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Abstract: In the present paper, we investigate and introduce the perturbation of dA..-algebra and the homotopy property (SDR-case).
We also verify the homotopy theory of dA..-algebras and A.- differential module. In addition, We construct a property of homotopy

invariant property of A.-differential algebras.
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1 Introduction

According to perturbation hypothesis, speculation is a
peneficial procession to get relatively small differential
complexes expressing an assumed chain homotopy type.
The wuse of perturbation method in differential
homological algebra has a long history, much of it was
indicated in [1]. Stasheff in [2] started the possibility of
an A-infinity space, since it is continuous associative
multiplication and homotopy invariant parallel to
topological space. One of the primary homes of the
structure in an A- infinity space is its homotopy
invariance, as the stability of this structure which is
estimation to the arbitrary homotopy equivalence to
topological spaces. In [3], [4] and [5], the graded
A-infinity algebras applications to the sort of homologies
of twisted tensor products and homologies of differential
algebras are addicted. In [1] and [3] applications of
differential A-infinity algebras to mathematical physics,
topology, and geometry are stated. In [1], they induce the
universal of the D-infinity differential A-infinity algebra,
that is a homotopically invariant quantum analogue of the
universal of a differential A-infinity algebra. Lodder,
Lambe, and Stasheff ([4],[6] and [2]) began the
perturbation of differential module intention and
established the homotopy invariance property of
differential module perturbation. They ordained the
dependence between the homotopy of a structure of the
differential ~A-infinity (to short As-algebra) and
differential perturbations. In [1], Lapin presented the
concept of D-infinity differential module (shortly
D..-module), and detected the relation between D-infinity

differential module and perturbations differential module.
In the coincident work, we define and ponder the
perturbation of D-infinity A-infinity algebra and its
homotopy invariant characteristic (SDR-case).

We recollect some fundamental facts existent in the
sequel.

Definition 1.1 [7] We can define a differential algebra

(A,d,m) as (A,d) which is differential module over an
algebra with the multiplication map 7: A ® A — A such
satisfy the associate law, (1 @ )7 = (7 ® 1)7 holds.

Definition 1.2 For any arbitrary algebra A, the form
(A,d,m) is referred to as A - infinity algebra, since the
graded module over algebra (A, d) such that:

n
Y (- 1)m(1®.0m_1®..01)=0, &=nk+ik+n+k
i=0

Definition 1.3[8] A D..-module A together with a set of

the operations 7, : A*"*2 — A .n > 0 is called differential
A-algebra (dA.-algebra), with the following identity;

d(me1)=Yr (- 1)fm(l®..0m 1 ®...01)=0,
e=nk+ik+n+k

D
Definition 14 The homomorphism
[ (X1,d,m) — (Xa2,d,m,) of the dA-algebras is the
set; f =

Fu X2 o £ (x P, C Xy, n € Zin >0
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that fulfill the accompanying connection: for integer,
n>-—1,

dfpsr+ (1) fap1 = Zﬁlzo(fl)"ﬁ”‘**--fnim(l ®..®1®
Tn®1©... 1) + L o(—1) " (o, @@ f, 1)

()
where ny + ... + n,_,, T, can be located and the sum is
appropriated over all locations ¢.

Definition 1.5 A family of morphisms f = f,: X — Y
and g = g, : Y — Z of dA.-algebras, its composition
gf=(gf)n: X,d,m,) — (Z,d,m,) is defined by:

n>0

((8f)n= i gm(fr @ ... ®fnm+2))7
m=0

andny+...+ 1, =n—m.

Definition 1.6 We can define the family of maps as
follows:

h=hy: X2 s 0 ny (x0T, C X,
nezZn> O

s4n+1

as the homotopy morphism, 4 : X; — X, between the
morphisms of the dA-algebras,
f=rfe=gn: (X1,d,m) — (Xa,d, m,) such that satisfy
the relation: Vn > —1,

dhpi1+ (=1 by = frir 4 gna
+Z ( ) m+1)+n+1h (1®...®1®7rm®1)
+Z ( ) (m+1)+e(t) m(gnl Q... 8&n,_,

®hn, ®fn,+1 ... ®fnm+2>

and the sum over ¢. And 7, and A, can be situated, and;

() =na+nat ...+ o)+ M4 1)/2 41 T MY 41)/243
Tt (1) /2041

Definition 1.7[9] Consider two arbitrary differentials

A-infinity algebras X; and X,. The triple system
N : X; = X, defines the strong differential retract of a
dA.-algebras, since the maps; m : X} — Xo,
£ : X, — X; are differential module morphisms and
satisfy; n& = 1x, and h is defined to be the homotopy
between n,& and lx. If A = 0,hE = 0,hh = 0 hold, we
can call the triple: n:X; = X, :h,& SDR-case of a
differential modules.

We give an excellent precedent of a differential SDR-case
as a homology of the differential module X; over the field
K, defined by H(X;) = Ker d/Im d, to be the homology
module of the differential module (X;,d) over K. If
H(X;) defined as the differential module such the
differential is zero, then SDR-case 1 : X| = X, : h,§ for
the differential modules, referred to as homology
SDR-case of differential modules, via the use of the
decomposition of fixed direct sum

(Kerd=H(X,)®Imd).

Definition 1.8 The differential perturbation of the
dAw-algebra (X;,d,m;) is the differential perturbation of
the differential (X ,d) modules satisfying;

fr=n(l@t+r®1)

t 1 X; — X; with differential module (X;,d +1), i.e., the
mapping d +¢ : X; — X; satisfies the rule: (d +1)? = 0.
Clearly, any ¢ : X; — X; of the differential module
(X1,d) satisfies, dt +td = —t*. For any (X{,d) module
there is a new map
D:Xi— X, s.h. t=D—d: X3 —Xj.

Definition 1.9 A graded D..-module (X,d") with the set of
the maps;

(ml:x®0+) x|l (XO0H)), C X,y n>0, i>0)

of modules is defined a differential A..- algebra if for the
integer numbers;n > 0 and k > 0, the following relations

hold: o o
Y dmy= ) md
i+j=k it+j=k
where
Zl+j kd +l+( ]) n+1dj Zl+j kZm 0
(=1)mthtngl (1@, @10me1®..®1)

With the sum is over all ¢,and 717#1 can be situated.

Example 1.10 For an A.-
A of dA-algebra (X,d',
for (n,i) # (0,0).

algebras (X,d', ). We hold the
m)ifweset 1) =7, mW =7

Definition 1.11 The homomorphism; f : X; — X, of the
dAs-algebra X; and X> is the set;

F= X X X)) C X, n>, 02 0)

of mappings of modules such that for any integer n > 0
and k > 0, then: ):,,»Jrj:kdif({ = ):Hj:kf(’;dj where,

Yirjmd L +(—
(_ 1 )l(m+l)+nf;l

)nfn+])dj ZlJrj kzm 0
W(190..010TR18..01)

+ Z Z n2+n4+

i+ j=km=

o (fI @ ..o fin?)

Where; ny + ...+ w2 =n—m,  ji+..+ jm2 = J,
since the sum over 7, and 77, can be situated.

112
D (X,d'\ W) —

Definition

gf = (/)i

The composition
(Z,d',«w.) of morphisms

n
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f=fi:X—Y and g =g, : Y — Z of the

dA.-algebras is defined as:

=) ng (f & @ fire)), n>0, k20,

i+ j=km=|

where, ny + ...+ 1,1 =n—mand ji + ...+ jute1 = J.

Definition 1.13 The homotopy between amorphism f, g
X1 — X, of the dA.-algebras is the set of a function;

h=hi:x7" x| xPY), C X,

n>0, zZO

that fulfills the accompanying connection: for any integer
numbers, k >0, n>0;

Y dnl+hydl = f§ - gk,
i+j=k

. Zi+jk:k d'h g+ (=1 )l(mHHnTlhiwll dj
= Jnt1 7gn+lZi+j:kan:0(71)[(m+ yrnt hizfm(1®
+Zz+] kzm O( ')(n1+1)+8() l(gnl ®g{lt; l1 h{ltr
Qf! Jr+1 R.0 J;TIZZ)

LS|
the sum over all 7, since 7, and h{,’, can be situated, n; +
wo 1o =n—mand j1+...4+ ju+2 = j and

€(t) = ny+na+ ...+ /2 + Mof(141) /2141 F M2[(141) /243
Tt Tt 1/2)4+1-

2 Results
We describe and discuss the homotopy of dA..-algebras
properties. Let any two dAs-algebras X,Y and

(n:X =Y : & h') be an SDR-case of A..-modules, where
&,n are the morphisms of A.-algebras, the map & is a
homotopy map between &, and 1x of A. of
dA-algebras. Then SDR-situation of A..-modules defines
dA-algebras SDR-situation.

Definition 2.1 The differential

Aw-algebras (Xi,d', ') is characterized to be the set of

perturbation  of

the maps formula; 7 :X; — X,i>1, icZ =0
such that,
Y di+ Y fdl=-Y fvk=1  (3)
it j=k it j=k it j=k

From this relation, any differential perturbation in the

(ie. d' = —1'd").
ii- If k=2, then d°? +1?d° = —(d't' ++¢'d" + (+")*
Then the map ¢! : X; — X; is homotopic to the map
d': X, — X, Along these lines we introduce a new
definition of differential D..-module (X;,d’) the
perturbationt’  s.h. t'=1,d°=0,andt' =0,i > 2.
Example 2.2 The perturbatlon Aw-algebras (Xp,d’,7')
can be built up by taking the filtration differential module
over a self-assertive field, the filtration differential
algebra, X{', d(X]') C X{', n >0 and there is (X,d)
which is the differential module for differential
perturbation such that satisfies the condition
(X1) € Xl”*',n > 1. Suppose the sub-module X' on X],
such that X' = X7 @XI’”I, then: ¢} 1 X] — Xz"*l, such
that

Xy — X=X eX) e oX,.
Clearly, the set ¢ : X; — X;, i > 1, where
=0, t=@>0®t, i>11is a perturbation of
dA.-algebras (X1,d', 7t') , since; td + dt = —1>.
To examine the perturbation homotopy invariant of
Aw-algebra (X1,d', ') let the deformation be as follows:

N ((X,d') — (Y,d): &' h)

of differential D.- module, and the perturbation
t': X; — X, for differential De- module (Xi,d’). Our
plan to set up the perturbation th:Xs — X of dAw.-
module (X»,d"). Clearly, t9=0. Let, t] =n° ¢! &0, and
using the relation @'t +t1d0 0 we get

doti—i—tido:do(n0t1§0)+(n0t1:§0)d0:nodotléo
+T[0t1d0§0:T[O(dotl+t1d0)§0:0

Let us define the map 2 by the
12 = 00280 4+ E0 4 028 4 O 01D,
From the relation (i) we have
d?+d"t +2d° = 't (ii)

for given maps t! and tZ we get the accompanying
connection,

A2 +d't! +ild' +12d° = —'e],

since
dlt,} _ dl(notlfé()) _ nldotléo,

tld' = (%' E%a! = n°ld0 e,
@12 = n0d%2E0 4 n0a' s E0 4 Ol a E0 1 @000 Of 1 EO,

form, ' :X; HX],ITO =0,i€Z,i>1 of an arbitrary
A-algebras  (Xj,d',m'), there exists a new 17d" =n°Pd°E"+ 0t d% E0+n ' a E0+ ' O E0d°,
dAw sh. D'=d' +t,i>0,ieZ. 1,1 _ (20,1 £0Y (10,1 n°" (@°h° + h°d® 1£0
Notethat t*t* —(77 t 5 )( t 5 ) t (d h +h d’— )li
i- If we put k = 1, equation (3) satisfies the relation: =Nt @O EO + O 0Ot EO — Ol EO
d' + t'd¢® = 0, that is  anti-commutative = —d'nOt KOLTED — O RO E0GO — 1Of1f1£0
© 2020 NSP
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Subsequently by thinking about the relations (i), (ii) and:
P +d" P+ d* +2d 4 d' P Pd = (P e
we get £ as;
3 =nORE0 1 1280 1 21 E0 4 Ol g2
0 E 4 n02n0 EO 4+ O 02 E0
O R EO £ O O EO O O EO 4 O p0f 01 EO,
such that
A% +d' 2+ 2d fild? +2dt = — (' 2.
The accompanying statement gives a perturbation;

tl :i >0, of differential D.. by aiding the homotopy idea.

Theorem 2.3 Let a strong deformation retraction;
ni : ((Xl adi) = (X27di) : éivhi)

of Aw-algebra (Xi,d’,n') and let the differential
perturbation #' : X; — Xj, then we have the following
statements:

On the A.-algebra (X»,d',w') we can establish the
perturbation )’ : X, — X; as follows

1= Yk, iy tootih i oot (A1)
o (Bkt) Edirr 19 = 0
)

The strong deformation retraction
(' (Xpd'+1) = (Xp,d' +11) - E1 1)

such that

o—g
¢l = Yi<k<i, i1.+...+vik+j1+j2+...+jk+|:i(hjltil) 5)
(hj2t12)._.(hlkﬂk)§fk+l,l' > 1

y i®=n" N
N' = Xi<k<i, iy+.iv+jy +j2{r...+jk+1:i(hjlt”) (6)
(h282) .. (Wkt)E T+t i > 1

is a strong deformation retraction ' : (X,d') = (X2,d") :
&1 k') is SDR-case of dA«- module, then

Al (X,d'+1) = (Y,d' +11) : E R @)

is also SDR-case of Aw-algebra (Xi,d’,n'). Proof. A
deformation of strong retraction,
(mi : (X1,d") : (Xp,dl) : ElhL) of Aw.-module which
defined relations(7) — (4) and is the deformation of strong
retraction N : (X1,d%) = (X,,d°) : 0, K0).

Most importantly, the deformation of strong retraction

' (X, D' =d'+1') = ((X,D' =d'+7)): (§,F) 8)

Where, 7' = D' —d is a great deformation of strong
retraction (i = 0):

(7% (X1,D° =d® +1°) = (X5, D° = d® +1°) : €O, 0).

O
By thinking about the isomorphism

MeE = (neE) s (Xd®) = (V,d) g =,
from equation (8) we get:

N’ (X1, D =d'+1) = (X, D' =d'+7)) : (§', 1) (9)

as follows:
' =n g
N' =Yk, iyt iptirtint ot =iHT)  (10)
(h282) .. (W) ETt > 1

The immediate estimation shows that the deformation
of strong retraction of Aw-algebra [9] is obscure (Equation
(10) identical to recipe (4) — (7)).

Example 2.4 The homology H.(A) has a graded

A.-algebras structure if A is a differential graded algebra
A over field.

Example 2.5 The graded space A = M[e]/(&?) with the
trivial Aw-structure given by the map m; induced by the
multiplication of M and the maps m, = 0 for all
n # 2,where M is an ordinary algebra for N > 1 and € be
an indeterminate of degree 2 — N. We define the linear
map f : M®N — M and also the deformed multiplication

r m, n#N
M = my+€efn=N

A endowed with the m,, is an A..-algebra iff f is Hochschild
cocycle for M.

3 Conclusion

In our work, we studied the derived E-infinity algebra and
the homology of differential graded algebra. We define
the minimal derived E-infinity algebra and studied some
properties of differential graded algebra.
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