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Abstract: In this paper we established some explicit expressions egwinence relations for single and product momentk-ah
lower record values from J-shaped distribution. Furtheingia recurrence relation for single moments we obtainaciterization of
J-shaped distribution.
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1 Introduction L(1) = 1. For more details and references, see Ahsanullah
[1], Arnold and Balakrishnan [2] and Arnok al. [3].

The model of record statistics defined by Chandler [8] asFor a fixedk > 1 we define the sequen¢el’,n > 1} of
a model for successive extremes in a sequence ok—thlower record times ofXy,n> 1} as follows
independent and identically distributedid) random

variables. This model takes a certain dependence structurelk) _ 4

into consideration. That is, the life-length distributiof 1 ’

the components in the system may change after each

failure of the components. For this type of model, we | (k) _ . . (k) .y . _ e
consider the lower record statistics. If various voltages o Lopfr=min{j>Ln" 1 X Li(n) +k=1> X j+k—1}.
equipment are considered, only the voltages less than the Y

previous one can be recorded. These recorded voltagdsor k=1 andn=1,2,... we write L;” = Ln. Then
are the lower record value sequence. {Ln,n> 1} is the sequence of record times{o,,n > 1}.
Record values are found in many situations of daily life asThe sequencéY.¥,n > 1}, whereY ¥ = X, is called
well as in many statistical applications. Often we are,, sequence df lower record values o{Xn,Fl > 1}. For
interested in observing new records and in recording them : K)

e.g. Olympic records or world records in sports. convenience, we shall also takg” = 0. Note thatk = 1
Motivated by extreme weather conditions. we haveYn(1> = X,,n > 1, which are record value of

K) .
) ) Xn,n21.MoreoverY( =min{ Xy, Xp,..., = X1k
Let X1, Xo,... be a sequence ofd random variables { } ! Ba,% X} Lk

with distribution function (df) F(x) and probability (k)

ity oion (p(df)) (f)(x)- SUppoSe Let {X},n> 1} be the sequence hf—th(ll(?werrecqrd
Yo = Min{Xy,Xo,...,Xn} for n> 1. we sayX;, j > 1is a values then from (1.1). Then thedf of XL(n), n>1is
lower record value of this sequence, ¥f < Yj_1 for  givenby

j > 1. And we suppose thaX; is a first lower record

value. The indices at which the lower record values occur

are given by record times{L(n),n > 1 >, where K" ne1 k1

Ln = min{j|j > L(n—1),Xj < X (n_1}, N > 1, with fx‘ﬁﬂ (x) = (n—1)! [HIn(FEOITH RO H(x) (1.2)
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and the jointpd f of XL('(‘[)W andXL('(‘r)1>, 1<m<nn>2 that8 = 1, in which case thedf anddf are respectively
is given by reduced to

kn ~ f(x)=2a(1-x)[x(2-x)]%"1, 0<x<1, 0<a<1
® W (XY)= [=In(F (x)]™*
m XL —1)I(n—m-—1)! (1.3)
m o (Mm=1)in=m=1) and the correspondirdf is

Cme 4 F(x
<IN () +HINE )™ P HFG ) X<y F(g = [x2-%)]7, 0<x<1, 0<a<1
(1.4)
We shall denote (12) For more details on this distribution and its application
one may refer to Topp and Leone [21] Nadarajah and
=B, rn=12..., Kotz [17].
s =B ()9, 1<m<n-1 and rs=12..,
u&ﬁm:k:E((xiﬁm)’):u&)m:k), 1<m<n-1 and r=12,...,

2 Relationsfor Single moment

(0s)  _ (k) _ 4 _
H ik = E((XL(H))S) = M 1<m<n-1 and s=12...,

Various development on record values in found to beNote that for J-shaped distribution defined in (1.5)
Kumar and Singh [13], Kumar and Khan [15], Kumar

[14] and Kumar and Kulshrestha [16]. Explicit expression X(2—X) f(X) = 2a(1-x)F (x).

and recurrence relations for single and product moments (21)

of k—th lower record values from exponentiated _The relation in (2.1) _vviII be exploited in this paper to
log-logistic distribution are derived by Kumar [12]. derive recurrence relations for the moments of record

Recurrence relations for single and product moments op@lues from the J-shaped distribution. .
record values from generalized Pareto, lomax, Ve shall first establish the explicit expression for the

exponential and generalized extreme value distributiorsingle moment ok—th lower record valueﬁlEEf]>:k. Using
are derived by Balakrishnan and Ahsanullah [4], [5] and(1.1), we have
[6] and Balakrishnaret al. [7] respectively. Pawlas and

Szynal [18], [19] and Saran and Singh [20] have

established recurrence relations for single and product ¢y K" 1 kel ne1
moments ofk—th record values from Weibull, Gumbel M = (n—l)!/o X [F OO T=In(F ()™ (x)dx
and linear exponential distributions. Kamps [11] (2.2)
investigated the importance of recurrence relations ofgy  setting t = F(x) in (2.2), since
order statistics in characterization. 1) — (1 /1 _xdja

In the present study, we established some explicitF (X)_(l 1=x ),we get

expressions and recurrence relations satisfied by the .
single and product moments of lowkr record values n _ K /1[F—1(t)]rtk—1[_|nt]n—ldt. (2.3)
0

from the J-shaped distribution. A characterization of this Heny (n—1)!
distribution has also been obtained on using a recurrence

relation for single moments. ; : AT\ e a

A random variableX is said to have J-shaped A power series expansion fc<ﬂ+ ,1+)\) 's given by
distribution if its pd f is given by (see p. 21 of Gradshteyn and Ryzhik [9])

_ 2a X\ [ X xy1a-1 " u/sA
f(x)7F<1—E)[E<2—E>] , 0<x< B, O0<a<1 (1+\/1+—)\) =2 [1+ﬂ(§)+
and the correspondirdf is _ 2 _ — 3

u(u 3)(&) +u(u 4)(u 5)(&) +...}, (2.4)
2! 2 3! 2

F(x)= [%(2—%)}0, 0<x<B, 0<a<l

j
. v .
The distribution is called J-shaped becaud®) > O, Applying (2.4) for(l 1-t /a) , We obtain

f'(x) < 0andf’(x) > 0 forall 0< x < 8. .

Topp and Leone [21] introduced this distribution and (1_ m)’ =5 ptdtv/e

derived its first four moments, they gave no motivation to VZO ’

the distribution expect referring to its suitability to nmedd

failure data. where _ _ _

We assume through this study, with out loss of generality, po=2"1,p1 = j27 ) andpy =20+ V=1 j(j+v+

for any real numbeu.
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1.0 (r+1)
b) forv=2,3,.... =20K( — U —H
Thus (2.3) becomes (r " r+1 e )
. and hence the result we obtained.
u(r) _ K" Z a /1t((r+p)/a)+k—1[_|nt]n—ldt' Remark 22  Settingk = 1 in (2.6) we deduce the
Lk (n—1)! o P o recurrence relation for single moments of lower record

values from the J-shaped distribution.
Again by puttingz = —Int, we obtain

H&L;k = 1|z / [((r+p)/@)+Kt ¢ngy 3 Reations for Product moment

Making use of (1.2), we can derive recurrence relations for
(2.5) product moments df—th lower record values from (1.5).
' Theorem3.1: Forl<m<n-2andr,s=1,2,...,

[ee]

— gk %
= (ak) F,Zo[ak+j+p]”'

Remark 2.1: For k=1 in (2.5) we deduce the 20K\ (rs+1)
explicit expression for single moments of lower record ( +S_|_—1)“L(m7 n)k _2(1+ )“L (mn):k
values from the J-shaped distribution.
, : +2ak (rst1) TR (3.1)
Recurrence relations for single moment&eth lower S+ 1“|_ (mn—1):k S“L(mn—l):k : :
record values frond f (1.1) can be derived in the following
theorem. Proof: From equation (1.2) for Kk m<n-—2 andr,s=
Theorem 2.1: For a positive integek > 1 and forn>1  0,1,2,...,
andr=0,12,...,
21 ey~ e
20k (141 aky
(1 ) o= 21 77 ) Mo . . 0
= X [=In(F ()™t =S (X,
(r+1) (r m-—1)! n—m—l!/ F(x
+Zak(—u,_ A _F“Lm—l):k)' (2.6) (m—1) )t Jo [F(x)] 52)
Proof We have where
X
2y K 109 = [ Y=y [-In(F W)+ In(F )" ™ HF ) (y)dy,
Lim:k— FLmk ™ (n— 1)1 (33)

L On using (2.1), then (3.3) reduced to
/O X (2—X)[F) L =In(Fx)"f(x)dx. (2.7

X)=2a [y (L-y)l-In(F () + In(F ()" ™ F )y
On using (2.1), then (2.7) reduced to 0

Integrating 1 (x) by parts treatingy> (1 —y) for

ou® Y 20K integration and the rest of the integrand for
L(n:k FL(mk = (n— 1)1 differentiation, and substituting the resulting expressi
in (3.2), we get
1
X1 —x)[F (x)]<[=In(F (x))]"tdx. (2.8) " .
/0 e Zikm 1] // y: :il
Integrating by parts treating' (1 — x) for integration
and the rest of the integrand for differentiation,then 2.8 . |_inF(x))™[=inF (y))+|n(|:(x))]n*m*1[|:<y)]k*1[;i))?)] f (y)dydx
becomes ook
2 0+ _ a 2an m—1)k" yS yS+1
IJL(n):k IJL(n):k (n—2)! + (n—m—1)! / / s s+1
L/x X+l . - m nm 1
G =7 IF OO = In(F o)l 2F (g lIn(F ™ H-InGE )+ I G AP 1 ey e
i+l and hence the result we obtain.

n 1 I
—ﬂ/ (X—— )IFOOI H-In(F(x))]" “f(x)dx Remark 31 Settingk = 1 in (3.3), we deduce the
(n=1!Jo \r r+1 recurrence relation for product moments of lower record
" 1 (+1) values from the J-shaped distribution.
_Zak( Hin-1)— er1“L(n 1): k)

(@© 2014 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

240 NS 2 D. Kumar: Explict Expressions for Moments iif-TH Lower...

4 Characterization 5 Conclusion

Theorem 4.1: Let X be a non-negative random variable In this study some explicit expression and recurrence
having an absolutely continuous distribution functiogx) relations for single and product moments of lower record

with F(0) =0 and O< F(x) < 1 for allx > 0, then values from the J-shaped distribution have been
established. Further, characterization of this distrdout
(1+ %)uﬁr(::)l& _ 2(1+ O{Tk)“i%):k E%ZIzlfﬁotrjr?ee:t:.btamed on using a recurrence relation for
+Zak(ﬁ11“&:})1):k - %“&Ll):k) (4.1)
if and only if Acknowledgement
F(x)=[x(2-x)]%, 0<x<1, O<a<1 The author is gratefully acknowledge to the referee for

giving valuable comments that led to an improvement in
Proof:  The necessary part follows immediately from the presentation of the study.
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