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Abstract: A delayed rumor propagation model with psychological factors and forgetting mechanism is formulated. The local stability
of the rumor-free equilibrium and the rumor-prevailing equilibrium is discussed by analyzing the corresponding characteristic equations.
Using Lyapunov functional, we prove that the rumor-free equilibrium is globally asymptotically stable when the basic reproduction
number Ry < 1. Also, a sufficient condition is obtained for the global asymptotic stability of the rumor-prevailing equilibrium when
Ro > 1. Numerical examples are presented to illustrate the theoretical results.
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1 Introduction

Rumors are a part of our everyday life, and affects the
community as well as the individual. Mathematical
modeling has played an important role in describing
rumors. The first classical rumor spreading model, which
was proposed in the 1960s by Daley and Kendall [1, 2],
was called DK model. In this model, people are divided
into three classes: ignorants (those who do not know
rumors), spreaders (those who know and spread rumors)
and stiflers (those who know rumors, but do not spread
them). Afterwards, Maki and Thomson [3] developed
another classical MK model in 1973. It focused on the
analysis of rumor prevalence based on mathematical
theory via direct contact between spreaders and others.
Later, many scholars paid attention to the spread of
rumors. Bettencourt et al. [4] have addressed spread
process. Kawachi et al. [5] presented a rumor
transmission model with various contact interactions.
Al-Tuwairqi et al. [6] considered a rumor transmission
model with incubation. Deng et al. [7] proposed a rumor
propagation model with forget-remember mechanism.
Most previous rumor spread models mainly consider
that rumor diffusion process meets the bilinear incidence
rate. Rumor propagation is closely related to personal

psychological quality. Thus, the bilinear incidence rate in
real rumor spread is inappropriate. Recently, the nonlinear
incidence rate in rumor propagation process has been
suggested by several authors, see for example [8,9].

Time delay is a common and inevitable phenomenon
in nature, which is viewed as a latent period and immune
period in epidemics (see, e.g. [10-16]). Similarly, in
rumor spread mechanism, time delay occurs when the
spreaders contact the ignorants because individuals may
not timely respond to rumors. Laarabi et al. [17]
introduced a rumor spreading model incorporating latent
period. Li established a rumor model with time delay
considering forgetting effect [18]. Zhu et al. [19]
proposed time delay state feedback controller and
described authorities actions in reaction-diffusion rumor
spreading model. Li in [20] introduced a time delay
rumor propagation model with a saturated control
function in emergencies. Further works of rumor
propagation models with time delay are found in [21-23].

In this work, we propose the following delayed rumor
propagation model with psychological factors and
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forgetting mechanism :

G = A - w0 - B

) = BSOMEY 1 (1) (1(1) + R()) — (1) — il (1),

dlfz—gl) = yI(t)(I(t)+R(t)) +nl(t) — u3R(z),

(1)
where S(¢), I(r) and R(t) denote the proportions of
ignorants, spreaders and stiflers at time ¢, respectively. A
is the recruitment rate of ignorant, 1 is the transfer rate
from spreader to stifler due to forgetting mechanism, f3 is
the rumor propagation rate from ignorant to spreader, and
a is the saturation factors measuring the psychological or
inhibitory effect of the general public toward rumor. 7 is
the transfer rate from spreader to stifler due to a
spreader’s contacts with another spreader or a stifler, with
only the initiating spreader turns into a stifler. y;, tp and
Uz describe the removal rate of ignorant, spreader and
stifler from the system when they lose interest in rumors.
T > 0 is the average infectious delay of the rumor, i.e. the
time when an individual infected with the rumor will
become infectious. The parameters A, B3, 7, i1, Up and U3
are positive constants and parameters 1 and o are
nonnegative constants.

The initial condition for system (1) takes the form
§(0) >0, 1(6)=9(6) 20, 6 € [-7,0], ¢(0) >0,
R(0) >0, 2)

where ¢ € ¢ ([-7,0],Ry), the Banach space of
continuous functions mapping the interval [—7,0] into
R+.

From the fundamental theory of functional differential
equations [24], system (1) has a unique solution
(S(#),1(2),R(1)) satisfying the initial condition (2). It is
easy to show that the solution (S(¢),1(¢),R(r)) of system
(1) with initial condition (2) is positive for all # > 0.

Summing all equations of system (1) we find that the
total population size N (¢t) = S(¢) +1(t) + R(r) satisfies the
inequality

dN (1)
dt
where 4 = min {uy, Uy, U3 }. It follows that

— A — () — ol (1) — psR() < A — N (1),

) A
limsupN (1) < —,
f—oo u
so the meaningful feasible region of (1) is
3 A
A=4(S,,LR)eR],:S+I+R< E )

Lemma 1. The compact set

A
A= {(S,I,R) €RY:S+I+R< ﬁ}

is positively invariant with respect to system (1), where
p o= min{p, to, 13 }.

The rest of this paper is organized as follows: In the
next section, we discuss the existence and the local
stability of the equilibria using linearization method. In
Section 3, by constructing suitable Lyapunov functionals,
the global stability of equilibria is investigated. In Section
4, we present numerical examples to illustrate our results.
Conclusion is presented in Section 5.

2 Local stability

In this section, we discuss the existence and the local
asymptotic stability of the equilibria of system (1).
We define the basic reproduction number of model (1)
as follows
BA

Ry = ——v,
ty (N + p2)
which represents the average number of secondary
transmissions of the rumor [25].

It is easy to verify that model (1) always has a
rumor-free equilibrium Ey = (ﬁ,0,0). Next, we obtain
the following lemma which ensures the unique existence
of a rumor-prevailing equilibrium E* for Ry > 1.

Lemma 2. If Ry > 1, system (1) has a unique positive
rumor-prevailing equilibrium E* = (§*,I*,R*) with
* 15y

I'e (0, Y).

Proof. Assume that Ry > 1. From the second and third
equations of (1), it follows that

L ol (y(n+ )l >
St = +n+ s 3
B ( woy T &
*\2 *
g Y40l
p3 — I

We have R* > 0 implies that I* € {0, “—;) Hence, no
positive equilibrium exists if I* > £

Substituting equation (3) into the first equation of (1),
we obtain that

F(I")=0,
where
i (1+al) ><7(n+uz)l )
F(I) =A— iy +n+ 7
() < B T n-+H
Ie [o,&>.
Y
We have
B =1

IJy
3
I< 7
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and

F'(I)=— (% 4 1) (77%?;3,)' +n +uz)

B
((m(1+ad) Y3 (n+43)
( B Jr[) (u3—v1)* <0.

Hence, there exists unique I* € (O, “—73) such that
F(I') = 0 if Ry > 1. This shows that model (1) has a
unique positive rumor-prevailing equilibrium
E* = (S§*,I",R*) when Ry > 1.0

Now, we discuss the local behavior of the rumor-free
equilibrium Eo. Letx(t) = S(r) — 4, y(t) = (1) and z (1) =
R(t). Then, the linearized system of (1) around E takes the
following form

B — () - By(c — ),
D = Byt — 1) — (+ ) y(0), )

The associated characteristic equation of system (4)
can be described as

(A+u)A+p3) [A+ 1+ 1) (1 —Roe )| =0. (5)

Theorem 1. If Ry < 1, the rumor-free equilibrium Ej is
locally asymptotically stable for all T > 0. Ej is unstable if
Ry > 1.

Proof. If no delay exists, i.e. T =0, Eq. (§) becomes

(A +u)A+ ) [A+(M+p2) (1-R)]=0. (6)

It is clear that (6) has three roots A; = —u; < 0,
Ay = —u3z <0 and A3 = (n+ u2) (Ro — 1). Hence, the
equilibrium Ey will be locally asymptotically stable if
Ry <1fort=0.

Now, we address the circumstances of delay. Assume
that (5) has a purely imaginary root A = i®, with @ > 0.
Then, separating real and imaginary parts gives

(1 + 1) Rocos 0T = (1 + t2),
(N+ U2) Rycos 0T = —.

Hence
o = (1 + ) (R - 1),
which ensures that Eq. (5) has no purely imaginary roots if
Ro < 1. Then, the equilibrium Ej is locally asymptotically
stable for any delay 7 > 0 if Ry < 1.
Let G(A) = A + (n+ ) (1 — Roe *7). We have
G(0) = —(N+w)(Ry —1) < 0 if Ry > 1 and

Alim G(A) = +oo. Hence, G(A) = 0 has a positive real
—foo
root. Therefore, if Ry > 1, the rumor-free equilibrium E

is unstable. The proof is completed.
Next, we focus on the local stability of the
rumor-prevailing equilibrium E* by assuming that

Ry > 1. Let x(¢r) = S(r) — S*, y(t) = I(t) — I" and
z(t) = R(t) — R*. Then, by linearizing system (1) around
E*, we get the following system

B = —mix(e) = may(t - 1),

d%(;) = max(t) +myy(t — T) —myy(t) —msz(t), (7)

dZ—(f) = mey(t) —maz(t),

where
Brr
= 0
" “1+1+al*> ’
S*
(14 arl*)
__Br
™ ar >0,
my =2yI"+yR* + N+, >0,
ms = ’)/I* >0,

me =2yI"+yR*+1n >0,
my = Uz —yI* > 0.

Characteristic equation, which is associated with
system (7), is given by

A+m mye AT 0
det| —my A—me " +my ms =0,
0 —mg A+my

which is equivalent to

A3+ paA2+ pid+po— (@A +qid +qo)e T =0, (8)
where
p2 = my+my+m; >0,
p1 = my(my +my) +mymy +msmg > 0,
po = my (mgm7 + msmeg) > 0,

g2 =mp >0,

q1 = ma(my —m3+my) = my(py +mz) >0,

qo = momz(my —m3) = Uymamy > 0.

In the absence of delay, we have the following result.

Theorem 1. If Ry > 1, then, when 7 = 0, the
rumor-prevailing equilibrium E* is locally asymptotically
stable.

Proof. When 7 = 0, the characteristic equation (8)
becomes

A+ (pr—g)A*+ (p1—q)A+po—qo=0, (9)
where
p2—q2 = my+my+ (mg—my),

p1—q1 = (W +m7)(mg —ma) + mymz +mama + msme,
Po — qo = Mymy(mg —my) + m3mamy + mymsme.
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Note that

afSr

>0 10
(1+al*)2> ’ (10

m47m2:’)/1*+

then it is easy to show that p, — g2 > 0, p; —q; > 0,
po—qo >0 and (p2 —q2)(p1 — q1) > po — qo. Thus, by
the Routh-Hurwitz criterion, all roots A; (i = 1,2,3) of (9)
have negative real part. Then, we can conclude that when
E* exists (i.e., Ry > 1), it is locally asymptotically stable
for T = 0. The proof is completed.

Now, we handle the case of positive delay 7 > 0. We
have the following theorem.

Theorem 3. If Ry > 1 and u3 < 2y, the rumor-prevailing

equilibrium E* is locally asymptotically stable for all T >
0.

Proof. According to Theorem 2, E* is locally
asymptotically stable for 7 =0 if Ry > 1. For 7 > 0, let
A =i be aroot of Eq. (8), with @ > 0. Then,

@0 — go) cOSWT — q O SINWT = pr®* — py,
{ §q2w2 —qo) SINWT+ g OCOSWT = —@° + p| O.
(11
Squaring and adding the two equations in (11), we
obtain

@° + (p3 =43 —2p1) ©* + (P} — 41 — 2p2p0 +24290) ®°

(12)

2_ 2
P2 =4 —2p1
= m%+m%+m§—m%—2m5m6

_ pr
- (“‘+ I+ al*

2
) (U3 — YT + (2 + YR+ 1+ 1)?

2
S*

_ B
h (,u,+ 1+od*

2
) 4 ()
F2YTF (YT + YR +1 + o) + (YT + YR* 1 + 11p)?

2
S * * *

Bre \? Bs* Bs* aBS I*
- (“' Tivar) T\ ivar b 2 2
+o +o (I+al*)* ) (1+al*)

3 (M3 —YI°) + 917 (22 — pa)

then p% — q% —2p1 > 0. Furthermore, we have

P —4i —2p2po + 24200
= mim3 +mim3 + (mi — m%) m3 + 2mymsmemsy

2.2 2 2 2
+msmg — Uyms; — 2mimsme.

Note that

2.2 2 2 2
mymy — Uym; — 2mimsmeg

_ Brr
— ([J] + ol

2
) QI+ YR +1+ W)’

2
7) vI* (2yI* + yR* + 1)

2
=yl +—— | Qua—uz+us—yI
Y (Ml Fa() (202 — p3 + 3 — ¥I7)

L (2mBr (BN (O BSTY
1+ al* 1+ al* 1+ al*
S* S* S*I*
U B i B 2 o 2
I+al*  (1+ar*)” ) (1+arl*)

then mimj — uim3 — 2mimsme > 0, and from (10),
we have mj —m5 > 0 since ma,ms > 0. Then,

T — g3 —2papo +2q2qo > 0. In addition, we have

P§— a5 = (po—qo) (Po+qo) >0,

since pg —qo > 0 and pg,qo > 0.

Thus, Eq. (12) has no positive real roots, which
ensures that Eq. (8) has no purely imaginary roots. Hence,
the equilibrium E* is asymptotically stable for any delay
T>0if Ry > 1 and u3 < 2u,. The proof is completed.

3 Global stability

We use the convention that S =S(7), I =1(t), R=R(¢) and
I; = I (t — 1) to simplify the following calculations.

First, we consider the global stability of model (1) at
the rumor-free equilibrium E.

Theorem 4. If Ry < 1, the rumor-free equilibrium Ey is
globally asymptotically stable for all 7 > 0.

Proof. Let U be the Lyapunov functional defined as

1. A, A A /f
Ult) =~ (S— =)+ =1+ = I(t — u)du.
(1) =5( ”l) it (M +p2) | 1t —u)du
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Differentiating U along the solutions of system (1), we
have

A I A I
d_U:(S__) A_I'LIS_ ﬁST +_ ﬁST
dt U 1+ ol w1+ al;

A 1(1+R)—A( + )1+A( + )1
my m n+u m n+wm

—£(+ )1
M’? o) Iz

A BSI

) A BSI;
1+ al;

A
= (S— =) — (S el
i )" ( w1+l

i - E
A A
fayI(IJrR) (n+ ) I;

i
o A)Z ﬁI‘L'
My 1+ al;
A BSI;

w1+ ode

s Ay
(S Ml) (S

A A BI

R Si_
M( w1+ oy

—A(Jr )1
uln )1z

A I(I+R)
N1y

A
—(S—=)"(m+
( ”]) (Ml

AN BI, A
= - I
+(”]) 1+OCI1; m (n+ﬂ2)r

— 5= P (ot phe ) - Snaen)
+ (B

Hi
H E]-F(Xlr

< _(§_ %
< —(S “1) <MI+]+(XIT

A
+— (R()— ])IT.
251

ﬁh) A
——yII+R
1+ al; ,LL]Y(+ )

—(n +M2)] Iy

A
> fayI(IvLR)

Therefore, Ry < 1 ensures that ‘fi—[[] < 0. Furthermore, it is

easy to verify that the singleton {Ep} is the largest
compact invariant set in {(S,I,R) R} : 4 =0}.
Adopting the LaSalle’s invariance principle [26], we
conclude that Ej is globally asymptotically stable if
Ry<1.0

For the global stability of rumor-prevailing equilibrium
E* of model (1), we have the following result.

Theorem S. Assume that Ry > 1. If uus > yA, the
rumor-prevailing  equilibrium  E* is  globally
asymptotically stable.

Proof.

Consider the Lyapunov functional

V(l) =V (t) + Vz(l) +BS*f (1*) V3(l) + (1)‘/4(1‘)7

Vilt) = 5 (R—R?,
o) =

gx)=x—1—Inx>g(l)=0 forany x>0,

and o is a positive constant which will be defined later.
First, we calculate the derivative of V| along the
solutions of system (1).

i _(,_S"\dS
dr S ) dt

— (1 — Sg) (A —=wS—BSf (1))

(1-5 ) Canls=7)+ B 1)~ pss )

- (S—5%)? RS ) (I_Sj) (1 Sf(Ir) )

S S CSEf(I)
(55 e (ST S f(k)
= - S +BS (1Y) (1 S TS0 + f(l*)) )

Then, calculating the derivative of V, along the solutions
of (1) gives

A% I\ dI
w014
= (1= ) 57 )~ 110+ R~ (n-+ 1)

= (1 - ;) (BSf(IT)—yI(I+R)—[3S*f(I*)[L*

=57 (1 - (SS];‘((IIT)) - [i) —y(1-1)?

—y(I-I")(R—R")
_ * * Sf([T 7i71*Sf(IT) 7 ¥ 2
=B (S5 ) ) YO
—y(I—T")(R—R").
Now, we calculate the derivative of V3.

avs (1 I,
a S\ ) 8\ r
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Differentiating V4 along the solutions of system (1), we Then,
have
dv (S —5%)? . 5* I*Sf(I;)
. o ar = (o(5) (i)
@t )
= (R=R) (yI(I+R) 411 = 1) N A
= (R—R")(YI(I+R) + 1 — (R~ R") — i3R") 855 (15 i )
T +%( O+ I +R) )~ -+ R R
= (R=R)(Y(I=I')(I+1" +R) + YI(R-R") o Ry m -1y
[—TI")— u3(R—R*
. +n( * ) *u3( ))* * l(’)/ w(y(1*+R*)+n)+(D’)/I*2(J)[VL3)(R7R*)2.
=(yU+I'+R)+n)(I-TI")(R—R") 2
_ _ _ p¥\2
(3 =) (R=R) Note that
Then, 1ilrf(1*) - f(I) Jrl_r _ O‘(Irfl*)z
rf(L)  fr) I+ r(+al)(l+al)
av (5-5°)° M. st Sf) | fI) Then,
G = s (-5 S )
wppey ((SfUe) 1 I'Sf(I) av (S— S*) . S
sty (HG - L3 ) U g5 (¢ ()
—y(I-I")?—y(I—I")(R—R") I"Sf (It) of (I7)
N AN +g(15*f(1*))+g(1*f(lr)))
45 (- e () s a1
+o(yI+I"+R*)+n)(I—TI") (R—R") I (1+al*) (1+alr)
—o (3 —yI) (R—R*)*. %( (YyI+T*+R)+n)—y)(I-I' +R—R*)*
S @I 4R £ M) +) (1)
Hence, | . . L
+5 (Y=o (y(I" +R) +n) + 0yl —20u3) (R—R7)".
ci_‘t/ R ( +ﬁSf( (2__+ I7) ByLemmal,wehaveI§%.Hence,
[*Sf [’L' T N dv S — §%)2 S*
IS*f I* * (7)) I I E S _Nl( S ) ﬁS f([*)< (?)
+(@(yI+I"+R*)+n)—y)(I-TI") (R—R") ISt (I Lf (I
o (s~ 1) (R—R°)? ¢ (IS*f( ) (I*f (r) ))
S— S* N S* . I, —TI*
-l ~BSsr) ?_l_ln(?) _ﬁsf(')z*(1+im)(1)+azf)
I*Sf(lr)i L I'Sf(I) 1 AL
") (o (Grrer)en) )
LIy <1rf () } x (I—I"+R—R")?
I*f(Ir) I*f(Ir) 1
(T ~(@(YI+T +R)+n)+7)(I-T)*
IS ( 0 1( y(I" +R) +n)+an/——2wu3)
(@Y +I"+R")+1n) - )(1—1*)(R—R*) 2
—o(us —yl) (R—R*)*. x (R —
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Choose w = % , then
y(A+1+R")+n

U By ST gy < <S§)
I*Sf([r) I.f I*
8 (IS*f(l*)) e (I*f >
7ﬁsf(1) (1 +oc1*)(1+oclf)
S @@ R M)+ ) (1)

10) (y% —u3) (R—R*)%.

Hence, puus > yA ensures that ‘2—‘; < 0, and the equality
occurs only at E*. Applying the LaSalle’s invariance
principle, we can obtain that the rumor-prevailing
equilibrium E* of model (1) is globally asymptotically
stable if Ry > 1 and s > yA.

4 Numerical examples

Example 1. Consider the following parameters A = 0.25,
B=04,y=04,1n1=0.1,0=0.7, 4 =04, u, =0.3,
Uz = 0.7. By calculation, we obtain Ry = 0.625. Hence,
according to Theorem 4, the rumor-free equilibrium Ey =
(0.625,0,0) is globally asymptotically stable for different
delays suggesting that the rumor disappears.

Example 2. We keep all the system (1) parameters the
same as in Example 1 except that 1, reduced from 0.3 to
0.1. Then, Ry = 1.25 > 1, and we can conclude, by
Theorem 1, that the rumor-free equilibrium
Ep = (0.625,0,0) is unstable.

Example 3. Consider the following parameters A = 0.15,
B =045 y=025 n=008 o =09, uy =02,
u = 0.15, us = 0.5. Then, Ry = 1.4673 > 1 and
uuz = 0.075 > yA = 0.0375. From Theorem 5, the
rumor-prevailing  equilibrium  E* is  globally
asymptotically stable for different delays, which means
that rumor persists.

5 Conclusion

In this paper, we have presented a delayed rumor
propagation model with psychological factors and
forgetting mechanism. From the model we get the
equilibria and the basic reproduction number R,. We have
shown that if Ry < 1, the rumor-free equilibrium is
globally asymptotically stable, which means that the
rumor disappears. Moreover, we have proved that if
Rp > 1, the rumor-prevailing equilibrium is globally
asymptotically stable provided that uuz > YA, so rumor
will persist at the unique positive equilibrium.
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