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Abstract: Recently, many researchers have published work on the Hermite-Hadamard inequalities, due to their immense importance in

the fields of numerical analysis, statistics, optimization and convexity theory. In this paper, certain new Hermite-Hadamard type integral

inequalities have been established using the (k−r)Riemann-Liouville fractional integral operator. We present various inequalities based

on different types of the convex functions such as quasi-convex, l-convex, η-convex in the second sense and (β , l)-convex functions.

Also, we derive Hermite-Hadamard type inequalities for the product of two l-convex functions and two (β , l)-convex functions using

(k−r) Riemann-Liouville fractional integral operator. The results obtained in our work will be helpful in the further study of the convex

functions and in the evaluation of the certain mathematical problems.

Keywords: (k − r) Riemann-Liouville fractional integral, Hermite-Hadamard inequality, convex functions, quasi-convex functions,

l-convex functions, η-convex in the second sense, (β , l)-convex functions.

1 Introduction and preliminaries

In the recent years, importance of the fractional calculus has increased extensively in the different fields such as
inequality theory, applied mathematics, sciences and engineering. Fractional integrals are used for the description of the
various properties of different physical processes like seepage flow in fluid dynamic traffic model and non-linear
oscillations of earthquake.
Various integral inequalities have been obtained for the fractional integrals. These type of integrals can be used to
generalize the important and known inequalities. Hermite-Hadamard inequality is one such type of inequality. It is
extensively used in literature and provides necessary and sufficient conditions for a function to be convex.
Hermite-Hadamard inequalities via Riemann-Liouville fractional integrals were generalized by Sarikaya [1]. Further,
Sarikaya’s results were extended to Hermite-Hadamard-Fejer type inequalities for the fractional integrals by Iscan [2].
Various authors have worked on different generalizations of convexity (see, e.g. [3,4,5,6]). Many generalized forms of
the inequalities via fractional integrals have been discussed by various researchers (see, e.g. [7,8]). Inequalities for the
different classes of the functions such as non-decreasing functions and convex functions have also been obtained [1,9].
In this paper, we use (k− r) Riemann-Liouville fractional integral operator to establish certain new Hermite-Hadamard
type integral inequalities for the different types of convex functions such as quasi-convex, l-convex, η-convex in the
second sense and (β , l)-convex functions. Also, we derive Hermite-Hadamard type inequalities for the product of two
l-convex functions and two (β , l)-convex functions.

We mention now, some definitions and basic elements useful for our study:
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Definition 1(Convex function [10]). A function h : D →R, where D is an interval in R is said to be convex if the following

inequality holds true for all x,y ∈ D

h(ζx+(1− ζ )y)≤ ζh(x)+ (1− ζ )h(y). (1)

If the inequality in the equation (1) becomes strict inequality for all different points in D and ζ ∈ [0,1], then the function
h is called strictly convex. Also, h is concave if (−h) is convex.

Definition 2(Hermite-Hadamard inequality [11]). Let h : D ⊆ R → R be a convex function and x,y ∈ D, with x < y,

then the inequality

h

(

x+ y

2

)

≤
1

y− x

∫ y

x
h(ζ )dζ ≤

h(x)+ h(y)

2
, (2)

holds, and is known as Hermite-Hadamard integral inequality for the convex functions.

Definition 3(Quasi-convex function [12]). The function h : D ⊆ R→ R is said to be quasi-convex function on D, if the

inequality

h(ζx+(1− ζ )y)≤ sup[h(x),h(y)] (3)

holds true for all x,y ∈ D and ζ ∈ [0,1].

Definition 4(l-convex function [13]). The function h : [0,y]→ R is said to be l-convex function, l ∈ (0,1], if for x1,y1 ∈
[0,y] and ζ ∈ (0,1), the inequality given below holds true

h(ζx1 + l(1− ζ )y1)≤ ζh(x1)+ l(1− ζ )h(y1). (4)

If l = 1, l-convex functions coincide with the convex functions.

Definition 5(η -convex in the second sense [14]). The function h : R+ → R is called η-convex in the second sense if the

inequality given below holds true for some fixed η ∈ [0,1]

h(Φx+Θy)≤ Φη h(x)+Θ ηh(y), (5)

where, x,y ∈ [0,∞), Φ,Θ ≥ 0 and Φ +Θ = 1.

If η = 1, then η-convex functions reduce to the convex functions.

Definition 6((β , l)-convex function [15]). The function h : [0,y]→R is said to be (β , l)-convex function, (β , l) ∈ (0,1]×
(0,1], if for x1,y1 ∈ [0,y] and ζ ∈ (0,1), the following inequality holds true

h(ζx1 + l(1− ζ )y1)≤ ζ β h(x1)+ l(1− ζ β)h(y1). (6)

If β = l = 1, then (β , l)-convex functions coincide with convex functions.

Definition 7([16]). A space of continuous real valued functions h(ζ ) on [x,y], denoted by Lr,s[x,y] is given by

(

∫ y

x
|h(ζ )|rζ sdζ

)
1
r

< ∞, (7)

where, 1 ≤ r < ∞,s ≥ 0. Also, Lr,0[x,y] = Lr[x,y] and L1,0[x,y] = L1[x,y].

Definition 8(Beta function [17]). The Euler’s Beta function with ℜ(ρ1),ℜ(ρ2)> 0 where ℜ is the real part of the function

is given by,

B(ρ1,ρ2) =

∫ 1

0
tρ1−1(1− t)ρ2−1dt. (8)

The Pochhammer k-symbol (y)p,k is defined as (see, [18, Defn.1, p. 181]),

(y)p,k = y(y+ k)(y+ 2k) . . .y+(p− 1)k, (p ∈ N0,k > 0). (9)
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The k− gamma function Γk is defined as (see, [18, Defn.3, p. 182]),

Γk(y) = lim
p→∞

p!kp(pk)
y
k
−1

(y)p,k

, (k > 0,y ∈C\ kZ−
0 ,kZ

−
0 = [km : m ∈ Z

−
0 ]). (10)

For k = 1, the equations (9) and (10), reduce to the Pochhammer symbol (y)p and the gamma function (see e.g., [17]),
respectively, as follows:

(y)p =
p

∏
r=1

(y+ r− 1) =
Γ (y+ p)

Γ (y)
, p ∈ N, y 6= 0,−1,−2, . . . ,

and

Γ (ϕ) =
∫ ∞

0
e−ttϕ−1dt, ℜ(ϕ)> 0.

Fractional calculus provides a powerful tool which has been recently employed to model real life problems. The
derivatives and integrals of arbitrary order are used by many researchers and scientists to study various types of problems
(see, e.g. [19,20,21,22,23]).

Definition 9((k− r) Riemann-Liouville fractional integral [24] ). Let h be a continuous function defined on a finite real

interval [x,y], that is, h ∈ L1[x,y] and ℜ(α)> 0. Then, (k−r) Riemann-Liouville fractional integral operator r
kJ

α
c of order

α > 0 of the function h is defined as:

(r
kJ

α
x h)(t) =

(r+ 1)1− α
k

kΓk(α)

∫ t

x

[

tr+1 − ζ r+1
]

α
k −1

ζ rh(ζ )dζ , (k > 0,r ∈ R,r 6=−1). (11)

The left and right sided (k-r) Riemann-Liouville fractional integral operator are given by

(

r
kJ

α
x+h

)

(t) =
(r+ 1)1− α

k

kΓk(α)

∫ t

x

[

tr+1 − ζ r+1
]

α
k −1

ζ rh(ζ )dζ , (12)

(

r
kJ

α
y−h

)

(t) =
(r+ 1)1− α

k

kΓk(α)

∫ y

t

[

ζ r+1 − tr+1
]

α
k
−1

ζ rh(ζ )dζ , (13)

respectively.

Special cases:

1.If r = 0, (k− r) Riemann-Liouville fractional integral reduces to k-Riemann-Liouville fractional integral [?, eq.8, p.
91]

(kJ
α
x h)(t) =

1

kΓk(α)

∫ t

x
[t − ζ ]

α
k −1

h(ζ )dζ , (k > 0). (14)

Also, the left and right sided k-Riemann-Liouville fractional integrals of h ∈ L1[x,y], k > 0 and ℜ(α) > 0 are

(

kJ
α
x+h

)

(t) =
1

kΓk(α)

∫ t

x
[t − ζ ]

α
k
−1

h(ζ )dζ , (15)

(

kJ
α
y−h

)

(t) =
1

kΓk(α)

∫ y

t
[ζ − t]

α
k
−1

h(ζ )dζ , (16)

respectively.
2.If k = 1, (k− r) Riemann-Liouville fractional integral reduces to Katugampola fractional integral [?], given by

(

r
J

α
x+h

)

(t) =
r1−α

Γ (α)

∫ t

x
(tr − ζ r)α−1ζ r−1h(ζ )dζ , t > x, (17)

(

r
J

α
y−h

)

(t) =
r1−α

Γ (α)

∫ y

t
(ζ r − tr)α−1ζ r−1g(ζ )dζ , t < y, (18)

where, h ∈ L1[x,y], r ∈ R,r 6=−1 and ℜ(α)> 0.
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3.If k = 1,r = 0, (k− r) Riemann-Liouville fractional integral reduces to Riemann-Liouville fractional integral [25,26],
given by

(

Jα
x+h

)

(t) =
1

Γ (α)

∫ t

x
(t − ζ )α−1h(ζ )dζ , t > x, (19)

(

Jα
y−h

)

(t) =
1

Γ (α)

∫ y

t
(ζ − t)α−1h(ζ )dζ , t < y, (20)

where, h ∈ L1[x,y] and ℜ(α)> 0.

In the next section, we obtain various inequalities via (k− r) Riemann-Liouville fractional integral.

2 Main results

In this section, we derive inequalities for the (k− r) Riemann-Liouville fractional integral of a function using convex,
quasi-convex, l-convex, η-convex in the second sense and (β , l)-convex functions.

Lemma 1.Let h : D ⊆ R→R be a differentiable function on D, where, x,y ∈ D with ζ ∈ [0,1]. If h ∈ L1[x,y], then, for all

x ≤ x1 < y1 ≤ y, k > 0,r ∈ R,r 6=−1 and α > 0, we have,

h(xr
1)+ h(yr

1)

r(yr
1 − xr

1)
−

αΓk(α)r
α
k
−1

(yr
1 − xr

1)
α
k
+1

[

r
kJ

α
x+1

h(yr
1)+

r
kJ

α
y−1

h(xr
1)
]

=

∫ 1

0
ζ r( α

k +1)−1h′ ((1− ζ r)xr
1 + ζ ryr

1)dζ −

∫ 1

0
ζ r( α

k +1)−1h′ (ζ rxr
1 +(1− ζ r)yr

1)dζ .

(21)

Proof.Consider the integral,

I =

∫ 1

0
ζ

αr
k
−1h(ζ rxr

1 +(1− ζ r)yr
1)dζ +

∫ 1

0
ζ

αr
k
−1h((1− ζ r)xr

1 + ζ ryr
1)dζ . (22)

Let ζ rxr
1 +(1− ζ r)yr

1 = µ r and (1− ζ r)xr
1 + ζ ryr

1 = νr, then equation (22) becomes,

I =
1

(yr
1 − xr

1)
α
k

∫ y1

x1

(yr
1 − µ r)

α
k
−1h(µ r)µ r−1dµ +

1

(yr
1 − xr

1)
α
k

∫ y1

x1

(νr − xr
1)

α
k
−1h(νr)νr−1dν

=
kΓk(α)r

α
k
−1

(yr
1 − xr

1)
α
k

r
kJ

α
x+1

h(yr
1)+

kΓk(α)r
α
k
−1

(yr
1 − xr

1)
α
k

r
kJ

α
y−1

h(xr
1).

Therefore, we have,

∫ 1

0
ζ

αr
k
−1h(ζ rxr

1 +(1− ζ r)yr
1)dζ +

∫ 1

0
ζ

αr
k
−1h((1− ζ r)xr

1 + ζ ryr
1)dζ

=
kΓk(α)r

α
k −1

(yr
1 − xr

1)
α
k

[

r
kJ

α
x+1

h(yr
1)+

r
kJ

α
y−1

h(xr
1)
]

.

(23)

Using integration by parts on the LHS of the equation (23), we get,

LHS =
k [h(xr

1)+ h(yr
1)]

αr

+
k (yr

1 − xr
1)

α

[

∫ 1

0
ζ r( α

k
+1)−1

(

h′ (ζ rxr
1 +(1− ζ r)yr

1)− h′ ((1− ζ r)xr
1 + ζ ryr

1)
)

dζ

]

.

Substituting the value of LHS in the equation (23) and simplifying, we get,

[h(xr
1)+ h(yr

1)]

r
−

αΓk(α)r
α
k
−1

(yr
1 − xr

1)
α
k

[

r
kJ

α
x+1

h(yr
1)+

r
kJ

α
y−1

h(xr
1)
]

= (yr
1 − xr

1)
∫ 1

0
ζ r( α

k
+1)−1h′ ((1− ζ r)xr

1 + ζ ryr
1)dζ −

∫ 1

0
ζ r( α

k
+1)−1h′ (ζ rxr

1 +(1− ζ r)yr
1)dζ .
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=⇒
h(xr

1)+ h(yr
1)

r(yr
1 − xr

1)
−

αΓk(α)r
α
k −1

(yr
1 − xr

1)
α
k +1

[

r
kJ

α
x+1

h(yr
1)+

r
kJ

α
y−1

h(xr
1)
]

=

∫ 1

0
ζ r( α

k +1)−1h′ ((1− ζ r)xr
1 + ζ ryr

1)dζ −

∫ 1

0
ζ r( α

k +1)−1h′ (ζ rxr
1 +(1− ζ r)yr

1)dζ .

Thus, we get our required result (21).

The following theorem is based on η −convexity of the function h′ in the second sense and establishes the relationship
between (k− r) Riemann fractional integral and Beta function B(ρ1,ρ2).

Theorem 1.Let h : D ⊆ R → R be a positive function which is differentiable on D, with x,y ∈ D and ζ ∈ [0,1]. Let

h′ ∈ L1[x1,y1], then for all x ≤ x1 < y1 ≤ y, α,k > 0 and r ∈ R,r 6=−1. If h′ is η − convex in the second sense on [x1,y1]
and η ∈ [0,1], then the inequality given below holds true

h(xr
1)+ h(yr

1)

r(yr
1 − xr

1)
−

αΓk(α)r
α
k −1

(yr
1 − xr

1)
α
k +1

[

r
kJ

α
x+1

h(yr
1)+

r
kJ

α
y−1

h(xr
1)
]

≤
[

h′(xr
1)+ h′(yr

1)
]

[

1

r
B(

α

k
+ 1,η + 1)+

k

r[k(η + 1)+α]

]

.

(24)

Proof.From Lemma 1, we have,

h(xr
1)+ h(yr

1)

r(yr
1 − xr

1)
−

αΓk(α)r
α
k −1

(yr
1 − xr

1)
α
k +1

[

r
kJ

α
x+1

h(yr
1)+

r
kJ

α
y−1

h(xr
1)
]

=

∫ 1

0
ζ r( α

k +1)−1h′ ((1− ζ r)xr
1 + ζ ryr

1)dζ −

∫ 1

0
ζ r( α

k +1)−1h′ (ζ rxr
1 +(1− ζ r)yr

1)dζ .

(25)

Since h′ is η − convex, from (5) we have,

I1 =

∫ 1

0
ζ r( α

k +1)−1h′ ((1− ζ r)xr
1 + ζ ryr

1)dζ

≤

∫ 1

0
ζ r( α

k
+1)−1

[

(1− ζ r)η h′(xr
1)+ ζ rηh′(yr

1)
]

dζ

= h′(xr
1)

∫ 1

0
ζ r( α

k
+1)−1(1− ζ r)η dζ + h′(yr

1)

∫ 1

0
ζ r( α

k
+η+1)−1dζ

=
h′(xr

1)

r
B
(α

k
+ 1,η + 1

)

+ h′(yr
1)

k

r[k(η + 1)+α]
.

(26)

Similarly,

I2 =−

[

∫ 1

0
ζ r( α

k
+1)−1h′ (ζ rxr

1 +(1− ζ r)yr
1)dζ

]

≤

[

∫ 1

0
ζ r( α

k
+1)−1h′ (ζ rxr

1 +(1− ζ r)yr
1)dζ

]

≤
h′(yr

1)

r
B
(α

k
+ 1,η + 1

)

+ h′(xr
1)

k

r[k(η + 1)+α]
.

(27)

Substituting equations (26) and (27) in (25), we get the desired result (24).

If the function h is quasi-convex, then we have the following result.

Theorem 2.let h : [x,y] → R be a positive function. Let h ∈ L1[x,y] be quasi-convex on [x,y], then the inequality given

below holds true for (k− r) Riemann-Liouville fractional integral

αΓk(α)r
α
k

2(yr − xr)
α
k

[

r
kJ

α
x+h(yr)+ r

kJ
α
y−h(xr)

]

≤ sup [h(xr),h(yr)] , (28)

where, α > 0,k > 0 and r ∈ R,r 6=−1.
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Proof.By quasi-convexity of the function h on [x,y], for ζ ∈ [0,1], we have,

1

2
[h(ζ rxr +(1− ζ r)yr)+ h((1− ζ r)xr + ζ ryr)]≤ sup [h(xr),h(yr)] . (29)

Multiplying both sides of the equation (29) by ζ
αr
k −1 and integrating with respect ζ over [0,1], we get,

1

2

∫ 1

0
ζ

αr
k
−1 [h(ζ rxr +(1− ζ r)yr)+ h((1− ζ r)xr + ζ ryr)]dζ ≤

∫ 1

0
ζ

αr
k
−1 sup [h(xr),h(yr)] .

Following the procedure similar to the Lemma 1, we get,

=⇒
1

2

kΓk(α)r
α
k
−1

(yr − xr)
α
k

[

r
kJ

α
xr+h(yr)+ r

kJ
α
y−h(xr)

]

≤
k

αr
sup [h(xr),h(yr)] .

On simplifying, we get our desired result (28).

If h is a differentiable function and |h′|n is quasi-convex, then we have the following result:

Theorem 3.If h : [x,y]→ R is a differentiable mapping on (x,y) with x < y such that h′ ∈ L1[x,y]. If |h′|n is quasi-convex

on [x,y] and m > 1, then the inequality given below holds true:

∣

∣

∣

∣

∣

h(xr
1)+ h(yr

1)

r(yr
1 − xr

1)
−

αΓk(α)r
α
k −1

(yr
1 − xr

1)
α
k +1

[

r
kJ

α
x1+

h(yr
1)+

r
kJ

α
y1−

h(xr
1)
]

∣

∣

∣

∣

∣

≤ 2

[

k

mrα + k(mr−m+ 1)

]
1
m
[

sup (|h′(xr
1)|

n
, |h′(yr

1)|
n)
]

1
n ,

(30)

where, x ≤ x1 < y1 ≤ y, 1
m
+ 1

n
= 1, α,k > 0,r ∈ R,r 6=−1 and m,n ∈ [1,∞).

Proof.Taking modulus on both sides of (21), and using Holder’s inequality thereupon, we get,

∣

∣

∣

∣

∣

h(xr
1)+ h(yr

1)

r(yr
1 − xr

1)
−

αΓk(α)r
α
k
−1

(yr
1 − xr

1)
α
k
+1

[

r
kJ

α
x1+

h(yr
1)+

r
kJ

α
y1−

h(xr
1)
]

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∫ 1

0
ζ r( α

k +1)−1h′ ((1− ζ r)xr
1 + ζ ryr

1)dζ −

∫ 1

0
ζ r( α

k +1)−1h′ (ζ rxr
1 +(1− ζ r)yr

1)dζ

∣

∣

∣

∣

≤

∣

∣

∣

∣

∫ 1

0
ζ r( α

k +1)−1h′ ((1− ζ r)xr
1 + ζ ryr

1)dζ

∣

∣

∣

∣

+

∣

∣

∣

∣

∫ 1

0
ζ r( α

k +1)−1h′ (ζ rxr
1 +(1− ζ r)yr

1)dζ

∣

∣

∣

∣

≤

[

∫ 1

0

(

ζ r( α
k +1)−1

)m

dζ

]
1
m
[

∫ 1

0

(

h′ ((1− ζ r)xr
1 + ζ ryr

1)
)n

dζ

]
1
n

+

[

∫ 1

0

(

ζ r( α
k +1)−1

)m

dζ

]
1
m
[

∫ 1

0

(

h′ (ζ rxr
1 +(1− ζ r)yr

1)
)n

dζ

]
1
n

.

Since |h′|n is quasi-convex, we have,

∣

∣

∣

∣

∣

h(xr
1)+ h(yr

1)

r(yr
1 − xr

1)
−

αΓk(α)r
α
k −1

(yr
1 − xr

1)
α
k +1

[

r
kJ

α
x1+

h(yr
1)+

r
kJ

α
y1−

h(xr
1)
]

∣

∣

∣

∣

∣

≤ 2

[

k

mrα + k(mr−m+ 1)

]
1
m
[

sup (|h′(xr
1)|

n
, |h′(yr

1)|
n)
]

1
n .

Hence, we get our desired result (30).

We now obtain Hermite-Hadamard type inequalities for the product of two functions. When the functions f and g are
l1 − convex and l2 − convex respectively, we have the following result.
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Theorem 4.Let f ,g : R→R, 0 < x < y be functions such that f g ∈ L1[x,y]. If f is l1 −convex and g is l2 −convex on [x,y]
with l1, l2 ∈ (0,1], then the following inequalities hold true for α,k > 0,r ∈R,r 6=−1:

(a)
kΓk(α)r

α
k −1

(yr − xr)
α
k

r
kJ

α
x+ ( f (yr)g(yr))

≤
k

r(α + 2k)
[ f (xr)g(xr)]+

k2

r(α + k)(α + 2k)

[

l2 f (xr)g

(

yr

l2

)

+ l1 g(xr) f

(

yr

l1

)]

+
2l1l2k3

rα(α + k)(α + 2k)

[

f

(

yr

l1

)

g

(

yr

l2

)]

.

(31)

(b)
kΓk(α)r

α
k −1

(yr − xr)
α
k

r
kJ

α
y− ( f (xr)g(xr))

≤
k

r(α + 2k)
[ f (yr)g(yr)]+

k2

r(α + k)(α + 2k)

[

l2 f (yr)g

(

xr

l2

)

+ l1 g(yr) f

(

xr

l1

)]

+
2l1l2k3

rα(α + k)(α + 2k)

[

f

(

xr

l1

)

g

(

xr

l2

)]

.

(32)

Proof.(a) Since f is l1 − convex and g is l2 − convex, for ζ ∈ [0,1], we have

f (ζ rxr +(1− ζ r)yr)≤ ζ r f (xr)+ l1(1− ζ r) f

(

yr

l1

)

. (33)

g(ζ rxr +(1− ζ r)yr)≤ ζ rg(xr)+ l2(1− ζ r)g

(

yr

l2

)

. (34)

From the inequalities (33) and (34), we have,

f (ζ rxr +(1− ζ r)yr)g(ζ rxr +(1− ζ r)yr)

≤ζ 2r f (xr)g(xr)+ l2(1− ζ r)ζ r f (xr)g

(

yr

l2

)

+ l1(1− ζ r)ζ rg(xr) f

(

yr

l1

)

+ l1l2(1− ζ r)2 f

(

yr

l2

)

g

(

yr

l2

)

.

(35)

Multiplying both sides of the equation (35) by ζ
αr
k −1 and integrating with respect to ζ from [0,1], we get,

kΓk(α)r
α
k
−1

(yr − xr)
α
k

r
kJ

α
x+ ( f (yr)g(yr))

≤ f (xr)g(xr)

∫ 1

0
ζ r( α

k
+2)−1dζ + l2 f (xr)g

(

yr

l2

)

∫ 1

0
ζ r( α

k
+1)−1(1− ζ r)dζ

+ l1g(xr) f

(

yr

l1

)

∫ 1

0
ζ r( α

k
+1)−1(1− ζ r)dζ + l1l2 f

(

yr

l2

)

g

(

yr

l2

)

∫ 1

0
ζ

αr
k
−1(1− ζ r)2dζ

=
k

r(α + 2k)
[ f (xr)g(xr)]+

k2

r(α + k)(α + 2k)

[

l2 f (xr)g

(

yr

l2

)]

+
k2

r(α + k)(α + 2k)

[

l1g(xr) f

(

yr

l1

)]

+
2l1l2k3

rα(α + k)(α + 2k)

[

f

(

yr

l1

)

g

(

yr

l2

)]

Hence we get our desired result (31).

(b) Similarly,

f (ζ ryr +(1− ζ r)xr)≤ ζ r f (yr)+ l1(1− ζ r) f

(

xr

l1

)

. (36)
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g(ζ ryr +(1− ζ r)xr)≤ ζ rg(yr)+ l2(1− ζ r)g

(

xr

l2

)

. (37)

From the inequalities (36) and (37), we have,

f (ζ ryr +(1− ζ r)xr)g(ζ ryr +(1− ζ r)xr)

≤ζ 2r f (yr)g(yr)+ l2(1− ζ r)ζ r f (yr)g

(

xr

l2

)

+ l1(1− ζ r)ζ rg(yr) f

(

xr

l1

)

+ l1l2(1− ζ r)2 f

(

xr

l2

)

g

(

xr

l2

)

.

(38)

Multiplying both sides of the equation (38) by ζ
αr
k
−1 and integrating with respect to ζ from [0,1], we get our desired

result (32).

Corollary 1.Let f ,g : R → R, 0 < x < y be convex functions such that f g ∈ L1[x,y]. Then the inequalities given below

hold true for α,k > 0,r ∈ R,r 6=−1:

(a)
kΓk(α)r

α
k −1

(yr − xr)
α
k

r
kJ

α
x+ ( f (yr)g(yr))

≤
k

r(α + 2k)
[ f (xr)g(xr)]+

k2

r(α + k)(α + 2k)
[ f (xr)g(yr)+ g(xr) f (yr)]

+
k3

rα(α + k)(α + 2k)
[ f (yr)g(yr)] .

(39)

(b)
kΓk(α)r

α
k −1

(yr − xr)
α
k

r
kJ

α
y− ( f (xr)g(xr))

≤
k

r(α + 2k)
[ f (yr)g(yr)]+

k2

r(α + k)(α + 2k)
[ f (yr)g(xr)+ g(yr) f (xr)]

+
k3

rα(α + k)(α + 2k)
[ f (xr)g(xr)] .

(40)

Proof.Substituting l1 = l2 = 1 in the equations (31) and (32) of the Theorem 4, we get (39) and (40), respectively.

For the (β1, l1)-convex and (β2, l2)-convex functions f and g, respectively, we have the following theorem:

Theorem 5.Let f ,g :R→R, 0< x< y be functions such that f g∈ L1[x,y]. If f is (β1, l1)−convex and g is (β2, l2)−convex

on [x,y] with (β1, l1),(β2, l2) ∈ (0,1]× (0,1], then the inequalities given below hold true for α,k > 0,r ∈ R,r 6=−1:

(a)
kΓk(α)r

α
k
−1

(yr − xr)
α
k

r
kJ

α
x+ ( f (yr)g(yr))

≤
k

r(α +β1k+β2k)
[ f (xr)g(xr)]+

rk2β2

(αr+ rkβ1)(αr+ rkβ1 + rkβ2)

[

l2 f (xr)g

(

yr

l2

)]

+
rk2β1

(αr+ rkβ2)(αr+ rkβ1 + rkβ2)

[

l1g(xr) f

(

yr

l1

)]

+

[

l1l2 f

(

yr

l1

)

g

(

yr

l2

)][

k

αr
−

k

(αr+ krβ2)
−

k

(αr+ krβ1)
+

k

(αr+ krβ1 + krβ2)

]

.

(41)
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(b)
kΓk(α)r

α
k
−1

(yr − xr)
α
k

r
kJ

α
y− ( f (xr)g(xr))

≤
k

r(α +β1k+β2k)
[ f (yr)g(yr)]+

rk2β2

(αr+ rkβ1)(αr+ rkβ1 + rkβ2)

[

l2 f (yr)g

(

xr

l2

)]

+
rk2β1

(αr+ rkβ2)(αr+ rkβ1 + rkβ2)

[

l1g(yr) f

(

xr

l1

)]

+

[

l1l2 f

(

xr

l1

)

g

(

xr

l2

)][

k

αr
−

k

(αr+ krβ2)
−

k

(αr+ krβ1)
+

k

(αr+ krβ1 + krβ2)

]

.

(42)

Proof.(a) Since f is (β1, l1)− convex and g is (β2, l2)− convex, for ζ ∈ [0,1] we have

f (ζ rxr +(1− ζ r)yr)≤ ζ rβ1 f (xr)+ l1(1− ζ rβ1) f

(

yr

l1

)

. (43)

g(ζ rxr +(1− ζ r)yr)≤ ζ rβ2 g(xr)+ l2(1− ζ rβ2)g

(

yr

l2

)

. (44)

Multiplying the inequalities (43) and (44), we get

f (ζ rxr +(1− ζ r)yr)g(ζ rxr +(1− ζ r)yr)

≤ζ rβ1+rβ2 f (xr)g(xr)+ l2(1− ζ rβ2)ζ rβ1 f (xr)g

(

yr

l2

)

+ l1(1− ζ rβ1)ζ rβ2 g(xr) f

(

yr

l1

)

+ l1l2(1− ζ rβ1)(1− ζ rβ2) f

(

yr

l2

)

g

(

yr

l2

)

.

(45)

Multiplying both sides of equation (45) by ζ
αr
k
−1 and integrating with respect to ζ on [0,1], we get,

kΓk(α)r
α
k
−1

(yr − xr)
α
k

r
kJ

α
x+ ( f (yr)g(yr))

≤ f (xr)g(xr)

∫ 1

0
ζ r( α

k
+β1+β2)−1dζ + l2 f (xr)g

(

yr

l2

)

∫ 1

0
ζ r( α

k
+β1)−1(1− ζ rβ2)dζ

+ l1g(xr) f

(

yr

l1

)

∫ 1

0
ζ r( α

k
+β2)−1(1− ζ rβ1)dζ

+ l1l2 f

(

yr

l2

)

g

(

yr

l2

)

∫ 1

0
ζ

αr
k
−1(1− ζ rβ1)(1− ζ rβ2)dζ .

On simplification, we get our desired result (41).

(b) Similarly,

f (ζ ryr +(1− ζ r)xr)≤ ζ rβ1 f (yr)+ l1(1− ζ rβ1) f

(

xr

l1

)

. (46)

g(ζ ryr +(1− ζ r)xr)≤ ζ rβ2 g(yr)+ l2(1− ζ rβ2)g

(

xr

l2

)

. (47)

From inequalities (46) and (47), we have,

f (ζ ryr +(1− ζ r)xr)g(ζ ryr +(1− ζ r)xr)

≤ζ rβ1+rβ2 f (yr)g(yr)+ l2(1− ζ rβ2)ζ rβ1 f (yr)g

(

xr

l2

)

+ l1(1− ζ rβ1)ζ rβ2 g(yr) f

(

xr

l1

)

+ l1l2(1− ζ rβ1)(1− ζ rβ2) f

(

xr

l2

)

g

(

xr

l2

)

.

(48)

Multiplying both sides of the equation (48) by ζ
αr
k
−1 and integrating with respect to ζ from [0,1], we get our desired

result (42).
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3 Conclusion

In this paper, we begin with the review of fractional integral operators and Hermite-Hadamard inequality. We generalize
Hermite-Hadamard inequality using (k − r) Riemann-Liouville fractional integral operator. Our work includes several
Hermite-Hadamard inequalities for convex, quasi-convex, l-convex, η-convex in the second sense and (β , l)-convex
functions. Also, we have obtained the inequalities for the product of two l-convex and two (β , l)-convex functions. We
observed that, under certain conditions the inequalities for the product of two l-convex and two (β , l)-convex functions
reduce to the inequalities for the product of the convex functions. Also, some of the results obtained in this paper are
generalizations of some already known results [12,27]. Various authors have worked on the inequalities for different
types of functions and fractional operators. Rashid et al. [28] discussed Hermite-Hadamard and Ostrowski type
inequalities for n-polynomials, s-type convex functions by employing k-fractional integral operators and studied the
quadrature rules that are helpful in fractal theory, optimization and machine learning. Hermite-Hadamard inequalities for
the differentiable exponentially convex and exponential quasi-convex functions, which were applied to numerical
analysis and statistics, have also been discussed in the recent years [29]. Inequalities for the p-th order differentiation
useful in the Banach Spaces are also obtained [30]. Further, Gr̈uss type inequalities for the generalized k-fractional
integral operator are discussed and applied in the real world mathematical problems [31,32]. As future scope, these
results can be extended using (k− r) Riemann-Liouville fractional integral operator and applications can be found in the
fractal theory, machine learning, numerical analysis, statistics and various others.
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