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Abstract: In this paper, we investigate the existence of a unique solution to nonlinear Fredholm integro-differential equation. The
exact solution of the proposed equation using the direct calculation method is given. We combine the finite difference method with the
composite Simpson method to find the numerical solution of the equation. The error estimate of our scheme is discussed in this article.
Finally, to illustrate the accuracy of the proposed method, we give five numerical examples and compare the exact solution with the
numerical solution.
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1 Introduction

Differential equations play an important role in many
branches of modern mathematics and appear in various
applications,  including  mechanics, engineering,
mathematical physics, chemistry, biology, ...etc. Several
researchers are interested in discussing different types of
differential equations [1-9].

Numerical and analytical studies on different types of

nonlinear integro-differential equations have been
conducted, see [10-21].
Now, we consider a nonlinear Fredholm

integro-differential equation of the following form:

b
W@ =@+ [ sl (@), w@)=a W)

where x, t € [a,b], —o0 < a < b < oo, f(x) is known
function, u(x) is unknown function and g is a continuous
function.

Many methods, such as a parametric iteration
method [22], Chebyshev finite difference method [23], a
combination of the finite difference method and the
trapezoidal method [24] have been used to discuss
Fredholm integro-differential equations. The
Newton-type method [25] and [26] used compact finite

difference formula.
In this work, the analytical and numerical solutions of
equation (1) are investigated using the direct computation
method [27] as well as the finite difference-Simpsons
method [28-30] . Also, the existence of a unique solution
is explored.

The present paper is organized, as follows: In Section
2, the existence of a unique solution will be discussed. In
Section 3, the analysis and the derivation of analytical and
numerical methods are presented. In Section 4, some
examples are given and the exact solutions are compared
to prove the applicability of the method. Section 5 is
devoted to conclusion.

2 Existence of a unique solution

Before we start and prove the main results, we introduce
the following assumptions: Consider the functional integro
differential equation (1) with the following assumptions:
(i) f : [a,b] = Ry is continuous.

(ii) g : [a,b] X [a,b] x R — R4 is continuous and satisfies
the Lipschitz condition

|g(x,t,z) —g(x,t,w)| < k](X,t)lZ—W|,
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b
sup [ ki(x,t)dx <M.
t€la,b)/a

(iii) M < 1. Now, we introduce the following theorem for
the existence of a unique positive continuous solution of
the integro-differential equation (1).

Theorem 1. Let the assumptions (i)-(iii) be satisfied,
then the integro differential equation (1) has a unique
positive continuous solution on [a,b]. Moreover, if the two
functions f and g are monotonic, then the solution is
monotonic

Proof. Let v(x) = u'(x), then equation (1) can be written
as

b
V() = f()+ [ glet, (v(r))dr, @
and .
ulx)=oa+ [ v(t)dr. 3)
Define the operator F by

b
Fy(x) = £(3)+ [ gler.v(e))dr.
a
Let x, xp € [a,b] such that |x, — x1| < 0, then

Putan) = ol | = [ lan) = o)+ [ sttt

b
_ / g(x1,1,v(1))dt

< |f(x2) = f(x)

b
+
Ja

This proves that F : Cla,b] — Cla,b].
Let w, z € Cla, b, then

g, t,v(t)) — g(xy,2,v(¢))|dt.

/bg(x,t,w(t))dtf/abg(x,t,z(t))dt

a
b
<

Ja

< ./a‘bkl (x,1)
/bkl(x,t)dt

a

‘Fw(x) — Fz(x)

glx,t,w(t)) — g(x,1,2(2))|dr

w—z|dt

SM‘WZ

Since M < 1, then F is contraction. Then, using Banach
Fixed Point theorem [31], the integral equation (2) has a
unique solution v € C[a,b]. Thus, based on equation (3),
the integro-differential equation (1) possess a unique
solution u € Cla,b].

Monotonicity
Here the monotonicity of the solution of equation (1) will
be studied.

Lemmal. Letr f and g be monotonic in the first
argument and equation (1) has a solution. Then, this
solution is monotonic.

Proof. Letv(xy) = u'(x1), v(x2) =t/ (x2).

Let f and g be nonincreasing in x.
Let x;, xp € [a,b] such that x; < x;, then

b
v(x2) = f(xa) + / (oo, 1,v(1))dt
. b
gf(x,)+/a (o, 1, v(t))dt
b
< flr)+ [ glonrv(e)dr = vin),

then,
v(xa) < v(xy).

Similarly, if f, g are nondecreasing in x and x1, x; € [a,b]
such that x; < x», we can prove that

v(xp) > v(xy).

3 Derivation of the analytical and numerical
methods

Now, we introduce the analytical and numerical methods

to solve this problem (1). In addition, we calculate the error
estimate of the scheme.

3.1 The direct computation method

It is important to point out that this method will be applied
only to the equations where the kernels are separable as

ngE

K(x,t) =} Ar(x)By(t). 4

k=1

‘We can use the direct computation method as follows:
Substituting (4) into (1) leads to

b
W (0 = 3+ ) [ B (0

b ‘ b
+A2(x)/a Bz(t)u/(t)dt—l—...—i—A,,(x)./a By ()il (1)dr.
®)

Each integral at the right side is equivalent to a constant.
Then, (5) can be written as

U (x) = f(x) + oA (x) + A2 (x) + ...+ aAL(x), (6)
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where

b
o — / B0yl ()dt, 1<i<n. 7
a
Substituting (6) into (7), we obtain a system of n algebric
equations which can be solved together to define «;.
Then, substituting the value of ¢; into (6) and integrating
the obtained result from O to x, we obtain the exact
solution of nonlinear Fredholm integro-differential
equation (1).

3.2 Finite difference method-composite
Simpson’s method

We divide the domain [a,b] of (1) into finite points as
a=1ty <t <..<t—1 <t, =>b. We use uniform step
length h = (b — a)/n, such that x; = a + ih,
i =0,1,2,...,n. We use composite Simpson’s on the
integral part and finite difference on the differential part
of (1) to find the numerical solution.

The integral part of (1) can be approximated as:

b h
/ Kl (1)t = 3 | KCx t0) (1)
1|

+22kxl‘21 (tzj)
j=

n
2
Z xlzjl lz, 1)

+k(x, 1)U () | -

By taking u} = u'(x;), k(x;,tj) =kij, i=0,1,2,...,n, then
(1) can be written as
o
u; zg k,0u0+2 Z k,gjuzj
=1
(8)

2
! !
+4Y kinjoauhy ki,
J=1

We use forward difference to approximate the derivative
part of (8) as

Ujr] — U
I S T

Substituting by u] into (8) we have fori =1,2,...,n— 1.

Ujp] — Uj— h Uy —u
%NﬁvL—[ki,o( lh %)

Upjy1 —U2j—1
+2 Z kl 27 ths % !
- )
S Upj— U2
14 ki,zjfl%

+kin(

Buy —4u,_ 1 +u,_o )
2h '

Buy —4up—1+uy—2
2h

h Uy —u
:fn + = |:kn,0(%)

il l
Upj1 —Upj—1
42 Z kn. 21]+27hj
s (10)

: Upj — Uz 2
+4Y kypjo1—L——L=
j; ’ 2h
Buy — 4wy +uy—2 )
2h '

+ kn,n(

3.3 Error estimation

Suppose that py, pa, p3, P4 € (a,b) such that the errors e,
of forward difference, ¢, of central difference, ez of
second backward difference approximation and e4 of
composite Simpson’s rule respectively are given by
L@ (pa). Lul¥(py). Kul®(ps) and Gitul® (py).
Then, we obtain the error estimation for (1) by

(b—a)? (b—a)M+(b a

<
€= 2n? n 90n4

M+

M’ (an

where M = max{u® (p;),u® (p3),u™® (p2),u'® (p4)} and
N is the number of subinterval.

From (9) and (10), the exact solution fori =1,2,3,...,n—
1.

Uip1 — Ui h_2 3) . ko ui—uo
n l

Upj1 —Uj—1
Jrzzklzjﬁzihl

u; ~ PR i=0. j=1

We use central difference to approximate the derivative +4 Z kizj— 1&
part of (8) as j= 2h (12)

Uir] — Ui . Bup—4uy, 1+ uy o

ug:#, i=1,2,..n—1. + ki (= ;h )
At the end point n we use second Backward finite h (o) h? 3)
difference U (p4) + B (p1)
Sup —4uy_ 1 +Fu,—n . h? (b—a)
M;Q L ;h L , l=n. +?u(3)(p3)+wh4u(4)(p2),
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and fori=n

3“n - 4“n71 +up—2
2h 3

h? h
_“(3)(133) =fut 3 kn,O(

up —ug

)

n_

1
2
+2 Z k,,’zj
J=1

Ugj1 —Uzj—1
2h

; oty
+4 Z kn2j1 e e
= 2h

Buy —4up—1+up—2
2h
h ) e
+Su(pa) + - (pr)
n? (b—a)
L3 V% 4 (4)
+5u (p3)+ T (p2),
(13)

+ kn,n( )

where p1, P2, P3, P4 € (a,b).
Substracting (9), (10) from (12), (13), we obtained the
error terms as follows:

h? h? h h?
e= g”@)(l)l) + §M(3)(P3) - 25”(2) (p4) — Zgum(l)l)
2 b—a
=23 u (p3) ( 180 )h4u(4)(P2) ,
hZ 2 3 )
= *g“( (Pl)*?”( (p3) —hu® (pa)
b—
- 90a)h4“(4)(P2) :
") o @
=| = (g (pr) + 5 u(p3) + '™ (pa)
( a) 4. (4)
+gg e (p2))],
e e 2
= g“( >(Pl)+?“( (p3) +hu? (pa)
b—
+%h4u(4>(p2) _

Let M|, = M(3)(p1), M, = M(3)(p3), M5 = u(z)(p4), and
My = u® (pz), then

2 2

h (b—a) 4,
—M, +—M, +hMz+-——=h"M,
6 1+ 3 2+ hMs3 + ) 4

e = 5

if we take M = max{M,,M>,M3,M,}, then we have

n? 2 (b—a)
oM+ M+hM +

< N 7
€= 90

h4M‘

12 (b—a) (19
—M +hM + ———
2 + + 90

h4M‘.

Substituting & = % in (14) we get
(b—a)? (b—a) (b—a)’
< M M
=2 L o0

It is the error estimation.

4 Applications

In this section, we apply the existence theorem to some
examples of nonlinear Fredhom integro-differential
equations, and use the direct calculation method as well
as the finite difference composite Simpson method to
solve them analytically and numerically. The results
obtained are listed in Table 1-5. All results of these
examples were performed using Mathematica.

Example 4.1 Consider the equation:

u'(x)=—1 +é
1
— cosh(x) +xsinh(1) + /O (x— )il (£)dt, u(0)=1.
(15)

First, we prove that this example has a unique solution,
as follows:

(x=1)v(t) = (x=1)w(7)

g(x,t,v(t)) —g(x,t,w(t)

(e =0)[|(v(t) = w(1))

)

where ki (x,1) = (x —1).
Since sup fol ki(x,t)dx = sup fol (x —t)dx < 1, then
~~ ~~
t€[0,1] r€(0,1]
from Theorem 1, we can deduce that example 4.1 has a
unique solution.
Therefore, we can use the direct computation method to
find the exact solution of this example. (15) can be writen
as

1
u'(x) = —1+4 — —cosh(x) +xsinh(1) +xa — B, (16)
e
where

o= /o] u(t)dt, B= /Oltu’(t)dt. (17)

Substituting (16) into (17) and integrating the right side,
we obtain o and 3 as

1o
=+ 3(=2+ 02 —sinh(1)),
e

8+ e+ 2ea—3e(3+PB)
p= 6e '

(18)
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Solving (18) for @ and 8 we obtain

—2+42¢% +9e sinh(1)

(aaﬁ) - (_ 13¢ )
B —12+136762+29sinh(1))
13e '

Substituting (19) into (16) and integrating the resulting
equation from O to x, we obtain the exact solution

u(x) = 1 — sinh(x). (20)
Now, we introduce the approximate and the exact solution

in Table 1 with n = 10 and we provide Figure 1 below to
show that the proposed numerical method is effective.

19)

Table 1: The exact and approximate solution of example
4.1

Xi Approximate | Exact solution | Absolute error
solution
0.2 | 0.798645 0.798664 1.9129 E-5
0.4 | 0.589204 0.589248 4.3296 E-5
0.6 | 0.363288 0.363346 5.8509 E-5
0.8 | 0.111844 0.11189%4 4.9678 E-5
1.0/4 )

0.8

0.6

04

u(x)

0.2

0.0

kl (‘x7t) = %ex’

sup [y ki(x,0)dx = sup [5 25e*dx < 1, then from the
— —

where since

t€[2,4] t€(2,4]

existence Theorem 1 we can deduce that example 4.2 has
a unique solution.

We use the direct computation method to find the exact
solution of this example. (21) can be written as

1 1
/ X 124xy 12 X
u(x)=e 300¢ (—1+e )+506 o, (22)
where .
o= / (u/(¢))%dr. (23)
2

Substituting (22) into (23), integrating the right side and
solving the resulting equation we obtain

1
o= g(—e12+e24). 24

Substituting (24) into (22) and integrating the resulting
equation from O to x, we obtain the exact solution

u(x) =e". (25)

Now, we find the approximate and the exact solutions in
Table 2 at n = 10 and we introduce Figure 2 below for the
solutions.

Table 2: The exact and approximate solution of example
4.2

0.0 0.2 0.4 0.6 0.8 1.0

X
Fig. 1: Comparison between the approximate and exact solutions

of example 4.1

Example 4.2 Consider the equation:

1
W (x)=e" — ﬁeu“(—l +e'?)

4
+%/2 Sl (1)0dr, u(2) = .

Now, we prove that this example has a unique solution: we

ey

Xi Approximate | Exact solution | Absolute error
] solution
—— Exact ] 2.4 | 11.0232 11.0232 4.08732 E-7
2.8 | 16.4446 16.4446 7.40178 E-7
== App. 3.2 | 24.5325 24.5325 1.02885 E-6
: \ 3.6 | 36.5982 36.5982 7.77374 E-7
-02b . Example 4.3

Consider the eaquation:
u'(x) = —0.66sin(x)

+ / ' (W (0)dr,  u(—0.5) = cos(~0.5).
—-0.5 (26)

To prove that the example has a unique solution we have

= |sin(x)v(t) — sin(x)w(t)]

\g@,r,vm) R,

have = [sin) ()~ i)
1 1
glx,t,v(1)) — glx,t,w(t)| = | =e"v(t) — —=e*w(t)
50 S0 where ki (x,1) = sin(x), since
1 .
‘%ex (1) —w(t))], sup  [“oski(x,t)dx = sup [ )ssin(x)dx < 1.
te[-0.5,1] te[—0.5,1]
© 2020 NSP
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Fig. 2: Comparison between the approximate and exact solutions
of example 4.2

Using the existence Theorem 1, we can say that example
4.3 has a unique solution.

The exact solution for this example can be found using
the direct computation method. Now, we can write (26) as

u'(x) = —0.66sin(x) + asin(x), 27

where

o= [ lo's(ul(t))dt. (28)

To find the value of &, we substitute (27) into (28). Then,
we obtain
a=-—0.33728. (29)

Substituting (29) into (27) and integrating the resulting
equation from 0 to x, we get the exact solution for our
example

u(x) = cos(x). (30)

In Table 3, we introduce the values of approximate and the
exact solutions with n = 10. We introduce Figure 3 below
for the approximate and the exact solutions.

Table 3: The exact and approximate solution of example

6.3
Xi Approximate | Exact Absolute
solution solution error

-0.35 | 0.939373 0.939373 2.22045 E-16
-0.2 | 0.980067 0.980067 1.11022 E-16
-0.05 | 0.99875 0.99875 0.00000

0.1 0.995004 0.995004 0.00000

0.25 | 0.968912 0.968912 1.11022 E-16
0.4 0.921061 0.921061 2.22045E-16
0.55 | 0.852525 0.852525 2.22045 E-16
0.7 0.764842 0.764842 1.11022 E-16
0.85 | 0.659983 0.659983 0.00000

u(x)

0.5L

-04 -02 00 02 04 06 08 1.0

X

Fig. 3: Comparison between the approximate and exact solutions
of example 4.3

Example 4.4
Consider the equation:

1
W' (x) = —5.7 eX+o.5/O (' (1)*dr, u(0)=1. (31)

First, we prove that this example has a unique solution:

= ‘O.Sexv(t) —0.5¢*w(r)

g(xatvv(t)) 7g(x7taw(t)

(v(t) =w(0))|,

= ‘O.SEX

where ki(x,1) = 0.5¢%, since

sup folk] (x,t)dx = sup [01 0.5¢*dx < 1, then from the
~— ~—~

r€(0,1] r€(0,1]

existence theorem, we can deduce that example 4.4 has a
unique solution.

Then, we use the direct computation method to find the
exact solution of this example. (31) can be written as

u(x)=—5.7 " +0.50a¢", (32)

where

o= ./O‘l(u'(t))‘tdt. (33)

To find the value of o, we substitute (32) into (33),
integrate the right side, and solve the resulting equation.
Then, we obtain

o =13.3995. (34)

Substituting (34) into (32) and integrating the resulting
equation from 0 to x, we obtain the exact solution

u(x) =e". (35)

© 2020 NSP
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The approximate and the exact solutions are introduced in
Table 4 with n = 10. We introduce Figure 4 below for the
approximate and the exact solutions.

Table 4: The exact and approximate solution of example
44

X; Approximate | Exact solution | Absolute error
solution
0.2 | 1.2214 1.2214 0.00000
0.4 | 1.49182 1.49182 0.00000
0.6 | 1.82212 1.82212 2.22045 E-16
0.8 | 2.22554 2.22554 4.44089 E-16
25)
2.0
x 150
=)
1.0
=w=Exact
0.5- iy
0.0 Cl 1 1 1 1 1 1

X

Fig. 4: Comparison between the approximate and exact solutions
of example 4.4

Example 4.5
Consider the equation :

i (x) = cos(x) — cos(x) sin(1) + /01 cos(x)u' (t)dt, u(0)=0.
| (36)

First, we prove that this example has a unique solution:
We have

cos(x)v(t) — cos(x)w(t)

g(xvtav(t>) 7g(xatvw(t)

= [cos(x)||(v(r) —w(1))

)

where ki (x,1) = cos(x), since

sup fol ki(x,t)dx = sup fol cos(x)dx < 1, then from the
~—~ ~—~

t€(0,1] t€[0,1]

existence theorem we can deduce that example 4.5 has a
unique solution.

Then, we use the direct computation method to find the
exact solution of this example. (36) can be written as

u' (x) = cos(x) — cos(x)sin(1) + cccos(x), (37

where

1
o= ./0 u'(r)de. (38)

To find the value of o, we substitute (37) into (38),
integrate the right side, and solve the resulting equation.
Then, we obtain

o = sin(1). (39)

Substituting (39) into (37) and integrating the resulting
equation from O to x, we obtain the exact solution

u(x) = sin(x). (40)

Now, we find the numerical solution of this example.

We introduce the approximate and the exact solution in
Table 5 with n = 10, and we introduce Figure 5 below to
show that the method is effective.

Table 5: The exact and approximate solution of example
4.5

X; Approximate | Exact solution | Absolute error
solution

0.2 | 0.198669 0.198669 8.3267 E-17

0.4 | 0.389418 0.389418 1.6653 E-17

0.6 | 0.564642 0.564642 1.1102 E-16

0.8 | 0.717356 0.717356 1.1102 E-16

0.8~
0.6~
¥
5 04
0.2 == Exact
== ApD.
0,0 Il L L L Il L L L Il L L L Il L L L 17

0.0 0.2 0.4 0.6 0.8 1.0

X

Fig. 5: Comparison between the approximate and exact solutions
of example 4.5

Based on discussions of the numerical examples above as
an application to the proposed methods in this paper, We
can say that we have provided an accurate numerical study
of the proposed equation using finite difference method-
composite Simpson’s method.
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5 Conclusion

The analytical and numerical solutions of nonlinear
Fredholm integro-differential equations have been
discussed using direct calculation method and finite
difference-Simpson method. In addition, we have
examined the existence of a unique solution of the
proposed system, and obtained the estimated error of the
scheme. Five numerical examples have been presented
and compared with the exact solution to show the
accuracy of the proposed method.

Acknowledgment

We are highly grateful to the reviewers for constructive
comments, which have improved the paper.

Conflicts of Interest

The authors declare that there is no conflict of interest
regarding the publication of this article

References

[1]A. M. A. El-Sayed and R. Gamal. Infinite point and
Riemann-Stieltjes integral conditions for an integro-
differential equation, Nonlinear Anal. Model. Control, 24,
733-754 (2019), .

[2] A. M. A. El-Sayed and R. Gamal Ahmed. Solvability of a
coupled system of functional integro-differential equations
with infinite point and Riemann-Stieltjes integral conditions,
Appl. Math. Comput, 370, 124918 (2020).

[3] A. M. A. El-Sayed and R. Gamal Ahmed. Existence of
Solutions for a Functional Integro-Differential Equation
with Infinite Point and Integral Conditions, Int. J. Appl.
Comput. Math, 4, 108 (2019).

[4] A. M. S. Mahdy. Numerical studies for solving
fractional integro-differential equations, Journal of Ocean
Engineering and Science, 3, 127-132 (2018).

[5]1 Y. A. Amer, A. M. S. Mahdy and E. S. M. Youssef. Solving
fractional integro-differential equations by using Sumudu
transform method and Hermite Spectral Collocation
Method, Computers, Materials and Continua, 54, 161-180
(2018).

[6] M. M. Khader, N. H. Sweilam, A. M. S. Mahdy and N.
K. Abdel Moniem. Numerical simulation for the fractional
SIRC model and Influenza A, AAppl. Math. Inf. Sci., 8, 1-8
(2014).

[71A. M. S. Mahdy and M. Higazy. Numerical different
methods for solving the nonlinear Biochemical Reaction
model, International Journal of Applied and Computational
Mathematics, 5, 1-17 (2019).

[8] K. K. Ali, M. Ahmed Abd-elsalam and E. M. Mohamed.
Chebyshev operational matrix for solving fractional
order delay-differential  equations using  spectral
collocation method, Arab Journal of Basic and Applied
SciencesUniversity, 26, 342-353 (2019).

[9] K. R. Raslan, M. Ahmed Abd-elsalam, K. K. Ali and E.
M. Mohamed. Spectral Tau method for solving general
fractional order differential equations with linear functional
argument, Journal of the Egyptian Mathematical Society,
27:33 (2019).

[10] B. Batiha, M.S.M. Noorani and I. Hashim. Numerical
solutions of the nonlinear integro differential-equations, Int.
J. Open Problems Compt. Math, 1, 34-42 (2008).

[11]J. Manafianheris. Solving the integro-differential equations
using the modified Laplace Adomian decomposition
method, Journal of Mathematical Extension, 6, 41-55
(2012).

[12] S. Abbasbandy and E. Shivanian. Application of the
VIM for system of nonlinear Voltera’s integro-differential
equations, Mathematical and Computational Applications,
14, 147-158 (2009).

[13] D. Rani and V. Mishra. Modification of Laplace adomian
decomposition method for solving nonlinear Volterra
integral and integro-differential equation based on Newton
Raphson formula, European Journal of Pure and Applied
Mathematics, 11, 202-214 (2018).

[14]S. Alao, Fs. Akinboro, F. Akinpelu and R. Oderinu.
Numerical solution of integro differential equation using
Adomian decomposition and variational iteration methods,
10SR Journal of Mathematics, 10, 18-22 (2014).

[15] B. Raftari. Numerical Solutions of the Linear Volterra
Integro-differential Equations homotopy perturbation
method and finite difference method, World Applied
Sciences Journal, 9, 7-12 (2010).

[16] A. A. Hamoud, M. SH. BANI Issa and K. P. Ghadle.
Existence and uniqueness results for nonlinear Voltera
Fredholm differential equations, Nonlinear Functional
Analysis and Applications, 23, 797-805 (2018).

[17] Z. Liu, S. Lee and S. Min Kang. solvability of nonlinear
integral equation Voltera type, Hindawi Publishing
Corporation, 2012, 1-17 (2012 ).

[18] D. Rani and V. Mishra. Solutions of Volterra integral
and integro-differential equations using modified Laplace
Adomian decomposition method, JAMSI, 15, 5-18 (2019).

[19] A. A.Hamoud, N. M. Mohammed, K. P. Ghadle and S.
L. Dhondge. Solving Integro-differential equation by using
numerical techniques, International Journal of Applied
engineering research, 14, 3219-3225 (2019).

[20] A. A. Hamoud and K. P. Ghadle. Existence and uniqueness
of the solution for Voltera-Fredholm integro differential
equations, Journal of Siberian Federal University, 11, 692-
701 (2018).

[21] S. Behzadi, S. Abbasbandy, T. Allahviranloo and A.
Yildirim. Application of homotopy analysis method for
solving a class of nonlinear Volterra-Fredholm integro-
differential equations, J. Appl. Anal. Comput, 2, 127-136
(2012).

[22] T. M. The numerical solution of linear Fredholm integro-
differential equations via parametric iteration method, J
Appl Computat Math,3, 1-4 (2014).

[23] M. Dehghan and A. Saadatmandi. Chebyshev finite
difference method for Fredholm integro -differential
equation, International Journal of Computer Mathematics,
85, 123- 130 (2008).

[24] P. K. Pandey. Numerical Solution of Linear Fredholm
Integro-Differential Equations by non-standard Finite

© 2020 NSP
Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci. 14, No. 5, 921-929 (2020) / www.naturalspublishing.com/Journals.asp

Difference Method. Applications and Applied Mathematics,
10, 1019-1026 (2015).

[25] M. Nabiei and S. A.Yousseif. Newton type method for
nonlinear Fredholm integral equations, arXiv:1602.07446v1
[math.NA], (2016).

[26] J. Zhao and R. M Corless, Compact finite difference method
has been used for Fredholm integro differential equations,
Appl. Math. Comput, 177, 271-288 (2006).

[27] A. Molabahrami. Direct computation method for
solving ageneral nonlinear Fredholm integro-differential
equation under the mixed conditions:Degenerate and non-
degenerate kernels, Journal of Computational and Applied
Mathematics, 282, 34-43 (2015).

[28] K. R. Raslan, T. S. EL-Danaf and K. K. Ali. New numerical
treatment for the generalized regularized long wave equation
based on finite difference scheme, Comp. and Eng. (IJSCE),
4, 16-24 (2014).

[29] K. K. Ali, C. Cattani, J.F. Gémez-Aguilar, D. Baleanud
and M.S. Osman. Analytical and numerical study of the
dna dynamics arising in oscillator-chain of peyrard-bishop
model, Chaos, Solitons and Fractals, 139, 110084 (2020).

[30] K. R. Raslan and K. K. Ali. Numerical study of mhd-duct
flow using the two-dimensional finite difference method,
Appl. Math. Inf. Sci., 14, 693-697 (2020).

[31] K. Goebel and W.A. Kirk. Topics in Metric Fixed point
theory, Cambirdge Universty Press, (1990).

Amira Abd-Elall
Ibrahim she has received
the BSc. Mathematics
Department 2016, Al-Azhar
University, Cairo, Egypt.
she  has registered to
Master’s degree in 2020

and still up to date.

Afaf A. S. Zaghrout she
has published more than 70
publications. She was highly
involved in the development
of Ph.D and M.Sc level
programs and  supervised
18 degrees for Ph.D and
22 for M.Sc in her fields of
interest. 1986-1991: Assistant
Professor of Mathematics,
Al-Azar University, Cairo, Egypt. 1999-till now:
Professor of Mathematics, Al-Azhar University, Cairo,
Egypt. 1998-2006: Head of Mathematics Department and
Computer Science, Faculty of Science, Al-Azhar
University, Cairo, Egypt. 2003-now: Director, Computer
Training Center, Al-Azhar University, Cairo, Egypt.

Kamal R. Raslan
received the M.Sc. and Ph.D.
degrees from the Faculty of
Science, Menoufia University
and Al-Azhar University,

SN Egypt, in 1996 and 1999,

| respectively. He is currently a

\\ ’j full Professor of Mathematics
with the Faculty of Science,

Al-Azhar University, Egypt.
He has authored/coauthored over 114 scientific papers in
top-ranked International Journals and Conference

Proceedings. His research interests include Numerical
Analysis, Finite Difference Methods, Finite Element
Methods, Approximation Theory, and Computational
Mathematics.

Khalid K. Ali MSc
in pure Mathematics,
Mathematics Department
2015 from Faculty of
Science, Al-Azhar University,
Cairo, Egypt. Ph.D. in pure
Mathematics, = Mathematics
Department entitled 2018
from Faculty of Science,
Al-Azhar University,
Cairo, Egypt. He has
authored/co-authored over 50 scientific papers in
top-ranked International Journals and Conference
Proceedings. His research interests include Numerical
Analysis, Finite Difference Methods, Finite Element
Methods, and Computational Mathematics.

© 2020 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

	Introduction
	Existence of a unique solution
	Derivation of the analytical and numerical methods
	Applications
	 Conclusion

