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Abstract: This paper addresses the mathematical inspection of differential and integral equations for hybrid forms of special
polynomials using generating functions. The study aims to find out the differential equations of 3-variable Laguerre-Hermite
polynomials. The inclusion of the derivation of the Volterra integral equation of 3-variable Laguerre-Hermite polynomials brings a
novelty to the existing literature. Using Mathematica, the surface plots and curves of the aforementioned polynomials are explored and
their zeros are investigated.
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1 Introduction and preliminaries Using relation (3), equation (1) has the following form:

i

H(a,b,c,w)=exp((b—D, " Yw+cw?) = ZLH,-(a,b,c)v}}—'.
i!

i=0
“)

Generating functions are the main tool for defining and !
deriving the properties of special polynomials. They have The 3VLHP 1 H;(a, b, ) possesses the following series
expansion [1]:

various advantages; for example, they transform the
problem on sequences to functions. The generating
function for the 3-variable Laguerre-Hermite polynomials []

. 2] ckr.
(3VLHP) . H;(a,b,c) are given by [1]: LHi(a,b,c) = i! Z Ck'l"—?ik(a’b')’ 5)
0 k! (i—2k)!
_ R o K’ where Lj(a,b) are 2-variable Laguerre polynomials,
H(a,b,c,w)=Co(aw)exp(bw+cw") = ;)LH,(a,b,c) T defined as [2]:
(1) i ]a]bl
where Cy(aw) is the Bessel-Tricomi function of order zero: Z (6)
) i . . .
Colaa) = exp(—at Da_l) {1y, Dri{1} = a and satisfy the following property:
i C1\igi
) Li(a,0) = U 7
The Bessel-Tricomi function Cj(a) of order a has the L
following series representation: The 3VLHP ,H(a,b,c) satisfies the following
differential equation:
> J a] . 92 p)
; 7 ieNp. (3) ( = +(b— a)a—b — i) LHi(a,b,c)=0  (8)
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and possesses the differential recurrence relation:

J
%LHi(a,b,c) = l'LH,',I (a,b,c). (9)

Remark 1.1. For ¢ = —1, the 3VLHP ,Hj(a,b,c)
becomes the 2-variable Laguerre-Hermite polynomials
(2VLHP) 1 H} (a,b), defined as [3]:
I, o wi
G(a,b,c) = Co(aw)exp (bwf W ) = .Z(’)LHi (a,b)i,
i=

(10)

The topic on differential and integral equations is a
captivating area of research in various fields of science
and engineering. The differential equations and other
characterizations associated with Appell and g-Appell
polynomials are considered in [4,5,6,7]. Using
generating functions, linear and non-linear differential
equations of special polynomials and numbers are
derived, see [8,9,10,11,12]. Many authors have
investigated the properties of 3VLHP [H(a,b,c) in
numerous aspects, see for example [13,14]. Motivated by
the works on differential and integral equations for the
hybrid polynomials, the differential and integral equations
for the 3VLHP are derived in this paper. The properties of
the 3VLHP are explored using graphical representations.

2 Main results

In this section, using generating function (4), we derive the
differential equations for 3VLHP . H;(a,b,c).

Theorem 2.1. For each M € N, the following differential
equation:

M

H(M) (a7 b7 ¢, W) = Z (Xm(M, a, ba C)WmH(av b7 c, W)7
m=0
(11)
has a solution H = H(a,b,c,w) = exp((b— D, )w+cw?),
M ,
where HM) (a,b,c,w) = din’,ﬁ,’c’w) and

oo(M+1,a,b,c)

M
=Y (b—D,")y"ou(M—m,a,b,c)+ (b—D;" ",
m=0

(12)
aM*l(M+1aaabaC)
M—1
= M —m)(2¢)"opg— (M —m,a,b,
mg,o( m)(2¢)" 0ug—m(M —m,a,b,c) 13)

M
+(biD(;1) Z (Zc)milaMfm(M7m+1aaabac)7

m=1

M

(XM(M+ l,a,b,c) = (biD(;]) Z (2C)maM7m(M7m7a7bvc)7
m=0

(14)

a1 (M +1,a,b,c) = (2c)M*! (15)
and

ak(M+1aaabaC)

M—k
=(k+1) Y (b—D;")" 01 (M—m,a,b,c)
m=0
M—k+1 (]6)
+2c Z (b—D;"Y"oy_1 (M —m,a,b,c),
m=0
1<k<M-—2.

Proof. Differentiation of
H =H(a,b,c,w) =exp((b—D; Yw+cw?), (17)
with respect to w gives

d
aY) = 5oH(a.b,e,w) = ((b— D;Y)+2cw)H. (18)
w
Furthermore, differentiating the above-mentioned
equation with respect to w, it gives

H? = ((2c+(b—D;")*) +4c(b—D, ) w+4c*w?)H.
19)
Processing in the same manner up to M times,
assertion (11) is obtained.

To find the coefficients oy (M + 1), differentiating
equation (11) with respect to w, we get

M—1
H(M+1) — Z (m+ 1)Wmam+] (M;aab5C)H

m=0

M
+(b-D" Y an(M,a,b,c)w"H  (20)
m=0
M+1
+2c Z opr—m(M,a,b,c)Ww"H,

m=1
which, on replacing M by M + 1, becomes

M+1
HM 2 Y (M4 Lab,wH. Q1)

m=0

Equating the coefficients on both sides of equations
(20) and (21), it follows that

ao(M+1,a,b,c) = oy (M,a,b,c)+(b—D, " )oo(M,a,b,c),
(22)
) (M+1,Ll,b,()) :Zaz(M7a7b7C)+(biDgl)al (M,a,b,c)
+2cap(M,a,b,c),
(23)
(XM,](M+ l,a,b,c) :M(XM(M,a,b,C)

1 (24
+ (=D, )ay—1(M,a,b,c)+2cop—2(M,a,b,c),
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o (M + 1,a,b,¢) = (b—D, Yoy (M,a,b,c)

25
+2coy—1(M,a,b,c), 25)

o1 (M + 1,a,b,¢) =2cop (M, a,b,c) (26)

and

(M +1,a,b,c)
= (m4+ 1)t 1(M,a,b,c) + (b—D; Yoy, (M,a,b,c)
+2c¢0y,—1(M,a,b,c), 2<m<M-2.

(27)

In view of equations (11), (17) and (18), we find

o (0,a,b,c) =1, og(l,a,b,c)=b—D," and

28
oy (1l,a,b,c) =2c. (28)

Moreover, in view of equations (11) and (19), we find

2¢+(b—D;")?,
) and (29)

(X()(z)a)b)C) =
o1 (2,a,b,c) =4c(b—D,"
o (2,a,b,c) = 4c°.

Equation (22) gives

oM+ 1,a,b,c)

= oy (M,a,b,c)+ (b—D; oy (M
+(b—Dy; ") ag(M —1,a,b,c¢)
= o (M,a,b,c)+(b—Dy "oy (M
+(b—D; "o (M —2,a,b,c¢)
+(b—D; Y ag(M —2,a,b,c)

—1l,a,b,c)

—l,a,b,c)

M
Z(b D YY"oy (M —m,a,b,c)
m=0

+ (b =D )" e (1),

which, on using relation (28), yields assertion (12).

From equation (24), we get

opr—1(M+1,a,b,c)

= Moy (M,a,b,c)+ (b—D; Yoy 1 (M,a,b,c)

+2¢ ((M—1)op—1(M —1,a,b,c) + (b—D, ")
opg—2(M —1,a,b,¢)+2cops—3(M—1,a,b,c))
=Moy(M,a,b,c)+2c(M—1)oy—1 (M —1,a,b,c)

+ (b—D;l)(aM,l(M,a,b,c) +2copr—2(M —1,a,b,c))
+ (ZC)ZaM,3(M— 1,a,b,c)

M-
:Z (M —m)(2¢)" opg—m(M —m,a,b,c)

M-
Z(meM m+1,a,b,c)

(2e)" "+ (ZC)M “lao(2),

which, on using equations (28) and (29) and simplifying,
becomes

(XM,I(M“F 17a7b76)

M=2
=Y (M—m)(2c)" oy m(M —m,a,b,c) + (2c)M
m=0 (30)

M
+(b-D;" Z (2¢)" Yoys (M —m+1,a,b,c),

m=1

which, on rewriting (2¢) = (2¢)M ' (1,a,b,c¢), yields

assertion (13).
From equation (25), we find
oy (M +1,a,b,c)
= (b—D;") ay(M,a,b,c)
+2¢((b—Dg") apr—1(M —1,a,b,c)
+2¢ o2 (M — 1,a,b,c))
= (b—D, ") (om(M,a,b,c)+2c oy—1(M — 1,a,b,c)
+(2¢)*ay—2(M —2,a,b,c) + (2¢) apr_3 (M — 2,a,b,c))

=D (26 (M —ma.5,c)
= p )" O —m m,a,b,c

m=0

+(20)"ao(1,a,b,¢),
which, on using relation (28), gives assertion (14).
From equation (26), we get

o1 (M+1,a,b,¢) =2c¢ ay(M,a,b,c)
= (2¢)%oys—1 (M — 1,a,b,c)

_ (26)M+1,
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which proves assertion (15).

From equation (23), we find

o (M+1,a,b,c)
=2(m(M,a,b,c)+(b—D,; Yoo (M
+2c(ag(M,a,b,c) + (b— D,
+(b—D;") o (M —1,a,b,c¢)
=2(m(M,a,b,c)+(b—D;" Yoo (M —1,a,b,c)
+(b—D;")Y oo (M —2,a,b,¢)) +2¢c(a(M,a,b,c)
) o(M —1,a,b,¢)+ (b—D;')?

+(b—-D,"
x otg(M —2,a,b,¢)) + (b—D; ")} a; (M —2,a,b,c)

fl,a,b,c))
) op(M — 1,a,b,c))

M—1

M-1
=2 Z (b—D;"Y"ay(M —m,a,b,c) +2c Z (b—D; "
m=0

m=0

X ao(M —m,a,b,c)+ (begl)M(x] (1,a,b,c),

which, on using relation (28), gives

M—1
=2Y (b-D,")"

m=0
M
+2¢ Z (b—D;"Y"ag(M —m,a,b,c).
m=0

(XI(M+1,a,b,C) (Xz(M*m,a,b,C)

(3D
Taking m = 2 in equation (27), we find

o (M+1,a,b,c)

=30;3(M,a,b,c)+(b—D,"
= 3(063(M,a,b,c)+
+2c((x1 (M,a,b,c)
+(b-D,")?

) ax(M,a,b,c)+2c o (M,a,b,c)
(b—D,") o3(M—1,a,b,c))
+(b—Dg") ay (M —1,a,b,c))

o (M — l,a,b,c))

M-2 |
=3) (b-D,
m

)"o3(M —m,a,b,c)
+(b-D, "W o(2,a,b,0),

which, in view of equations (28) and (29), becomes

M-2

(XZ(M+ l,a,b,c) :3 Z (biDail)ma:i(Mimvavbvc)
m=0
M—1
+2¢ Z (b—D;"Y"oy (M —m,a,b,c).
m=0

(32)

Consequently, for m = 3 in equation (27), we find

M-3

=4Y (b- D"
m=0
M-2

+2¢ Z (b—D; YY"y (M —m,a,b,c).

m=0

o3(M+1,a,b,c) oy(M —m,a,b,c)

(33)
Continuing the same process, we getfor 1 <k <M —2

(Xk(M+ 17a7b76)

M—k
=(k+1) Y (b—D; Y"1 (M —m,a,b,c)
m=0
M—k+1
+2¢ Z (b—D;Y"oy_1 (M —m,a,b,c),
m=0

which gives assertion (16).

In view of Remark 1.1, the following consequence is
deduced:

Corollary 2.1. For each M € N, the following differential
equation

M

GM(a,b,w) =Y Bu(M,a,b)w"G(a,b,w),  (34)
m=0
has a solution G = G(a,b,w) = exp((b— D ")w— Iw?),
where GM) (a,b,w) = % and
ﬁo(M—l— l,a,b)
Y (b D! e 39)
= Z (b_Da )mﬁl(M_mvavb)+(b_Da ) - )
m=0
M—1
By—1(M+1,a,b) = Z (M —m)(—1)"Byg—m(M — m,a,b)
m=0
M
+ (-0, Y (—1)" ' Bu-m(M —m+1,a,b),
m=1
(36)
M
Bu(M+1,a,b)=b—-D;") Y (=1)"By-m(M—m.a,b),
m=0 (37)
Bui1(M +1,a,b) = (—1)MH! (38)
and

M—
B(M+1,a,b) = (k+1) Z )" Be1 (M —m,a,b)

M—k+1

*Z(b

m=0

—D;Y"Be_ (M —m,a,b), 1<k<M-2.

(39)
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Next, we find out the integral equation for 3VLHP
LH,(x,y,7). Integral equations come out in various
problems of engineering and science. The integral
equation for the hybrid polynomials was investigated by
several researchers, see [15,16,17]. Numerous science
and engineering problems are expressible as differential
and integral equations, which have special functions as
their solutions.

Rewrite differential equation (8) as:

9° d
ZCwLHi(aabaC)+(bia)%LHi(aabaC) (40)
—1 LH,'(a,b,C) =0.

In view of equations (5), (7) and (9), it follows that

(]

) Ck(,a)i*Zk
LH[(Q,O,C):Z! ];)W ::Pi(a,c), (41)
[%] k i—2k—1
d ) &(—a
%LH,'(CI,O,C) =1! I;) m = Ri(a,c).

(42)
Using relation (9), it follows that

9? s

WLHi(a,b,c) =i(i—1) tHi_a2(a,b,c).  (43)
Integrating equation (43) and using initial condition

(42), we have

po) b
Ssubilab.0) = [Cili=1) 1Hi2(a. 6,008 + Rilace),

(44)
which, on further integrating and in view of initial
condition (41), gives

b
LHi(a,b,c) = /0 i(i—1) (b— &) LHi-2(a, &, c)dE
+bR;(a,c) +Pi(a,c).

(45)

Using equations (43) — (45) in differential equation
(40), we get

b
2¢i(i— 1) Hia(a,byc) +ii— 1) (b—a) /0 LHi o (a,E ¢)dE

+Ri(a,¢)— (i — 1)/:(177 E) LH; »(a,&,c)dE
+bR;(a,c) +Pi(a,c) =0,

which, on replacing i by i + 2, gives the following integral
equation for the 3VLHP Hj(a,b,c):

(i+2)(i+1) <2€ LHi(a,b,¢) +/0b (b—a)

—U+%w—5nﬂﬁm§d%)
+ (b4 1)Riya(a,c) + Pita(a,c) = 0.

Remark 2.1.
Taking ¢ = —% and proceeding similarly as above, the
integral ~ equation  associated  with  2-variable

Laguerre-Hermite polynomials ; H; (a,b) can be obtained.

In the forthcoming section, we use Mathematica to
draw the surface plots and curves of the 3VLHP
1Hi(a,b,c). In addition, zeros of the polynomials are
explored to be located in a remarkably symmetrical way.

3 Graphical approach

This section aims to present the benefit of using graphical
and numerical aspects to support theoretical prediction
and to discover new interesting pattern of the zeros of the
polynomials. The softwares Mathematica is used to show
the behaviour of the polynomials by plotting the graphs
for special values of indices. The investigation in this
manner will provide a new approach to examine several
interesting properties of hybrid special polynomials, see
[18,6].

Using relations (5) and (6), we get the following
explicit series representation of 3VLHP 1 H;(a,b,c):

[%] i—2k (71)jajbi72k7jck

LHi(a,b,c):i!Z Z O =2k )T (46)

k=0 j=0

For i = 30 and ¢ = 2, we display the surface and
contour plot of 3VLHP 1 H;(a,b,c), see Figure 1 and 2.

Figure 1: Surface plot of Hxo(a,b,2)
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W

T
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50

’7/_?‘ L L L L L L L L

-5 0 5
Figure 2: Contour plot of Hso(a,b,2)

For i = 30 and ¢ = —2, the surface and contour plot of
3VLHP . H;(a,b,c) are drawn, see Figure 3 and 4.

L L L
5 0 5

Figure 4: Contour plot of 1 Hso(a,b,—2)

These graphs show the distinct behaviour of the
3VLHP H;(a,b,c). Both contour and surface plots help
visualize the response surface. A surface plot displays a
3-dimensional view of the surface defined by a function
of two variables, while a contour plot provides a
2-dimensional view of the surface.

Next, for i = 30 and b = ¢ = 2, the graph of 1 H;(a) is
drawn, see Figure 5. For i = 30 and b = 2;¢c = —2, the

graph of ; H;(a) is drawn, see Figure 6.

12x10%°

10x10% |

8.0x10% |-

6.0x10% -

4.0x10% -

2.0x10%

-10 -5 5 10
Figure 5: Curve of Hay(a,2,2)
15% 107
10107 |

5.0%10% -

-5.0x10°

~1.0x 107 |

Figure 6: Curve of Hap(a,2,—2)

Using Mathematica, the real and complex roots of the
special polynomials related to 3VLHP pH;(a,b,c) are
explored. The distribution of the zeros of H;(a) are
observed in the complex plane. For i =30 and b = ¢ =2,
zeros of ; H;(a) are drawn, see Figure 7 and for i = 30 and
b= c¢ = -2, zeros of . H;(a) are plotted, see Figure 8.

800 T T T T T . )
600 ) ]
400 ° L4

[ ]
200F °o® [ ]

-~

T Jmecegy®®

~ o Y
—200F (]

[
400 [ ]
[ ]
—-600 [ ]
. .
0 20 40 60 80 100 120 140
Re(a)

Figure 7: Zeros of 1Hzo(a,2,2)

1.0

05F

Im(a)

Re(a)
Figure 8: Zeros of Ho(a,—2,—2)

Similarly, for i = 20 and b = ¢ = 2, zeros of  H;(a) are
drawn, see Figure 9 and for i =20 and b = ¢ = —2, zeros
of . Hj(a) are plotted, see Figure 10.
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L)
300F 1
[ ]
200F °
100F ° L
= [ ]
~ ° [ ]
~100F [
[ ]
~200F ([ ]
-300F L
L ®
0 20 40 60 80
Re(a)

Figure 9: Zeros of 1Hpy(a,2,2)

Im(a)

“ Re(a)
Figure 10: Zeros of Hyy(a,—2,—2)

The investigation regarding surface plots, contour
plots, shapes and scattering of zeros of the special
polynomials will be tremendously beneficial for the
researchers to understand the behaviour of the
polynomials and location of their zeros in the complex
plane.
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