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Abstract: In this paper we present separation axioms Ty, 77, T>, Ry, module a tolerance relation. That is, the separation axioms are
generalized, fixing previously closeness or tolerable level of error. We also investigate their properties and relations between these

axioms and some types of classic separation axioms.
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1 Introduction and preliminaries

In a topological space, it is insufficient to have different
elements. It is also important to know when they are
topologically distinguishable. The separation axioms
allow us to define when they have this characteristic.

Definition 1.(/7]) Let X be a nonempty set. A collection
g of subsets of X is called a generalized topology on X if
0 € g and it is closed under arbitrary unions.

In this article g will always denote a generalized
topology and the members of g are called g—open while
the complement of a g—open set are called g—closed.

Given (X,g) a generalized topological space, two
points are topologically distinguishable if they do not
exactly have the same neighborhoods.

Definition 2(See [5] ). A binary relation R (i.e. a subset
R C X x X ) which is reflexive and symmetric relation on X,
but not necessarily transitive, is called tolerance relation.

Sossinsky comments in [5] At first glance it seems
dubious that a definition as simple and general as that of
tolerance can give rise to a meaningful theory. But it does
and I, for one, must admit that I haven’t stopped being
surprised by this strange circumstance.

Tolerance relations are useful to describe the brain [4]
and applications to linguistics [6]. Applications also
involve almost-fixed points theorems and

almost-solutions existence theorems
defined by tolerances [7].

[5], rough set

A topological space X is Hausdorff if and only its
diagonal is closed. In [3] the authors, in the context of a
generalized topology on a set X, give a characterizations
of some separation axioms between 7y and 75 in terms of
properties of the diagonal in X x X, where the diagonal of
X x X is the subset

A={(xx)eXxX:xeX}.

Now, if we define a tolerance relation p on X, since p
is reflexive, it is true that A C p.

At this point is valid to ask, can separation axioms be
established in terms of a tolerance relation defined on X?.
To give an affirmative answer to this question will be the
major objective of this paper.

Let us start by presenting some basic definitions and
notations.

First we present the fundamental separation axioms.
Numbering from O to 2 refers to an increasing degree of
separation.

0.-A space X is said to be a Ty space, or it satisfies the
Tp axiom, if for any two distinct points x,y € X, there
exists an open set U C X that contains only one.

1.-A space X is said to be a 77 space, or that it satisfies the
T| axiom, if for any two distinct points x,y € X there
exists two open sets U and V such thatx € U and y ¢ U,
andyeVandx¢V.
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Every T; space is also a Ty space and a T spaces preserve
a topological property.

2.-A space X is said to be a 7> space, or that it satisfies
the 7, axiom if for any two distinct points x,y € X there
exists two open sets U and V such thatx € U,y € V and
unv=0.

A T, spaces is also called a Hausdorff space.

A T, space preserve a topological property. Every 7> space
is a T space.

The three previous axioms allow to distinguish two
points topologically.

Definition 3(See [2,3,1]). Let A C X, the closure of A,
denoted by kq(A), is the smallest g—closed set such that
A C kg(A).

If A C X, then a € kg(A) if and only if U NA # 0 for every
open neighborhood U of a.

After this, we present two more axioms that
topologically characterize different points.

0.-A space X is said to be a R( space, or that it satisfies
the Ry axiom, if for all x,y € X and kg (x) # kg(y), then
ke (1) Nkg(y) = 0.

1.-A space X is said to be a Ry space, or that it satisfies
the Ry axiom, if for all x,y € X, and kg(x) # kg(y),
then there exist disjoint open sets K and K’ such that
kg(x) C K and kg(y) C K.

Every R; space is also a Ry space. Both Ry and R; spaces
preserve topological properties.

In the study of separation axioms, set operations
similar to the closure operator are frequently used. These
operations are naturally extended to the context of a
generalized topology g.

Definition 4./2] Let A C X, the intersection of all g—open
subset of X containing A is called the kernel of A, denoted
by Xg(A); this means

Xe(A)=({HEg:ACH}.

Definition 5(See [2,3,1]). Let A C X, the following set is
defined satg(A) = | kg({x}).
XeA

It is easy to show that yg(A) = A for all A € g.
Moreover, x € xg(y) if and only if y € kg(x) for any
x,y€X.

g—open sets in the product topology over X x X have
the form A x B, where A and B are open sets in X.

Proposition 1(See [3]). For any (x,y) € X x X the
following holds:

Lkg(x,y) = kg(x) X kg(y), and
2.2e(6,y) = X (%) X 2g(y)-

In [3], the following sets are defined:

Definition 6.Let (X, g) be a topological space and p be a
tolerance relation over X.

1.(x,y) € Lgifandonly if VA€ glxecA=yecA]
2.(x,y) €Egifandonlyif VAecglxcAsyecA]
3.Lp =LgUp,

4.E§ =E,Up,

5.0p(x)={yeX:(x,y)€p}

Notice that A C E; C Lg . Moreover, L’g) a is transitive
relation and Eg is an equivalence relation on X.

In [3], the results formulated are denoted by Lemma 1
and Theorem 1

Lemma 1.

1.(x,y) € Lg if and only if y € Xqg(x) and if and only if
X € kg(y).

2.(x,y) € Eq if and only if ke(x) = kg(y) and if and only
if xg(x) = xg(v)-

Theorem 1.

1.g satisfies the T\ separation axiom if and only if
Xe(A) = A, ifand only if Ly = A.

2.g satisfies the Ty separation axiom if and only if E; =
A.

2 Main Results

Now, some results that are useful in the development of the
paper are presented:

Lemma 2.(x,y) ¢ satg(p) if and only if xg(x,y)Np =0.

ProofLet (x,y) ¢ satg(p) and (x9,¥0) € Z(x,) 1P, then
(x,y) € kg((x0,50)) and (xo,y0) € p. Thus, (x,y) € satg(p).
This signifies is a contradiction, so xg(x,y) Np = 0.

Conversely, suppose that xg(x,y) Np = 0 and let
(x,y) € satg(p) , then (x,y) € kg((x0,y0)) for some
(x0,y0) € p. Hence, (xo,y0) € Xg(x,y) N p. From this
contradiction, we obtain the desired result.

Lemma 3.(x,y) ¢ xg(p) if and only if kg(x,y) Np = 0.

ProofLet (x,y) ¢ xg(p) and (xo,y0) € kg(x,y) N p, then
(x.5) & a((30,0))- Therefore, (x0,50) ¢ Ag((x,»)), and s0
kg(xa)’) mp =0.

Conversely, if (10,0) € p, then (v0,30) & kg(x,3),
which means (x,y) ¢ xg((x0,y0)). Consequently

(x,y) & 2g(P)-

Theorem 2.Let (X,g) be a topological space and p be a
tolerance relation over X. Then,

(Dxg(p).
(2)kg(p), and
(3)sat(p)

are tolerance relations.
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Proof. (1)Since A C p C xq(p), then xg(p) is reflexive. If
(x,y) € xg(p). there exists (a,b) € p such that (x,y) €
Xg(a,b). Therefore (y,x) € xg(b,a), and since (b,a) €
p. then (y,x) € xo(p) and so xg(p) is symmetric.

(2)To demonstrate the second part, since A C p C kg(p)
then kg(p) is reflexive.
Suppose that (x,y) € kg(p) and let C a g—open
neighbourhood of (y,x), then there exists Oy,0, € g
such that (y,x) € Oy x Ox C C. Also (x,y) € Ox X O,,
then there exists (c,d) € 0,0y and (c,d) € p.
Because (d,c) € p and (d,c) € C then (y,x) € kg(p).

(3)Finally A C p C sar(p), then sat(p) is reflexive.
If (x,y) € sat(p), for some (a,b) € p (x,y) € kg(a,b).
And, since (b,a) € p and (y,x) € kg(b,a), then (y,x) €
sat(p), and so sat(p) is symmetric.

Now we state the fundamental separation axioms in terms
of a topology (X,g) modulo a tolerance relation p.

T>(mod p) space

Definition 7.X is said to be a Tr(mod p) space if for
every pair of point x,y € X with (x,y) ¢ p there exist open
neighbourhoods U of x and V of y such that
(UxV)np=0.

Let’s look at the two examples below.

Example 1. 1.Let (X, 7) be a topological space such that

Xo,yo  are  isolated points in X. Let

p =X xX\{(x0,Y0),(v0,%0)} be a tolerance relation,
then (X, 7) is a To(mod p) space.

2.Let R be the real line with its usual topology and

p = R x R \ {(r,90)(q0,70)} with

ro # qo 10,90 € R. Then, R is not a Ty (mod p) space.

Theorem 3.X is a T»(mod p) space if and only if p is a
closed set of X x X.

Proof.Suppose that X is a Th(mod p) space. If
(x,y) € kg(p) \ p, then there exist open neighbourhoods
U of x and V of y such that (U x V)N p = 0.

On the other hand, since (x,y) € kg(p) for all open set
A in X x X, that contains (x,y), we have ANp # 0, in
particular (U x V)N p # 0.

From this contradiction we get the needed result.

Conversely, suppose that kg(p) = p and let x,y € X
with (x,y) ¢ p. Then there exists an open set A in X X X
such that (x,y) € A and AN p = 0. It means that exist open
neighbourhoods U of x and V of y such that (U x V)Np =
0.

Theorem 4.Let {p;}ic; be a the family of tolerance
relations. If X is a T»(mod p;) space for eachi € I, then X

is a Ty(mod N p;) space.
iel

Proof.By Theorem 3, if the set {p; : i € I} is an arbitrary

collection of closed subsets, then () p; is closed. Hence
icl

kg (ﬂ Pi) = pi-
i€l i€l
It is worth asking whether the reciprocal of this theorem
is fulfilled. To answer this, it is sufficient to consider the
real line R with its usual topology and P the set of all
tolerance relations over R. The intersection of all
tolerance relations over R is A = () p; the identity
pieP
relation. Accordingly, R is T>(mod A), i.e. the classic T»
axiom. However it was a given example of a tolerance
relation where R is not 75> (mod p;).
Continuity of functions is one of the core concepts of
topology. We establish a relation between the axioms of
separation and a continuous function,

Theorem 5.Let (X,gx) and (Y,gy) be topological spaces
and let f,g : X — Y be continuous, being Y a Tr(mod p)
space, then {x € X : (f(x),g(x)) € p} is closed.

ProofLetA = {x € X : (f(x),g(x)) ¢ p} and suppose a €
A. Since (f(a),g(a)) ¢ p there exist open sets U,V C Y,
such that f(a) € U, g(a) € V and (U xV)Np =0.

Let W = f~'(U)N f~1(V), then W is open in X and
a € W. Moreover, W C A. Thus A is open, so {x € X :
(f(x),g(x)) € p} is closed.

Corollary 1.Let (X,gx) be a topological space and let f -
X — Y be a continuous map being Y a T>(mod p) space,
then {x € X : (f(x),x) € p} is closed.

Note that the reciprocal is untrue. Let f,g be the
identity functions in R and
p = R x R \ {(r0.90)(q0,r0)} then
{x:(f(x),gx)) € p} ={x: (x,x) € p} =R is a closed
set but R is not a 7> (mod p) space.

Ty (mod p) space

Definition 8.X is said to be a Ty (mod p) space if for every
pair of points x,y € X and (x,y) & p, there exists an open
neighbourhood U of x such that Qp(y) NU = 0.

Theorem 6.X is a Ti(mod p) space if and only if Vx € X :
Qp (x) is closed.

Proof.Suppose X is a Ty (mod p) space. Let x € X and y €
X\ Qp(x), that is (x,y) ¢ p. Thus, there exists an open
set U containing y such that U C X \ Qp(x), therefore X \
Qp (x) is open.

Conversely, if for all x € X, Qp(x) is closed then if
y € XQp(x), there exist an open set U containing y such
that U C X \ Qp(x). Hence, U and Q) (x) are disjoint sets.

Lemma 4.Let {p;}ic; be an arbitrary family of partial
order relations. Then, O p,(x) = () Qp,(x).
icl

icl

© 2020 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

580 NS E

M. R. Bracamonte et al. : Separation axioms modulo a tolerance relation

Proofletx € X.

weEQnp(x) &= (x,w) € Npi &= weQp(x),Viel
iel icl
we DIQPi(x)'
e

Theorem 7.Ler {p;}ic; be an arbitrary family of partial
order relations. If X is a Ty (modp;) space, for each i € I,
then X is a Ty (mod () p;) space.

i€l

Proof.This follows from Theorem 6 and Lemma 4.

Let R be the real line with its usual topology and p =

R x R\ {(ro,q()), (qo, r())} with rg 75 q0 10,90 € R.Let Pbe
the set of all tolerance relations over R. The intersection of

all elements of Pis A = [ p; the identity relation. So, R
pieP

is Ty (mod A) because Q4 (x) = {x} is a closed set, but R is
not a Ty (mod p) space, because Qp (r9) =R\ {go} is not a
closed set. This means that the reciprocal of the preceding
theorem is untrue.

Lemma 5.Define Q5 (x) = () Qp(2), if (x,y) € p then
7€0p (¥)
Qp(x)x Q(» < p.

Proof.Let (a,b) € Q5 (x) x Qp(y). So (a,w) € p Vw with
(x,w) € p, in particular (a,y) € p. By the same argument
(b,z) € p Vz with (z,y), in particular (a,b) because of the
symmetry property of p.

Theorem 8.If X is T) (mod p), then sat(p) = p.

1 (Qp(2)). By
2€0p (x)
Theorem 6 Q) (x) is a closed set containing x because it is
the intersection of closed sets, so kg(x) C Qp(x). If
(x,y) € p then kg(x,y) € Qp(x) x Qp(y). Therefore, by
Lemma 5, kg(x,y) C p.

ProofLet x € X, and Q;;(x) =

Note that the real line R with its usual topology and
p =R xR\ {(r0,490),(qo,70)} with ro # go r0,q0 € R.
Then sat(p) = p R is not a Tj(mod p) space because
Qp(r0) =R\ {go} is not a closed set.

Theorem 9.sat(p) = p if and only if for all x € X, kg(x) C
Qp (x).

ProofLet x € X, and a € kg(x). We have kg(a) € kg(x) and
kg (x) x kg (x) € p =sat(p). Then for all z such that (x,z) €
p implies kg(a) X kg(z) € kg(x) X kg(z) C p, s0 (a,z) € p.
Finally a € Qj (x).

To demonstrate the reciprocal, suppose kg(x) C Qp (x)
for every x € X. Let (a,b) € sat(p), then there exists
(x,y) € p such that (a,b) € ko(x,y). But
kg(x,y) = kg(x) x kg(y) C Qp(x) x Qp(y) and by Lemma
5 (a,b) € kg(x,y) C p. Finally sat(p) C p.

To(mod p) spaces

Definition 9.X is said to be a To(mod p) space if for
every pair of points x,y € X, (x,y) & p there exists an
open neighbourhood U such that x € U and
Op(y)NU =0o0ryc U and Qp(x)NU =0.

Note that all the above Th(mod p) spaces are also
Ty (mod p) spaces.

Furthermore, consider (R,g) with g the generalized
topology generated by the elements of its basis
B = {R — [kk + 1] : k € 1z} If
p = Ukezlk.k + 1] x [k,k + 1], then this space is a
Ty (mod p) space, but it is not a T} space.

Theorem 10.X is a Ty(mod p) space, then Ef = p.

ProofLet X be a Ty(mod p) space and (x,y) ¢ p, then
without loss of generality we can assume that there exists
a open neighbourhood U such that x € U and y ¢ U. This
implies that, xg(x) # Xa(y). so it follows that (x,y) ¢ Eg
suggesting that we have proven that Eé) Cp.

Ro(mod p) spaces

Definition 10.X is said to be a Ry(mod p) space if for
every pair of points x,y € X with (x,y) ¢ p and
Ke(x) 7 k(). then (k)  kg(3)) (1p = 0,

Theorem 11.X is a Ry(mod p) space if and only if
%e(p) C Ef-

Proof-Suppose that X is a Ro(mod p) space and (x,y) €
Xg(p) with (x,y) ¢ p.

Two possibilities are considered: First, kg(x) = kg(y).
When applying Lemma 1, we obtain (x,y) € EP, so (x,y) €
Ef.
Secondly let suppose that it is not possible that kg (x) #
kg(y), indeed if (c,d) € p then, given that X is a Ro(mod p)
space, (¢,d) & kg(x)  kg(y). So (c,d) ¢ kg((x,)), then
(x,¥) ¢ xe((x,y)) N xg(p), which contradicts the choice of
(x,)-

Reciprocally, let xg(p) C Ef and x,y € X with kg(x) #
kg(y) and (x,y) ¢ p. Under these conditions, if (a,b) €
(kg(x) x kg(y)) N p, then (a,b) € kg(x,y), Consequently,
(x,y) € xa(a,b) C xg(p) C E§, which means (x,y) € Eg
and it contradicts the choice of (x,y).

p =4, (X,g) is Ti(mod p) if only if (X,g) is
To(mod p) and is Ry(mod p). Is it true for any tolerance
relation p # A?

R (mod p) spaces

Definition 11.X is said to be a Ri(mod p) space if for
every pair of points x,y € X with (x,y) ¢ p and
kg(x) # kg(y), there exist sets A,B € g with kg(x) C A and
kg(y) € B such that (A x B)Np = 0.
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Let R be the real line with its usual topology and
(a1,by) and (az,b;) disjoint subsets of the real line.
Define
p=Rx R\ ((al,bz) X (az,bz) U (az,bz) X (a] N )), then
R is a Ry (mod p) space.

Theorem 12.X is a R (mod p) space if and only if ke(p) C
Ef.
g

Proof.Suppose X is a Rj(mod p) space, and
(x,y) € kg(p). We consider three cases: First, if (x,y) € p,
obviously (x,y) € E§. Second, we consider that (x,y) ¢ p
and kg(x) = kg(y), and in such a case, Lemma 1 indicates
that (x,y) € Ey; therefore, (x,y) € E§. Third we consider
that (x,y) ¢ p and kg(x) # kg(y). Since X is a Ry(mod p)
space, there exist sets A,B € g with kg (x) €A and
kg(y) C B such that (A x B) N p = 0, which implies that
(x,y) ¢ kq(p), from this contradiction with the choice of
(x,y) follows the desired result.

Theorem 13.Let {p;}ic; be an arbitrary family of order
relations. If X is a Ry (mod p;) space for eachi € I, then X
is a Ry (mod () p;) space.

iel

Proof.For each p;, we have kg(p;) C E§'. Then

ke((pi) € (ke(pi) C(EgUpi = EgU[ \pi

icl iel iel iel

Accordingly, X is a Ry (mod () p;) space.
i€l
Consider the real line R with the usual topology and
the tolerance relation
p=Rx R\ ([a] ,bz] X [az,bz] U [az,bz] X [al,b]]). If Pis
the set of all tolerance relations, then A =, cppi, s0 R
isa Rj(mod A), but it is not a R} (mod p) space.

3 Conclusion

A tolerance on a set is a mathematical structure
formalizing resemblance or the idea of being the same up
to a small error. In this paper, we presented separation
axioms Ty, T1, T», Ry, module a tolerance relation. That is,
the separation axioms are generalized, specifying in
advance closeness or tolerable level of error. We also
explored their properties and, relations between these
axioms and some types of classic separation axioms.

4 Applications

While working on a problem involving topological
spaces, it is often necessary to add an extra condition
called separation axiom. Separation axioms give us the
opportunity to topologically identify different sets,
concepts used in both topology and functional analysis,

such as when we want to obtain the uniqueness of the
limit. However, tolerance relationships provide an
opportunity for research to define the level of difference
or tolerable level of error. Thus, since tolerance levels
naturally appear in different branches of mathematics, the
authors consider that the conjunction between separation
axioms and tolerance relationships will allow the use of
other powerful mathematical tools to solve problems,
both in topology as well as functional analysis, and
mathematical applications.
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