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Abstract: In this paper, we propose a novel special distribution. The proposed distribution is developed by analyzing the
Joint distribution of two continuous independent random variables under some mathematical operations. One of these
variables belongs to Chi-square distribution. The second variable belongs to the exponential distribution. The proposed
method is based on the Change of variables and distribution function methods. One of main result of this analysis shows that
the distribution of sum of these two variables is an exponential distribution. The graphs of the joint distribution function and
various cases studies are discussed in detail.
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1 Introduction

The probability density function for the sum of two discrete independent random variables together with an enforcement of
the algorithm in the algebraic computer system has been discussed to propose some algorithms [1]. Moreover, they explained
some case studies of their algorithm using brute force method [1]. S. Nadarajah S. Kotz [2] explained the distribution that
yields from the division of two random variables which is, known as the stress-strength model. Moreover, they showed the
graphical presentation of this distribution [3]. Recently, J. Osiewalski and J. Marzec [4] proposed a joint statistical model
for two variables: The first is zero or a countable variable, and the second is a regular countable variable by applying the
ZIP—CP bivariate model and the standard univariate Poisson regression model. The main results of this model are that: The
inference on individual parameters is not affected by the sample selection error. Nowadays, quantum physics [5-8], and
different areas of sciences and engineering are developed based on the distribution of random variables [9,10].

Ware and Lad [11] explained extensively which factors have more impact on the appearance of normality for the
multiplication of two normally independent variables. They deduced that for small values of the coefficient of variation
inverse (< 1), the normal distribution will not be a perfect approach for the multiplication. Furthermore, the impact of the
joint ratio value is smaller than that of the coefficient of variation inverse value. P. E. Oguntunde et al. [12] proposed the
Exponential distribution by deriving a model of two-parameter based on the sum of two exponentially distributed independent
random variables. K. Teerapabolarn [13] used beta binomial w-functions and Stein’s method to determine the limit of the
distance of total variation between the distribution of the sum of n independent beta binomial random variables (with
parameters n;, a;, andf3;), and a binomial distribution:
1gn nia
; i=1 a;+ B, i
with all n;, ande;. T. Kadri and K. Smaili [ 14] studied the division of two Hypo exponential independent distributions. They
got the accurate terms of the probability density function, moment generating function, the cumulative distribution function,
the reliability function, and hazard function. Moreover, they proved that all of these mentioned functions are a linear
combination of the Generalized-F distribution. In this paper, we propose a novel special distribution very close to F-
Distribution.

The proposed distribution is developed by evaluating the probability density function of the following two independent
random variables: The sum, ratio, and the product of the two random variables X and Y, to find the distribution of two random
variables. One of these random variables belongs to exponential distribution, and the second belongs to chi-square
distribution.

with parameters m = )", n; and p = . The method gives a perfect approach when all §; are big comparing
p i=1"" p
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The rest of this paper is organized ,as follows: Section 2 presents some basic concepts which will be used in this paper.
Section 3 explains the methods which are used to propose our distribution. Section 4 illustrates the proposed distribution in
detail. Section 5 shows the experimental results. Section 6 is devoted to the main findings of this paper.

2 Backgrounds

Random Variable: it is a variable for a random operation and its values are numeric outcomes, commonly written X.
Exponential Distribution: it is continuous distribution with the following probability density function:

_fAe™ , x20
f@ = { 0 , x<0
with mean pu = % of and variance of o2 = %2 .
Chi-Squared Distribution: It is continuous distribution with the following probability density function:
1 T x
fO) == —7— x(i)_1 ez ,x=0
2r (3

where r = degrees of freedom, the mean ¢ = r and the variance of 62 = 2r. The Probability density function (p.d.f) for the
Continuous random variable is written, as follows:

P(a <X <b) =[] f(x)dx.
The Cumulative distribution function for the Continuous random variable is written ,as follows:
Fx)=PX<x) = ffw f(t)dt. The Mathematical Expectation for the Continuous random variable is written, as follows:

Flool = | gz,

based on the above formula, it was defined that the Population Mean:
u=EX) = [7 x- f(x)dx,
and the Population Variance:

0? = BIX =) = | (=) fG0dx = B = (O

The Moment generating function: Suppose that X is a continuous random variable, and its (p.d.f) is f(x). The moment
generating function of X is written, as follows: M O =E (e™) = fjoooetx f(x)dx. Distribution
Function: The Distribution Function for the continuous variable is given by:

Fx)=pX<x)= f f(w)dw,where: —co < w < x
3 Methodologies

The proposed method depends on the change of variables, and the joint characteristic function.

3.1 Change of Variables: Let (Y1, Y2) be a function of (X1, X2) defined by Yi=ui(Xi1, X2) and Yo=ux(Xi, Xz) with the
inverse of each single-valued given by: Xi=v1 (Y1, Y2) and Xo=v2 (Y1, Y2).Then, the joint probability density function of Y
andY2 is given by:

91 y2) = flvi(e, ¥2), v2 (e, ¥2)1 U1

where:
dv, dv,
Ul — dyl dJ’z
dv, dv,
dy, dy,

3.2 The Joint Characteristic Function

Since we are talking about two random variables X and Y, we must define the joint characteristic function of two random
variables by the following formula: bxy(wy, w,) = EeJ@r¥tjw2y
If X and Yare jointly continuous random variables, then

Pxy(wy, w3) :f f fx,y(X,y)ej("lx”“’Zy dydx
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Theoreml: If X;, X, are independent, then  fy y, (X1, %2) = fy, (x1)fx, (x2)-
Theorem?2: If X;, X, are independent, then My ,y, (t) = My, (t)My, ().
Proof :
Let X;, X, be two independent variables if and only if fy, x, (x1,X3) = fx, (X1)fx, (x2), So

My 4x,(t) = E(et1tXa)y = f f et(x1+x2)fx1,x2 (x4, x2)dx;dx;,

- f €1 fi () dxy f et2fy (x,)dx,

—00

= MX1 (t)MXZ (t)'
4 The Proposed Method
4.1 Distribution of the Sum

Assume that X and Y are two independent random variables such that:
X~x*(r) and Y~exp(1) ,then

1 r x
f) =—=x"eZ, x>0 1)
oI ()
and f(y)=Ae™ ,y>0 @
A r o x
f(x,y) =— - e~ xi_le‘E , x>0,y>0 (3)
2r (3)

Applying the Distribution Function technique, we get:
let Z=X+Y ,FZ)=pZ<z)=pX+Y<z2)=p(Y<z-—x)

(o) zZ—X A x r
= f f e ze Wx2 'dydx
0 0

70
—L<foo -3 §‘1<fz_x - dv |d
_221"(%) i e 2x i e y) x)

-1
—X/2y7/2-1 (T (e—A(z—x) _ 1)dx)

A (o]
- 2”2r<r/2)fo ¢

_4 26—/12
T 2r2r(r/2)(1-24) )

. e %
lim (1 — m) =1

Z—00
— — — — e”? 1 —_ e’? —
assume that r=2 and A =1, then F(Z)=(1 e ), So le_)rg(l (1_2/1)) =1
dF 21 -2% 1z
Thus , — = f (2) = ZT/ZF(:/W (z>0), suppose that z*=1e™*" ~ exp(1)
f(z) is p.d.f since Idez =1
p-c. 0 27/2r(rj2)(124) T

Based on the above calculations, we conclude that the distribution of sum of two independent random variables , one form
chi-square distribution and the second from exponential distribution, is an exponentially distribution.

4.2 Distribution of Ratio

Assume that X and Y are two independent random variables such that:
X~x3(r) and Y~exp(A) ,then
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1 r X
f(x) = — - xz ez, x>0 (5)
21 (3)
and fy)=2e™™ |, y>0 (6)
f(X.Y) = r}\ e—}\y XE_le_E , X > O,y >0 (7)
()

Applying the Distribution Function technique, we get:
Y
letZ=Y/X, F(Z)=p(ZSz)=p(}Sz)=p(Y$zx)

0] zX A x r
= f f e ze Wx2 'dydx
0 0

zr ()
/’{ [ee] zZX
— -X/2,1/2-1 -y
2T/2F(r/2)<f0 e X (fo e dy)dx)

A @ -1
- - —Xx/24,1/2-1(___ (,—Azx __ 1)d )
2T/2r(r/2)f(, e X (,1 (e Y
1
=1- 7, z>0 (8)
(1-2212)2
lim(1-——5)=1 ,if r=2and A=I then F(Z)=1 - ——
2o (1-222)2 (1-22)2
so that lim(1 — ! 1) =1 .nowd—F=f(z) = Mr (z > 0)
zoe (1-22)2 dz (1-2z2)z*1
© rl
ﬁf(z)isp.d.fsincef ——dz=1 |, (z > 0).
0 (1-2zA)z*!

Therefore, the following special results were obtained:

oo zrd A
E@Z)=u= || (1-242)-0/2+D) dz = 2(112) ©
2\ — oozz—rl = L
E@Z?) = |, (1212 G*) dz (12202 (0

[16-8r-2r22% + (73) 7
2(1-02)2(212)

V(Z) =02 =E(Z? -EZ)*= 11)

Based on the above calculations, it is obvious that the distribution of ratio of the two variables, form chi-square distribution
and exponential distribution is a novel distribution close to the behavior of F-Distribution .

4.3 Distribution of the Product

Assume that X and Y are two independent random variables such that:
X~x*(r) and Y~exp(1) ,then

1 T x
f(x) =———x2""ez, x>0 (12)
()
2
and f(y)=21e™ , y>0 (13)
- oAy ,r[2-1,-Xx/2
f(x'Y)—Zr/ZI-.(r/Z)e x e , x>0y>0 (14)
Applying the change of variables technique, we get:
m; m
let my=x.y,m,= Sx=—=—,y=m
1 ym; =y v~ m, y 2
omy oy
_ | ax ay | _|Y X _ . _
then V1= lom, omy| =lo 1| =¥ =™
dx dy

The joint p.d.f. of mi and m2 is given by
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Ty _mz
gmy,my) = 2— e 2MUmD) 1 77" ., my,m, > 0 (15)
22r(3)
A
_ o—A(m1/m2) ng o7 (16)

=
2r(;)
Thus, the marginal probability density function of mi is given by:

9:(my) =f e Am/m2) m,ze 2 dm, (17)
0 21 (3)

[oe]

where I:f e—4 (m1/m2) mzr/ze—mz/zdm2
0

S Experimental Results

In this section the graphs that explain the distribution of the proposed distribution are plotted and analyzed.
Fig. 1 shows the distribution of the sum of the two random variables for the parameters r =2, and A =I.

0.8

0.6

Z axis

' 0
y axis 0 x axis

Fig. 1: The distribution of the sum of the two random variables forr =2 and A =I.

Z axis

y axis x axis

Fig.2: Shows the graph of the sum of the two random variables when r =4 and 4 =5.

While Fig. 2 shows the distribution of the sum of the two random variables for the parameters r =4, and A =5. It is evident
from Fig.1 and Fig.2 that the distribution of the sum of the two random variables behaves like the exponential distributed.
Also, it is obvious from Fig.1 and Fig.2 that the behavior of the proposed distribution is close to the behavior of F-Distribution
as theoretically expected in Section 4.

© 2021 NSP
Natural Sciences Publishing Cor.



646 = oo M. Y. Al-Shogran: On the joint distribution of two ...

6 Conclusion

In this paper, a novel special distribution is proposed. This distribution was proposed using the distribution function and the
change of variables techniques has been applied to obtain the distribution of the sum, ratio, and the multiplication of two
random variables. The main result of the proposed technique showed that the distribution of sum of two independent random
variables form chi-square distribution and exponential distribution was an exponential distribution. Moreover, the distribution
of ratio of two independent random variables, form chi-square distribution and exponential distribution was a special
distribution.
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