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Abstract: We introduce local cohomology for the edge ideal of a graph, and investigate some properties of local cohomology modules
for Artinian modules and coatomic modules, such that the property to be finitely generated, Artinian and coatomic. Also we present
vanishing results. Moreover, we present results which involve the theory of local cohomology modules together with the edge ideal of

a finite simple graph, with no isolated vertices.
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1 Introduction

Throughout this paper, R is a commutative ring with non-
zero identity and / is an ideal of R.

In [1], Grothendieck introduced the definition of local
cohomology. It is well-known that the local cohomology
theory of Grothendieck is an important tool in
commutative algebra and algebraic geometry. Let / be an
ideal of R, and let M be an R-module, then

H; (M) = lim Ext}, (R/I',M)
teN

is called the i-th local cohomology module of M with
respect to 1.
For an R-module M, the I-torsion submodule of M is

I;(M) = {x e M | I"x = 0 for some integer n > 1}.

They are denoted by Hi(e) the i-th right derived functor of
the functor I (e). For more information on ordinary local
cohomology modules, see [2].

The present paper aims to explore is to study some
properties of local cohomology modules which involve
the theory of graphs, together with the edge ideal of a
graph. We present the results which involve the notion of
coatomic module. An R-module M is called coatomic if
every proper submodule of M is contained in a maximal
submodule of M. Here, we use properties of commutative

algebra and homological algebra for the development of
the results (see [3] and [4]). The coatomic modules were
introduced and investigated by H. Zoschinger in [5].

In Section 2, we present some definitions and
prerequisites for a better understanding of the theory and
results. We introduce preliminaries of the theory of
graphs which involves the edge ideal of a graph G;
associated to the graph G which is a monomial ideal

I(G) = (vivj | viv; is an edge of G),

with v;v; = v;v; and with i # j, in the polynomial ring R =
K[vi,v2,...,vs] over a field K, called the edge ideal of G.
The preliminaries of the theory of graphs were introduced
in Section 2 together with the concepts appropriate for the
work.

In Section 3, we prove some properties of the local
cohomology module, that involve the edge ideal of a
graph G, which is a finite simple graph, with no isolated
vertices.

In Section 4, we prove some results of vanishing about
the local cohomology module. Those results involve the
edge ideal of a graph G, which is a finite simple graph,
with no isolated vertices.

Throughout paper, a graph G means, a finite simple
graph with the vertex set V(G) and with no isolated
vertices.
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2 Prerequisites of the graphs theory

This section comprises the concepts of the graphs theory
adopted in the present paper.

2.1 Edge ideal of a graph

This section is consistent with [6] and [7].

Let R=K[vy,...,vs] be a polynomial ring over a field
K,and let Z = {zl yeen ,zq} be a finite set of monomials in
R. The monomial subring spanned by Z is the
K-subalgebra,

K[Z|=Kl[z1,...,2 CR.

In general, it is very difficult to certify whether K [Z]
has a given algebraic property - e.g., Cohen-Macaulay,
normal - or to obtain a measure of its numerical invariants
- e.g., Hilbert function. This arises because the number ¢
of monomials is usually large.

Thus, consider any graph G, simple and finite without
isolated vertices, with vertex set V (G) = {vy,...,vs}

Let Z be the set of all monomials v;v; = v;v;, with i # j,
in R=K|[vy,...,vs, such that {v;v;} is an edge of G, i.c.
the finite simple graph G, with no isolated vertices, is such
that the squarefree monomials of degree two are defining
the edges of the graph G.

Definition 21A walk of length s in G is an alternating
sequence of vertices and edges
w={v1,21,V2,..,Vs—1,2n, Vs }> Where z; = {v;_jv;} is the
edge joining v;_1 and v;.

Definition 22A walk is closed if vi = v5. A walk may also
be denoted by {vi,...,vs}, and the edges become evident
by context. A cycle of length s is a closed walk, in which
the points vy,..., v are distinct.

A path is a walk with all the points distinct. A tree is
a connected graph without cycles and a graph is bipartite
if all its cycles are even. A vertex of degree one will be
called an end point.

Definition 23A subgraph G C G is called induced if
vivj = v;v;, with i # j, is an edge of G whenever v; and
v; are vertices of G and v;v; is an edge of G.

The complement of a graph G, for which we write G¢,
is the graph on the same vertex set in which v;v; = v;v;,
with j # i, is an edge of G€ if and only if it is not an edge
of G. Finally, let C; denote the cycle on k vertices; a chord
is an edge which is not in the edge set of Cy. A cycle is
called minimal if it has no a chord.

If G is a finite simple graph without isolated vertices,
then let R denote the polynomial ring on the vertices of G
over some fixed field K.

Definition 24([6]) According to the previous context, the
edge ideal of a finite simple graph G, with no isolated
vertices, is defined by

I(G) = (vivj | viv; is an edge of G),

with ViVj = VjVi, and with ¢ 7& J-

3 Local cohomology module of the edge ideal
of a graph simple

In this section, present some results on the local
cohomology module which involve the theory of graphs
together with the edge ideal of a graph G, which is simple
and finite and has no isolated vertices.

Here, we take K a fixed field and we consider
K[vi,v2...,vs] the ring polynomial over the field K. Since
K is a field, we have that K is a Noetherian ring and then
K[vi,...,vs] is also a Noetherian ring (Theorem of the
Hilbert Basis).

Remark 31Based on previous context, R = K[vy, vy ..., Vs]
is a Noetherian ring. Thus, the edge ideal /(G) is an R-
module, so we can get characterizations for this module
under certain hypothesis.

Definition 32Let / be an ideal of the ring R, and let M be
an R-module. The i-th local cohomology module Hj (M)
of M with respect to [ is defined by

Hj (M) = limExty (R/I',M) ,
teN

foralli > 0.

Let I be an ideal of R = K|[vy,...,vs]. We have the
definition of V(1):

V(I) = {p € Spec(R) | I C p}.

The R-module I(G) is
1(G) =I1(I(G)).

called I-torsion if

Theorem 33Let R = K[vy,...,vs| be the ring polynomial,
I(G) the edge ideal in R of a finite simple graph G, with
no isolated vertices. Suppose that I1(G) is a coatomic R-
module. The following statements are equivalent:

(DI(G) is I-torsion;

(2)H:(I(G)) = 0 for all i > 0.

Proof.(1) = (2). Tt follows from [8, 1.13(1)], where we
putJ =0.
(2) = (1). By [5, 2.4], there exists an integer 7 such that

I(G)/ (0 :I(G) (Vl,...,vs)[)

is finitely generated. If 1(G) = (0 ;) (v1,---,vs)"), 1(G)
is an (vq,...,vy)-torsion R-module. Since (vi,...,vs) is
maximal in R, we see that /(G) is I-torsion. Now, assume
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that 1(G)/ (0 1) (v1,-..,vs)") # 0. This implies that
(Vis---,vs) € Supp (1(G) /(0 25y (vi,-.-,vs)")). From the
short exact sequence

0= (0216 (V1. s10)) = 1(G) = 1(G)/ (046) (v1,-.-vs)!) =0
we have
Supp(1(G)) = Supp (1(G) /(0 :1G) (v1.---,vs)")) USupp(O 26 (V1seeve)")
and then
Supp(1(G)) = Supp (1(G)/(0 31y (v1,.-

and

7VS)[))

H)(I(G)) 2 H; (1(G)/ (0 11y (vi,---,vs)")).

for all i > 0. By the assumption,
H; (I(G)/(0 Gy (vi,-..,v5)")) = 0, for all i > 0.
Therefore, we can conclude that

Supp (I(G)/(O :I(G) (Vl, vee avs)t)) c V(1)7
by [8, 4.2] where we put J = 0, and the proof is complete.

Definition 34An R-module M is minimax if there exists
a finitely generated submodule N of M such that M /N is
Artinian.

Minimax modules were first introduced and

investigated by H. Zoschinger in [9].

Theorem 35Let R = K[vy,...,vs] be the ring polynomial,
I(G) the edge ideal in R of a finite simple graph G, with
no isolated vertices. Suppose that I1(G) is a coatomic R-
module with d = dim(I(G)) > 0 or a minimax R-module
with d = dim(I(G)) > 1. Then, H{(I(G)) is Artinian and

At (H{(1(G))) = {p € Supp(I(G)) | ed (1, R/p) = d}
where c¢d(1,1(G)) = sup{n | H}(I(G)) # 0}.

Proof.First we assume that /(G) is a coatomic R-module.
Then, there exists an integer k > 1 such that 1(G) /(0 1)

(v1,...,vs)K) is finitely generated by [5, 2.4] and
H)(1(G) = H; (1G)/ 0156y (v1,,v)")).
for all i > 0. Since dim(I(G)) > 0, we can conclude that
Supp(/(G)) = Supp (1(G)/ (0 356y (v1.--,v)"))
and
dim(I(G)) = dim (I(G) /(016 (vl,...,vs)k)) .

From [10, 2.1] where we put J = 0, we have that

HY (1(G)/(0 46y (v1,-,7)"))

is an R-module Artinian and then H{(I(G)) is also an
Artinian R-module. Now, we have by [11, 2.1] where we
put J = 0, that

Au(H{ (1(G))) = At (H{(1(G) /(0 :yig) (v1,-.,v5)") )
and then
At(H{ (1(G))) = {p € Supp(I(G) /(0 16y (v1.---,v:)")) | ed(I,R/p) = d}.
Thus, we have that
Au(H{ (1(G))) = {p € Supp(I(G)) | cd(L,R/p) = d}.

In the case that /(G) is a minimax R-module, we have
that there exists a short exact sequence

0—=+N—I(G)—=A—=0,

where N is finitely generated and A is Artinian. Since
dim(I(G)) > 0 and A is Artinian, we have
Supp(/(G)) = Supp(N) and dim(I(G)) = dim(N).
Applying the functor I(e) to the above exact sequence,
we obtain an exact sequence

0 — HY(N) —» HY(I(G)) —» HY(A) — H}(N) —
H;(1(G)) =0

and Hj(N) = Hi(I(G)), for all i > 2. Since N is a finitely
generated R-module, we have by [10, 2.1], where we put
J =0, that HY(N) is Artinian check meaning H¢(1(G)).
Using [11, 2.1], where we put J = 0 again, we have

At (H/(1(G))) = Att (H](N)) = {p € Supp(N) | cd(L,R/p) = d}

and then
A (H{(1(G)) ) = {p € Supp(M) | ed(1,R/p) = d}
and the proof is complete.

Remark 36Note, if /(G) is a minimax R-module with
dim(I(G)) = 1, then we observe that

At(H; (1(G))) C {p € Supp(I(G)) | cd(I,R/p) =1} .

Proposition 37Ler R = K|[vi,...,vs] be the ring
polynomial, I1(G) the edge ideal in R of a finite simple
graph G, with no isolated vertices. Suppose that 1(G) is a
coatomic R-module with dim(I(G)) > 0. Assume that t is
a non-negative integer such that

Supp(H;(1(G))) € {(v1,.... )}
foralli<t. Then Hi(I(G)) is Artinian for all 0 < i < t.

ProofIt follows from the proof of the Theorem 35 that,
there exists an integer k& > 1 such that
1(G)/(0 ;1) (v1,---,vs)F) is finitely generated and

Supp(1(G)) = Supp (1(G)/(0 z56) (v1,--1)") ).
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By the hypothesis we see that

Supp (H}(1(G)/(016) (1-+-.7)))) € {10}

for all i < t. Since finitely generated modules are minimax
mpdules, we have by [12, 2.8], where we put J = 0, that
H;(1(G)/(0 3y (vi,...,v5)F)) is Artinian for all i <1.
Note that Hi(1(G)/(0 :yg) (v1,-..,v)F)) = Hj(I(G)) for
all i > 0 and which completes the proof.

Now, we prove the following result.

Proposition 38Letr R = K|vi,...,vs] be the ring
polynomial, I1(G) the edge ideal in R of a finite simple
graph G, with no isolated vertices. Suppose that I1(G) is a
coatomic R-module. The following statements hold:

(HH(I(G)) = 0 for all i > dim(I(G)).
(2)Suppose that \/1 = (vi,...,v). Then,

sup {n | H}(I(G)) # 0} = dim(I(G)).

Proof.(1). If dim(I(G)) = —1, then I(G) = 0. Now,
suppose that dim(7(G)) > 0. By the assumption on /(G),

there exists an integer ¢t > 1 such that
1(G)/(0 iy (vi,...,vs)") is finitely generated. Let
N = (0:1G) (v1,---,vs)"). Now the short exact sequence

0—N—I(G)—=I(G)/N—0

gives rise that Supp(Im(a@)) C Supp(N) C {(vi,...,vs)}.
This implies that dim(Im(@)) < 0. If I(G) = N, we can
easily check the claim. So, in the remainder of the proof,
we may assume that N is a submodule own of I(G). Now,
from the short exact sequence

0—Im(a) = I(G) = I(G)/N =0

we get dim(/(G)) = dim(I(G)/N). Since I(G)/N is a
finitely generated R-module, we have H}(I(G)/N) = 0 for
all i > dim(I(G)), by [8, 4.3] where we put J = 0. Now,
the conclusion follows from the isomorphism

H)(1(G)) = H|(I(G)/N),

forall i > 0.

(2). Combining [8, 4.5], where we put J = 0, with the
isomorphism Hi(I/(G)) = Hi(I(G)/N) for all i > 0, we
get the assertion.

4 Application of vanishing results

In this section, we continue with the same context of the
previous section.

Here, we prove a result of vanishing which involves
the theory of graphs.

Theorem 41Let R = K|[vy,...,v] be the ring polynomial,

I(G) the edge ideal in R of a finite simple graph G, with

no isolated vertices. Suppose that I(G) is a finitely

generated R-module and let t be a positive integer. The

following statements are equivalent:

(l)Hi( (G))=0foralli>t;

(2)H,(I(G)) is finitely generated for all i > t;

(3)HL(I(G)) is coatomic for all i > t.
(1

Proof.(1) = (2) = (3). Trivial.
(3) = (1). The proof is by induction on dim(/(G)). Let
n=dim(I/(G)). If n =0, Hi(I(G)) = 0, for all i > 0.

Letn > 0, it follows from [8, 1.13] where we putJ =0,

that

H;(1(G)) = H; (1(G)/11(1(G))),
for all i > 0. Denote by 1(G) = 1(G)/T;(1(G)), it is clear
that [(G) is I-torsion-free. Thus, I(G) s
(vi,...,vs)-torsion-free and there exists an element

x € (v1,...,vy) which is regular on /(G). Now, the short
exact sequence

0—1(G) 3 1(G) = I(G) /xI(G) — 0
induces a long exact sequence
.. = H/(I(G)) 3 H{(I(G)) — H! (I(_G)/xl(_G)) —

By the assumption, Hj (1 (G)/xI (_G)) is coatomic for all
i>t. Since

dim(I(G) /xI(G)) < dim(I(G)) < n,

and I(G) is a finitely generated R-module, it follows from
the inductive hypothesis that H} (1(G)/xI(G)) = 0, for all
i > t. Now, the long exact sequence yields

H}(1(G)) = xH; (1(G)) ,
for all i > t. Note that coatomic modules satisfy

Nakayama’s Lemma. Thus, we have that H;(I(G)) = 0
for all i > ¢, and the proof is complete.

Now, we have some consequences.

Corollary 42Let R = K|vy,. . .,vs] be the ring polynomial,
I(G) the edge ideal in R of a finite simple graph G, with
no isolated vertices. Suppose that I1(G) is a coatomic
R-module and let t be a positive integer. The following
statements are equivalent:

(WH(I(G)) = 0 for all i > t;

(2)H’, (I(G)) is finitely generated for all i > t;
(3)H,(I(G)) is coatomic for all i > t.

Proof.Since I(G) is a coatomic R-module, we have that
there exists an integer k& > 1 such that
1(G)/(0 :yGy (v1,--- ,vs)k) is finitely generated by [5,
2.4]. Therefore, we have the isomorphisms

H}(1(G)) = H} (1(G)/ (0 :56) (1. ,0)"))

for all i > 0. The assertion it follows immediately from
Theorem 41.

© 2020 NSP
Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci. 14, No. 4, 557-562 (2020) / www.naturalspublishing.com/Journals.asp

Corollary 43Let R = K|vy, ... ,vs] be the ring polynomial,
I(G) the edge ideal in R of a finite simple graph G, with
no isolated vertices. Suppose that 1(G) is a minimax
R-module and let t be a positive integer. The following
statements are equivalent:

(1)Hi( (G))=0foralli>t;

(2)H,(I(G)) is finitely generated for all i > t;

(3)H:(1(G)) is coatomic for all i > t.
(1) =

Proof.(1 (2) = (3). Trivial.
(3) = (1). Since I(G) is a minimax R-module, there exists
a short exact sequence

0—=+N—=I(G)—=A—=0,

where N is finitely generated and A is Artinian. Applying
the functor I7(e) to the above exact sequence, we get a
long exact sequence

0— HY(N) = HY(I(G)) = H)(A) — H} (N) — H} (I(G)) — 0,

and Hi(N) = Hi(I(G)) for all i > 2. By the hypothesis,
Hi(N) is coatomic for all i > 7. It follows from Theorem
41 that H{(N) = 0 for all i > ¢ and which completes the
proof.

Corollary 44Let R = K|vy,...,vs] be the ring polynomial,
I(G) the edge ideal in R of a finite simple graph G, with no
isolated vertices. Suppose that I(G) is a finitely generated
R-module with cd(I,1(G)) > 0. Then,

cd(1,1(G)) (

H, 1(G))

is not finitely generated.

Combining [8, 4.5], where we put J = 0, with
Corollary 44, we have an immediate consequence.

Corollary 45Let R = K|[vy,...,vs] be the ring polynomial,
I(G) the edge ideal in R of a finite simple graph G, with no
isolated vertices. Suppose that I(G) is a finitely generated
R-module with diim(I(G)) > 0 and /T = (v1,...,vs). Then,
H(Ij'm([(c)) (I(G)) is not finitely generated.

5 Conclusion

In this paper, we can relate the theory of graphs, with
respect to the edge ideal of a finite simple graph, to the
theory of local cohomology modules. The results
indicated the importance of local cohomology theory as a
study tool within the commutative algebra theory.

Moreover, establishing this relationship, helps us get
applications for the edge ideal in the general theory of
modules.

Acknowledgement

The authors are grateful to the anonymous referee for the
careful checking of the details and helpful comments that
improved this paper.

References

[1] A. Grothendieck, Elements de Geometrie Algebrique I, Inst.
Hautestudes Sci. Publ. Math., London UK: 1 - 350, (1960).

[2] M. Brodmann, R.Y. Sharp, Local Cohomology - an Algebraic
Introduction with Geometric Applications, Cambridge
Studies in Advanced Mathematics, Cambridge University
Press: 1 - 400, (1998).

[3] M.E. Atiyah, I.G. Macdonald, Introduction to Commutative
Algebra, University of Oxford, London UK: 1 - 300, (1969).

[4]J.J. Rotman, An Introduction to Homological Algebra,
University of Illinois, Urbana, Academic Press: 1 - 450, 1979.

[5] H. Zoschinger, Koatomare moduln, Math. Z., 170, 221 - 232,
(1980).

[6] A. Alilooee, A. Banerjee, Powers of edge ideals of regularity
three bipartite graphs, Journal of Commutative Algebra, 09,
441 - 454, (2017).

[71 A. Simis, W.V. Vasconcelos, R.H. Villarreal, The integral
closure of subrings associated to graphs, Journal of Algebra,
199, 281 - 289, (1998).

[8] R. Takahashi, Y. Yoshino, T. Yoshizawa, Local cohomology
based on a nonclosed support defined by a pair of ideals, J.
Pure Appl. Algebra, 213, 582 - 600, (2009).

[9] H. Z6schinger, Minimax moduln, Journal of Algebra, 102, 1 -
32, (1986).

[I0]L. Chu, Q. Wang, Some results on local cohomology
modules defined by a pair of ideals, J. Math. Kyoto Univ.,
49, 193 - 200, (2009).

[11] L. Chu, Top local cohomology modules with respect to a pair
of ideals, Proc. Amer. Math. Soc., 139, 777 - 782, (2011).
[12] Sh. Payrovi, M. Lot Parsa, Finiteness of local cohomology
modules defined by a pair of ideals, Comm. Algebra, 41, 627

- 637, (2013).

Carlos Henrique
Tognon received the
PhD degree in Mathematics
for Universidade
de Sao Paulo - Instituto
de Ciéncias Matemadticas
e de Computacio (ICMC
- USP - Sdo Carlos - Sao
Paulo - Brazil). His research
interests are in the areas of
commutative algebra and homological algebra including
the mathematical methods of algebraic geometry. He has
published research articles in reputed international
journals of mathematical and applied mathematics.

© 2020 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

562 NS e

C. H. Tognon, R. A. Kharabsheh: An Investigation on edge ideal of...

Radwan A. Kharabsheh
finished a bachelor of
science/physics from
Yarmouk  University  in
Jordan. He then did his MBA
and PhD in international
business from Charles Sturt
University (CSU) Wagga
Wagga NSW Australia where
he taught full time. He then
moved to the Hashemite University in Jordan where he
worked as head department of business administration.
Currently, Dr Kharabsheh works as an associate professor
in business administration at Applied Science University
(ASU) in Kingdome of Bahrain. He also worked as the
Director of Quality Assurance and Accreditation Center
at ASU. His research interests include organizational
learning, knowledge management and international joint
ventures. He published more than 21 articles in referred
journals, obtained numerous grants including fellowship
of the Australia Malaysia Institute and attended more than
20 international conferences. Dr Kharabsheh is member
of ANZIBA and ANZMAC and the Sydney University
Centre for Peace and Conflict Resolution Studies. He
supervised and headed more than 25 postgraduates’ vivas,
supervised more than 30 students and works a reviewer
and examiner for numerous journals and international
conferences. Dr. kharabsheh is the chief editor of Journal
of Knowledge Management Application and Practice.

© 2020 NSP
Natural Sciences Publishing Cor.



	Introduction
	Prerequisites of the graphs theory
	Local cohomology module of the edge ideal of a graph simple
	Application of vanishing results
	Conclusion

