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Abstract: In this paper, we will apply the Adomian decomposition method (ADM) to three different examples of the Telegraph
Equation with a nonlinear term by the two polynomials called Adomian polynomials and the new accelerated Adomian polynomials
proposed by El-kalla [12] that called El-kalla polynomials and compare the solution with the exact solution, we found that the new
accelerated polynomials is easier and converges rapidly than Adomaian polynomials, also we found that the error between the exact
solution and the solution using the new accelerated polynomials is less than the error between the exact solution and the solution using
Adomian polynomials.
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1 Introduction 2 The Methods

There are many applications of the telegraph equation for ~ In this section we will illustrate the main points of the
example, in wave phenomena and also in wave Adomian decomposition method incase of nonlinear
propagation of electric signals in a cable transmission line partial differential equations.

Some studies were done to solve the telegraph equation . . .
numerically or analytically as 2.1 Adomian decomposition method in case of

in [1], [2], [3], [4], [5], [6], [71, [14], [15], [16], [17]. nonlinear PD.E

ADM was discussed by the mathematician George

Adomian [8], [9], [10], [11], [13]. It has been shown that Let, u = u(x,7) and consider the differential equation
ADM can solve a large class of ordinary or partial

differential equations and the approximate solution

. . L L R t 1)) = t 1
converges rapidly to the accurate solutions. ot Lot + Rule,t) + fulx, 1) = f(x1), M
The main purpose of this study is to solve the nonlinear where Liu = 57’; is the higher derivative of the ¢

telegraph equation by using ADM and clarify the
advantages of El-kalla polynomials using the ADM for
solving nonlinear telegraph equation.

The results are presented graphically to show the
difference between using the two polynomials.

variable, L,u = jT’f,is the higher derivative of the x
variable, Ru(x,t) is the other derivative terms, f(u(x,7))
will be a term of nonlinearity and f(x,7) is the terms
containing independent variables only. firstly we separate
the higher derivative of the (x) variable or of the (r)
variable in any side of the equal sign of the equation.

Lyu = f(x,t)+ Liu+ Ru(x,t) + f(u(x,1)), 2)
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and making the integration L;l to the sides of the equation,
where L, ! is the integration from 0 to x equal n times of
the derivative, we get

u(x,t) = u(0,¢) + L' f(x,t) + L ' Lou+

L 'Ru(x,t) + LA, 3)
Then the solution of Adomian will be
u(x,r) = Zun:uo—i—ul—i—uz—i—m—i—..., %)
n=0
ug = u(0,) + L f(x,1),
up = LY (Liug) + L' (Rug(x,1)) + L, ! (Ap),

Uy = Lx (L,u])+L
LY (L) + L1

X

(Ruy (x,t

<
)
I

: (&)

And getting the solution of the equation by the

integration, where Agp,Aj,As,... called Adomian

polynomials or using the polynomlals called El-kalla
polynomials Ag,A;,A», ... as we will see later.

2.2 Adomian polynomial formula

1
Ay = <d)Ln Z)vlul ) > (6)
A=0
such that N(u;) is the term of the nonlinearity
ao= 5 (o)) =N )
0= O' d)LO Ll() 120 - MO I
1
1

(W 2

1 [ d° 2
Az = 5 (m[N(UO"'AMl +A/ Mz)])lo,

Al =

@)

2.3 El-kalla polynomial formula

n—1
- Z Ah (8)
i=0

where A, are El-kalla polynomials, AO,AI ,Az, -

S (sn): is making a substitution of the summation of the
solutions in the term of the nonlinearity » times,

for instance if the nonlinear function is f(u) = sin(u)
then

f(uo) = sin(up),
Flug+uy) = sin(uo+uy),
Fluo+uy +uy) = sin(uo+uy +uz),

1 = f(uo) — Ao,
> = fluo+ur)—
Az = fuo+uy+up) —

(Ao +A]) ,
(50+A1+A2)7
C)

For example, consider the nonlinear term y3, we clarify
both polynomials, the Adomian and El-kalla as in Table
(1) and it is clear that the terms of the polynomials
proposed by El-kalla has higher accuracy than the
polynomials of Adomian

3 Numerical Examples

3.1 Example 1

Consider the nonlinear telegraph equation

Uy = Uy + 2u; + u? — 24 + e(xle),
u(x,0) = u (x,0) = —2¢". (10)

Appling the ADM by El-kalla and Adomian

For the Adomian polynomials, the solution will be as
following: First we will assume the solution as following

u(x,t) = Zun:uo+u1+u2+u3+..., (11)
n=0

(2)(74[) o e(JC72t). (12)

Uy = uxx—Zutfuane

Then, we integrate the two sides from O to 7,

3 3
u = u,(x,O)Jr/ umdt—/ 2u,dt
0 0
ot !
- / W2dt + / (e<2)‘*4’>—e<Hf>) dr, (13)
JO 0

Then, we integrate the two sides from O to ¢ again, to

get
t 13 t ot 13
u= u(x,0)+/ u,(x,O)dt+/ / uxxdtdtf/ /2u,dtdt
0
/ / 2dtdt+/ / (2r—41) _ plx— 2’>)dtdt, (14)
Uy = € +/ 2e"dt+// (2e—dr) _ p(x— 2’>>dzdt,

ot

uy = / / uoxxdtdtf/ / 2u0,dtdtf/ / Apdtdt,
0 Jo 0 Jo 0 Jo
t t t ot t ot

u =//u1xxdtdtf/ / 2u1,dtdtf/ / Aqdrdt,
0 Jo 0 Jo 0 Jo

15)
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In the given problem the nonlinear term is u?, calculating
Ao,A1,Az,. .. using Equation (6), we get

t t rt t t
u= u(x,0)+/ u,(x,O)dtJr/ /uxxdtdtf/ / 2updtdt
0
/ / 2dtdt+// (24 =20 g,

B (¥4t +e ¥ —1)) (F2+e 2 -
Ay = (e + T - 2

A = % (d”; ({10 + Ay ])H,

1/
Ay = dlz[(uoﬁ-lm +A%uy)?) )

1)) —2),‘(‘)2

A=0
(16)
so, the solution will be
xt):Zu,,:uo—i—ul—i—uz—i—..., a7
n=0
(e (4t+e ¥ 1))
t)=¢" -
u(x,t) = e+ T
F2t4e -1
4
where the exact solution is
u(x,r) = e 2. (19)

3.1.1 For the polynomials called El-kalla polynomials the
solution will be as following:

The steps will be the same as previous Equations (11),
(12), (13), (14), (15) but, for El-kalla polynomials it will
be as follow,

(@t re M 1))
(e"+ 16

_ (ex(2t +272t — 1)) _ ztex)z,

A] = 2ugu; +u%,

A():u(z):

Az = u% + 2uouy + 2uqu,

(20)
2x —4t -2t
uy = &+ (e (4t+e 1)) 7 (ex(2t+z 1)) oo
up = / / Ugydtdt — / / Qug,dtdt — / / Apdtdt,
uy :/ /ulxxdtdt //2u],dtdt7/ /A]dtdt
0Jo
21

Fig. 1: The difference between the exact solution and the solution

with Adomian polynomial of uy, = uy + 2u; + u? — (241 4
elx—21).
The solution is
xt):Zun:uo—i—ul—i—uz—i—m—i—..., (22)
n=0
(X (4t +e ¥ —1))
t)=e¢" -
u(x,t) = e+ T
F2t+e -1
("2 +e ))—2tex+---, (23)

4

The data in Table (1) was calculated with three terms
of the solution u(x,t) = ug + u; + uy, where the difference
between the exact solution and solution with El-kalla
polynomial called absolute relative error (ARE) and the
difference between the exact solution and with solution
Adomian polynomial at x = 0.01 for values of ¢ in
Example 1.

Also time of the program when calculating the solution
by Matlab R2014a as following:

Time when solving by Adomian polynomials = 22.8280
seconds.

Time when solving by El-kalla polynomials = 18.1860
seconds.

3.2 Example 2
Consider the nonlinear telegraph equation
Uit — e + 2 — u” = e~ (coshx)? — 2¢ " coshux,

u(x,0) = coshx, u(x,0) =—coshx. (24)
Applying the ADM by El-kalla and Adomian:

@© 2021 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

0

A. Y. Sayed et al.: Solution of the telegraph Eq. using ADM with...

Fig. 2: The difference between the exact solution and the solution
with El-kalla polynomial of u,, = uy +2u; + U2 —e(24) 4 o5 —
21).

3.2.1 For the Adomian polynomials the solution will be
as following

We will assume the solution as following,

u(x,t) = Zun:quru]Jruer..., (25)

n=0
_ 2
Uy = Upy — 2Up +Uu" —

¢~ (coshx)? — 2e " cosh(x), (26)

integrate the two sides from O to 7,

! !
O)—i—/ uxxdt—/ 2u,dt +

/ ZdtJr/ 2 _2¢'cosh(x)dt,

integrate the two sides from O to 7,

t t t
u= u(x,0)+/ u,(x,O)dtJr/ / Uycdtdt
0 0 Jo
1 1 1 1
— / / 2u,dtdt — / / w’drdt
ol

coshx 27)

! (coshx)? — 2¢! coshx} didt,  (28)

uy = coshx+/ — coshxdt

e

1 t
Ui :/ / uoxxdtdt—/ / 2uotdl‘dt7/ /Aodl‘dt,
uz—/ / ulxxdtdtff / 2u]tdtdt7/ /A]dtdt

(29)

In the given problem the nonlinear term is u?,

calculating Ag,A,A»,... using Equation (6)

! (coshx)? — 2¢ ™" coshxdrdt,

—X

i e
Ao = (cosh
0 = (cos x+8( 5 Te )2 —
feoshx+ —= (S 4 )2 (e — 1) —
16" 2

e 1)t — e+ 1)),

1 d
ar =7 (gl )
dA 1—0
A —] dz[( + Ay 4 2%us)?)
2= a2 o+ Am up 2o’
(30)
so, the solution is
u(x,t) = Z”" =ug+u; +uy+uz+..., 31
n=0
h e
u(x,r) = (cos x+8( 5 +¢%)?
tcoshxt (S 4R e 1)
6\ 2
—e (P 1)t —e + 1))+, (32)
where the exact solution
u(x,t) = e ' coshx. (33)

3.2.2 For the polynomials called El-kalla polynomials the
solution will be as following

The steps will be the same as previous equations (25),
(26), (27), (28), (29) but, for El-kalla polynomials it will
be as follow,

_ t
Ay = u} = (coshx+ §(% +¢%)? —tcoshx+

1
E(T +e e —1)—e
A1 = 2upuy +u%,

Az = u% + 2uguy +2uquy,

L +1)(te —e' +1))?,

(34)
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1
uy = costhr/ — coshxdr +
0
! ! 2
/ / {e*Z’ (coshx) —2e*‘coshx} drdt,
0 Jo

1 1 t t t 1

uy = / / uoxxdl‘dl‘*/ / 2u(),dl‘dt7/ / Aodtdt,
0 Jo 0 Jo 0 Jo
1 1 t t t 1

u, = / / Updtdt 7/ / 2u1,dtdt—/ / Adtdt,
0 Jo 0 Jo 0 Jo

(35)
The solution is
u(x,t) = Zun:u0+u1+u2+..., (36)
n=0
t eix 2
u(x,t) = (coshx+ - (— +¢€*)" —
8 2
tcoshx+ L(ﬁ +e) (e —1)—
16" 2
e (@ 1)t — e + 1))+ (37)

The data in the Table (3) calculated with three terms
of the solution u(x,t) = ug + u; + uz.

In the Table (3), we clear the difference between the
solution using El-kalla polynomials and the exact solution
that called absolute relative error (ARE)and the difference
between the solution using Adomian polynomials and the
Exact solution at x = 0.01 for values of ¢ in Example 2.
Also time of the program when calculating the solution in
Matlab R2014a as following Time when solving by
Adomian polynomials= 63.0717 seconds.

Time when solving by El-kalla polynomials= 57.1515
seconds.

3.3 Example 3

Consider the following nonlinear telegraph equation

ut,—um:u3—2u,7u,

u(x,0) = %-l—%tanh(%—i—S),
u (x,0) = 13_6+1i6 (tanh (% +5))2. (38)

Applying the ADM by El-kalla and Adomian

3.3.1 For the Adomian polynomials the solution will be
as following:

We will assume the solution as following

u(x,t) = Zun:u0+u1+u2+u3+..., 39)
n=0
Uy = um+u3—2u,—u, (40)

sl g
il i
PR
;fﬂgﬂfﬁfwf‘
iyt

el

Fig. 3: The difference between the exact solution and the solution
with El-kalla polynomial of The difference between the exact
solution and solution with Adomian polynomial of u;; — uyy +
2u; — u? = e~ (coshx)? —2e " coshx.

el-kalla error

s
iy
%‘ff&.@

i
ittt

il
i
f’ip"”qqf&#ﬂff}ﬁw

iy O,

gy ﬂff:,%'%gf

Fig. 4: The difference between the exact solution and the solution
with El-kalla polynomial of The difference between the exact
solution and solution with Adomian polynomial ofu; — uy, +
2u; — u? = ¢~ (coshx)? —2e 7 coshx.
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integrate the two sides from O to 7,
nt nl .[ .[
U = uy (x,0) + / Uedt + / wdt — / Qudt — / udt,
Jo Jo Jo Jo

integrate the two sides from 0 to ¢

t t ot
u= u(x,0)+/ u,(x,O)dt+/ / uxxdrdt
0 0 Jo
t 1 t 1
+ / / Wdrdt — / / Qu,dtdt
Jo Jo 0 Jo
1 1
- / / udtdt, (42)
Jo Jo
1 1 X r3 3
uy = — ftanh<f 5) / — —tanh( 5) dt,
0=5%5 8 )t o 16 +
1 1
Uy = / / M()xxdtdt#-/ / Aodtdt
Jo Jo Jo Jo
t ot 't ot
- / / 2ug,dtdt — / / 2ugdtdt,
0 Jo 0 Jo
t ot t ot
uy = / / ulxxdtdt+/ / Aqdtdt
0 Jo 0 Jo
1 1 1 1
—/ / 2u1,dtdt—/ / 2udtdt,
Jo Jo 0 Jo

In the given problem the nonlinear term is >, calculating

(43)

Ao,A1,As,,. .. using Equation (6)
1 X 3
A 71/[37 ztanh(g—f—s)—
O | % ((nn (357 1) +1) |
1 d
A= — | — 3
=1 (d)L o ])H,
1 ([ d® 2
Ay = — —[(uo—i—lul—i—l Ltz)] ,
P\d 2=0
(44)
So, the solution is
u(x,t) = Zun:uo+u1+u2+u3+..., (45)
n=0
1 X
u(x,t) = Etanh (g +5)
3t X 2 1
—1—6(tanh(§+5) —1)+§+---, (46)

where the exact solution

1 1
u(x,t) §+§tanh2061 <8

v +5> 7)

3.3.2 For the polynomials called El-kalla polynomials the
Solution will be as following

The steps will be the same as previous Equations (39),
(40), (41), (42), (43) but, for El-kalla polynomials it will

be as follow:

fo= =[5 +9) 5 ((mn G 1)+ 3)]

Ay = (uo+u)’ — i,

Ay = (o +us +uw)® —Ag - Ay,
(48)
1 1 X tr3 3
S 7th< 5)/— —th( 5) dr,
ug 2+2an 8+ +0 16an +
! 1
Uy = / / uo_x_xdtdt+//A0dtdt
= / / 2ug,dtdt — / / 2uodtdt,
uzz//ulxxdtdt+/ / Aqddt
:—/ / 2u1,dtdt—/ / 2uydtdt,
Jo Jo Jo Jo
49)
The solution is
u(x,r) = Zun:u0+u1+u2+u3+l.l, (50)

n=0

u(x,r) = %tanh (% +5>

3t X 2 1
-= (tanh(§+5) 71)+§+---, (51)

The data in the Table (4) calculated with three terms of the
solution u(x,t) = ug +uy +up.

In the Table (4), we clear the difference between the exact
solution and solution with El-kalla polynomial that called
absolute relative error (ARE) and the difference between the
exact solution and solution with Adomian polynomial at
x =0.01 for values of t in Example 3.

Also time of the program when calculating the solution in
Matlab R2014a as following:

Time when solving by Adomian polynomials= 5.2057 seconds.
Time when solving by El-kalla polynomials= 4.7091 seconds.

Table 1: An example of the y* nonlinear term to clear that the
polynomials of Adomian appear slower than the polynomials of
El-kalla
By the traditional formula
Ao =3,
AL =3y,
Az =3ypy1 +3y1y0,

By El-Kalla’s formula
Ao =y3,

Ay =3y5y1 +3y0y] +)1,
Ay = 3y5y2 +6y0y1y2 + 3y1y2
+3y0y3 +3y1y3 +3,

A3 =3y5y3 +6y0y1y3 + 373
+6y0y2y3 +6y1y2y3 +3Y3Y3
+3y0y3 +3y1y3 + 39203 +33.

Az = y] +3y3y3 + 6y0y1)2,
Ay =3y5ys+3yiy2
+3Y3y0 + 630y13-
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Table 2: The difference between the exact solution and solution
with El-kalla polynomial that called absolute relative error
(ARE). And the difference between the exact solution and

solution with Adomian polynomial at x = 0.01 for values of ¢
, in Example 1

t (ARE)of ADM atx =0.01 | (ARE)of El-kalla at x = 0.01
0.1 6.70184245 %107 6.715700672 % 10~°
0.2 1.054413173 %103 1.0634826002 % 10~%
0.3 5.179816713% 1073 5.2852626316% 10~%
0.4 1.568758671 %1072 1.6290984728 % 103
0.5 3.625025864 % 102 3.858860689 * 10~
0.6 7.0250310527 % 1072 7.73238466857 1073
0.7 0.12000282907 1.3801903921 % 102
0.8 0.18596913217 2.26388934648 102
0.9 0.26600379658 3.4823923093 % 102

1 0.35467204962 5.09435831384 % 102

Table 3: The difference between the exact solution and solution
with El-kalla polynomial that called absolute relative error
(ARE). And the difference between the exact solution and
solution with Adomian polynomial at x = 0.01 for values of 1,
in Example 2

t (ARE)of ADM atx =0.01 | (ARE)of El-kalla at x = 0.01
0.1 8.73122605% 10> 8.7313578254 %107
0.2 3.030788465% 1072 3.0316217252 %107
0.3 5.868434229 % 102 5.877812371% 10
0.4 8.8702292699 102 8.92229621507 10~
0.5 0.11572650561 1.1768939792 % 102
0.6 0.13526819187 1.410620088106 + 102
0.7 0.14259270381 1.57039933919 % 102
0.8 0.13230896442 1.641576130971 % 102
0.9 9.79377771519 % 102 1.61858050708 102

1 3.1455235866 % 102 0.150623247937

Table 4: The difference between the exact solution and solution
with El-kalla polynomial that called absolute relative error
(ARE). And the difference between the exact solution and
solution with Adomian polynomial at x = 0.01 for values of ¢,
in Example 3

t | (ARE)of ADM atx = 0.01 | (ARE)of El-kalla at x = 0.01
0.1 6.1887411743 %10~ 6.18874116796 % 10~
0.2 2.2490574667 % 10~ 2.249057426 % 10~
0.3 4.584065585 % 10~° 4.58406514 %1077
0.4 7.3605672875 % 10~° 7.3605648385 % 10~/
0.5 1.03570304106 % 10~ 1.035702126 % 10~°
0.6 1.33923610671 %10 1.3392334357%10°°
0.7 1.63245368513% 10 1.632447097 % 10~©
0.8 | 1.904923443947 %10~ 1.904909088 * 10~°
0.9 2.149845197 %10~ 2.1498167436 % 10~°
1 2.3639126642 % 107 2.3638603288 % 10~°

’%”
Iy
W,
gl
i,
it e
Lt i
it g
@.‘gﬂ?‘?ﬂf

Fig. 5: The difference between the exact solution and solution
with Adomian polynomial of uy; — uy, = W —2u —u.

el-kalla error

i
ity
it
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Ja i el

L
it

Fig. 6: The difference between the exact solution and solution
with El-kalla polynomial of u;; — uy, = W —2u —u.
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