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Abstract: In this work we illustrate that a possible proof of Fermat’s Last Theorem derives from an appropriate use of the concordant

forms of Euler and from an equivalent ternary quadratic homogeneous Diophantine equation able to accommodate a solution of Fermat’s

equation. The impossibility of solving the second degree Diophantine equation thus obtained is certainly possible also through methods

known and discovered by Fermat.
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1 Introduction

It is well known that around the middle of the seventeenth
century Pierre Fermat stated what is now called the
Fermat’s Last Theorem.

In modern language, Fermat’s statement means: “The
equation Xn+ Yn = Zn, when n is a natural number larger
than 2, has no solution in integer all positive”.

The search for a successful proof of this theorem was,
indeed, very hard and long and only in 1995 an accepted
solution was published by A. Wiles ([1] and [2]).

Nevertheless, in his proof, A. Wiles used new concepts
and new theories in modern methods of algebraic theories,
concepts and theories not available to P. Fermat in his time.

In this paper we have try to prove Fermat’s Last
Theorem making use of elementary techniques, certainly
known to P. Fermat.

We show that making use of the concordant forms of
Euler and a ternary quadratic homogeneous Diophantine
equation, it is possible to derive a proof of the Fermat’s
Last Theorem without recurring to modern techniques,
but exploiting the important criterion of Legendre for
determining the solutions of ternary quadratic
homogeneous equation ([3],Chap. IV,§6,pp. 326-328).

2 From the concordant forms of Euler to

Fermat’s Last Theorem

Let m,n∈Z /{0} be integers with m 6= n . Following Euler
(see [4]), the quadratic forms X2 +mY 2 and X2 + nY 2 (or
the numbers m and n themselves) are called concordant if
there are integers (X ,Y,Z,T ) with Y 6= 0 such that:

X2+mY 2 = Z2 ; X2+nY2 = T 2. (0)

In 1780 Euler seeks criteria for the treatment of the double
equations (0) and his interest and our own turns to proofs
of impossibility for the cases m=1, n=3 or 4 and others
equivalent to these two ([3], Chap. III, §XVI, pp. 253-254).

In practice, Euler called X2 + mY 2 and X2 + nY 2

concordant forms if they can both be made squares by
choice of integers X , Y each not zero; otherwise,
discordant forms.

At this stage, let us introduce the following Euler double
equations:

P2 +Y n
1 Q2 =V 2, P2 −Xn

1 Q2 = T 2 (1)

with Xn
1 +Y n

1 = Zn
1 and n ≥ 3.

By multiplying the first two equations (1) together, and

multiplying by P2

Q6 , we get([5]):

P2V 2T 2

Q6
=

P6

Q6
+(Y n

1 −Xn
1 )

P4

Q4
−Xn

1Y n
1

P2

Q2
. (2)
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If we then replace P2

Q2 by X and also PVT
Q3 by Y we find that

Y 2 = X (X −Xn
1 )(X +Yn

1 ) .

This is known as Frey Elliptic curve ([6], p. 156).

In mathematics, a Frey curve or Frey–Hellegouarch curve
is the elliptic curve:

Y 2 = X (X −Xn
1 )(X +Yn

1 ) (3)

or, equivalently :

Y 2 = X
[

X2 +X (Y n
1 −Xn

1 )−Xn
1Y n

1

]

(4)

associated with a (hypothetical) solution of Fermat’s
equation : Xn

1 +Y n
1 = Zn

1 .

In fact, the discriminant

∆ =

√

(

Y n
1 −Xn

1

)2
+ 4Xn

1Y n
1 = Xn

1 +Y n
1 = Zn

1 ,

that determines the existence of the polynomial

(X −Xn
1 )(X +Yn

1 ) = X2 +X (Y n
1 −Xn

1 )−Xn
1Y n

1 ,

is a perfect power of order n.

Thanks to the spectacular work of A. Wiles, today we
know that Frey’s elliptic curve not exist ([6], pp.
154–156) and from this derives indirectly, as an absurd,
the Fermat Last Theorem.

Now, multiplying the first two equations (1)
respectively by Xn

1 and by Y n
1 and at end adding together

we get the following homogeneous ternary quadratic
equation (see Section 3 [7]):

Xn
1 V 2 +Yn

1 T 2 = Zn
1P2 (5)

with the identity Xn
1 +Yn

1 = Zn
1 and n ≥ 3.

So, we can also enunciate the following theorem:

Fundamental Theorem: Fermat’s Last Theorem is

true only if the homogeneous ternary quadratic

Diophantine equation (5) does not exist.

Proof.

Nobody prevents us from assuming the evident solution
V = T = P = 1 in the equazion (5) and with this we obtain
the solution of Fermat equation: Xn

1 +Y n
1 = Zn

1 .

Now from the Euler double equations (1) by subtracting ,
we have:

V 2 −T2 = Zn
1Q2 = 0.

By definition, in Euler’s concordant forms, Q is absolutely
non-zero integer.

It follows that Zn
1 = 0, the homogeneous ternary quadratic

Diophantine equation (5) it does not exist and Fermat’s
Last Theorem is proved.

We observe that the same result can be achieved
immediately if we assume V = T = P = 1 already in
Eqs.(1), in fact with Q non-zero integer we even have
Xn

1 = Y n
1 = 0 and therefore still Zn

1 = 0.

Theorem 1.1: Fermat’s Last Theorem is true if and

only if is not possible a solution in integers of Eqs.(1) with

Q non-zero integer, that is these are discordant forms.

In practice, this means that if the system of quadratic
Eqs.(1) admits only the trivial solutions (m,0,±m,±m),
that include also (1,0,1,1), then the quadratic forms
P2 +Y n

1 Q2 =V 2 and P2 −Xn
1 Q2 = T 2 are a fortiori called

discordant (see a proof in Section 4).

The proof ends here, as we have verified the close
connection between the nature of Euler’s double
equations and Fermat’s Last Theorem.

3 On Homogeneous Ternary Quadratic

Diophantine Equation aX2+bY 2 = cZ2

Theorem 2.1: Let xn + yn = zn, with g.c.d.(x,y) = 1 and

n ≥ 3 have a solution, then there exists an equation

ax2 + by2 = cz2 were a,b,c are relatively prime,

square-free whose a solution could be reduced to a

solution of Fermat’s equation.

Proof.

Let the equation xn + yn = zn where x,y,z are relatively
prime and n ≥ 3 is an odd integer have a solution
x = α,y = β ,z = γ where α,β ,γ are pairwise relatively
prime.

Using the ”fundamental theorem of arithmetic” we can
represent α = X1U2

1 , β = Y1U2
2 , γ = Z1U2

3 , where

X1,Y1,Z1 are pairwise relatively prime and square-free
natural numbers.

The equation

X1x2 +Y1y2 = Z1z2

with x = X k
1Un

1 ,y = Y k
1 Un

2 ,z = Zk
1Un

3 where k = n−1
2

and
n> 1 odd number is the equation with the desired solution.

In this case we have:

Xn
1 ((U1)

n)2 +Yn
1 ((U2)

n)2 = Zn
1((U3)

n)2 (6)

and with V = (U1)
n,T = (U2)

n and P = (U3)
n we have:

Xn
1 V 2 +Yn

1 T 2 = Zn
1P2

that is the Diophantine equation (5).
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Theorem 2.2: There is no homogeneous ternary

quadratic Diophantine equation able to accommodate a

solution of Fermat’s equation xn + yn = zn when n > 2.

Proof.
This Theorem is obviously true if Fermat’s Last Theorem
is true.

In conclusion we observe that with the following evident
solutions: U1 = 1, U2 = 1 and U3 = 1 and also
U1 = U2 = U3 in Eq.(6) we obtain the fundamental
Hypothesis (Reductio ad Absurdum) of Fermat’s Last
Theorem:

X1
n +Y1

n = Z1
n.

Now by the evident solutions, indicated above, we can
derive an infinite number of solutions of Eq.(6).

Let’s remember indeed that for Legendre’s Theorem if a
ternary quadratic homogeneous Diophantine equation
(assuming a,b and c are fixed) has an integral solution,
then the number of possible solutions is infinite, but this
is not possible only by using the Euler double equations
(1) in this particolar context.

4 Indeterminate Analysis of second degree.

Our goal is to take care of the resolution, into integers, of
quadratic equation with integer coefficients, depending on
n unknowns ([8], Cap. I, pp. 60-69).

We will develop our considerations on the equation in
three unknowns:

F (X ,Y,Z) = aX2 + bY2 + cZ2+

dXY + eXZ+ fYZ = 0 (7)

warning that, all what we will say, extends immediately to
the case of n unknowns.

Since the (7) is an equation homogeneous, if (A,B,C)
are the solutions also (mA, mB, mC) are solutions.

Therefore we deem identical two solutions such as
(A,B,C) and (mA, mB, mC).

Such assumption, will narrow the search to the only
primitive solutions of Eq.(7), that is, to those in which X ,Y
and Z are pairwise relatively prime.

Let (x,y,z) be a solution in integers of the Eq.(7) and
then F (x,y,z) = 0 and we put:

X = ρ · x+ ξ ,Y = ρ · y+η ,Z = ρ · z+ ζ (8)

where ξ ,η ,ζ are arbitrary integer constants and ρ an
unknown to be determined, so that Eqs.(8) provide an
integer solution for Eq.(7).

It must be:

F (X ,Y,Z) = ρ2
[

ax2 + by2 + cz2 + dxy+ exz+ f yz
]

+

+ρ · [2aξ · x+ 2bη · y+ 2cζ · z]+

+ρ · [d(ξ · y+η · x)+ e(ξ · z+ ζ · x)+ f (η · z+ ζ · y)]+

+ [aξ ξ + bηη + cζζ + dξ η + eξ ζ + f ηζ ] = 0.

But the coefficient of ρ2, equal to F (x,y,z) , is null
and the known term is F (ξ ,η ,ζ ) , so, set equal to M (with
M 6= 0 due to the arbitrary of ξ ,η ,ζ ), the coefficient ρ of

the above equation is equal to ρ =−
F(ξ ,η,ζ )

M
.

Consequently, if it is known an integer solution of
Eq.(7), we have infinite other, by putting in Eqs.(8), in
place of ρ , the value now found; then, unless the divisor
M, we have:

X = ξ ·M− xF (ξ ,η ,ζ ) ;Y = η ·M− yF (ξ ,η ,ζ ) ;

Z = ζ ·M− zF (ξ ,η ,ζ ) . (9)

These are the general solutions of Eq.(7).

To prove it, we will show, by appropriately selecting
ξ ,η ,ζ , the previous solutions provide a solution of Eq.(7),
given arbitrarily.

Let this (A,B,C) , it is meanwhile F(A,B,C)=0; if now,
in Eqs.(9) we write ξ = A, η = B, ζ = C , we have the
solution: X=AM ; Y=BM ; Z=CM , that, unless the factor
M, it is identified with the one already provided.

In conclusion:

Theorem 3.1: Let (x, y, z) be an integer solution of

Eq.(7). All its integer solutions are given by Eqs.(9), unless

the integer divider M.

Now we solve the Pythagorean equation F (X ,Y,Z) =
X2 +Y2 −Z2 = 0 in integer numbers.

Keeping in mind that this equation is homogeneous we
know that we can consider identical the two solutions, as
(1,0,1) and (m,0, m) .

Let’s consider, at this point, the trivial solution (1,0,1)
and we will have:

M = 2(ξ − ζ) ; F (ξ ,η ,ζ ) = ξ 2 +η2 − ζ 2 for which
all the solutions, keeping in mind the Eqs.(9), are given by
the relations:

X = 2ξ (ξ −ζ )−ξ 2 −η2 +ζ 2 = (ξ −ζ )2 −η2;

Y = 2η (ξ −ζ ) ;

Z = 2ζ (ξ −ζ )−ξ 2 −η2 +ζ 2 =− (ξ −ζ )2 −η2.
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Therefore assumed (ξ −ζ ) = θ and observed that from a

solution (x,y,z) we get others changing sign to one, or two, or all

(x,y,z), we have:

X = θ 2 −η2 ; Y = 2θ η ; Z = θ 2 +η2

which provide us with all the primitive integer solutions of

Pythagorean equation.

In fact, since this equation is the Pythagorean triangle, in

general, it accepts the following integer solutions, where θ ,η
are natural numbers and k a rational proportionality factor (the

values of Xand Y are interchangeable if necessary):

X = k
(

θ 2 −η2
)

; Y = k (2θ η) ; Z = k
(

θ 2 +η2
)

.

Similar considerations for the equation X2 + aY 2 = Z2, of

which one solution is (1,0,1).

In this case we have the following integer solutions, where

θ ,η are natural numbers and k a rational proportionality factor

(see also [9], kap. V, §29, pp. 39-44):

X = k
(

θ 2 −aη2
)

;Y = k (2θ η) ;Z = k
(

θ 2 +aη2
)

. (10)

At this stage, let us introduce the following Euler double

equations:

P′2 +Y n
1 Q2 =V 2, P′′2 −Xn

1 Q2 = T ′′2 (11)

with Xn
1 +Y n

1 = Zn
1 and n ≥ 3 or

P′2 +Y n
1 Q2 =V 2, P′′′2 −Xn

1 Q′2 = T ′′′2 (12)

with Xn
1 +Y n

1 = Zn
1 and n ≥ 3.

From Eqs.(10) we have the following solutions of first Euler

equation of Eqs.(11):

P′ = k
(

θ 2 −Y n
1 η2

)

,Q = k (2θ η) ,

V = k
(

θ 2 +Y n
1 η2

)

(13)

and the following solutions of second Euler equation of

Eqs.(11):

P′′ = k
(

θ 2 +Xn
1 η2

)

,Q = k (2θ η) ,

T ′′ = k
(

θ 2 −Xn
1 η2

)

(14)

or the following solutions of second Euler equation of

Eqs.(12):

P′′′ = k′
(

θ ′2 +Xn
1 η ′2

)

,Q′ = k′
(

2θ ′η ′
)

,

T ′′′ = k′
(

θ ′2 −Xn
1 η ′2

)

. (15)

Now assuming V = T = P in the equations (1) with Q non-

zero integer we have the following result due to Eqs.(13) and

Eqs.(14):

P = P′ = P′′ ⇒−Y n
1 = Xn

1 ⇒ Zn
1 = 0

and

V = T ′′ ⇒Y n
1 =−Xn

1 ⇒ Zn
1 = 0.

While, with Eqs.(13) and Eqs.(15), we have:

P = P′ =V ⇒−Y n
1 =Y n

1 ⇒Y n
1 = 0

and

P = P′′′ = T ′′′ ⇒ Xn
1 =−Xn

1 ⇒ Xn
1 = 0

and therefore still Zn
1 = 0.

Euler’s double equations (1) are discordant forms and Fermat’s

Last Theorem is true.

Additional Remarks

REMARK 1. The proof, here presented, is valid in the case of

all odd exponents greater than one (see the proof of the Theorem

2.1).

Let’s remember that a proof for an exponent natural n> 2 implies

that Fermat’s Last Theorem is true for all multiples of n.

We observe however that the case n = 4 and multiples of 4 was

solved by Fermat ([10] ,Chap. II, pp. 50–56).

REMARK 2. In this work we have not used the proof of

non-existence of the Frey elliptic curve, but we have limited

ourselves to proof of non-existence of the single homogeneous

ternary quadratic equation Eq.(6), defined with the Theorem 2.1,

but whose origin [see Eq.(5)] is implicit in the nature of Euler’s

double equations.

REMARK 3. The double equations of Euler gave rise in

different ways to the elliptic curve of Frey and to a particular

homogeneous ternary quadratic equation: both characterized by

the presence of X1
n, Y1

n and Z1
n in their coefficients.

For this it was possible to use a similar strategy to build a proof

of Fermat’s Last Theorem.
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