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1 Introduction

The study of stochastic processes began in the late 1930’s
and the introduction of stochastic convexity appeared in
1980 [1], where K. Nikodem presented this notion and a
generalization of theorems was proved by B. Nagy [2] in
the setting of a study of the Cauchy equation. For other
results related to stochastic processes, see [3, 4] where
further references are presented.

Similarly, the concept of convexity has had a great
evolution because of its wide application in various fields
of science, including those where the fractional and
quantum calculus are applied [5—11]. In the last decades
generalizations of the convexity, such as log-convexity,
s—convexity in the first and second sense , Wright
convexity, E—convexity, m—convexity, (—convexity,
GA—convexity, (s, ¢)—convexity and others [12-23] have
arisen.

Some authors have related these concepts with the
stochastic processes. For example, A. Skrowonski
explored J-convex stochastic processes and Wright
convex stochastic processes [21, 24]. Other authors have
obtained some further results in this area. For example, D.
Kotrys investigated convex and strongly convex stochastic
processes [25-27], E. Set E. et al. handled s—convex

stochatic processes in the second sense [28], S. Maden et
al. worked on s—convex stochastic processes in the first
sense [18], N. Okur et al. investigated harmonically
convex stochastic processes [29] and M. Tomar et al.
worked on log-convex stochastic processes [30].
Furthermore, the works of Vivas-Cortez, Herndndez
Herndndez and Go6mez [31-35] addressed the
(m,hy,hy)—convex stochastic processes in the setting of
fractional calculus.

Following the path outlined by the aforementioned
authors, the present paper aims to introduce the concept
of @—convex stochastic process, demonstrate some
properties, and relate it to the inequalities of the Hermite
Hadamard type and other inequalities associated with
special means.

2 Preliminaries

The following notions correspond to mathematical
fundaments on stochastic processes and the generalized
convexity related to them. For elementary calculus
associated with stochastic processes, we encourage the
reader to review the following texts [36-38].
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Definition 1. Let (2,97, P) be an arbitrary probability
space. A function X : Q — R is called a random variable
if it is <7 -measurable. Let I C R be time. A collection of
random variable X (t,w),t € I with values in R is called a
stochastic processes.

1. If X(t,w) takes values in S = R, then it is called
vector-valued stochastic process.

2. Ifthe time I is a discrete subset of R, then X (t,w) is
called a discrete time stochastic process.

3. Ifthe time I is an interval, RY or R, then it is called
a stochastic process with continuous time.

Definition 2. Ler (Q2,A,P) be a probability space and
I C R be an interval. We say that the stochastic process
X :IxQ — Riscalled

1. Continuous in probability in interval I if for all ty €
L, it has
P—1imX(z,-) = X(tp, -
limX(z,) =X (o),
where P — lim denotes the limit in probability;
2. Mean-square continuous in the interval I if for all
toel
P—HmE(X(t,-) — X (to,-)) =
HmE(X(r,-) — X (t0,-)) =0,
where E(X(t,-)) denotes the expectation value of the
random variable X (t,-);
3. Increasing (decreasing) if for all u,v € I such that
r<s,
X(“a ) < X(Va ')7 (X(“a ) > X(Va ))
4. Monotonic if it’s increasing or decreasing;

5. Differentiable at a pointt € I if there exists a random
variable X'(t,-) : Q@ — R, such that

X(t,:)—X(t0,-
X'(1,2) = P— tim 20 =X (o),
11—t t*t()

We say that a stochastic process X : I x Q — R is
continuous  (differentiable) if it is continuous
(differentiable) at every point of the interval [
(See [21,25,36]).

Definition 3. Let (Q,A,P) be a probability space
T C R be an interval with E(X (t)?) < o forallt € T.

Let [a,b] CT,a=1y <t; < ..<t,=D>b be a partition of
[a,D] and O € [ty_1,4] fork=1,2,....n.

A random variable Y : Q — R is called mean-square
integral of the process X(t,-) on [a,b] if the following
identity holds:

lim E[X (6;)(ty —tx 1) — Y]* =0

n—so0

Then we can write

/abX(t, Nt =Y ()(a.e.).

Also, mean square integral operator is increasing, i.e.,

/abx(t,.)dtg/abz(t,.)dt(a_e_)

where X (¢,-) < Z(t,-) in [a,b] ( [24]).
In this paper, we will consider the stochastic processes
that is with continuous time and mean-square continuous.
As mentioned in the introductory section, several
notions of stochastic generalized convexity had been
introduced. The following is a brief compilation of these
concepts.

Definition 4. ( [25])Let (Q,/,P) be a probability
space and I C R be an interval. It is said that a stochastic
process X : I x Q — R is convex if for all u,v € I and
t € [0,1] the following inequality holds almost everywhere

X(tu+(1—=0)v,) <tX(u,) +(1=6)X(v,). (1)

Now, we give the well-known Hermite-Hadamard integral
inequality for convex stochastic processes (see [25]).

Theorem 1. [fX :1x Q — R is Jensen-convex and mean
square continuous in the interval I, then for any u,v € I,
we have

Definition 5. Let (Q,7,P) be a probability space,
I C R be an interval and let ¢ : R X R — R be a real
valued function of two variables. It is said that a
stochastic process X : [ x Q — R is @—convex if for all
u,v €I andt € |0, 1] the following inequality holds almost
everywhere

Xtu+(1—1t)v,) <X, )+to(X(u,-),X(v,")).

It must be noted that if the real valued function of two
variables ¢ : R X R — R is defined by ¢(x,y) = x—y then
Definition 5 coincides with Definition 4.

Example 1.Let X : I x 2 — R be a stochastic process
defined by
X(t,) =A(-)e",

then since the exponential function is convex, it implies
that
X(ta+ (1 —1)b,-) = A(-)ekter(1=0b)

<A(Y) (tek“ +(1 —t)ekb)

=tX(a,")+(1-1)X(b,")
showing that it is a convex stochastic process, and also
X(ta+ (1 7t)b7') < X(b7)+t(X(aa) 7X(b7))

- X(b,)th(p(X(a,),X(b,))

showing that X is a ¢—convex stochastic process where
¢©(x,y) =x—y. Inaddition, if @;(x,y) > @(x,y), then X is
() —convex stochastic process.
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Example 2. Let X : R x Q — R, defined by X(¢,-) =
f(2)A(-) where

_Jrif 0<r<1
f(t)_{l if 1> 1
and A is a random variable. Let ¢ be defined by
_Jx+y
P(x,y) = {2(x+y)

Then, X is a ¢ —convex stochastic process, it is not convex.

if x<y
if x>y-°

Concerning the function ¢, it is a necessary definition
that will be useful for the development of this work.

Definition 6. The function ¢ : R x R — R is said to be

(i) non negatively homogeneous if ko(x,y) = @ (kx,ky)
forall x,y € Rand k>0

(ii) additive if ©(x1 +x2,y1 +y2)
forall x1,x3,y1,y2 €R

= @(x1,y1) + Q(x2,y2)

3 Main Results

Proposition 1. Let ¢ : R X R — R be an additive and
non negatively homogeneous real valued function of two
variables, X|,X, : I X Q — Ry be ¢— convex stochastic
processes and k > 0. Then, (X, +X) and kX, are a ¢—
convex stochastic processes.

Proof. LetX|,X,:1xQ — Ry be ¢— convex stochastic
processes, then

(Xl +X2) (tcH— (1 —l)b )

=X (ta+(1—1)b,)+Xp(ta+ (1 —1)b,")
<Xi(b,) +19(Xi(a,"), Xi(b,"))

+X(b,) +19(Xa(a,-),Xa(b,"))
= (X1(b,") +X2(b,-))

+1 (¢ (Xi(a,"),X1(b,")) + ¢ (Xa(a,-), X2(b,)))
:(Xl(ba')+X2(ba'))

+t(q)(X1(a,-)—|—X2(a,-),X (b ')+X2( )))
= (X1 +X2) (b,) +19 (X1 +X2)(a,"), (X1 +X2) (b, ")) .

Now, if k£ > 0 then

kX (ta+(1—1)b )
<k(Xi(b,-) +1¢(Xi(a,), X (b, - )))
= kX, (b,-) +kto (Xi(a,-). X1(b."))
= kXi(b,) + 19 (kXi(a,-),kX(b,")).

Proposition 2. Let ¢ : Ry X Ry — R be a real valued
function defined by @(x,y) = ox+ By, with a € [0,00)
and B € [—1,00). Let X,Y : Ry X Q — R be ¢— convex
stochastic processes such that for each t € Ry |,
max{X (¢,),Y (¢t,-)} exists in R. Then, the stochastic
process Z : Ry x Q — R defined by
Z(t,") = max{X (¢,-),Y (¢,-)} is @— convex stochastic
process.

Proof. LetX,Y :R; x Q — R be ¢— convex stochastic
processes. Given a,b € Ry andr € [0, 1] it implies that

X (ta+(1—1)b,) <X(b,) +19(X(a, ), X(b,"))

and

Y(ta+(1—1)b,) <Y(b,-)+tp (Y (a,-),Y(b,)).

Then,

Z(ta+ (1 —1)b,-)
=max {X (ra+ (1—
<max{X(b,")+1p(X
=max{X(b,-)+t(oX(a,-
Y(b,:)+t(aY(a,-)+BY(b,-))}
) troX(a,-),
(1+tB)Y(b,")+taY(a,-)}
), Y (b,)}

+ramax{X(a,
= (1+1B)Z(b,") +t(aZ(a,-) + BZ(b."))
=Z(b,) +19(Z(a,"),Z(b,")) .

The proof is complete.

=max{(1+¢B)X(b

< (14tB)max{X (b
)Y (a,-)}

Proposition 3. Let ¢ : Ry X Ry — R be a real valued
function of two variables, continuous in each coordinate
and let X, : Ry x Q@ — R be ¢— convex stochastic
process for n € N. Let X : Ry x Q@ — R such that
X(t,-) = limye Xy (¢, ). Then, X is ¢— convex stochastic
process.

Proof. Let X, :R; x Q2 — R be ¢— convex stochastic
process for n € N. Then, we have
X(ta+(1—1)b,)
= lim X, (ta+ (1 —1)b,")
n—o0

< lim (X, (b,-) +to(X,(a,-), X, (b,-
The proof is complete. 'Hw( n(b) 410 Xala, ) Xa (b))

= lim X, (b,-) + ¢ li Xu(a,-), X, (b,-
Corollary 1. Let ¢ : R X R — R be an additive and non e n(by)+ ngleloq)( (@), Xa(b,))
negatively homogeneous real valued function of two — lm X (b. )4t (1- X (q.-). lim X. (b )
variables, X1,Xa,....X, : I X Q — R, be @— convex P n(b,) +10 P n(a, )’nglolo n(by")
stochastic processes and ki,ka,....k, real non negative =X(b,)+t¢(X(a,-),X(b,"))
numbers. Then, X (t,-) = Y1 kXi(t,-) is a ¢— convex
stochastic process. The proof is complete.
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3.1 Hermite — Hadamard type inequalities

The following two Theorems show a left side and right
side inequality of Hermite — Hadamard type, respectively.

Theorem 2. Let X : Ry x Q — R be a ¢—convex
stochastic process . If a,b € Ry with a < b and X is mean
square integrable, then the following inequality holds
almost everywhere

X (“+b, ) - 2(b1a) /b(p(X(u,-),X(b—i-a—u,-))du

X +X(b )
- 2
+((p(X(a7')7X(ba'))+(p(X(b7')aX(av')))
2

Proof. Let X :R,. xQ — R be a ¢—convex stochastic
process. From Definition 5 with = 1/2, it follows that

(:12)

2
(1—1)b (1—t)a+tb
<( t)a+1tb, ) >

+ E(p(X (ta+(1=1)b,"),X (1 —1t)a+1b,-))

Integrating over 7 € [0, 1] and making use of the change of
variable u = ta+ (1 — )b, the following is obtained

a+b
X .
(%)

g/olx((pt)aﬂb,.)dt

2/ X (ta+ (1 —1)b,-),X

1 b
bfa/a (u,-)du

1 b
+M/a (X (u,-),X (b+a—u,-))du

X (“;Lb,) - 2(b1a) ./a‘b(p(X(u,-),X(b+a—u,-))du
< bia./aAbX(u,-)du7

obtaining the left side of the inequality (2) in this way.

((1=t)a+1b,-))dt

Also, it implies that

X(ta+(1—1)b,)<X(b,)+toX(a,),X(b,"))
and
X(1-t)a+th,-)<X(a,)+to(X(b,),X(a,")).

Adding these inequalities, the following is obtained
X(ta+(1—=0)b, )+ X((1—t)a+1b,-)
<(X(a,)+X(b,")
+t(p(X(a,),X(b
Integrating over ¢ € [0, 1]

X
ba/

_X(a. >+x<b>

- 2

((p(X(a,),X(b,))Jr(p(X(b,),X(a,)))
> .

) +eX (b)), X (a,0)))

The proof is complete.

Remark. If @(x,y) = x —y, the inequality for convex
stochastic process is obtained
X(a a)+X(b7)

a+b 1 b
X < X
( 27 > ~b— a/a 2 ’
making coincidence with the result obtained by D. Kotrys
in [25].

Theorem 3. Let X,Y : I x Q2 — R be a ¢—convex
stochastic process . If a,b € I with a < b and X,Y are
mean square integrable, then the following inequality
holds almost everywhere

bla/abx(u,-)Y(u,-)du

u,-)dt <

o (X(a,),X(b,) [Y(Z’ ), o) T } .

Prooflet X,Y : 1 x Q2 — R be a ¢—convex stochastic
process, then for all a,b € I with a < b and r € [0,1] it
follows that

X(ta+(1=0)b,) <X(b,-) +19(X(a,).X(br))  (3)
and
Y(ta+(1—1)b,) <Y (b,-)+to(Y(a,-),Y(b,")). 4)

Multiplying (3) and (4), we have
X(ta+(1—10)b,)Y (ta+(1—1)b,)

< (X(b,) +19(X(a, )X (b,))) x
(Y (b,) +19 (¥ (a,).¥ (b))
= X(b.)Y (b, ) + X (b, )@ (¥(a,),¥ (b))
Y(b, )i (X(a, )X (b."))
229 (X(a,). X (6.) 9 (¥ (a.).Y (b)),
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Integrating over ¢ € [0, 1], the following is obtained

/OIX(ta—i—(l —1)b,)Y (ta+ (1 —1)b,)dt

With the change u = ta+ (1 —1)b, it follows that

b
bia/a X (u,)Y (u ) du

The proof is complete.

Corollary2. Let X,)Y : I x Q2 — R be a convex
stochastic process . If a,b € I with a < b and X,Y are
mean square integrable, then the following inequality
holds almost everywhere

b
bia/a X (u,)Y (u,) du
X(a,)Y(a, ) +X(b7)y(b7)
3
X(Cl,)Y(b, ) +X(b7)y(a7)
6 .

<

+

Proof. Letting @(x,y) = x —y in Theorem 3, it follows
the desired result.
The proof is complete.

Theorem4. Let X,Y : I X Q2 — R be a ¢—convex
stochastic process . If a,b € I with a < b and X,Y are
mean square integrable, then the following inequality
holds almost everywhere

1
b—a

/bX(u, )Y (a+b—u,)du

Proof. Let X,Y :Ix Q — R be a ¢—convex stochastic
process, then for all a,b € I with a < b and ¢ € [0, 1], it
follows that

X(ta+(1—1)b,) <X(b,")+toX(a,"),X(b,")) ()
and

Y(b+(1—1t)a,)<Y(a,)+to(Y(b,),Y(a,)). (6)
Multiplying (5) and (6), it follows that

X(ta+(1—=0)b,)Y (th+ (1 —1)a,)

< [X(b,) +19(X(a,),X(b,-))] X

Y(a,-)+1@ (Y (b,-),Y(a,"))]
=X(b,-)Y (a,") + X (b, )to (Y (b,"),Y (a,"))
+19(X(a,-),X(b,))Y(a,")
+29 (X(a,),X(b,-) @ (Y (b,-), Y (a,"))

Integrating over ¢ € [0, 1] and letting the change of varible
u=ta+(1-1)b

1
b—a

/bX(u, Y (a+b—u,)du

The proof is complete.

Corollary 3.Let XY : I x 2 — R be a convex stochastic
process . If a,b € I with a < b and X,Y are mean square
integrable, then the following inequality holds almost
everywhere

! /bX(u,-)Y(a—i—b—u,-)du

b—a
X(a, )Y (a,")+X(b,-)Y(b,")
6
X(b,)Y(a,)+X(a,)Y(b,-)
3 .

Theorem 5. Let X,Y : I x 2 — R be a ¢—convex
stochastic process . If a,b € I with a < b and X,Y are
mean square integrable, then the following inequality
holds almost everywhere

1

<

+

bX(u,~)Y(a+b—u)du

b—a, a
< % <(X (b)) +(Y (“"))2)
() X3P+ (04 6.0
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Proof. Let X,Y : 1 x Q — R be a ¢—convex stochastic
processes. Using the change of variables u =ta+ (1 —1)b

and recalling that (x —y)* > 0, we have

1
b—a.

/‘bX(u,-)Y(a—i—b—u)du
= /IX(ta+ (I1=t)b,)Y (tb+(1—1t)a,)dt

a,))dt

4

- (X (b)) + (¥ (a,))’

- 2

L@ X(a,). X (b, )+ (@ (Y (b)Y (a,-))*
6
X (b)) + (@ (X(a,), X (b,")))*
8
eacs )’ + (@ (Y(,),Y(a,-))?

+% (9 (X(a,),X(B,))* + (9 (¥ (b,1), ¥ (a,)))?)

The proof is complete.

Corollary4. Let X,Y : I x Q — R be a convex
stochastic process . If a,b € I with a < b and X,Y are
mean square integrable, then the following inequality
holds almost everywhere

1

/bX(u,~)Y(a+b7u)du

b—a
g%((x(b,~))2+(y(0 »?)
+%<(X(a ))2+(Y(b,))2)
X (@ )X (b)Y (b)Y (@)

3.2 Some integral inequalities and some special
means

Lemmal. Let X : I x Q — R be a differentiable
stochastic process, where I is an interval include in R,
and a,b € I with a < b. If X' is mean square integrable,

then
/ X (u,-)

bX (b,) —aX (a
:b;"M ((1+t)b+(l—t)a)X/((%b a),~)dt

1-
2
+  @moprenax (1o a) a.

Proof. Integrating by parts the first integral inside the
brackets, it follows that

11:/(;1((1+t)b+(1—t)a)x ((lztb ;ta),-)dt

2X (b,) — (b+a)X (’%) ) /b

B b—a " boa
2 2
similarly, the second integral is

12:/(;1 (1-0)b+(1+1)a)X’ ((%H %a) ) d

—2aX (a,-) + (b+a)X (249 5 path)2
h—a ( 2 ) *H/ X(u,)du (8)

T T a
Adding 7 and 8, it follows that

X (u,-)du (7)

+b/2

(L +Db)=bX (b,)—aX (a / X (u
The proof is complete.
Theorem 6. Let X : [ x Q — R be a differentiable

stochastic process, where I is an interval include in R,
and a,b € I with a < b. If X' is mean square integrable
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and |X'|" is @—convex, for q > 1, then the following
inequality holds almost everywhere

‘bx(b,.)—ax(a,.)—/fx(u,-)du b-

3bta\' "1
()

3b+ 2+ l/a

(2257 b G+ 22 g (@ )
3a+b\ "4

+( 2 ) X

3a+b 4 S o X (@[ X (5o 1

Proof. Using Lemma 1 and the Holder inequality, it
follows that
/ X (u,-)

[/01 (1+0)b+(1—1)a)]

‘bX( —aX (a

1
+/0 (1= b+ (1+1)a)]

<b—a><

=7y

{(/0']((19 a)+a+b) dt)] .

(/0]((1? a)+b+a) ( ]—2H - a),~) th)]/q
1/q

+(/01(a+b—tb a) dt)
(/01 (at+b—1(b—a)) x’((%w %a) )

q 1/q
dt) .

)
For each integral in 9, we have

! 3b
/(t(b—a)+a+b)dt: 2+", (10)
0

! 3a+b
/(a+b7t(b a))dt = a2+, (11)
0

s0, using the ¢ —convexity of |X'|
_ q
(559
2

/(;] (t(b—a)+b+a)|X dt

+‘P(‘X/(a,)"l?’X’(by.)“f)/(;] (%) (t(b—a)+b+a)dt

_ 3b;—a ‘X/(b,~)’q+ 2b+a

(X' (@)]", X' (b

1—1¢ 141
X' ——b+—a],
((551+45%))

b 6a+b
A+ =5

A7) a2
similarly

q

1
/0 (at+b—1(b—a)) di

3 b
L o (X' (@)X (5.]7) (13)

Replacmg (10), (11), (12) and (13) in (9) the desired result
is obtained.
The proof is complete.

Recall that the weighted arithmetic mean of two
numbers a and b is defined by

wia-+wab
Ay, (a,b) = Y

the weighted power mean of order p,(p # 0), of two
distinct numbers a and b by

wla”+wzb”>]/p

Mp;wth(a,b) = < Wi+ wy

and the logarithmic mean for two positive numbers a and
b is given for a = b by L,(a,a) = a and for a # b by

bp+liap+1 1/p
Ly(a,b)= | ———F—— if p#£—1,0
0= 52
Corollary 5. Let X : I x Q — R be a differentiable

stochastic process, where I is an interval include in R,
and a,b € I with a < b. If X' is mean square integrable
and |X'|? is convex, for q > 1, then the following
inequality holds almost everywhere

’bX( 7LlX / X 2 ><
A3/2 1/2(a b) [ q;w1,wa ’X ‘,‘X/(b,-)’)
‘|‘Mq;wzﬁw1 ’X (Ll, )‘ ) ‘X/ (b, )’)] )
where
_ 2b+a ~ Tb+2a
w1 = 6 wy = 3

Proof. Letting @(x,y) =x—y in the previous Theorem 6,
the following is obtained

’bX( —aX (a /Xu, § ) Y
1
g/ (t(b—a)+b+a) X (b,)|
Jo ’ ‘ (3b+a)11/q(2b+a|x/ ’q+7b+2a |X’(b )’q)l/q
1—1t [ — )
+(T)<P<!X’<a«>\"v!X’(b«)\q)dr g 0
: 3a+b\'""" (7412 2a+b Va
gyx’(b,.)rf/ (t(b—a)+b+a)dr +( 5 ) ( X" (a,)|" + =—— X" (b, !q)
0
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and using the weighted arithmetic mean of a and b, and the

weighted power mean of |X’(a,-)| and |X’ (b,-)| with
2b+a 7b+2a
wp = 6 and Wy = 6 .

The proof is complete.

Theorem 7. Let X : I x Q — R be a differentiable
stochastic process, where I is an interval include in R,
and a,b € I with a < b. If X' is mean square integrable
and |X'|? is 9—convex, forqg > 1 and 1/p+1/q=1, then
the following inequality holds almost everywhere

/x

1 1/q
Ly(a-+b,2b) (IX’ (0" + 70 (X (a)[*, X’ (bw)|q))

ba)
4

‘bX( )—aX (a X

3 1/q
+Ly(2a,a+b) (|x’ (b)|"+ 30 (X (@ )] [’ (bw)lq)) } :

Proof. Using Lemma 1 and the Holder inequality, it
implies that
/ X (u,-)

141 1—1¢
X —=—b+—a)],-
((zbw)v)
—t 141
)'d —b+— .
(5514 45%))

g ><

bX (b,) —aX (a
p )t ;

dt

g

Uol (1 40) b+ (1—1)a)]

+/(;]|((17t)b+(l+t)a)\

S

—da

< X

~

1 1/p
[( ((l+t)b+(lft)a)p>dt) x
0

(b (55 )

([ -nsrasnara) s

Yo, (1=t 1+t AN

For each integrals in the inequality (14), we have

q 1/q
dt)

/01 (14+0)b+(1—1)a)Pdt

@t (asbpt!

“rne-a pine-a P
[F-np+anara

_ _fappt Qaptt o

(p+1)(b—a) (p+1)(b—a)

and using the @—convexity of |X’|?, the following is

obtained
q
1% ((ﬂﬂ T’a) )

1
/0
T e (X @

g/ol X' (b

1
=|X"(b,)|"+ 29 (|x"(a
and similarly

1 1—1t 1+1 4
X ((—b+—a),-
b (e 5) )

< !X’(b;)\”%ﬂ\”(a ML @A) as

dt 17

X (b,)| ) dt

7')’q7‘X/ (b)’q)

dt

Replacing (15), (16), (17) and (18) in inequality (14) the
desired result is obtained. The proof is complete.

Corollary 6. Let X : I x Q — R be a differentiable
stochastic process, where I is an interval include in R,
and a,b € I with a < b. If X' is mean square integrable
and |X'|? is convex, for ¢ > 1 and 1/p+1/q =1, then the
following inequality holds almost everywhere

/ X (u (b— ; (b—a) "
|:L[?(a+b>2b)Mq;l/4,3/4 (’X/ (av')‘ ) ‘X/ (b>)’)
+ Lp(2a,a+b)Mq;3/4’1/4 (’X/ (a

AL @] -

Proof. Letting @(x,y) = x —y in Theorem 7, we have
/ X (u,-)du| < (b— a)

1., ¢ 3w p 1/q
Ly(a+b,2b) (Z\X (a,-)| +Zyx (b)) )

’bX( )—aX (a

’bX( )—aX (a

1/q
+ Ly(2a,a+Db) (% ’X/(a7,)|q+i ’X/(b,~)|q) ] )

and using the weighted power mean of |X’'(a
|X’ (b,-)| with

)| and

1
WlZZ and WZZZ

the desired result is obtained.

4 Conclusion

In this paper, the concept of ¢ —convex stochastic process
was introduced and certain algebraic properties were
deduced. Also, some mean square integral inequalities of
Hermite — Hadamard type were established. In addition,
various mean square integral inequalities were
investigated.

This work is expected to serve as a motivation for
further research in the area. A similar study using
fractional integrals is significant.

© 2020 NSP
Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci. 14, No. 6, 947-956 (2020) / www.naturalspublishing.com/Journals.asp

Acknowledgement

Miguel J. Vivas-Cortez is grateful to Direccién de
Investigacion from Pontificia Universidad Catélica del
Ecuador for the technical support given to the research
project entitled: Some integrals inequalities for
generalized convex functions and applications (Algunas
desigualdades integrales para funciones convexas
generalizadas y aplicaciones).

Jorge E. Herndndez H. thanks the Scientific,
Humanistic and Technological Development Council
(Consejo de Desarrollo Cientifico, Humanistico y
Tecnolégico) from Universidad Centroccidental Lisandro
Alvarado (Venezuela) for the support in the elaboration of
this article.

The authors are grateful to the anonymous referee for a
careful checking of the details and for helpful comments
that improved this paper.

Contflicts of Interest

The authors declare that there is no conflict of interest
regarding the publication of this article.

References

[1] K. Nikodem, On convex stochastic processes, Aequationes
Math., 20(2-3), 184 — 197 (1980).

[2] B. Nagy, On a generalization of the Cauchy equation.
Aequationes Math., 11, 165 — 171 (1974).

[3] A. Bain, D. Crisan, Fundamentals of Stochastic Filtering.
Stochastic Modelling and Applied Probability, 60. Springer,
New York, (2009).

[4] P. Devolder, , J. Janssen, R. Manca, Basic stochastic
processes. Mathematics and Statistics Series, ISTE, London;
John Wiley and Sons, Inc., (2015).

[51J. E. Herndndez Herndndez, Some fractional integral
inequalities of Hermite Hadamard and Minkowski type.
Selecciones Matemdticas (Universidad NAcional de Trujillo,
Peii), 6(1), 41 — 48 (2019).

[6] M.Vivas-Cortez, A. Kashuri, R. Liko, J.E. Hernandez
Hernandez, Trapezium — Type Inequalities for an Extension
of Riemann-Liouville Fractional Integrals Using Raina’s
Special Function and Generalized Coordinate Convex
Functions. Axioms, 9(117), 1 — 17 (2020)

[7] M.Vivas-Cortez, J.E. Hernandez Hernandez, Hermite —
Hadamard Inequalities Type for Raina’s Fractional Integral
Operator using 11 —Convex functions. Revista de Matematica:
Teoria y Aplicaciones, 26(1), 1 — 19 (2019)

[8] M.Vivas-Cortez, A. Kashuri, R. Liko, J.E. Hernandez
Hernandez, Quantum Estimates of Ostrowski Inequalities for
Generalized f-Convex Functions. Symmetry, 11(1513), 1 — 16
(2016).

[9] M. Vivas-Cortez, J.E. Hernandez Hernandez, Ostrowski and
Jensen-type inequalities via (s, m)-convex functions in the
second sense. Bol. Soc. Mat. Mex. 26, 287-302 (2020).

[10] Vivas-Cortez, M., Hernandez Hernandez, J. E. and
Merentes, N. New Hermite-Hadamard and Jensen type
inequalities for h-convex functions on fractal sets. Rev.
Colombiana Mat. 50(2), 145 — 164 (2016).

[11] Vivas-Cortez, M., Relative strongly h-convex functions and
integral inequalities. Appl. Math. Inf. Sci. 4(2), , 39 — 45
(2016).

[12] M. Alomari, M. Darus, On The Hadamard’s Inequality for
Log-Convex Functions on the Coordinates, J. Ineq. Appl.,
2019: 283147, 13 (2019).

[13] M. Alomari, M. Darus, U. Kirmaci, Some Inequalities
of Hermite-Hadamard type for s—Convex Functions, Acta
Mathematica Scientia 31B(4), 1643 — 1652 (2011).

[14] M.E. Gordji, S.S. Dragomir, M.R. Delavar, An inequality
related to n—convex functions (II). Int. J. Nonlinear Anal.
Appl., 6(2), 27 — 33 (2015).

[15] M.E. Gordji, M.R. Delavar, M. De la Sen, On ¢—Convex
Functions, J. Math. Ineq., 10(1), 173 — 183 (2016).

[16] F. Ghulam, A. Ghulam, Generalizations of some fractional
integral inequalities for m—convex functions via generalized
Mittag-Leffler function, Stud. Univ. Babes-Bolyai Math.,
63(1), 23 — 35 (2018).

[17] 1. Tscan, M. Kunt, Hermite-Hadamard type inequalities for
product of GA—convex functions via Hadamard fractional
integrals, Stud. Univ. Babes-Bolyai Math., 62(4), 451 — 459
(2017).

[18] S. Maden, M. Tomar, E. Set, Hermite — Hadamard type
inequalities for stochastic processes in first sense, Pure and
App. Math. Letters, 1, 1 —7 (2015).

[19] Z. Pavi¢, M. Avci Ardic, The most important inequalities for
m—convex functions. Turk J. Math., 41, 625 — 635 (2017)
[20] Y. Rangel, M. Vivas-Cortez, Ostrowski type inequalities for
functions whose second derivative are convex generalized,

Appl. Math. Inf. Sci, 12(6), 1055 — 1064 (2018).

[21] A. Skowronski, On Wright-Convex Stochastic Processes,
Ann. Math. Sil., 9, 29 — 32 (1995).

[22] M.Vivas-Cortez, J.E. Hernandez Hernandez, S. Turhan,
On exponentially (hy,h,)—convex functions and fractional
integral inequalities related. Mathematica Moravica, 23(2),
1-12(2019).

[23] E.A. Youness. E-convex sets, E-convex functions, and
Econvex programming, J. Optim. Theory Appl. , 102(2), 439
—450 (1992).

[24] A. Skowronski, On some properties of J—convex stochastic
processes, Aequationes Mathematicae, 44, 249 — 258 (1992).

[25] D. Kotrys, Hermite — Hadamard inequality for convex
stochastic processes, Aequationes Mathematicae, 83, 143 —
151 (2012)

[26] D. Kotrys, Remarks on strongly convex stochastic
processes, Aequat. Math., 86,91 — 98 (2013); J.-S. Zhang,A..-
X. Chen, M. Abdel-Aty, Two atoms in dissipative cavities in
dispersive limit: Entanglement sudden death and long-lived
entanglement, J. Phys. B: Atom. Mol. Opt. Phy., 43 025501
(2010).

[27] D. Kotrys, Some characterizations of strongly convex
stochastic processes, Math.Aet., 4(8) , 885-861 (2014).

[28] E. Set, M. Tomar, S. Maden. Hermite Hadamard Type
Inequalities for s—Convex Stochastic Processes in the Second
Sense, Turk. J. Anal. Num. Theory, 2(6), 202 — 207 (2014).

[29] N. Okur, .I. Iscan, E. Yiiksek Dizdar, Hermite-Hadamard
inequalities for harmonically convex stochastic processes.

© 2020 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

956 B )

M. J. Vivas-Cortez et. al.: On ¢—convex Stochastic processes and integral...

International Journal of Economic and Administrative
Studies, 11, 281-292 (2018).

[30] M. Tomar, E.Set E., S. Maden, Hermite — Hadamard type
Inequalities for Log-convex Stochastic Processes, Journal of
New Theory, 1(2) , 23 — 32 (2015).

[311J.E. Hernindez Hernandez, J.F Goémez, Hermite -
Hadamard type inequalities for Stochastic Processes whose
Second Derivatives are (m,h;,h,)—Convex using Riemann —
Liouville Fractional Integral. Revista Matua (Universidad del
Atldntico (Colombia), 5(1), 13 — 28 (2018).

[32] JLE. Herndndez Hernandez, J.F Goémez, Hermite -
Hadamard type inequalities, convex stochastic processes and
Katugampola fractional integral., Revista Integracion, temas
de matemdtica (Colombia), 36(2), 133 — 149 (2018).

[33] J.E. Hernandez Hernandez, J.F Gomez. Hermite - Hadamard
type inequalities for (mhy,hy)—convex stochastic processes
using Katugampola fractional integral. Revista Matua
(Universidad del Atldntico (Colombia), 6(1), 17 — 32 (2019).

[34] M. Vivas-Cortez, J.E. Hernindez Hernidndez, Some
Inequalities via Strongly p-Harmonic Log-Convex Stochastic
Process. Appl. Math. Inf. Sci., 12(3), 1 — 9 (2018).

[35] M. Vivas-Cortez, J.E. Herniandez Herndndez, On
(m,hy,hy)—Convex Stochastic Processes using Fractional
Integral Operator. Appl. Math. Inf. Sci. 12(1), 45 — 53 (2018).

[36] T. Mikosch, Elementary stochastic calculus with finance in
view, Advanced Series on Statistical Science and Applied
Probability, 6. World Scientific Publishing Co., Inc.,(2010).

[37] M. Shaked, J. Shantikumar, Stochastic Convexity and its
Applications. Arizona Univ. Tuncson, (1985).

[38] J.J. Shynk, Probability, Random Variables, and Random
Processes: Theory and Signal Processing Applications,
Wiley, (2013).

Miguel J. Vivas
C. earned his Ph.D. degree
from Universidad Central
de Venezuela, Caracas,
Distrito Capital (2014)
in the field Pure Mathematics
(Nonlinear Analysis),

and earned his Master Degree
in Pure Mathematics in the
area of Differential Equations
(Ecological Models). He has vast experience of teaching
and research at university levels. It covers many areas of
Mathematical such as Inequalities, Bounded Variation
Functions and Ordinary Differential Equations. He has
written and published several research articles in reputed
international journals of mathematical and textbooks. He
was Titular Professor in Decanato de Ciencias y
Tecnologia of Universidad Centroccidental Lisandro
Alvarado (UCLA), Barquisimeto, Lara state, Venezuela,
and invited Professor in Facultad de Ciencias Naturales y
Matematicas from Escuela Superior Politécnica del
Litoral (ESPOL), Guayaquil, Ecuador, actually is
Principal Professor and Researcher in Pontificia
Universidad Catdlica del Ecuador. Sede Quito, Ecuador.

Artion Kashuri
earned his Ph.D. degree
from  University  Ismail

Qemail of Vlora (2016) in the
area of Analysis and Algebra
with Doctoral Thesis entitled:
A new integral transform
and its applications, and
being his resaerch areas
Differential Equations,
Numerical Analysis , Integral transforms, Mathematical
Inequalities, Mathematical Analysis. He has vast
experience of teaching asignatures such as Differential
Equations, Numerical Analysis, Calculus, Linear
Algebra, Real Analysis, Complex Analysis Topology,
Real and Complex Analysis. His current position in the
aforementioned University is Lecturer in the Department
of Mathematics.

E. Hernandez
M.Sc.

Jorge
H. earned  his

degree from Universidad
Centroccidental Lisandro
Alvarado, Barquisimeto,
Estado Lara (2001) in
the field Pure Mathematics
(Harmonic Analysis).
He has wvast experience
of teaching at university

levels. It covers many areas
such as Mathematics applied to
Economy, Functional Analysis, Harmonical Analysis
(Wavelets). He is currently Associated Professor in
Decanato de Ciencias Econémicas y Empresariales of
Universidad Centroccidental Lisandro Alvarado (UCLA),
Barquisimeto, Lara state, Venezuela.

of Mathematical

© 2020 NSP
Natural Sciences Publishing Cor.



	Introduction
	Preliminaries
	Main Results
	Conclusion

