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Abstract: The extended simplest equation method has been employed to obtain optical soliton solutions to the improved Gerdjikov-
Ivanov equation in dense wavelength division multiplexed (DWDM) system for both kerr law and parabolic law nonlinearities. The
procedure reveals new singular soliton solutions, bright soliton solutions, solutions in terms of Jacobi’s elliptic function. Moreover, in

the limiting case of the modulus of ellipticity, new singular and singular-periodic soliton solutions are obtained.
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1 Introduction

The Gerdjikov-Ivanov (GI) model is one of the models
that investigate the dynamics of optical soliton
propagation for transmission technology along with
transcontinental and transoceanic distances, optical fibers,
data transmission across, and telecommunications
industry. This model has been studied for
polarization-preserving fibers along with strategic
algorithms such as modified simple equation scheme, the
cs/ch method, the extended tanh—coth method,

G _expansion method, sine-cosine method, trial and

extended trial equation methods, trial equation integration
architecture, Kudryashov method, extended Kudryashov’s

method, tan(%o)-expansion method, and the
exp(—(¢))-expansion ~ method  [1-16]. DWDM

technology is an essential feature that needs to be
integrated in fiber-optic communication system [17-22].
This multiplies the information carrying capacity through
these fibers. Thus, parallel transmission of data is possible
across trans-continental and trans-oceanic distances in
just a matter of a few femto-seconds. Only perfecting
DWDM technology can achieve such an engineering
marvel. The extended simplest equation method has been
applied to the extended GI model in DWDM system for

both kerr law and parabolic law nonlinearities which also
improve the model. Strategic singular and bright soliton
solutions are retrieved. Also, solutions in terms of
Jacobi’s elliptic function and, in the limiting case of the
modulus of ellipticity, singular and singular-periodic
soliton solutions have been listed with their respective
existence criteria.

2 Governing model

The Gerdjikov-Ivanov equation [1 — 11] is represented as

iV +aya+blylty+iey?y =0. (1

The first term denotes the temporal evolution of pulses
when the existence of group velocity dispersion is
supplied by the coefficient of a in this quite important
governing model. The complex valued function y(x,7)
signifies the wave profile. The coefficient of b is named as
the nonlinear term that signifies quintic nonlinearity. The
existence of a form of dispersive phenomenon is ensured
with the coefficient of e.
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2.1 Kerr law nonlinearity

For Kerr law nonlinearity in DWDM system Eq. (1)
generalizes to

)+ aryl) + byl ey ()2 ()

0 D2y 2 N oy 1y 2] &
+9 ey’ + iy + Y o, [y Pyt b =o0.
n#l

The coefficients of a; and ¢; correspond to group velocity
dispersion and the  spatio-temporal  dispersion
respectively. Moreover, the coefficients of d; are indicated
by self-phase modulation while the coefficients of oy,
stand for cross-phase modulation effect. The dependent
variable y(*) (x,1) represents soliton profile in every single
channel for 1 <[ < r and r is the number of channels.

In this subsection we obtain singular soliton solutions,
bright soliton solutions, and solutions in terms of Jacobi’s
elliptic function to Eq.(2) by the extended simplest
equation method [4,5,17,20]. To solve Eq.(2), we use the
following wave transformation.

v (1) = wi(§(x,))e®), 3)

where § represents the amplitude component of the
soliton and 6 is the phase component of the soliton that is
described as

C(xvt) :klx_VIv (4)

0(x,1) = —kpx+ ut + k3. 5)

Here, v is the velocity of the soliton, k; is the frequency of
the solitons in each of the two components while w is the
solution wave number and k3 is the phase constant. Putting
(3) along with (4), (5) into (2) we get

. / . / "
— Uw; —ivw; — k%a,w[ —2iarkikow; + k%a,wl

. / . / "
+ blw? + kocuwy +icikywy +icikovw, — kicpvw,

N
+ d,w? — kze,w? + iklelwlzw; + <Z Ot[nwﬁ> w; =0, (6)
n#l

The Balancing principle leads to

Wy = Wj.

Breaking down into real and imaginary parts we get
(—u— k%al +kaerp)wy + lelS + (k%al — klclv)w;/
+ (dl —kpe; + OC[) W? =0, @)

(—v—2akiky +kiciit+kociv +kewf)wi =0, (8)
from (8) the velocity of the soliton solution is

_ 2alk1k2 — klcl[,L

9
oo —1 ©)

and we obtain the conditions kyc; — 1 # 0 and ¢; = 0.
Balancing w;/ with w? in equation (7) gives N = % Since
N is not integer we set w; = ,/@;. Substituting into (7)
and multiplying by 4¢;./@; we get

A(—p— B, +kocy ) o +4by 9} (10)
N 2k3c —2k3a; — 2k kaayc
kocp —1
k%clz,u — k%al — k%kzalcl ( /)2
kocp —1 i

+4(d) —kae; +0y) @ = 0.

(gl

Balancing q)l(pl” with % gives N = 1.

2.2 The Application

The following assumption is made to retrieve singular
soliton solutions, bright soliton solutions, and solutions in
terms of Jacobi’s elliptic function to Eq.(10) using the
extended simplest equation method.

" 40
o =) Ad, (11)
i=0
where '
/ ()] T oAt
()2 =rw =21 _ Lok )
T(”) ):,':()751'”’
with A;, xi, A () are constants, Az, Xp, A %) are non-zero,
and O (u), Y (u ) are polynomials of u. We derive the terms

((pl/)2 and ¢, from Eq. (11) and Eq. (12) as

¢) N ?
(@) = —T((")) (ZiAE”u“) : (13)
u) \i=o

and

o) (& o i
—l—m(Zl(z—l)Ai u 2). (14)

i=0

Equation (12) can be formulated as

+(C - &) / / “du (15)

(u)
The balancing principle applied to (10) implies

T=p+2N+2, (16)

© 2020 NSP
Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci. 14, No. 5, 901-907 (2020) / www.naturalspublishing.com/Journals.asp

setting N = 1 and p = 0 we get T = 4. Thus, from (11) we
have

o =AY 440y, (17)
(D\2 x4 i
l A i A,l'l/l
(¢) = (1)+ (18)

"o Agl) Z?:O l.zfjbliil
@ 220
where A4 # 0 and )y # 0. Substituting Egs. (17) — (19)

into Eq. (10), we obtain a system of algebraic equations.
Solving the system, we get:

; 19)

Do =20, =i, A = A0 AV =AY, 50 = x0

M= Ri
23((AY))*0ic} — (A V2ar + (44 dy — kaer + 1)
P R
P 6ADi2 (A0 2 — AU (A2 (g —k ’
< 0 I(<O> 1€] oal+( 0)01(1 g€1+(11))
P Rs

(A PR —kaer + )
Ry

3K (A bt — (A2 +

4%0(14(1) c7h3 — 80 (A}
Where

Ry =8(AY) bixto +4(AY) 10 (d — kaer + o)
+2(A2 000k + 8(AD) brciyoka (crka +2)
2A(’)A(’)l|a,k2(1+2(A(()’))zal’]b,c,z)
+4ADY Grokidr — ko — 26, K+ ou(1-2¢' K, 1))
—340(AY 2023 (d) — kaer + )
+3(A0 AV A R (d — ko + o) — 4(AS 2 (A2 Agby i,
Ry =34V d; — keye, + 34" oy + 8441, (4x0 (AL 223
—820(AS etk + 420 (AL 2+ 2440 AV i3 = 20(AV)? 3R,
Ry =(AV) 20, (4x0 (A 223 — 820 (A )ik + 430 (AD)?
A0 22 %( A1),
R4*(( D)o — 4( DV agokd) (1 ciks)
+4ADY 10 (di — kae) — crdi + (1 — crka) o)
— (A7 Aok A AV Maark?) (1 +ciko)-

Substituting into (12) and (15), we get

i(CCo)Q/\/%, 20)

where Q = 1/ zO)ﬁi

Therefore the traveling wave solutions to Eq.(2) are:

DV2erk + 4o (AL)2 + AV AV a2 — 2 (a2

When I' (1) = (u—)*(u— ), and 9 >

i(—kox+pt+ks)
)

(22)

D) p2(9,
WO) = A0 4 A0 ¢ )

When (1 — ) (u— 9,)?

(=114 (8- 35)

V/([)(x,t) _ \/A(()l) JrA(ll)ﬁjJr exp(’l‘—”)—l % ei(—k2x+pz+k3)’

’ (23)

where M = (¥ — ) (kjx — (72“’22'2;'(1'0’” )t—Cp), and j =

1,2.When T = (u—)*(u— ) (u—1;), and ¥ > >
U3

l[/(l)(x,t) _ \/Aél) +Agl)191 _ Zﬁl—zﬁi(;ll(ﬁ)iiggil(yl) x el(—kaxtuiths)

(24)

(19] 71;2)(1% 7193) (k].x _ (2a1k1k27k1c1y )t)

k
where ¥} = = el

When I' = (u— &) (u — ) (u — %) (u — B4), and ¥; >
> >N
— Ja® 140 AV -9)B4%) (ko
v = \/A AL Dt g gty X € ),
(25)
where
N =) _

+ ( 1 19235(192 4) (k].x_ (2alkI12163171€1161u )t o C()),m

2 _ (Hh—83)(h—%)
and m” = 5 =55 0,)

Note that ¥, i=1,...,4 are the roots of I'(u) = 0.

When A(()l) = ngl)zSI and {y =0, the solutions (21) —
(25) are reduced to the following plane wave solutions
(0
A .
v = |+ Al ;?,k _— il
k].x _ ( 1K1K 1¢7 )t
szlfl

(26)

V(0 —B)

ei(7k2x+yt+k3) (27)
40% — M? ’

w0 (1) =

singular soliton solutions

(g
v (x,1) = \/141(19;191)(1 Tco

th(%)) % ei(szx+ut+k3)7

(28)
and bright soliton solutions

y! (x,0) = ( b )
’ C+COSh(B(k1X72a]k]k2t)) (29)

When I' (1) = (u—)* w el —hoxtuitks)
! () | 40 A0 (— h My = (8 — )(kix — (Zbakkap
v (x,1) =, [Ay +A] 191ik<mw x eil(—havtiiths) where b = (% D) (k1x ( he 1 )t),
X—(——F— )~
SR b 2o
2D O
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B— ky (1917192)(191*193) and C — 219119 192192193

The amplitude of the sollton is given by D where the
inverse width of the soliton is given by B. The solitons
will exist for AY) < 0. Furthermore, when A(()l) = fA(ll)
and §y = 0, Jacobi’s elliptic function solution (25) is

written as

D .
) — 1 i(—kpx-+pt+ks)
4 (.X,t) \/<C1+S”l2(BJS)) X e ’ (30)

b A )(8 %)
l (% — V4) ’
B,_(—lth“ — ;) (% — 1%)
J 2Q
204 -1
= e
2arkiky —kycppt o (D —03)(01 — )

S = (kjx—( =12

kocy — 1

M) oy = 05) (02— 0a)

Remark-1: When the modulus m — 1, singular optical
soliton solutions are obtained as

v (x,1) = D,
C) + tanh? (B, (k;x — (24kkaKiciit )

kZCl —1
i(—kyx+ut+ks)
)

xe
(3D

where 93 = 4.
Remark-2: When the modulus m — O,

singular-periodic solutions are obtained as

v (x,1) = D,
C) +sin®(B; (kyx — (2akika—hiciit ),

kzc‘lf]
% ei(*kz)H»#H»kg) ,

(32)

where %, = ;.

2.3 Parabolic law nonlinearity

This law, known also as the cubic-quintic nonlinearity,
arises in the nonlinear interaction between Langmuir
waves and electrons. It describes the nonlinear interaction
between the high frequency Langmuir waves and the ion
acoustic waves by pondermotive forces. For parabolic law

nonlinearity DWDM system, Eq. (1) generalizes to

il[/,(l) +a,y/,\(¢? +b,|y/

+{c,w£,’>+6,|w<’>|4w

) ey (D)2 (pi)?

d;+Znn|w )y Py +

n#l

N
Z(a,n+ﬁm|w<”>|2)lw<”>|2w<’>} =0. (33)
n#l

The coefficients of a; and ¢; correspond to group velocity
dispersion and the  spatio-temporal  dispersion
respectively. Moreover, the coefficients of d; and 9§, are
indicated by self-phase modulation while the coefficients
of Y, oy,, and By, stand for cross-phase modulation
effect. The dependent variable w!”) (x,7) represents soliton
profile in every single channel for | < <r, r € [l,).

Substituting, (3) along with (4),(5) into (33), gives the
same imaginary part as given by (7) and so the speed will
be same as (9). However, the real part of equation (33) is

(—p — Ka+ kacip)wy + (b + 8 + (B +7))w)
+ (Bay — kye,v)w, +4(dy — kae, + o) w? =0, (34)

Balancing w;/ with w} in equation (34) gives N = 1. Since
N is unreal, we set w; = /@;. Substituting into (34) and
multiplying by 4¢;,/¢; we get

4= —ka; +hoci ) @ +4(bi + 8 + (B + 1)) @}

n 2k%c,2y 72k]2u1 72/{]2/{20/6/ (pz(p” 7 k%c,zu 7k]2u1 7k]2kgulcl ((p/>2
kae;—1 ! kae;—1 !

+4(d) —kae, +oy) @f =0, (35)

Balancing q)l(pl” with % gives N = 1.

2.4 The Application

We will apply the extended simplest equation method to
Eq.(34) to retrieve singular soliton solutions, bright
soliton solutions, and solutions in terms of Jacobi’s
elliptic function. The balancing principle applied to (34)
implies

T=p+2N+2, (36)
setting N = 1 and p = 0 we get T = 4. Hence, from (11)
we have

o =4y +Au, (37)

where Ag) and A(Z) are constants to be defined later such

that A 7é 0 and u satisfies Eq.(12) Substituting Eq. (37)
into Eq (35), we obtain a system of algebraic equations.
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Solving the system, we get:

Ao =ho, 2 =21, A =40, AV =41 30 = 20
R
=5 O 3,2 ’
2k|<(A0 )4<bl+51)C'/“*(Ao )“Ul+(A0 )351 (di —kae;+0y))
Ry
o= 0) 0)
6ADK(ADY (b + 8+ (B +%))? — AV @y + (AV)2 3 (dy — ko + 1))
— R“
(A (br+ 8+ (Bi+ 1))} — (A Par + (A e} (di — kaer + )
— Ry
ax0(A)223 80 (AL 2crks + 40 (AD)? + MADAY 212 — 20 (A)2c242
Where

Ry =8(AS)* (b1 + 8 + (B +1)0 + 4(A) Y 1o (di — kaey + o)

+2(A1 2 ok +8(ADY (b + 8 + (B + 1)) cixoka (cika +2)

2A(’ AV Lak(1 +2<A(’ V2a; (b + 8+ (B +Yim))ct)
+4(A) S xok3 (d) — ey = 2¢; 'k + o (1= 26 'k 1))
—3A0(AD)2 463 (d) + —kaeroq) + 3(AD AV M (d) — Keae, + 01)
— 4 A2 20 (b + 8+ (B -+ 1)K,

Ry =34V (by+ 8+ (B +m)) +3AV oy +840 A0 (b + 8 + (B + 1))
(@10(A) 213 — 810 (A Verka +4x0 (A))? + WA AV GG
—Ao(AVY2e3,

Ry =(AV) (b + 8 + (B + 1)) (420(A5) )21 — 820 (A ik
g0 (A2 4 2, AVAD 218 — 20(AD)2 1),

Ry *(4(1‘\(()/))4(17/ + 8+ (B +7))x0— 4(A(()1))2ﬂ19(0k2)(1 —cika)
+4(AY xo(di — crdiks — 1Berc; + (1 —crka) o)

— (A Aokt — AL AV k) (1+ ko).

Substituting into (12) and (15), we get

i(C—Co)ZQ/\/%, (38)

where Q = 4)‘01 , T(u) =Y4 .
Zi:() i

Therefore the traveling wave solutions to Eq.(33) are:
When I' (1) = (u—)*

(1
! ! A i(—
v (x,1) = \/A(()> +A(1 >191 + —z“lk]klz kau x ef(—koxtprtks)

kpx—( fye 1 )
(39)
When I' (1) = (u—)*(u— ), and % >
(D 2
Oy a4 YA (D — )
‘V (x)t)_\/A() +A1 191+ 4Q72—M2 (40)
w« ol(—kox+ui+k3) ,
When (1 — )% (u— )?
140
Do n a0 a0, (CDITIAT (09— )
y\Wixt)=,|Ay +A) 0+
oo exp(¥) -1
« ! (—kox+pi+k3) ,
(41)

where j = 1,2.
When I' = (u— 91)*(u— ) (u— ), and ¥ > O > s

241" (3 0) (91 —s)
20,0~ 03+ (93— 0) cosh(¥})

w(z) (x,t) = \/Af)l) +A§1)191 _ x el(—haxtprths)

(42)
whete ¥, = IR0 1 (Rabfaha
When I' = (u— O)(u — O)(u — 93)(u — %), and

K >h >0 >N

()
AV (D1 — 2) (V4 — Do)
D ()= 1/aD L 40D 1\l
VD) \/ o 4 192+194*192+(191*194)S”2(Y2)
Xei(*kzX‘i’[llﬁLk}),

(43)
Where Y =

|: V(=) (92— %) 192 04) (kyx — (Zazklizlcglikllclﬂ )t —&),m

_ (0 —05) (91 —-%4) 193 (1 —04)
T (B31—03) (B —)
Note that ¥, i=1,...,4 are the roots of I'(u) = 0.

When A(()l) = fAY) ¥ and {y = 0, the solutions (39) —
(42) are reduced to the following plane wave solutions

m

()
A}'Q .
() _ 1 i(—kox+ut+k3)
v (x,t)=,| £ — X e ,
( ) kyx — (Zalkllfglikllqﬂ )t

(44)

)02 )

i(—kpx+pr+ks) 45
o . @)

w0 (1) =

singular soliton solutions

A(l)(ﬁz — ) M
74 (x,t)—\/ 2 (1$coth(2 ) (46)

X el’(*kz)H’[llﬁLk}) ,

and bright soliton solutions

y (1) = ( D )
’ C+ cosh(B(kix — 2a ki kat)) (47)

x ei(7k2x+ut+k3) ;

(1)
_2A7 (81 —%) (D —B3) _ ki (91=1%) (91 —1s)
where DQ; —192 193(193 ) , B= —0
1
and C = -

The amplitude of the soliton is given by D where the
inverse width of the soliton is given by B. The solitons
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will exist forAY) < 0. Furthermore, when A(()l) = —AY) and

{0 =0, Jacobi’s elliptic function solution (43) is written as

D)= [P
) \/(C1+sn2(BjS)) (48)

><ei(7k2)f+}lt+k3)7
where
py = A — ) (94— 5)
(01— 4) ’
B.— (= 1)k /(81 — 83) (02 — D)
J 2Q )
=% i,

Y —

Remark-1: When the modulus m — 1, singular optical
soliton solutions are obtained as

(1) — D, i(—kpx-+r+k3)
v (x,l‘) (C] +tanh2(Bj(k1X(W)t))> xXe )
(49)

where 95 = 4.
Remark-2: When the modulus m — O,

singular-periodic solutions are obtained as

(1) _ Dy i(—kox+pt+ks)
v (x,1) (Cl +Sin2(B‘/_<k1x(ZH]k]kzk]clu>t>>) xe )

kzrl—l
(50)
where %, = ;.

3 Results and Discussion

The Gerdjikov-Ivanov equation has been improved in
DWDM for kerr law and parabolic law nonlinearities and
considered on account of acquiring optical soliton
solutions. New singular soliton and bright soliton
solutions were presented by applying the extended
simplest equation method. New singular and
singular-periodic soliton solutions were emerged using
the limiting of the modulus of ellipticity of the Jacobi’s
elliptic function.
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