach space, f : J X X3 5 X
is given continuous function and p I 11; 7 is the left-sided
mixed Hadamard integral of order 1 — . For brevity of
notation, we shall take H[11+—v as 111:7.

In passing, we remark that the application of nonlocal
condition Illjvx(l) = >, ¢;z(7;) in physical problems
yields better effect than the initial condition I %jvx(l) =
Zo-

We adopt some ideas from [ 16, 17]. For sake of brevity,
let us take

uDyPa(t) = go(t) = f(t,(t), 2(M), g: (1)).

A new and important equivalent mixed type integral
equation for our system (1) can be established. We adopt
some ideas in [13] to estabilish an equivalent mixed type
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integral equation:

B Z(logt)Y 1 U i T\l s
x(t) T(a) ;cz/1 (1og ;) 9:(8)—(2)
1 t N>t ds
), (o) 0%
where
7= ! 3
C () =2k ci(log )=t

if I(y)# Y cillogr)™"
1=1

In this regard, in Section 2, we recall some basic
definition, lemmas and results concerning with H-H
fractional derivative. In section 3, we study the existence
results for the problem (1). In Section 4, we prove the
stability of solution of the problem (1).

2 Elementary definitions and lemmas

For convenience, this section summarizes some concepts,
definitions and basic results from fractional calculus,
which are useful for the further developments in this
paper.

Let C[J, X] be the Banach space of all continuous
functions with the norm

[l = max {|z(#)] : t € [0,0]}.
For 0 < v < 1, we denote the space C.y 1og[J, X] as
Crtogld, X] = {[f(t) : [0,0] = X|(log )" f(t) € C[J, X]},

where C, 10g[J, X] is the weighted space of the
continuous functions f on the finite interval [0, b].
Obviously, C., 10¢[J, X] is the Banach space with the

norm
Ifllc, .. = I(ogt)" F(t) -
Meanwhile,
Cloel X = {f € C"7HJ, X : [V € Oy 106l , X}

is the Banach space with the norm

,neN.

Cy g

n—1
1£ley,,, = DMl + £
. 1=0

Moreover, C9 , [J, X] := Cy jog [/, X].

,log[

Definition 1.7he Hadamard fractional integral of order «
for a continuous function h is defined as

o h(t) = ﬁ /j <log é)a_l LS

provided the integral exists.

a >0,

Definition 2.7he Hadamard derivative of fractional order
a for a continuous function h : [1,00) — X is defined as

aD{ h(t) = ﬁ (t%)n ./lt <1og£>nia71 h(s)%,

n—1l<a<n, n=/[a]l+1,

where [«] denotes the integer part of real number « and
log(-) = log,(-).

We review few basic properties of H-H fractional
derivative that are needed for this work. For details,
see [1,9,10,12,13] and references therein.

Definition 3.7he H-H fractional derivative of order 0 <
a < 1land0 < B <1 of function h(t) is defined by

WD) = (10D (1900 ) ),
where D := %.
Remark. 1.The operator HDT‘;[’ also can be written as
HD?L’& _ Iffl_a)Dll(i_ﬂ)(l_a) _ I1B+(1_a) uDY.,

y=a+ 6 —ap.

2Let 5 = 0, the Hadamard Riemann-Liouville

fractional  derivative can be presented as
0

H D?+ = HD?‘+ .

3.Let § = 1, the Hadamard Caputo fractional derivative
can be presented as §; DY := Illjo‘D.

Lemma 1.[f o > Oand B > Oand 0 < o < b < o0,
there exist

o —1 _ F(ﬁ) a—1
and
«@ a—1 _ F(ﬁ) —a—1

In particular, if 8 = 1 and o > 0, then the Hadamard
fractional derivative of a constant is not equal to zero:

(gD 1) (t) = (logt)™™, O0<a<l.

1
I(l-a)

Lemma2./fa > 0,8 > 0,and h € L* {RT}, fort €
[0, T’ there exist the following properties

(1 1om) () = (55°R) ),
and
(e DT+ 175 1) (t) = h(t).

In particular, if h € Cy10g[J, X] or h € C[J, X], then
these equalities hold at t € [0,D].
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Lemma3.Ler0 < a <1, 0<~vy<LIfhe i, X]
and 11 o e Ol X), then

(r7on) ()
I'(a)
Lemma 4.For 0 <y < land h € C, 105[J, X|, then

log[

(log )+,

Iy DL h(t) = h(t) — vt e [0,b].

(I h) (1) == lim I}%h(t) =0, 0<~vy<a.
t—1+
LemmaS.Let v > 0, 8 > 0, andy = a+ 5 — af. If
h € C)_ 1., X], then

Iy uDY h=1I% D h, uDY IY h= gD n(t).

Lemma 6.Let h € L' {R,} and Hfo*a)h € LY {R;}
existed, then

gD I = 120 Dl

3 Existence results

In this section, we introduce spaces that helps us to
solve and reduce the problem (1) to an equivalent integral
equation (2).

O 1o = {1 € C1or 106l X1t DI f € C1y 0l X1}

1—~,log
and
CTtog = {1 € C1ntogld X1t DY, f € C1y o4, X1}
It is obvious that

ccP

1—~,log

C'Y

1— 'ylog[ ] [J’X]

Lemma 7. [24] Let f : Jx X — X be afunction such that
fl,z(:) € Ciz mlog[J X] for any x € Ci_y 108[J, X].
A function x € C]_ . 1ogl)s X] is a solution of fractional
initial value problem:

{HD1+ #(t) = f(ta(t), 0<a<1,0<B<1,te ],

111+’yx(1)_$03 ’Y:CY‘Fﬁ_Oéﬁa

if and only if x satisfies the following Volterra integral
Y
2(t) = zo(logt)

equation:
r'(y) -+ F(la) /j (log é)alf(svx(s))%.

Further details can be found in [24]. From Lemma 7
we have the following result.

Lemma 8.Let f : Jx X3 — X be afunction such that f €
C1—10g[J, X] forany x € C1_ 105[J, X]. A function x €
C_, 1oglds X] is a solution of the system (1) if and only if
x sansﬁes the mixed type integral (2).

Proof.According to Lemma 7, a solution of system (1) can
be expressed by

I772(1)

z(t) = logt)Y~1 4)
0 oy o)
1 [t £\ ds
—_— log — 2(8)—.
+F(a)/1 (Ogs) g(s)s
Next, we substitute ¢ = 7; into the above equation,
I'772(1)
1+ -1
z(r) = ————(log ;)" %)
() oy oem)

1 t T\ @1 ds
[ (g Z)" gu(e),
Jr1"(a)/1(0gs) g(s)s

by multiplying ¢; to both sides of (5), we can write

I772(1)
I'(v)

-1

cix(m;) = ci(logm;)”

Thus, we have

Ill+ Tz(1) = Z cix(T;)

I
™~
)
o
~—
—
o
S
a
~—
)
—

which implies

i\ @1 d
%ZZCZ/ 1ogT I(s)f(é)

Submitting (6) to (4), we derive that (2). It is probative that
x is also a solution of the integral equation (2), when x is
a solution of (1).

The necessity has been already proved. Next, we are
ready to prove its sufficiency. Applying [ 11: 7 to both sides

of (2), we have
m Ti N a—1
e (osF)
p s

+ 111+ W11+gac( )

1—y
I772(1)

L7 2(t) =117 (log t)"~

g()d

using the Lemmas 1 and 2,

I772(t) =
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Since 1 —v < 1 — (1 — «), Lemma 4 can be used when
taking the limits as ¢ — 1,

LM, = [ o, T\ ds
7y e [ (log 2 o (s)—(7
ra? e ] (o)
Substituting ¢ = 7; into (2), we have

Vo 2 A Ty ds
x(m) = T (log 74) ;cl/l (log s) 9a(8) ,

1 i Ti\ 1 ds
— log — 2(s)—.
+F(oz)/1 (Og5> g(s)s

Then, we derive

177a(1)

U i i\t ds <~ Yot
X Zci / log: gm(s): Zci(log‘ri)
- J1

i=1

1 il i T\ @t ds
+—F(a ;Cz/l (108?) gm(s)?

=1

= 11:84 ZC/ (1 g*) 7191(5)%1

It follows (7) and (8) that

Ecz (7).

to both sides of (2), it follows

1+$

Now by applying z D],
from Lemma 1 and 5 that

D] x(t) = uD TV ga(t) ©)
=i DYV f(t (), 2(M), i DY (M)

Since z € C7 J, X] and by the definition of

1— 'ylog[

C’Y ~,log [J X] we haVe HD’1Y+J; S Cl—yJog[t], X], thel‘l,
ﬂ“ DV = DI € Oy oeld, X]. For
f € Ciy10glJ, X], it is obivious that

1 —A0- CY)f € Ci—10glJ, X, then
Jllf(l “f € O .l X]. Thus f and 1;7707f
satisfy the conditions of Lemma 3.

Next, by applying Iﬁ(1 ) to both sides of (9) and
using Lemma 3, we can obtaln

where (Iﬂ(l_a)gz) (1) = 0 is implied by Lemma 4.

Henceé it
u D a(t) = g.(t) = f(t,2(b),
The results are proved completely.

reduces to
o(At), i DSz (At).

To study the existence and uniqueness of solutions to
(1) we require the following assumptions:

(A1)The function f : J x X3 — X is continuous.
(A2)There exist

lapv(Iar € le—y,]og[J, X] Wlth

I* = sup,c;I(t) < 1 such that

£ (&, 0,w)[ < U(E) +

fort € J,u,v,w e X.

p@) [ul +q(t) [v] + r(t) |w]

(A3)There exist positive constants K > 0 and L > 0 such

that

fltyu,v,w) — f(t,w,v,w)| < K (Jlu—7u|+ |[v—0))+L|w—w

for any u, v, w,u,v,w € X and t € J.

Our first theorem is based on the Banach contraction
principle.

Theorem 1.Assume that (Al) and (A3) hold. If

2K 1 - ) e 1—~+a
(1 — L) TeiD (\Z\ ;cz(logn) + (log b) > < 1(10)

then the problem (1) has a unique solution.

Proof.Let the
N : le'y,log[rjy X] — le'y,log[J; X]

operator

(va)(0) = s ot S e [ (109 )" ()2

+ ﬁ /: (log é)_a_lgx( )%

By Lemma 8, it is clear that the fixed points of N are
solutions of system (1).
Let 21,2 € Ci—410¢[J, X] and ¢t € J, then we have

»

- %i / (108 7)™ 192, (5) — goas)] 2

1=1
(log#)! /t ot ds
1 - x — Yxo -
T A G 1921 (8) = g2 ()] =
(11)
and
{gml (t) — Gxo (t)|

= |f(t, 21(t), 21 (AE), goy (1) — F(t, 22(t), 22(AL), gay (1))

B < K (jo1.(6) = w2(0)] + o1 (M) — 22(M0)]) + L [ () = 92 (8]
(I1+ gz) b 1 1 2K
u DY a(t) = gu(t)— T —a) (logt)?==1 < (5 ) () - 220 (2
®© 2021 NSP
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By replacing (12) in the inequality (11), we get

|[(Na)(#) = (Na2)(®) (log t)' 7|

|Z] Zm 2K o
“I'la+1) i:lc 1-L (log 7:)" f|z1 Izl‘clfv,log

2K 1 .

————(log )" 77T |y —
+($27) Tagmtest ™ or = salle,
< 2K > 1

< JE—
“\1-%Z) T(a+1)

x <|Z\ > ei(log ) + (logb)17w+a> ler = 2lle, .

=1

Hence,

INey = Nazllg, .

<(+27) 7oy

m
x <|Z\ > ei(log ) + (]ogb)l—w+a> ey = w2lle, -

1=1

From (10), it follows that N has a unique fixed point
which is solution of system (1). The proof of the Theorem
1 is complete.

The existence result for the problem (1) will be proved
by using the Schaefer’s fixed point theorem.

Theorem 2.Assume that (Al),(A2) hold. Then, the
problem (1) has at least one solution in

7 1 X] oM 1 X).

1—~,log 1— wlog

Proof.For sake of clarity, we split the proof into a
sequence of steps.

Consider the
N : Cl_%]og[J, X] — Cl—w,log[t]a X]

operator

1 S
(Na)(t) = 0(9)Z03)

Z o s Ti Ti\ ¢
logt)’ ™ c-/ (log—)
F(a)( ) ; v 1 s

+%a) /lt <log£>a71 gm(S)%

It is obvious that the operator N is well defined.
Step 1. N is continuous.

Let z, be a sequence such that x, — =z in
Ci—~10g[J, X]. Then for each t € J,
|(log )~ (N2 (8) - <Nz><t>>(
2] & - 1
_F(Q)Zcz/ (log—) (90, () = 92 ()] =
(logt)1=7 rt t\ >t d
+ L [ (108 1) " a9 — 00l 5
1Z|
Flat1) 2 ch(logﬂ) g2 () = 92Ol
(logt)1 e
+ W [1gay, (-) = 9:(')Hc17%10g
< (lZ\ > ei(log )™ + (1ogb)1*”*“> gan () = 92 (lley _ 1og -
=1

Since g, is continuous (i.e., f is continuous), then we have

Nz, — Nz||~ —0 as n— oo

1—~,log

Step 2. N maps bounded sets into bounded sets in
Cl—mlog[‘]’X]'

Indeed, it is enough to show that 17 > 0, there exists a

positive constant l such that
r € B, = {xeCi_yig[J, X]:[Jz]| <n}, we have
||N:c||cl,ﬂ <

(logt)' = /’5 ! d
e log - . el
o ) (ee) el
::A1+A2.

and

|92(t)] = [ (&, x(t), 2(At), g2 (1))
< U(E) +p(t) [z(®)] + q(t) [z(A)] 4 7(2) |92 (2)]
SUHp" [z)] + ¢ [z(A)] + r* | Ko (1)
_ I la(®)] + " [20)
- 1—r* ’

-1 ds
|92 (s)] —
s

) =
U+ p" |z(s)| +q" [z(As)]
X( 1—r* ) s
__ 1z
(1 —7r=)
= " (logm4)™ . (log 7:)
XE(*(WW ) g 1ol )
_ Qo) pt ) BN )
A= LD [ (106 1) (o)1 4
!
1 —
1" (log b) !~ 7+ . . (logb)l—7+e
X (7F(a+1) +(P +4q )W Ilm”Cl,w,log) .

From A; and A,, we have
(Vo)) (10g ) 7|

1* m . N
Smomgm(logﬁ) 4 (log b))~ )

(" +4q") T
—— 1 __(|z § s (log 7; logb)' ~ 7t
Ot 12] > ci(logTi)™ + (logb) lelle, ) 1o

=1

Step 3. N maps bounded sets into equicontinuous set of
Cl—mlog[‘]’ X]

@© 2021 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

116 NSP

D. Vivek et al.: Nonlocal initial value problems for nonlinear neutral...

Letty,ty € J,ta <t and x € B,;. Using the fact f
is bounded on the compact set J x B, (thus
SUDP (¢t 2)eJ x B, 1K (t)] := Co < 00), we will get

[(Nz)(t1) — (Nz)(t2)|

A4 - lo Ti « 1 y—1
< %C’o ; (gT) ((1ogt1)7 — (logts) )
o
I'(«)

|Z| CO Z:il ci(logn)o‘
- I'la+1)

CO b tQ ol tl ol ds
0 log 22 — [log £ >
Jr1"(a)/1 l<0gs &% s
Co t2 tQ o=l ds
— log = —.
i I'(a) /t1 <og 5 s

As t; — to, the right hand side of the above
inequality tends to zero. As a consequence of Step 1 to 3,
together with Arzela-Ascoli theorem, we can conclude
that N : Ch_5 10g[J, X] = C1—-510g]J, X] is continuous
and completely continuous.

Step 4. A priori bounds.
Now it remains to show that the set

+

w={r € Ciqigl, X] 1z =0(Nz), 0<d<1}

is bounded set.
Letx € w, z = 6(Nx) for some 0 < ¢ < 1. Thus for
eacht € .J. We have

a(t) =

3| g oty i o | (1os )0

st () st

This implies by (H2) that for each ¢t € J, we have

(z(t)(logt)1*”|

< |(Va) () (1og ) 7|

l* m 1
< - |z . (1 L log b)Y~ 7t
< s (11 st - s

(r* +4q") i . o
+m <|Z|;ci(logri) + (logb)' 7+ )

N———

||z =R.

”017%10}; :
that ||, , < R.

This shows that the set w is bounded. As a consequence
of Schaefer’s fixed point theorem, we deduce that [V has a
fixed point which is a solution of problem (1). The proof
is complete.

/tl g 11 =1 gs /tz o 12 o=l gs
og — — - og — —
1 gS S 1 gs S

4 Ulam-Hyers-Rassias stability

In the theory of functional equations there is some special
kind of data dependence [20, 22,25, 26]. For the advanced
contribution on Ulam stability for fractional differential
equations, we refer the reader to [21, 28-30]. In this
paper, we pose different types of Ulam stability:
Ulam-Hyers stability, generalized Ulam-Hyers stability,
Ulam-Hyers-Rassias stability and generalized
Ulam-Hyers-Rassias stability for the implicit differential
equations with H-H fractional derivative. Moreover the
Ulam-Hyers stability for fractional differential equations
with Hilfer fractional derivative was imposed in [18,27].

In this section, we employ the well-known definitions
of four kinds of Ulam stability. For more details, one can
refer to [17,26].

Definition 4.The equation (1) is Ulam-Hyers stable if
there exists a real number Cy > 0 such that for each
e > 0 and for each solution = € C; [J, X] of the

1—7,log
inequality
|a DS 2(6) = £(t,2(0), 200 D200 S e te s a4

there exists a solutionx € C]__ | [J, X] of equation (1)
with '

|z(t) —z(t)] < Cre, ted

Definition 5.The equation (1) is generalized Ulam-Hyers
stable if there exists 1y € C1_~([0,00),[0,00)),%¢(0) =
0 such that for each solution z € C)__,  [J, X] of the
inequality

|uDEP () = £t 2(0), 208),0 DI 200)| < e, ted, (5)

there exists a solution x € CY_W log[J, X] of equation (1)
with

|2(t) — x(t)| <tbpe, te

Definition 6.7he equation (1) is Ulam-Hyers-Rassias
stable with respect to ¢ € C’lfwog[[], X] if there exists a
real number C¢ > 0 such that for each e > 0 and for
each solution z € CY_%log[J, X] of the inequality

|1 DY) = £(8,2(0), (M) DI 20| < ee(®), ¢ € 4, (16)

there exists a solution € Cf_%log[[], X] of equation (1)
with
[2(t) —2(t)] < Cyep(t),

Definition 7.The equation (1) is generalized Ulam-Hyers-
Rassias stable with respect to p € C’lfwog[[], X] if there
exists a real number Cy , > 0 such that for each solution

z€eC7 [J, X] of the inequality

1—~,log

telJ

|1 DS () = £(8,2(8), 23 DI =(M0)| S (1), t € I, (7)

there exists a solution x € Cf_7 log[J, X] of equation (1)
with

[2(t) — 2(t)] < Cppplt). te .

@© 2021 NSP
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Remark.A function z € 01— 1o [J, X] is a solution of the
inequality (14) if and on]y gf there exist a function

g € C)_, 1oglJ; X] such that

i) |gt)|<e, Vted
(ii)
D z(t) = f(t,2(t), 2(Mt), 1 DS 2(M) + g(t),t € J,

Lemma 9.If a function z € C]
the inequality (14), then with

|Z| 1 Tz -1 dS
A, = T(a )T Z ci log g (s)?
From this it follows that

sy - A= s [ (108 8) T g0

Proof. The proof directly follows from Remark 4 and
Lemma 8

1 logl)s X1 is a solution of

e(logb)“
- F( +1)

(18)

One can have similar remarks for the inequalities (16)
and (17).

Remark.It is clear that:

1.Definition 4= Definition 5.
2.Definition 6=- Definition 7.

The following generalized Gronwall inequalities with
Caputo singular kernel will be widely used to deal with our
problems in the sequence.

Lemma 10. [30] Suppose 1 > a > 0,a@ > 0 and b > 0
and suppose u(t) is nonnegative and locally integral on
[1, +00) with

-t t\* ! ds
u(t) §5+b/ <1og ;) u(s)?, € [1,+00).
1
Then
a n na—1 s
oz [5 00 un)™ ] . v

Remark.Under the assumptions of Lemma 10, let u(¢) be
a nondecreasing function on [1, c0). Then we have

Eo1 (Z;F(oa)(log t)”‘) ,

where F, 1 is the Mittag-leffler function defined by

u(t) <a

> z
Far(z) =S — .
SIOEDY That1) °C€

Now, we are ready to state and prove the stability
results.

Theorem 3.Assume that (A3) and (10) hold. Then, the
problem (1) is Ulam-Hyers stable.

ProofLete > 0 and let z € C] J, X] be a function

1— wlog[

which  satisfies the inequality (14) and let
r e C] -, Jogl> X] the unique solution of the following
problem

aDPa(t) = f(t,2(t), (M), DY 2(A), teJ:=[0,b],

L7720 =177 a() =3 con(r) €[0,b, y=a+p—ap,
i=1

where0 < <1, 0<p<land\e€ (0,1).
Using Lemma 8, we obtain

z(t) = Ay + ﬁ /lt (log é)a_l gz(s)%,

where

|Z| -1 - /Ti T\ o1 ds
A, = log 1) | (g ey
F(a)(Og) ;C 1 (Ogs) s

9x(5)

On the other hand, if I}; 7 2(1) = I, "x(1), and z(7;) =
z(7;) then 4, = A,.
Indeed,

|Am - AZ‘

= %(IOgt)”*lici /Ti <10g %)aﬂ
F| ‘ t)” 1201/ ( ) —1

J92(9) — 92(5)] 2

I/\

X

(= ) 2(s) — 2(9)) 2
(£ ) 121 oz Ichl % Ja(ri) — 2(r)|
0.

IN

Thus,

Then, we have
—1

o) = A. + ﬁ/ (1) 00

By integration of the inequality (14) and applying Lemma
9, we obtain

o ) ] B

We have forany t € J,
|2(t) — x(t)]

2(t) —

+ (%) ﬁ/lt (10g£)a1 |2(s) — a(s)| %-
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By using (19), we have,

|2(t) — 2(1)]
e(logb)™
~I'a+1)

2K 1t AN ds

iutel R log - _ il

H(27) i | (18] e = e
and to apply Lemma 10 and Remark 4, we obtain

120) = 2)] < s (0w B (T2 ) Gowt)” ) -

= Cye.
Thus, the problem (1) is Ulam-Hyers stable.

Theorem 4.Assume that (A3) and (10) hold. Suppose that
there exists an increasing function ¢ € C1_ 10]J, X| and
there exists A, > 0 such that for any t € J

IT o(t) < App(t).
Then problem (1) is generalized Ulam-Hyers-Rassias
stable.

ProofLet e > 0 and let z € C] [J, X] be a function

1—7,log
which satisfies the inequality (16) and let
z € C]_ 1,x[J; X] the unique solution of the following
problem

u DS P a(t) = f(t,2(t), z(\),n DI (M), € J:=[0,b],

I 72() =10772(1) = Z ciw(ri), T €[00, v =a+p—aB,
=1

where0 <a <1, 0<g3<land\€(0,1).
Using Lemma 8, we obtain

x(t) = A, + ﬁ [ <1og§>a1 gm(S)%,

where

AZ:|(— logt)”"™ 12 / 1ogTz gz(s)?.

By integration of (16), we obtain

A0 - A - i | t (bgg)“gzw—;

< ﬁ /: (log é)al 50(8)%

< eApp(t). (20)

On the other hand, we have

20~ A~y [} (1ee 5
(20) ma [ (ee)”

[2(t) —z(t)] <

By using (20), we have
|2(t) — 2(t)| <edpo(t)
2K 1 t ! ds
#(00) ma L (ol) " e e

and to apply Lemma 10 and Remark 4, we obtain

50 = (0] < Ape(Far (727 ) Goe0)) 1€ D10

Thus,the problem (1) is generalized Ulam-Hyers-Rassias
stable.
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