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Abstract: In this paper, a four parameter generalization of Moyal distribution is obtained, with the purpose of obtaining a more
flexible model relative to the behaviour of hazard rate functions. Various statistical properties of this distribution including the density,
hazard rate functions, quantile function, mode, moments, incomplete moments, moment generating functions, mean deviation, Lorenz,
Bonferroni and Zenga curves, Rényi and continuous entropies and distribution of r order statistics have been derived. The method
of maximum likelihood estimation has been used to estimate the parameters of the generalized Moyal distribution and the observed
information matrix is derived. Two real data sets are presented to demonstrate the effectiveness of the new model.
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1 Introduction

The procedure of adding new shape parameters to a family of distributions to generate new distributions that are more
flexible is a well-known technique in the statistical literature. Some well-known generators are the Beta-G distributions
by Eugene et al. [1], Jones [2], Nadarajah and Kotz [3], [4], Cordeiro and Lemonte [5], Cordeiro et al. [6], Nassar
and Nada [7], [8], [9], Nassar and Elmasry [10] and Mahmoud et al. [11], Kumaraswamy-G by Jones [12], Cordeiro et
al. [13], [14], Cordeiro and de Castro [15], Elbatal and Elgarhy [16], Nassar [17] and Gamma-G distributions by Zografos
and Balakrishnan [18].

In this paper, we introduce a four parameter model, called the odd inverse Pareto - Moyal (OIP-Mo) distribution, to
extend the Moyal model for its importance and usefulness in many practical situations.

The Moyal distribution was proposed by J. E. Moyal [19] as an approximation to the Landau distribution. It was also
shown that it remains valid taking into account quantum resonance effects and details of atomic structure of the absorber.
The Moyal distribution is a universal form for the energy loss by ionization for a fast charged particle and the number
of ion pairs produced in this process. From the Topp Leone-Moyal distribution proposed by Nassar and Ibrahem [20],
we write X ~ Mo (u, o) to denote a random variable X having Moyal (Mo) distribution with cumulative distribution
function (cdf), depending on the lower incomplete gamma function y (o, x) = [5 1% 'e~'dt, given by

y(L, L) —(52)
G(.X)Zlf (2 Fz(%) ) — 1ferf eT s 7oo<x,u <oo, o> 0 (1)

where 7 (%,x) = \/Terf (y/x) ., I’ (1) = /7 and the error function erf (x) is defined by erf(x) = == [} e dt.
The corresponding probability density function (pdf) is

1 R ()

2 o

e , —oolx, U<, 6> 0. 2)
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Let Z be a random variable following the Moyal standard pdf given by

1 ’7] (z+e7?)

Z) = e , —oo < 7z < oo, 3
g(2) VT ©)
The cdf of the standard Moyal distribution (3) is
v, de) Ve
G(z)=1- =1—erf , —ee <z < oo, )
) V2

Two generalizations of the Moyal distribution was the four — parameter Beta Moyal distribution proposed by Cordeiro
et al. [6] and the three - parameter Topp Leone-Moyal distribution proposed by Nassar and Ibrahem [20].

2 The Odd Inverse Pareto-Moyal Distribution

In this section, we introduce the odd inverse Pareto-Moyal (OIP-Mo) distribution. Some reliability functions
corresponding to the OIP-Mo distribution are also discussed. The pdf of the inverse Pareto (IP) distribution, is given by

aBx®!
f(x;aaﬁ)(ﬁf»Wax>ovaaB>o' (5)
The cdf of the inverse Pareto (IP) distribution (5) is
o
F(X;a7ﬁ):(xji—ﬁ) ax>07a7ﬁ>0' (6)

The odd inverse Pareto-G (OIP-G) is based on the inverse Pareto distribution and the family of distributions G,
proposed by Alzaatreh et al. [21]. Then, the cdf and pdf of OIP-G family are

! [G())*

G
. 1-G(x) _
Forp—g (x) = afs _/0 (B _H)‘Hldti [B(1-G(x)+Gx)]

—.a>0,B>0. (7)

and

®)

a—1 —a—1 a—1
Jorrc (1) — op EGE) (ﬁ+d(ﬂﬂm> ::w(aﬁganuﬂ o> 0,850,

(1-Gx)*" - G( 1-G(x)+Gx)*""

where G(x) is the baseline distribution function and g(x)= dG(x)/dx is the baseline density function. Inserting Equation
(1) in Equation (7), we obtain the odd inverse Pareto- Moyal (OIP-Mo) distribution with cdf given by

ﬁerf(#)
1 —erf <73\(/;j“)>

The pdf corresponding to Equation (9) will be as follows

_1 e*x;“) X[ [ x—u ol
af e 2( Lo 0) l]—erf(%)}

fxa,B,u,o)= (10)

— —— atl
2T O [1 —erf <7e\(/;)> +Berf <7e \(/; )>]

where —oo <x,t <o , 06>0,00>0and f > 0. For u=0and 6= 1, we obtain the standard OIP-Mo cdf given by
Ve X -
ﬁerf( 73 )

e

Fxa,B,u,0)= |1+

,—oo <X, <o, 6> 0,00 >0and B >0. 9)

F(x)= |1+ (11)
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and the standard OIP-Mo density function given by
of ef% (e7*+) [1 —erf (‘/F)} o
V2

et (%) perr (%)

12)

fx)=

Plots of the density function (10) for selected values of the OIP-Mo distribution are given in Figure 1. It is illustrated
that these plots show great flexibility of the OIP-Mo for different values of the shape parameters o and 3, including the
special case in Equation (12). It is also illustrated that when the value of p changes from -ve to +ve value, f(x) is displaced

to the +ve side of x-axis.
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Fig. 1: Plots of the pdf of OIP-Mo distribution for some parameter values.

We define the hazard rate function of the OIP-Mo distribution as follows,

) =163

where R (x) is the reliability function of the OIP-Mo distribution, by the following

CHY 1"
ﬁerf <T>

R(x)=1-F(x)=1— |1+ =
1erf<@>

V2
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Then the hazard rate function of the OIP-Mo distribution (10) is given by

h(x)= ) — (13)
= = a+1 ﬁerf( < 2 )
\/2ﬂdllerf<"e\(ﬁa))+ﬂerf< e\(ﬁc))] 1— 1+—HL
lerf(i”e(\/;))
Also, the hazard rate function of the standard OIP-Mo distribution is as follows,
. — -1
P 1oy ()]
h(x)= ( ﬂ) — (14)
e (Y YZAY R (U PRl G
VA [1—erf (2) 4 prs ()] <1 2]

Plots of the hazard rate function (13) of the OIP-Mo distribution (10) are given in Figure 2 for selected values of the
parameters.
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Fig. 2: Plots of the hazard rate function of OIP-Mo distribution for some parameter
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3 Expansions for the OIP-Mo Distribution

The pdf of OIP-Mo in Equation (12) can be expressed as

et [ () -
vali-er ()] L 1er ()

fx) =

Consider the power series

(1+dz) %= i (;") dk (16)

k=0

Using the expansion (16) in Equation (15), the pdf of OIP-Mo is written as
k —k=2
A / —X A /e*x
Berf 1—erf
V2 V2

(1-77=Y (,f’) (-2 a7)

k=0

1

-2 (e )
f=2c_ "y <
k=0

For |z| < 1, the power series holds

Applying the expansion (17) in the last equation, the pdf of OIP-Mo is written as follows

-t E ) ) o

where 7 (%,x) = /Terf (V).

4 Statistical Properties of the OIP-Mo Distribution

If X is a random variable with density function (10), we write X : OIP-Mo(o, 8, 1,0).

Without loss of generality, for simplicity, we will take u = 0,and ¢ = 1.

In this section, we discuss some statistical properties of the proposed distribution such as quantile function, mode,
" moment, moment generating functions, incomplete moment, mean deviation, Lorenz, Bonferroni and Zenga curves,

Rényi of entropy and continuous entropy.

4.1 Quantile function

Theorem 1.Let X be a random variable following OIP-Mo distribution and let u € (0,1) where F (x) = u and F(x) is the
cdf of the OIP-Mo distribution. Then the quantile function is given by

x=In - (19)
—ua
oo ()

Proof The quantile function of OIP-Mo distribution x = F~! (), u € (0,1) can be obtained by inverting Equation(11) as

1ferf<\/ef?) ¢
= 1ferf<‘/§?)+ﬁerf(‘/§?) -

@© 2021 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

852 NS P M. Ibrahem et al.: The Odd inverse Pareto-Moyal distribution

or
1 erf(‘/f) 1
1 —erf(‘/\;?) +ﬁerf(‘/\”/?) -
Then
erf< ex) = - ue
V2 1+ Buw —us
ie.

Therefore, the quantile function of order u of the OIP-Mo distribution is the solution of Equation (19).
The median of the OIP-Mo distribution can be defined at u= 0.5 in Equation (19).

The OIP-Mo distribution is easily simulated from F (x) in Equation (9) using the form of the quantile function in
Equation (19).

4.2 Mode

We consider the density function of OIP-Mo distribution given in (12) and solve %ﬁ:) =0 for x, to obtain the mode of
odd inverse Pareto- Moyal distribution as follows

o) —aBe I e ()] e

dx ZM[l—erf(‘/\j?)—i—ﬁ erf(‘/ej)}aﬂ

V2
ap ) [1—ery ()] Bla—yerf (%)

27t[l—erf(‘/§)+ﬁ erf(\/\;?)r+2 1*@rf(<e/?)

But we cannot obtain an explicit form so we calculate the mode numerically for different values of @ and 3.

+

Blo+1)+ —2| =0

Table 1: Mode for some chosen different values of a and 3.

The values of o and 8 Mode
a=0.2and f =0.2 —2.1998
a=05and  =0.5 —1.24314

a=land B =1 0
a=2and =2 2.29477
a=2and f =0.2 —0.531786
a=2 and f =0.5 —0.252485
a=2and B =1 —1.13027
a=0.2and B =0.5 —2.14808
a=02and f =1 —2.12409
a=02and f =2 —2.10991
a=05and f =2 —0.666869
a=land B =2 0.838473
0=05and f =02 —1.5249
a=1land B =0.2 —1.06015
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4.3 Moments
Theorem 2.If X follows the OIP-Mo distribution given by the pdf (18), then the "™ moment of X is given by
v v k+j+1
Hy = Z Z Vim,nk,j ((X,ﬁ)l—}(m—i—ié ), (20)
k,j,m=0r=0
here —o—1Y\ (k=2 (n j+n B (In(2) )"
Vemnk,j (05,3):05( k ) ( y ) (7)(=1) TR
Ctem (CDN(kf)—mtD) ) k7 (1)
and Cmi+j =M Zl:l T nn Cm—1k+j form = 1,2, ... and COk+j = AR

Proof. The n moment of the OIP-Mo distribution is given as follows

=EW) = [ 7@,

=) —o—1 _k_2 k+1 —1 j o0 *%(67X+x) . 1 —X
e £ () (L [ 122
k,j=0 k J (Vr)™ T e V2 272
Setting u = %~ , ! reduces to

W = ak;O (_O‘k_ 1) (_kj_z) % /Owu%l (In(2u) ' "y Gu) du.

Using the binomial expansion in the last equation, we obtain

w=a ¥ (O () () e [T i e (a2

Pl o j r (\/E) k+j+1

Therefore

Let Ly ;= [y w7 (In(u) ) e 1kt (3,u)du.

Using the series expansion y(o,x) =x*Y i (

—)m
o+m)m!

,in the last equation ,we have

=

oo (7 )m k+j
Ir,k,j :/0 MﬁT (ln(u) )reiu |fﬂ Z 7M‘| du.

0 (% +m)m!

Using the identity of a power series raised to an integer, namely ():;":0 akx")" =Yro0 ck’nxk (see Gradshteyn and
Ryzhik, [22], p.14 Section 0.314), where ¢y, = ajand ¢, = (ka()Y1 2’,‘:1 (nl —k+aici—1 .

o ktj-l oo _ (=D (k) l=m~+1)
Hence, Iy ;= [o u = (In(u) ) e ™Y _oCmisju"du, where ¢, iy j =m= Y oI Lk form =

1,2,... and co gy j =28
Then Equation (22) can be written as

Hy = i 2”: (ak 1> (k-2> (n) M(ln@) )" Cmerj I (1) (23)

k,j,m=0r=0 J r7 (V) i+l

where J(r) = [ u™ F 1 (In (u) ) e du.
This integral J(r) in (23) can be calculated from the result given by Gradshteyn and Ryzhik, [22], (p. 578 Section
4.358 integral 5). From the definition of I (p) = ag;](,p) , we have

J(r)= / R (In(u) ) e "du=I; <m+
0

k+j+1
— )

This yields the n" moment given in Equation (20).
Putting n=1 in Equation (20), we easily obtain the mean of OIP-Mo distribution.
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4.4 Moment generating function

Theorem 3.If X follows the OIP-Mo distribution given by the pdf (18), the moment generating function (mgf) of X is given

by
M (1) = 27 57 Wi (0 B) T (m+ 5541 1),
: 24
where Wk,j,m(avﬁ):a( 70;:' ) (7]‘,72) (Tﬁ% (*I)JCm‘kﬂ' ) ( )

and ¢, ;1 j is defined in Equation (21)

Proof. The mgf of OIP-Mo distribution is defined by

oo

M, (1) =E () :/ e f(x)dx

—o0

Using Equation (18), the mgf of OIP-Mo distribution reduces to

z&( () [ (1

Substituting 4 = we have

2 I

LetA = Jo u’t’%e’“ykﬂ (1,u)du
Following similar steps of Theorem 2, M, (¢) takes the form

) —o—1 Bk+1( )] oo ktj+1
w5 (BNt
' k,j.,rzn:O k i) () ks Jy

which yields the result (24).

4.5 Mean deviations

Theorem 4.Let X follow OIP-Mo distribution given by the pdf (18). The mean deviation of X about the mean | and the
median M are defined, respectively, by

81 (x) =2uiF (ui) — 2T (w)
and & (x) = u; — 2T (M) where T (q) is given by

kit e
Vim, 1.k a ﬁ ( 7_) ; (25)
k]; OrZ b 2 2

and vy 1 ,j (@, B) is defined in Equation (21) for n = 1.

Proof.The mean deviations of X about the mean and the median are given by

61(0) = [ x| £ (0dx =201 () 27 ()

and

&:6) = [ b= MIf(x)dx=pi 27 (M)

where T(q) = [?_xf (x) dx, F (M) =} and F (u]) can be easily calculated from Equation (11)
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Using Equation (18), we write T (¢) in the following form
k=2 k+10_1 J rq 7%(e’x+x) /1 e ¥
@=a Y ( )( | )ﬁ L[ )/‘ﬂ(—,e—)dx.
Vo J (va) ! e V2 272
Again setting u = % , we have

T(q) =« i (O‘k1> (kj2)%/;u711n(2u)e“)/‘+j<%,u)du.

k,j,m=0 2

Following similar steps of Theorem 2, T (g) takes the form

From the last equation

oo ar ) .
/ q ﬂ1+k+/ ! (]n (M)) refudu -z /7‘1 Mm+k7+£+l 7]efudu.
& 8<m+k+“1) &
a<m+k+§+1)’ 2 T2 ) F 2 27

This yields the T (g) given in Equation (25).
Therefore the measures 8 (x) and &,(x) are determined from Equation (25).

4.6 Incomplete moments
Theorem 5.If X follows the OIP-Mo distribution defined in Equation(18), then the n'"incomplete moment is given by

k+j+1 ¢
Z Zvrmnkj (Xﬁ ( +57)7 (26)

k,j,m=0r=
where vy i j (&0, B) is defined in Equation (21).

Proof The n'"incomplete moments denoted as n1, (z) can be obtained as follows:

my (z) = /Z X' f(x)dx

J —oo

From Equation (18), we have

e BT L (35 )

Using the transformation u = 2 , we have
k=2 k+1(_1 Jtn e 1
- Z ( > ( ‘ )% / uT (In(2u) )"e "t <§,u> du.
k,j,m=0 J (\/ﬁ) Jek

Following similar steps of Theorem 2, m,, (z) takes the form

- akjizn o;)< ) <kj2> (IZ) %(ln (2) " Cmpesj /j W™ (In () e du,

which is similar to the integral in Section 4.5
Therefore, this reduces to the result in Equation (26).
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4.7 Lorenz, Bonferroni and Zenga curves

These curves have different applications in many fields such as medicine, insurance, reliability, demography and
economics.
The Lorenz, Bonferroni and Zenga curves are defined, respectively, as follows:

LF@) = 5 | af (s = 253,
BF (@)= )
and . - (z)
AR =150
where

M~ (z):%/ile(x)dx, M (z)zﬁ/jxf(x)dx

Therefore, using Equations (20) and (26), we obtain the Lorenz curve as follows

k z
Zk]m OZF Ovrmlkj(a ﬁ) (m+ +]+l,€2 )

L(F(z)= | .
Zkjm OZr OvrmlkJ(OC ﬁ) (m+k+J+])
From Equations (27) and (11), we find the Bonferroni curve as

Y4 jm=0 Ly Vrm 1.k (0. B) I (’“ + i %)

B(F(2) = - | "
= a
B CE) | e e
+ =1 Y7 i me0 Lr=0 Vem1 kj (0, B) I (m4-=-4)
lferf( = ) g
Hence, the Zenga curve can be defined as follows
— o v .
ﬁel‘f(\/ﬁ) Z:’ fOZI:OVrmlk'(a ﬁ)l’;(m+k+j+],g )
Alz)=1- 1+7‘/—277 1 Jm r j kﬂzﬂ E% | o)
lferf<\/\j;) Zk}m OZr ()VrmlkJ(OC ﬁ)’yr(m+ , S )
where
ZZj,in:O Zl:o Vr,m,l,kj ,ﬁ) N ( k+]+l eT)
M (z)= \/7 7
L ﬁ
(%)
e e 0 o 1)
7) = |
Berf \/F) -
1— |1+ N
lferf(‘/\"/?)
and

ktj1 e o ktj1 e o & :
'}/r <m+%,%) ﬁy<m+%’%) :ﬁ/ 2 um+k+£+17187udu
8(m+ %) 8(m+ %) 0

f/ - Y(In(u)) "e "du .
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4.8 Rényi entropy

The entropy of a random variable represents the amount of variation of the uncertainty. The Rényi entropy has broad
applications in different areas such as statistics, physics and ecology as the index of diversity. The Rényi entropy is
defined as
1
Jr(§) = qlog(l(’:)) :
where I (€)= [ f¢ (x)dx, & >0, and & # 1.
Using this notion, we deduce the Rényi entropy of a random variable following the OIP-Mo pdf (15), in Theorem 6.

Theorem 6.Let X be a continuous random variable following the OIP-Mo distribution given by Equation (15). The Rényi
entropy of X is given by

(30)

) (6(—a— 1)) (—kfzé)cm_k+j<—'>j7ﬁ"*’;5ww)r(wﬂkﬂ
j ,

JR(§)=(15)1{§10g(0¢) +log ' s )

k,j,m=0 (7‘5)

Proof.Setting the pdf of OIP-Mo (15) in the definition of Rényi entropy given above, we have

atBs /oo o Sl L B erf(@) 5(a1)d
. X
= () U ()

Using the series expansion (16) in the last equation, we obtain

= —\ N\ k2%
= oy g (-o—1) S+k - e %(e’)‘ﬂr) er e’ k —er —67)6 - X
1= (27[)§k20< k >ﬁ /ﬂx’ ' V2 ! ' V2 a

1
Again using the expansion (16) and erf (1/x)= y(jﬁx) , we obtain

16)= (z‘; kio(é(jl)) (ka"?)%/“ fepr (Lo

Substituting u = % , we have
o (E(—a— 1)) (k=28 BEK-1) e e b
1(5)2‘)‘52( )( , )W/ uz e Vﬂ(—,u)du
k,j=0 k J (m)~z - 70 2
Following similar steps of Theorem 2, we have
ad —a—1)\ (k-2 Stk(—1)) pe ke | —Gu
) - ¥ (é( >)( . é)w/ et
k,j,m=0 k J (ﬂ) — 0

where ¢, i ; is defined in Section 4.3. The integral in the last equation can be easily calculated. Hence,

> —a— —k— Etk(_1)/ k) .
1) =af ¥ (5( " 1))( kaé)cm,kﬂ'mg(m+§T>F(m+7€+k+J)

k,j,m=0 k (7[) % 2

Finally, the Rényi entropy can be expressed as in Equation (30).
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4.9 Continuous entropy

The Continuous entropy defined by Marsh [23] is as follows

h(x) = E[-In(f() ] = [ ~In(f () £ (x)dx

Theorem 7.Let X be a continuous random variable following the OIP-Mo distribution given by Equation (15). The
Continuous entropy of X is given by

h(x)=—In(o) —In(B)+ = [In(27)+ Mc(—1) +p3] =20 )

k,r=0 (V —k— 1)2

Proof.Substituting the pdf of OIP-Mo (15) in the definition of the Continuous entropy given above, we have

08 e,

| =

h(x) = {1n(a)1n(ﬁ)+%ln(2n) ] I,+%IQ+%I3+2 L+ (a+1)Is (32)
L=/, f( )dx =1 (1)
= [ e "f (dv = My(-1) (i)
L= [T xf(x )dx— I (iii)
Also,

14:/:,1“ l]—erf({j?) ]f(x) dx

TN apeten) () 7
= n|l—er B b
/* 1 [1 f< V2 )] Nex: {l—erf(\/ef?)r o 1-erf () ’

=

Letv=1 —erf(‘/F) , then we have

[or [1f<g> ]f wac =ap [l [4p1 0]
ai( Ock 1 Bk+1/ I (v) v (1 )y

|
) e

S

ay

k,r=0

Integration by parts yields

oo —x —a-1 /rf Bkt . .
- - (5) o -aziy O
Now the last integral will give

Ve *
0 erf
ts= [ |1+8 (“if)x oL
- 1ferf(ﬁ)
oo erf ~L(ex erf
=[ [+ ) Pe 1+ﬁM dx

1-erf (355) | vam [1-ers (5

Now, we have
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o erf( o) ) VJrﬁ Bv o1
[ L5 i~ o [
- | 1—erf(‘/$)_ (v+B—Bv)
Let z=v+ B — Bv, in the last integration
- V=2
oo erf( 75 ) op 8 1-B B a1
Inj{l+B ——YZ|f(x)dx = / In 22{1 ——} dz
./,m 1—erf(%) (1-B)“Jp " [1-E z
Andletw=1— E , in the last integration
- erf<\/e_) o P [1-B] o
/ In|1+p fx)dx = a/ w?'d
—oo 1_erf(\/\j;) (1*[3) 0
v)

Therefore, Is = [

= In

(")

S

l—erf

1 +ﬁ 7\ﬁ f(x)dx
Substituting (1), (i), (iii), (iv) and (v) in Equatlon (32), the Continuous entropy can be expressed as the result (31)

1

T a

< Xu:mbe the order sample from

5 Order Statistics
Order statistics play an important role in probability and statistics. Let Xj.,, < Xo.,
a continuous population with pdf f(x) and cdf F(x). The pdf of X;.,,, the k& order statistic is given by
B m! k=1 m—k . _
Fren ) = i @ I =F@I ™ k=12, m
Then , the pdf of the k" order OIP-Mo random variable X.,,can be obtained using Equations (11) and (15) in the last
equation to give
- — —o\ m—k
e m af e e +x) ( erf(‘/\g) ) . |: erf(‘/\;) ]
Xem \3) = =\ 12 Ve N
(k= 1) 0m— k)2 [1—erf (Y50 | e (V) 1—erf (V57)
Using the binomial expansion, we obtain
L ) N= (k+i)—1
Laf e 20"+ Ve = —k erf( )
i () = 2 (25 ) | R (") e
(k—1)!(m— k)27 vz )] &\ —
From the series expansion (16), we have
. _j_2
| ) —o(k+i . S o—x / e—x !
S (X) = maee ; Z ( > < o +l) )ﬁ’“( 1) |erf ¢ 1—erf| X£
' (k ) (m k V2 i,j=0 i J \/E \/E
Again, using the binomial expansion
j+
m—k —a(k+i)—1 —j—=2 il i+r Ve a
. B (—1)"" [ert
j V2

miae deH) (
(k 1)'(m7k)'\/ 2n i,j,r=0 i

ka:m ('x) = B
Therefore ,the pdf of the k" order OIP-Mo random variable Xj., is as follows
_ Llie—x . . ; i+r
tae 267+ = —k\ [(—a(k+i)—1\ [ —j=2\ B/ (=D . /1
P (1) = =2 " ko LA [ A ) e
’ k—1)(m—k — l r
" ( ) ( ) \/_1].}70 J 77:]+;+ 2 2
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Also, the n'"moment for the k" order statistic with pdf fy,,, (x) is given by
(n) _ . n
Mgy = X frem(x)dx

Then , the n'"moment for the k" order OIP-Mo random variable Xj.,,can be obtained using Equation (33)

. . ; i+r _
(n) _ m! o ( ) (_O‘(k+l)_l) (_1_2) B (1) /w oo e x) ) jtr (l e_x) d
Ben = Gt m =2 g\ i j Y A==y B My H

. . —X
Again, using u = eT, we have

b . . i i+r+n
m___ma k) (D) (Y BT e
Hem = 1) m— k)1 l};0< i )( j - g A (Inu)}"u ey (5, u)du
which yields
(n) m! o

Hem = 1)1 (m— 1!

x Z Z< > (a(k;ri)1> <jr2) <Z> w[ 2) ]n—z/()mu%‘efu[ln(u) ]Zyj+r<%7u) i

i,j,r=0z=0

oo =l _ 20
SetByj.= [y u? e “[In(u) 'yt (%,u) du
m
Using the series expansion y(o,x) = x“ Zzzo% and the identity of a power series raised to an integer,

namely (ZZ":O akxk)" =Y cky,,xkin the last equation, we have

s+
er ZCY]+I‘/

Jjtr—1

““In (u) |°du

where ¢y j;, is defined in Section 4.3.

The integral in B, j ; can be calculated from the result given by Gradshteyn and Ryzhik. [22], (p. 578, Section 4.358,

integral 5). From the definition of I} (p) = ? al; (,p) ,we have

o jH+r+1
Brjo=Y ¢ jrrLi(s+ — )
s=0

This yields the n'" moment of X, given by

) m! o
Hem = 1) m— a1

TR () () e e B

J T2

6 Estimation of Parameters

In this section, we describe the maximum likelihood estimators (MLEs) and the observed information matrix of the
OIP-Mo distribution. Let X;,X5,...,X, be an independent random sample from the OIP-Mo distribution, then the log-
likelihood function is given by

I=n|In(c)+In(B)—In(c )len (2r) *%Ze (%5 )%Z]<’%)+

i=1
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/ "i*“) ("1 “ x; y
e ( c n e Il e (—I—G

afl);m 1 —erf — f((erl)i:Z]ln 1—erf — +Ber 7 (35)
Then
"y e o)  In |1 e ) /e <) 36
a —+i:2:1 n|l—erf s l:ZI n|l—erf — +Berf — (36)
A n 1 ef(Xi:’u) " e ~je (i) e (55)
. l ()
V2ro |1 —erf eﬁ
n %ef(Xi;“)
Ha+1)Y ¢ Y —P) 37)
ol >w< )
YK 1 YK
al 1 i— U 1"7(0),— noe—3e (%*) (")zll
862_% EZXGZ _E.Ze Gz(x Ze - (XEXM) )
= = = V2ro? [1 erf( eﬁc )]
. O ()
CEN)Y - ex, e 5 (38)
l:l\/ﬁ 1— 6‘}"f< ( >+Berf< g\(ﬁo )]
and
erf( )
dl  n 39)

o n g *
a : X Xi—H
pob l]—erf<7(2 )>+ﬁerf<7\(/;)>

The MLEs (&, B, i, 8) of the parameters (¢, 3, 1, 0) are obtained by solving the system of nonlinear equations (36),

(37), (38) and (39). These equations cannot be solved analytically, but can be solved using numerical techniques such as
Newton-Raphson method.
For interval estimation and testing of hypotheses of the parameters(a, 8, 11,0) , we require the 4x4 unit observed

information matrix.
2% 94 % 9%
do2 JdadB Jdadu dado
* % 99U
JBoa B IBIE IPIo
J(y)= 9%l 3ﬁ21 % 9%
duda Judp  ou? Judo
9% 9% % I’
dodo dodf Jdodu 9Jo?

whose elements are given by the following.
a__n
da?  a?
9%l %l i B
000 ~ 9pda ﬁaoc D

i=1
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92 92 Z /A Z e MVA (B-1)

Jdadu  Jdudo 2no(1—-B) = \2moD
Pl __" VA (x; ’Ze VA (= p) (B—1)
dado doda = \2mo(1 P V2ro2D
821 n i B
%l 9 - Z e 2A ((31)3)
dBou  Judp 2noD D
2 2 n A _
PL_ Pl gy ye VA —p) (| (B-DB
dBdc  Jdcdf P \/ﬁGZD D

921 1 & no emiAY —e24 I A
g Vv - _ 2
P 202; (@ )l.; 2/7o? (1-B) (ﬁ(lB) N Rl

+(oc+1)i2n:1 _ {eéAz\jiz(ﬁzl)r +6£A\/§\/(f_mzl;(1f\)
e A5 e (i)
_(O‘H)iil <%(] 5 (Xiza” iy _A)) ) ﬁe%A\/\/EZD(ﬁ —1)2)
R (e B (- 5D)
((Hl),il (e éf:;q;)(ﬁl))z ﬁig:@mz (1-p) <x,~4fu (1A)>

where A = ¢ (") | B = erf Vet andD= 1 —erf () LB erf (x";“)
9 \/z \/_

7 Applications

In this section, we introduce two applications of OIP-Mo distribution to two real data sets. The first data set is given by
Linhart and Zucchini [24], which represents the failure times of the air conditioning system of an airplane: 23, 261, 87, 7,
120, 14, 62,47, 225,71, 246,21, 42, 20, 5, 12,120, 11, 3, 14,71, 11, 14, 11, 16, 90, 1, 16, 52, 95.

The second data are vinyl chloride data obtained from clean up gradient monitoring wells in mg/L. The data are: 5.1,
1.2,1.3,0.6,0.5,2.4,0.5, 1.1, 8,0.8,0.4,0.6,0.9,04,2,0.5,5.3,3.2,2.7,2.9,2.5,2.3,1,0.2,0.1,0.1, 1.8, 0.9, 2, 4, 6.8,
1.2,0.4,0.2. This data was used by Bhaumik et al. [25].
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We use these two data sets to compare the fit of the new model OIP-Mo with Beta Moyal (BMo) and Moyal (Mo). First,
we obtain the maximum likelihood estimates (MLEs) for the unknown parameters of each model and then compare the
results via goodness -of- fit statistics AIC (Akaike information criterion), AICC (corrected Akaike information criterion),
CAIC (consistent Akaike information criterion) and BIC (Bayesian information criterion).

Table 2: MLEs for OIP-Mo, BMo, Mo models and the statistics AIC, AICC, CAIC, BIC for the first data set

Model a B a b u 5 —{ AIC AICC CAIC BIC
OIP-Mo | 4.20888 | 0.18603 — — 15.0458 | 22.6501 | 139.87 287.74 289.34 289.34 | 285.648
BMo — — 3.38285 | 0.760179 | -14.425 | 13.9304 | 144.927 | 297.854 | 299.454 | 299.454 | 295.76

Mo — — — — 24.645 | 22.9871 | 159.426 | 322.852 | 323.296 | 323.296 321.8

Table 3: MLEs for OIP-Mo, BMo, Mo models and the statistics AIC, AICC, CAIC, BIC for the second data set

Model @ B a b i G —t AIC AICC | CAIC BIC

OIP-Mo | 0.494299 | 0.921582 — — 163958 | 0.742177 | 59.6542 | 127.3084 | 128.688 | 128.688 | 125.434
BMo - - 0.486451 | 0.0242931 | -26.235 | 0.353301 | 167.795 | 343.59 | 344.960 | 344.969 | 341.715
Mo — — — — 0.886804 | 0.678708 | 1322.56 | 2649.12 | 2649.51 | 264951 | 2648.18

The best model corresponds to the smallest AIC, AICC, CAIC and BIC values where,
AIC =2K — 21

2k(k+1)
k1
2kn
n—k—1
BIC = klogn —2I,

AICC =AIC +

CAIC = 21,

I denotes the log — likelihood function evaluated at MLEs, k is the number of parameters and n is the sample size.

8 Conclusion

In this article, we proposed a new distribution namely the odd inverse pareto - Moyal (OIP-Mo) distribution which is
considered a new extension of the Moyal distribution. We provide a mathematical treatment of the new distribution
including the density, hazard rate functions, quantile function, mode, n' moment, moment generating functions, mean
deviation, incomplete moment, Lorenz, Bonferroni and Zenga curves, Rényi entropy and continuous entropy and the
moments of order statistics. The parameters of the new distribution are estimated by using the method of maximum
likelihood and the information matrix is derived. Two real data sets are applied to demonstrate that the odd inverse pareto
- Moyal (OIP-Mo) distribution can provide a better fit than the Moyal (Mo) and beta Moyal (BMo) distributions.
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