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1 Introduction

The concept of a 2-metric space is a natural generalization of a metric space. It has
been introduced by Gahler [3-5] and extensively studied by some mathematicians such as
Gabhler [3-5], White [18], Iséki [6]. Moreover, a number of authors [1, 10, 13, 17] have
studied the contractive, non-expansive and contraction type mapping in 2-metric spaces.
On the other hand, Jungck [7] studied the common fixed points of commuting maps. Then
Sessa [16] generalized the commuting maps by introducing the notion of weakly commut-
ing and proved a common fixed point theorem for weakly commuting maps. Jungck [8]
further made a generalization of weakly commuting maps by introducing the notion of
compatible mappings. Moreover, Jungck and Rhoades [9] introduced the notion of coinci-
dentally commuting or weakly compatible mappings. Several authors used these concepts
to prove some common fixed point theorems on usual metric, as well as on different kinds
of generalized metric spaces [1,2,11,15]). In this paper, the existence and approximation of
a unique common fixed point of two families of weakly compatible self maps on a 2-metric
space are proved. In order to study these theorems, we recall the definition of a 2-metric
space which is given by Gahler as follows:
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Definition 1.1 ( [3]). A 2-metric space is a set with a real-valued function satisfying the
following conditions:
(1) For distinct points z,y € X, there exists a point ¢ € X such that d(z, y, ¢) # 0;
(2) d(z,y,c) = 0if at least two of =, y and ¢ are equal;
(3) d(z,y,c) =d(x,c,y) = d(c,y,x);
@ d(z,y,c) <d(z,y,2) +d(z, z,y) + d(z,y,c) forall z,y, ¢, z € X.

The function d is called a 2-metric of the space X and pair (X, d) denotes a 2-metric
space. It has shown by Gahler that a 2-metric space d is non-negative and although d is
a continuous function of any one of its there arguments, it need not be continuous in two
arguments. A 2-metric space d which is continuous in all of its arguments is said to be
continuous.

Geometrically, a 2-metric d(x, y, ¢) represents the area of a triangle with vertices x, y
and ¢. Throughout in this paper, let (X, d) be 2-metric space unless mentioned otherwise
and B(X) is the set of all nonempty bounded subset of X .

Definition 1.2 ( [14]). A sequence {xz,,} in (X, d) is said to be convergent to a point x in
X, denoted by

lim z, = =,
if

lim d(zp,x,¢) =0

n—oo

for all ¢ in X. The point z is called the limit of the sequence {,, } in X.

Definition 1.3 ( [14]). A sequence {z,} in (X, d) is said to be a Cauchy sequence if

lim d(xy, Tm,c) =0

n—oo

forall cin X.

Definition 1.4 ( [14]). The space (X, d) is said to be complete if every Cauchy sequence

in converges to an element in X.

Remark 1.1. A convergent sequence is a Cauchy sequence in a metric space but in a 2-
metric space a convergent sequence need not be a Cauchy sequence, but every convergent
sequence is a Cauchy sequence when the 2-metric d is continuous on X (see [12]).

Define 6(A, B, C) for all A, B and C in B(X), by
0(A,B,C) =sup{d(a,b,C) :a € A,b € B},

where d(a,b,C) = inf{d(a,b,c) : ¢ € C}. If A consist of a single point a, we write
§(A,B,C) = é(a,B,C), if B and C consist of a single point b and ¢ respectively, we
write (A, B, C) = §(a, b, ¢). It follows immediately from the definition that

5(A,B,C) =6(A,C,B) = 6(C, B, A) = 6(C, A, B) = §(B,C, A) = §(B,A,C) >0
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and

3(A,B,C) < 6(A,C,E) +6(A, E,C) +4(E, B, C),

for all A, B,C and FE in B(X). Moreover, §(4, B,C) = 0, if at least two of A, B and C
consist of equal single points.

Definition 1.5 ( [11]). Two single-valued mapping f and g of (X, d) into itself are com-
patible if

lim d(fgz,,gfz,,C) =0
n—oo
whenever {x,,} is a sequence in X such that

lim fx, =gz, =t
n—oo
for some ¢ in X. It can be seen that two weakly commuting mapping are compatible but

the converse is false.

Definition 1.6 ([1]). Self maps F' and T of a 2-metric space (X, d) are weakly compatible
if they commute at coincidence point, i.e. if F'p = T'p for some point p in X, then F'Tp =
TFhp.

2 Main Results

In this section, the existence and approximation of a unique common fixed point the-
orem of two families of weakly compatible self maps on a complete 2-metric space is
proved.

Define ® = {¢ : RT — RT}, where R = [0,+00) and each ¢ € ® satisfies the
following conditions:

(a) ¢ is continuous on RT,
(b) ¢ is non-decreasing, and
(¢) (t) < tforeacht > 0.

Theorem 2.1. Let Py, Ps, ..., Pan, Qo and Q1 be mapping from 2-metric space (X, d)

into itself, satisfying conditions:

D Qo(X)C PP Pop_1(X), Qi(X) C PoPy--- Poy(X);
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(1)
Py(Py--- Pay)

PyPy(Ps - - - Pay)

(Py- -+ Pon)Ps,
(Ps - - - Pay) Pa Py,

Py - Poy_o(Pay)
Qo(Py - Pap)
Qo(Ps -+ - Pap)

(P2y)Ps -+ - Pay_o,
(Py -+ Pay)Qo,
(Ps - -+ Pan)Qo,

QOPQn = PQnQ()v

Pl(PS"'PQn—l)
P1P3(P5"‘P2n71)

(P3--- Payp_1)Py,
(PB e P2n71)P1P37

Py Py _3(Pon—1)
Qi(Ps-- - Pop_1)
Qi(Ps-- - Pop_1)

(Pap—1)P1 -+ Pay_3,
(Pg-- Pop—1)Cn,
(Ps - Pap—1)Q1,

Qi1Pop—1= Pop_1Q1;

D) Ps--- Py or Qq is continuous;

(IV) The pair (Qo, Py - - - Psy,) is compatible and the pair (Q1, Py - -+ Pay,—1) is weakly
compatible;

(V) There exists ¢ € ® such that

d(Qou, Q1v,C) < MaX{SO[d(P2P4 < Popu, Qou, C)], 0[d(PLPs3 - - - Pop_1v,Q1v, O)],
o[d(PaPy - - Popu, P Ps - - - Pay,_1v,C)],
1
@ S [d(PI Py - Pou1v,Qou, C) + d(PoPi -+ Po, Quo, O] |}

forallu,v,C € X.
Then Py, Ps, ..., Poy,, Qo and Q1 have a unique common fixed point in X.

Proof. Let o € X. From condition (I) there exists z1,zo € X such that Qgxo =
P Ps-- P11 = yo and Qi1 = PPy - -+ Pay,xo = y1. Inductively, we can construct
sequence {z,} and {y, } in X

QoTor = PiPs -+ Pop_1%2141 = Yox

and

Q1$2k+1 =PPy--- P2n$2k+2 = Y2k+1,
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for k € N.
Putting v = z, = Zok,v = Tgy1 = Zom41, P'1 = PoPy---Poy, and Py =
P, Ps--- P;, 1 in condition (V), we have

d(QoTak, Q1T2mu, C) < MaX{go[d(P’lxzk, Qozar, O)], [d(P 32 2mi1, Q122ms1, C)],
@ld(P" 122k, P'2omy1, C)],
o [5 [d(P s23m11, Qursk, ©) + d(P ok, Quvasn, €]},

i.e.,

d(y2k, Y2mi1, C) < Max{@[d(y%_l, Yor, O], 2ld(Yam, Yomi1, O], 0ld(Yor-1, Yom, C)],
® E [d(y2m, y2r: C) + d(Y2k—1, Y2m+1, C’)]] }

Thus,

d(Yp, Ygt+1,C) < MaX{w[d(yp—l,yp, O, eld(Yg, Yg+1, C)]s @ld(yp—1,Yq, C)]

1
¥ |:§ [d(y‘J’ yp7 C) + d(ypfh yq+17 C):Ii| } (21)
If ¢ = p, then
1 1
5 [0 1. ©) + A1 991, O] < 5[ A1, C) + AW, 41, )]
< Max{d(yp_l,yp, C), d(Yp, Yp+1, O)}

Thus, from (2.1) and the property (b) of ¢,

d(ypa Yp+1, C) <oy [Max{d(yp—la Yp, C), d(ypa Yp+1, C)}] .

Since by the property (c) of ¢, d(yp, yp+1,C) < @[d(yp,Yp+1,C)] is impossible for
d(Yp, Yp+1,C) > 0, we have

d(ypv Yp+15 C) < LP[d(yp—h Yp> C)] .
This means that
d(yak, yor+1, C) < p[d(yor—1, Y2k, C)].

Similarly,

d(y2i+1, Y2rt2, C) < @ [d(yar, y2rt1,C)].

Therefore, for all n, even or odd, we have

d(Yn Yn+1,C) < ©[d(yn-1,yn. C)]. (22)



280 A. Razani and M. Samanipour
Hence {d(yn,Yn+1,C)} is non-decreasing and, therefore, d(y,,yn+1,C) — a > 0 as

n — oo. Taking the limit in (2.2) we get o < ¢(«), and from (¢), & = 0. Thus

lim d(yn, Ynt+1,C) = 0.

n—oo

Now, we show that {y,, } is a Cauchy sequence in X.
Let € > 0 be arbitrary. We need to show that there exists an integer N > 2 such that

d(Yn,Ym,C) < e forall m >n > N. (2.3)

Since by the property (c¢) of ¢, € — ¢(e) > 0, and as  is continuous, there exists a § > 0
such that

6<t<6+55:>g0(t)<<p(6)+#. 2.4)
Without loss of generality, we may assume that § < [e — (€)]/3. Since
d(Yns Yn+1,C) — 0
there exists an integer N > 1 such that
d(Yn—2,Yn-1,C) < § forall n > N. (2.5)
By induction we shall show that
Ay Ym, C) < o(€) + E_T“"(E) +26 forall m>n> N. 2.6)

Let n > N be fixed. Obviously, for m = n + 1, (2.6) holds from ( 2.5). Assuming that
(2.6) holds for an integer m > n + 1, we shall prove that (2.6) holds for m + 1. We have
to consider the following cases:

(i) n =2k and m = 2q. Then d(Yn, Ym, C) = d(y2x, Y24, C) and
d(Yn, Ym+1,C) = d(yak, y2q+1, C).
(i) n =2k and m = 2q + 1. Then
AW Ym+1,C) < d(yar, Y2q+1, C) + d(Yms Ym+1, O).
(iii) n = 2k + 1 and m = 2q. Then
A(Yns Ym+1,C) < d(Yar: Y2q+1,C) + d(Yn—1,Yn, C).
@iv) n =2k + 1and m = 2q + 1. Then

d(ym Ym+1, C) < d(ka» Y2q+1, C) + d(ynfla Yn, C) + d(yma Ym+1, C) (2.7)
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Consider the most complex case (iv). Since

d(Y2rs Y2q+1, C) = d(QoT 2k, Q122¢+1, C),

then by (2.7) and (2.5),

A(Yn, Ym+1,C) < d(Qozak, Q172441, C) + 20. (2.8)

Now we show that

d(Qoxak, Q122g41,C) < () + % (2.9)

From (V),

d(Qozak, Q1T24+1,C) < MaX{sO[d(y%—hy%, O], pld(y2qs y2q+1, C)],
2 I:d(kafla il/2q)7 C)] )

1
90[5 [d(y2q, y2r, C) 4 d(Y2k—1, Y2g+1, C)H }

If we denote
tn,m - MaX{d(chfly Y2k, 0)7 d(y2qa Y2q+1, C)a d<y2k71a Y2q, 0)7

% {d(qu, Yok, C) + d(y2r—1, Y2q+1, C)} }a

then by the property (b) of ¢,

d(Qox2k, Q1T2m+1,C) < @(tn,m)- (2.10)

Next we estimate ¢, »,. Since n = 2k 4+ 1, m = 2q + 1, by the induction hypotheses we

have
€ —¢l(e)

26. 2.11
3 + 2.11)

d(Yak+1,Y24+1,C) < p(€) +
From (2.5), we find that

d(ka—l: Y2k, O) = d(yn—Qa Yn—1, C) < 63

d(y2q7 Y2q+1, C) = d(ymfla Yms C) < 4.

Further, by the triangle inequality, (2.11) and (2.5), we get

d(ka—h Y2q, C) S d(y2k+17 Y2q+1, C) + d(yn—27 Yn—1, C) + d(yn—b Yn,s C)
+ d(ymfh Ym, C)

e —(e)

3 + 26+ 30 <e+5d

< pe)+
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and, by (2.10), we have

[t

1
3 [d(y2q7y2ka C) + d(y2r—1,Y2q+1,C) } *{ Yok+1:Y2q+1, C) + d(Yn—1,Yn, C)

[\

+ d(Ym—-1,Ym, C) + d(y2r+1,Y2q+1,C)
+d(yn 25 Yn— laC)+d(ynfl7ynvc)i|

< p(e) + w + 40
< e+ 49.
Thus ¢,, ,, < € + 54. Then from (2.4), we find that
¢ —ple)

P(tn,m) < ple) + 3

Now that (2.10) implies (2.9), and (2.8) and (2.9) imply (2.6). Since § < [¢ — @(€)]/3,
then (2.6) implies (2.3). Hence we conclude that {y,, } is a Cauchy sequence in X.
Since X is complete, there exists some z € X such that y,, — z. Also, for its sub-

sequences we have

Q1xop+1 — zand Py Ps--- Py, 1%op41 — 2,
Qozor — zand PoPy--- Pypxop — 2.

Casel. PP, --- P, is continuous.

Denote P’y = Py Py --- Ps,,. Since P’y is continuous, P’y o P’ z9;, — P’1z and
P'1Qoxor — P’12. Also, as (Qq, P’1) is compatible, it implies that Qo P’ 2o — P’12.

a) Putting u = P2P4 s 'PQn.TQk = P/1$2k, UV = T2k+1, and P/2 = P1P3 o 'Pgnfl in
condition (V), we have

d(QoP 19k, Q17214 1, C)
< Max{@[d(PllplwzmQoPllxzkac)L@[d(PIQx%H’le%“’c)]’
@ld(P'y P'yz9y, P'yx9141, C)),

1
‘P{i[d(Pl2$2k+17QOP/1-T2kaC) +d( P/IP/1172k7Q1-T2k+17C)H }

Letting kK — oo, we get
A(P'12,2,C) < Max{ pld(P'12, P12, C)], pld(2, 2, )],
1
old(P'12,2,0)], ¢ [5 [d(z, P'12,C) + d(P'1z, , C)H }

Hence d(P'1z,2,C) < ld(P'12,z,C)]. If we suppose that d(P’1z,z,C) > 0, then we
have
d(P'12,2,C) < pld(P{z,2,C)] < d(Pz,z,C),
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which is a contradiction. Thus P’z = z,i. e., PPy Py z = 2.

b) Putting U = 2z, U = T2k+1, Pll = P2P4"'P2n and PIQ = Plpg"'Pgn_l in
condition (V), we have

—~

P'12,Qoz,0)], old( P'atar i1, Qiaary1, O)],
P'yz,P'oxopi1,C),

[d(P' 222141, Qoz, C) + d(P'12, Q122k+41, C)H }

d(Qoz, Q172k+1,C) < Max{s@[d
pld

‘l

—~

N

Letting k£ — oo, we get

cp[% [d(z,Qoz,C) + d(z, 2, C)H }
= pld(z, Qoz, C)].

So, d(Qoz,2,C) < ¢ld(Qoz,2,C)]. Hence d(Qpz,2,C) = 0, and Qpz =

PPy Popz = z.

¢) Putting u = Py---Popz, v = xopy1, P'1 = PoPy---Py, and Py =
Py P; - Py,_1 in condition (V), and using the condition Py(Py - - Pay,) = (Py- -+ Poy)Pa
and Qo(Py - -+ Par) = (Py -+ Pay,)Qo in condition (II), we get
d(QoPy - Ponz, Q122541,C)
= MaX{W[d( P'\Py- - Popz,QoPy - Popz,O)],p[d(P'1 Py - - - Papz, P'aar 41, C)),
@ld(P'2zop 41, Quzor 11, O)],

1

@[§[d(Pl2x2k+laQOP4 o+ Pypz,C) 4+ d(P' Py - - - P2n27Q1$2k+17C)H }

Letting k£ — oo, we get
A(Py - Popz,2,0) < Max{gp[d(ﬂ e Pynz, Py Panz, OV,
old(z,2,0)], ¢[d(Py - - Papz,2,C)],
w{%[d(z,P4...P2nz,C) + d(Py - ..p2nz,z’c)]]}
=pld(Py- - Popz,2,C)).

Hence it follows that Py--- P,z = z. Then Po(Py--- Papz) = Poz and so Pz =
P2P4 e PQnZ = Z.

Continuing this procedure, we obtain

Quz=Poz=Piz=---=Popz= 2.
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d) As Qo(X) C PiP;--- Py, 1(X), there exists v € X such that z = Qpz =

P1P3"'P2n_1’U. Puttingu = 1‘2]€7P/1 = P2P4"'P2n and Plg = P1P3"'P2n_1 i[l
condition (V), we have that

d(Qoz2k, Q1v,C) < Max{go[d
pld

‘l

P/lekvQ0x2k7C)]790[d(P,207Q1’U70)]7
Pl1x2k7P/2U7C)]a

[d(PIQ’U, Qo&?gk, C) + d<P/1$2k> lea C)H }

—

DN =

Letting &k — oo, we get
(2 Quv, €) < Max{pld(z, 2, O)], eld(z Qrv, O], ¢ld(z, 2 )],
cp[% [d(z, z,C) +d(z,Q1v, C)H }

So, d(z,Q1v,C) < ¢ld(z,Q1v,C)]. Therefore Q1v = z. Hence PiP3 -+ Pop_jv =
Qv = z. As (Q1, Py - - - Py,,_1) is weakly compatible, we have

P1P3"’P2n—lQ1U:Q1P1P3"’P2n—lv~

Thus P1P3 LR Pgn,lz = le.

e) Putting u = xop, v = 2z, P’y = PoPy--- Pop, and P’y = Py Py --- Py, _1 in condition
(V), we have

P/1$2k7Q0$2k,C)],@[d(PIQZ,le,C)},
Pllx2kapl2270)]a

[d(PIQZ, Qox%, C) + d(Plll'Qk, le, C)]:| }

—~

d(Qowar, @12, C) < Max{go[d
pld

‘|

—~

N

Letting k — oo, we get
(2 Q12,€) < Max{p[d(z, 2, O)], @ld(Q12, Q12 O], ¢ld(z, Qu2, O,
o[51d(@i17,2.0) + d(z, Q2 O)] |}
= eld(z, @1z, 0))

So, d(z,Q12,C) < ¢[d(z,Q1z,C)]. Therefore Q12 = z. Hence, P\Ps--- Pa, 12 =
Q12 = z.

f) Putting u = 2oy, v = P3--- Pop_12, P’y = PoPy--- Py and P'y = P P3--- Poy 4
in condition (V), we have

d(Qox%, Qi1P3 - Poy_12, C)



Common Fixed Point Theorems 285
< Max{ap[d( P10k, Qoog, C), p[d(P'oPs - - Poy_12,Q1P3 - Pay_12,C)],
@[d(Pllxzk, P'2P3 Py 2, C)]a

1
@[5 [d(P'3Ps -+ Pay_12,Qow2k, C) + d(P'132k, Q1 Ps - - Pay—12, C)H }
Letting kK — oo, we get

d(z,P3 -+ Pap_12,C) < Max{ga[d(z, 2,0)],pld(P3 -+ Pop_12,P3 -+ Pop_12,C)],
QO[d(Z7 P3 e P2nflz7 C)]7
1
90[5 [d(P3 - Pap_12,2) + d(z,Ps-- 'P2n—1zac)]i| }

= @[d(z, P3 ce Pgn_lz, C)]

Sod(z,Ps-++ Pap_12,C) < @[d(z,Ps5-+- Pay_12,C)]. Therefore Ps--- Poy_12 = 2.
Hence P;z = z. Continuing this procedure, we have

lezPlz:P:;Z:-'-:P%le-
Thus we haveproved

Q()Z = le = P1Z = PQZ == Pgn,lz = Pgnz = Z.

Case 2. Qg is continuous.
Since Qg is continuous, Q3x2r — Qoz. As (Qo, PoPy - - - Pyy,) is compatible, we have
(PoPy -+ Pon)Qozar — Qoz.

g) Putting u = Qoxok, v = Top41, P’y = PoPy--- Py, and P’y = P P3--- Py, in
condition (V), we have
d(QoQoz2k, Q172k+1,C)
< Max{sﬁ[d(PllQoﬂfzk, QoQoxak, O)], pld(P' 22k 41, Q121 41, O)],
@ld(P'1Qoxak, P'oxak+1,C)],

4 [% [d(P/2$2k+17 QoQorar, C) + d(P'lQonk, Q1%2k+1, C)]:| }

Letting k — oo, we get
d(Qoz, 2, C) < Max{pld(Qoz Qoz, O], pld(z, 2, O)], ld(Qoz, 2, C)),
2 [% [d(2,Qo2,C) +d(Qoz,2,C)]| |
= @[d(QOZ, Z, C)]
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So d(Qoz,z,C) < ¢[d(Qoz, z,C)]. Therefore oz = z. Now, using steps d), e) and f),

and continuing step f) give us
le = Plz = sz == Pgn,lz = Z.
h) As Q1(X) C Py--- Py, (X) there exists w € X such that z = Q12 = Py - Pyw.

Putting u = w, v = xog11, P’y = PaPy--- Py, and P'o = Py Ps - - Pa,_1 in condition
(V), we have

A(Qow, Qa1 C) < Max{ pld(P'yw, Qow, C)),
Qld(P'2worq1, Quaops1, C), @ld(Prw, P'axopy1, C),
¢ [% [d(P'5w24.41,Qow, C) + d(P'1w, Quzzii1, O] | .
Letting k — oo, we get
A(Qow, 2, C) < Max{ pld(z, Qow, O)], ¢ld(z, 2, C)], wld(z, 2,C)],
<P[% [d(2, Qow, C) +d(,2,0)]] }
= ¢ld(z, Qow, C)].

So d(Qow,z,C) < ¢[d(Qow,z,C)]. Therefore Qow = z = Py---Pyw. As
(Qo, P> - - - Pyy,) is weakly compatible, we have

QoZ:P2P4-"P2nZ:Z.

Similarly as in the step c¢) it can be shown that Poz = Pyz = --- = P,z = Qpz = 2.

Thus we proved that
Qoz=Q1z=Piz=Poz=Pyz=---= Pypz = 2.
Proof of uniqueness. Let 2’ be another common fixed point of mentioned maps, then

Qoz = Q12 = P12 = P2 = - = Py, = 2. Puttingu = z,v = 2/, Py =
PyPy--- Py, and P’y = P, P3--- P,,_1 in condition (V), we have
d(QOZ»le/a C) gMaX{(p[d(PllzvQOZ,C)]aQD[d(P/QZ/alel7 C)]aﬁp[d(P/l'%P/Qz/vC)}
1
<p|:§ I:d(P/2Z/7 Q0Z7 C) + d(Pllza lel7 C)]:| }
= pld(z,2',0)].

It means that
d(z,2',C) < ld(z,7',C)].

Thus z = 2’ and this shows that z is a unique common fixed point of the maps. O
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Now we shall prove a common fixed point theorem, which is a slight generalization of
Theorem 2.1.

Theorem 2.2. Let (X, d) be a complete 2-metric space and let {T,}oc and {P,}?", be
two families of self-mappings of X. Suppose that there exists a fixed 3 € J such that

() To(X) C PoPy--- Poy(X) for each o € J and Tg(X) C Py Ps--- Pyy,_1(X) for
some 3 € J;

a Py(Py--- Pop) = (Py---Pay)Ps,

PyPy(Ps - - - Pay) (Ps - - - Pay) Py Py,

P2 s P2n_2(P2n) (P2n)P2 e P2n—2a
Tﬁ(P4"'P2n) (P4"'P27L)Tﬁy
Ta(Ps--- Pon) = (Pos--- Pon)1p,

TBPQn = PQnTﬁa

Pi(Ps- - Pay_1)= (P3-- Pop_1)P,
P\ Py(Ps---Pyp_1) = (P5---Pop_1)P1Ps,

Py Pop_3(Pon—1) = (Pon—1)P1-- Pap_3,
Ta(P3"'P2n—1): (P3"'P2n—1)T(xy
To(Ps---Pop_1) = (P5--- Pap_1)Ta,

TaPQn—l = P2n—1Q1;

() Py --- Py, or Tg is continuous;

(IV) The pair (I3, Py - - - Pay,) is compatible and the pairs (T, Py - - - Poy,—1) are weakly
compatible;

(V) There exists ¢ = p(a) € ® such that for all u,v € X

d(Tau, Tyv,C) < Max{go[d(PgP4 o+ Popu, Tau, C)], p[d(P1Ps - - - Pop—1v, Ty, C)],
Pld(PoPy -+ - Poyu, PPy - - Pay,_yv,C)],

1
o [5 [d(PLPs - Pon_1v, T, C) + d(PyPy - - Payu, Tav, C)]H }

Then all P; and T,, have a unique common fixed point in X.
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Proof. Let Ty, be a fixed element in {7}, }oecs. By Theorem 2.1 with Qo = T and (1 =
T,, it follows that there exists some z € X such that

Tgz =Toyz = PoPy-- - Popz =P P3-- - Poy_12 = 2.
Let o € J be arbitrary. Then from (V)
d(Tpz,Taz,C) < Max{ga[d(PQP4 o Ponz,Tpz,C)], @[d(PyPs -+ Pap_12,Tyz,C)],
Qld(PoPy -+ Popz, PPs -+ Py, _12,C)],
o [% [d(PyPs- - Pay 10, T3z, C) + d(PyPy - -+ Popu, To 2, C)]]] }
and hence

d(z,Taz,C) < Max{cp(d(z, z,C)), old(z, Toz, C)], pld(z, z,C)],

@{% [d(2,2,C) +d(2,Taz, C)]H }
< ld(z,Toz,C)).

If we suppose that d(z, Tz, C) > 0, then property (c) of ¢ shows that
d(z, Tz, C) < @ld(z, Tz, C)] <d(z,Tuz,C),

which is a contradiction. Thus T,z = z for each a € J. Since (V) implies the uniqueness
of common fixed point and Theorem 2.2 is proved. O
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