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1 Introduction

In this paper, we investigate solutions in some spaces of
functions of bounded variation to the so-called
Volterra-Hammerstein integral equations. Functions of
bounded variation often appear as solutions of non-linear
integral equations. Integral equations play an important
role in mathematical analysis and its applications to
real-world problems. See [1], [2], [3], [4], [5], [6], [7].

Many problems arising from physics, engineering,
biology, economics, the relationship with vehicular
traffic, the theory of optimal control, modern computing,
lead to nonlinear mathematical models described by
integral equations, (See [1], [4], [7]). The beginnings of
the integral equations can be traced back when
Pierre-Simon Laplace, in 1782, used what is now known
as the Laplace transform to solve problems of linear
difference and differential equations. Later, in 1826, Niels
Henrik Abel solved the integral equation

)= [ =9 0()ds,

where u() is a continuous function such that u(a) = 0,
¢ is an unknown function, and 0 < o < 1. In the same
year, Siméon Denis Poisson in a memory on the theory of

magnetism explored the integral equation

0() = ult) + [ Kt —5)9(s)as,

in which ¢ is an unknown function. An important type of
integral equation is that of Volterra, which was introduced
by the Italian mathematician Vito Volterra [8] and his
studies published at the end of the 19th century. Volterra
equations are classified into two groups. An equation of
first type is:

) = / "K(t,5)x(s)ds.

A linear Volterra equation of the second type is:

() = £() + / "K(t,5)x(s)ds,

under the following conditions:

1.Both ¢ and s take values from a to certain ¢ > 0; and
2.K(t,s) = 0, if at least one of the values of s is greater
than the corresponding one of point ¢,

where one of the limits of integration of the integral is
variable. Functions f(¢) and K(¢,s) are known functions,
and K(z,s) is called the kernel of the equation.
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Volterra integral equations appear in several In [15] Matute handled the solutions of the Volterra
applications, such as demography, the study of equation

visco-elastic materials, evolutionary problems in biology,
epidemic propagation, neurophysiology, the control
theory, the study of the behavior of nuclear reactors,
mathematics of insurance through the equation of
renewal.

On the other hand, the Hammerstein integral equation
appears in the nonlinear physical phenomena, such as the
dynamics of electromagnetic fluids, and the reformulation
of boundary problems with a nonlinear boundary condition
of Hammerstein type, see [6], [9].

Once the integral equations have been studied in the
space of continuous or derived functions using Riemann
integration, it was natural to consider these equations in
other classes of function spaces and with other types of
integrals. Recently, the existence and uniqueness of
solutions of certain nonlinear integral equations in spaces
of functions of widespread limited variation have been
deeply investigated. For some examples we refer the
reader to [10], [11], [12], [13], [14], and the references
given therein.

For example, in [14] Bugajewska and O’Regan
studied the existence and uniqueness of local and global
solutions for nonlinear Hammerstein integral equation as
well as Volterra-Hammerstein equation in the space of
functions of bounded variation in the sense of Waterman,
i.e. the space of functions of bounded A-variation,
denoted by ABV. This was conducted by applying
classical methods of nonlinear analysis, namely the
Banach fixed point theorem and the Leray-Schauder
nonlinear alternative Theorem. Specifically they
conducted the Hammerstein integral equation, which is
defined forr € I = [0,D] as

X(0) = gl)+ 4 [K(e9)fa(9)ds, A€l (11)
JI
and the Volterra—-Hammerstein integral equation

x(0) =g+ /0 K f(s)ds,,  (12)

where integration is considered the Lebesgue sense, and
the following hypotheses are assumed:

(Hy)g : I — R is a function of A-bounded variation.
(Hy)f : R — R is alocally Lipschitz function.
(H3)K : I x I — R is a function such that

VA(K(-ys): 1) <M(s), foraesel,

where M : I — R is a Lebesgue integrable functions
and K (¢,-) is Lebesgue integrable for every 1 € I.

With some additional conditions, in [14] the following
result about the solutions of equation (1.2) was
proved:There exists an interval J C I such that the
equation (1.2) has a unique solution in ABV defined on J.

x(r) = g(1) +/(:K(t,s)f(x(s))ds, tel=]a,b], (1.3)

in the space of functions of bounded variation defined on
the interval I = [a, b]. Also, under the following hypotheses

(IZIl )g : I — R is a function of bounded variation.
Hy)f : R — R is globally Lipschitz with the Lipschitz
constant L > 0. Furthemore, there is a real number

o >0 such that max [f(s)| < (r+o) for each r>0.

s€[—rr]

(H3)The function K : {(t,s) € [a,b] x [a,b] : s <t} = R, is
Lebesgue integrable on [a,7] for each ¢ € I = [a,b] and

V(K(-,s): [s,b]) < h(s), forae.s€el,

where h : I — Ry is a bounded Lebesgue integrable
function,

Thus Matute proved that If H 1 ﬁz and ﬁ3 hold, then there
exists a unique solution x € BV, defined on I, for the
Volterra equation (1.3).

Our work is motivated by [14] and [15]. Here, we
establish some hypotheses to characterize solutions of the
Hammerstein equation (1.1), the Volterra-Hammerstein
integral equation (1.2), and the Volterra equation (1.3), in
the space of functions of bounded variation in the sense of
Shiba, (A,BV), because this space is a broader class of
functions whose structure is quite well known from the
analytical point of view, as well as its characterization
through one of the linear and nonlinear composition
operators as studied in [16].

This paper is organized as follows: In section Two, we
present some basic results which are necessary for the
proofs of the main Theorems given later on. In section
Three, we use the Banach fixed point Theorem to study
the existence and uniqueness of solutions of the
Hammerstein equation and the Volterra-Hammerstein
integral equation. In section Four, we prove the existence
and uniqueness of solutions for the Volterra equation
whose proof is based on the Leray-Schauder alternative
Theorem. Section Five, illustrates the subject with some
applications. The final section is dedicated to conclusion.

2 Preliminaries

In this section we present some results essential for the
development of the remainder of this article.

To study the solutions of the nonlinear integral
equations (1.1), (1.2) and (1.3), we consider the following
hypotheses

(ﬁl)g : I — Ris a function of A, bounded variation.
(ﬁz)f :R — R is a locally Lipschitz function.
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(ﬁ3)K : I x I — R is a function such that
VAp (K(’

where M : I — R is a function L, integrable and
K(z,-) is Lebesgue integrable for each t € I = [0,],
and V,(+,7) it’s like in the definition 21.

The following theorems are fundamental basis in the
proofs of the main theorems.

5),I) <M(s), forae.sel,

Theorem 21(Banach’s Contraction Principle)

Let f : X — X be a contraction in a complete metric space
X and let B C X be a closed subset such that f(B) C B.
Then f has a unique fixed point in B.

Theorem 22(Leray-Schauder alternative)

Let U be an open subset of a Banach’s space (X, || - ||) with
0 € U, suppose that there is a continuous non-decreasing
Sunction ¢ :[0,4o00) — [0, 4o0) such that ¢ (z) < zforz>0,
the function H : U — X fulfills

1H () =HE)| < ¢ |lx—yl| forx,y €T,

where U is the closure of U in X. Also H(U) is bounded
and x # AH(x) for x € dU ( where U denotes the
boundary of U) and A € (0, 1]. Then H has a unique fixed
pointinU.

Proof.  See [17]. [l

The following Lemma states a classical inequality widely
used in measure and probability Theorems.

Lemma 21 (Integral Jensen inequality)

Let I C R be an open interval and let f : 1 — R be a
continuous convex function. Then for each normalized
measure space (Q2,Y, 1) and for all W integral functions

0:Q —1,
£ 0an) < [ r0)am

The next section covers a number of necessary preliminary
notions, remarks and background to set the context for our
main results.

O

Definition 21(see [18]) Given an interval I, and a
sequence of non-decreasing positive real numbers
m

1
A ={A,}7 | such that Z = diverges and 1 < p < oo,
n—= n

we say that f € A,BV(I) (ie. f is a function of
Ap-bounded variation over I, in the sense of Shiba) if

1

£ )l }
V p f’ - OO,
A {1,1} { 2::

where {I,,} is a sequence of non-overlapping intervals I, =
[an,bn] C [a,b] and f(I,) = f(bn) — f(an).

Remark 21 A,BV(I) equipped with the norm |[x[|, :=
|x(a)| + Va,(x) is a Banach space.

Remark 22 It is easy to verify that if f is a function
locally Lipschitz and x € A,BV (I), then fox € A,BV(I).
Because

N o p N o p
5 lon) —SGan)l” o 3 Lol )
n=1 )L” n=1 A”
Lemma 22 There exists a constant C such that
sup¢; [x(t)| < Cl|x|[a, for any x € ApBV (I).

Proof.  The proof is analogous to the one given in [14]. [J

Lemma 23 If f € A,BV(I), then f has both left-hand
and right-hand limits at every point of I.

Proof.  See in [18]. [l

Lemma 24 Suppose that hypotheses H>, ﬁ3 hold and
let F(x)(t) := [;K(t,s)f(x(s))ds for all x € A,BV(I),
I1=10,D]. Then

Vi (F9) < suplrx6) ([ 0406175 ) " <4

sel

Proof. By remark 22, we have that f(x) € A,BV (), so
it is bounded and by Lemma 23 f has both left-hand and
right-hand limits at every point of /. The set of
discontinuities of a regulated function is at most
countable. Thus, f(x) is measuarable in the Lebesgue
sense. As K(t,-) is Lebesgue integrable for every t € I, we
have that K(#,-)f(x(.)) is Lebesgue integrable for every
t € I. Therefore the function F(x) is well-defined. Let
{I,} be a sequence of non-overlapping intervals

I, = [an,by) C [0,b] =1 with n = 1,...,N and let r > 0.
Then
NOF(x)(1,)]P
n;| (zli )|
N O\F(x)(by) — F (x)(an)|”
:n;\ (@)( ))Ln (x)(an)|
% i K (Bays)f(x(s))ds — [ K (an, ) f (x(s))ds|”
L An
N K(by,s) —K(ay,s)] f(x(s))ds|?
:Z\fz[ (bn,s) (An )Lf (x(s))ds|”

3
I

Since p > 1, the function x” is convex on R and, by the
earlier arguments, we also have that
[K(bn,s) — K(an,s)] f(x(s)) is Lebesgue integrable. Thus,
the hypotheses of Lemma 21 are satisfied, and
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consequently

K(amS)] f(x(s))|" ds

N P
K
< § splrtol /' ) Klarsl,,
n=1 s€l
K P
_su113|f s)|” /Z| n (an,s)| ds
NS

<sup | f(x( |p/V/fp
sel

Therefore

dan P TI’
(Z'F >k (%) >|>
< sup| f(x(

aplsao  [v4 50,90

taking supremum in this inequality and using hypothesis
H; we conclude that

supl 7)) ([ 057 as ) <

sel

O

Lemma 25 Suppose that hypotheses H», Hs hold and
let F(x) be an integral function defined as in the previous
Lemma. Then for all x,y € A,BV (I) and A €1,

1

Va, 0 (F(3) = F0)) < CIALL =3l [ 01067 as) 7

where C is as in Lemma 22 and L, is the Lipschitz
constant associated with f when it is restricted to the
interval I.

Proof. Consider x,y € A,BV(I) and let {I,} be a

Applying Lemma 21 and using the fact that f locally
Lipschitz we have

NOAF (x) (1) — AF () (I,)|P
;I ()()ln ) (Zn)]

< i 1 A7 K (bn,s) — (an,l)\”lf(X(S))

I)”/I’i1 K (by,s) ;LnK

Applying Lemma 22, from hypothesis H; we have

— ()" ds

(@ns)l”

(L |Msup|x

1
NCALE(x) (L) — F3) )P\ p
(n21| ||F(x)( )A 0) ()| )p

I'n=1

1
oL
K@)l ;.\ P
n
1

()ds) P

1
<Ll =3l [ 0105)7as)

N ‘K
<Lyl ([ X

<CLfallx-sla, [ V8 (&

Thus, we conclude that

1

Vi, (P = FO)) < CLAL =3l [ 0106)7as)
O

The following Lemma is a special case of the triangular
inequality; however, for the work is self-contained, we
prove that this inequality is satisfied in (A,BV).

Lemma 26 Suppose that hypotheses H,, H, and ﬁ3
hold and define G(x) : ApBV(I) — A,BV(I) by
G(x)(t) = g(t) + AF (x)(¢), with F(x) is as in Lemma 24
and A € I =[0,b]. Then

G, < llglla, +IAIE@)4, -

Proof. In Lemma 24 it was shown that F(x) is
well-defined and that g is a bounded variation;
consequently we may conclude that G(x) is well-defined.
Let {I,} be a sequence of non-overlapping intervals

sequence of non-overlapping intervals - e - . .
Iy = [an,b] C [0,b] = I with n = 1,...,N. Then In = lan,by] C [0,6] = I with n.=1,...,N. Since g is of
Ap-bounded variation by hypothesis H;, and by Lemma
p 24 F(x) is of Aj,-bounded variation, the function G(x) is
Z AF F(y)(Zn)| of Ap-bounded variation. Hence
= A
- ' , 6@, = 16OV, (G)
Z A J; [K(bn,s) —K(an,s)] [f(x(s)) — f(y(s))] ds] = |g(0) +AF (x)(0)] +Va (g+AF(x))
= & < 180+ A[F()(0)[+Va, (g +AF(x).  (2.4)
© 2020 NSP
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Let us compute Vs, (g + AF(x)). Observe that

1
o (8(bn) +AF (x)(bn)) — (8(an) +AF (x)(an)) [P \ 7 _
L A

;

so from Minkowski inequality and Lemma 21 we have

|(g(bn) — g(an)) + 2 [y (K(bn,

An

M=

I
-

1
g 1(a(bn) + AF (x)(bn)) — (8lan) + AF () (an)) 1" | 7
£ i

!

_ ﬁ‘ﬂmyi<>>p+

(ﬁ. lel”K(bmS)K(%J)I”If(X(S))I”S) ’
A

1

|x<§ | K by.5) (zﬂmﬂmmva

Hence, taking supremum on both sides of these

inequalities, we conclude that
Va, (g +AF(x)) <Vy, () +|A[Vy, (F(x)).

Finally, taking into account this estimate in inequality
(2.4), we obtain

1G4, < 18(O)]+ A1 IF(x)(0)] + Vi, (8) + |21V, (F(x))
= [180)+Va, ()] + [IAIIF ()| + AV, (F(x))]
= llglla, + AIF s, -
O

Lemma 27 Let T = {(t,5) : 0<t<b,0<s <t} and
suppose that K : T — R is a function of Ap-bounded
variation (p > 1). Set

R = {Keoh 9555y
Then
Va, (E(.,s),[o,b]) < 2(’((;5;) +Vp, (K(.,s),[s,b])> .
1)?

wmewwu@»ﬁw>”

Proof. Let {I,} be a sequence of non-overlapping
intervals I, = [a,,b,] C [0,b] =1 with n = 1,...,N, and
choose s € [a;,b;] for some i, 1 < i < N. Calculating

Va, (I?(.,s), [O,b]), we have

ﬁ K (bn,s) — K (an,s)|"
n=1 ;L”
_ |K(b1.s) — K(ar,s)| - K (bi,s) — K (ai,s)|
A,l 2'i
o [R5~ Rlav,s)P
Ay
_ |K@is))P K (biv1,s) —K(aipi, )P
A; it
|K(by,s)—K(an,s)|P
An
< (K(biys) —K(s,$)| +[K(s,9)))" | |K(bit1,5) —K(air1,9)]"
< +
)L,‘ ;LiJrl
T |K(by,s)—K(ay,s)P
Ay
VK6 | 2K () ~Ksa)P
Ai Ai
‘K(lev) K(al+1? )‘ ‘ (vas)_K(ans”p
ot
)Lz+l )LN
< 2K (s,5)P
> T ZPV/I\JP (K(',S),[S,b}).
Therefore
1
~ 2P|K(s,s)P P
Va, (K(.,s),[O,b]) < (%1)' +2F’VXP( (+,9), [s, b]))
Because 1 < 1, it follows that (a+b)i < all’ +b1|7 . Hence,
p
~ K
Va, (K(l,s),[O,b]) <2 (M +Vp, (K(.,s),[s,b])> .
()7
O

3 Existence and uniqueness of solutions for
the Hammerstein integral equation and the
Volterra-Hammerstein integral equation

In this section, we will prove two main theorems of this
work that guarantee the existence and uniqueness of the
solutions of the equations (1.1) and (1.2), respectively, in
the space of function of Shiba bunded variation. In
addition to the hypotheses raised in section2, we consider
the additional hypothesis

(H)Let T ={(r,s):0<t<b,0<s<t}andK:T — R
such that
K (s,5)]

= +Va, (K(-,5) : [5,b]) <
(Ad)P

m(s), fora.e. s €1,

© 2020 NSP
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where m : I — R, is a function L, integrable and
K(t,-) is Lebesgue integrable on [0,7] for every
t €[0,b].

Theorem 31 Suppose that hypotheses H,, H> and H;
hold, then there exists a number T > O such that for every
A with |A| < 1, the equation (1.1) has a unique
ApBV-solution, defined on I = [0,b].

Proof. Let {I,} be a sequence of non-overlapping
intervals I, = [an, b, C 1 =[0,b] withn=1,...,N.
Define G(x) : A,BV(I) — A,BV(I) by

Gx)(1) =g(1)+4 /[K(t,S)f(X(S))dS

Let r > 0 such that [[g||, < r and choose a real number
T > 0 such that

1

/\KO s \ds+(/(M(s))”); <r

(3.5)

8], +Supflf

and
1

i, /1 \K(O,s)|ds+( /1 (M(s))p); <1, (36

where C is guaranteed by Lemma 22 and L, is the
Lipschitz constant associated with f when restricted to
the interval /. In order to prove this Theorem we will use
Banach’s Theorem 21. Denote by B, the closed ball of
center zero and radius r in the space A,BV(I); that is,

B, :={xc ABV(I)/|xl[s, <T}.
Let us start by proving the inclusion G(B,) C B;.
Indeed, by Lemma 26, for any x € A,BV (I) we have

1G()Ia, < llglla, +IATIF(X)]a, - (3.7)
On the other hand,
[F))la, = [Fx)O)[+Va, (F(x))

=‘/K0s $))ds| +Va, (F(x))

< supl /()| [ KOl ds 4V, (F(2). G8)
so by Lemma 24,

IF(@)la, < Suplf

/\K (0,5)|ds+ (/(M(s))pds) } .
Thus, from inequalities (3.7) and (3.5) we get
16,

/\K 0,5)|ds+ (/( (s))pds) }
/\K (0,5)|ds+ (/I(M(s))pds)q

<llgll, +|Msup\f

< llglla, +supf|f

<r

Hence, G(B,) C B,.
Now we proceed to show that G is a contraction.
Indeed, for any x,y € B, we have

16() ~GO)la,
= 1G(x)(0) ~ G)(O)| + Vi, (G) — G())
= |A[|F(x)(0) = F(3)(0)| + Vi, (A (F(x) -

001 = | [K0.9170:6)) - S35t
< [IKQ11£(x(s)) = £ ()]l s,

since f is locally Lipschitz, so using Lemma 22 we get
F@)(©0) - FO)(© ()| [ 1K(0.5)]ds

< LCllx—y,, /I|K(O,s)|ds. (3.9)

F(y)))-

[F(x)(0) —

)<L, sup|x

Now, by Lemma 25,

'E\—‘

Vi, (P = FO)) < CLAL =3l [ 01067 as) "
thus, from inequality (3.9) it follows that

16(x) = G0, <

1
CL [/1 KO)as+ ([ a0 as) ] k=l -

We conclude, by inequality (3.6), that G(x) is a
contraction. Consequently, by Theorem 21, G(x) has a
unique fixed point in B,, i.e. there exists x € B, such that

1)+ A ./IIK(t,s)f(x(s))ds = x(t).

Therefore, x is a unique solution of equation (1.1). 0

Theorem 32 Suppose that hypotheses H,, H> and H,
hold, then equation (1.2) has a unigue A,BV-solution,
defined on I = [0, D).

Proof. Working as in the proof of Theorem 31, let r > 0
and L, is the Lipschitz constant associated with f when
restricted to the interval /, that

e, +25up (+(5) {( / b(m(s))l’)”} <r (10

(f b(m(s))f’)%] <1,

where C is guaranteed by Lemma 22.
Let {I,} be a sequence of non-overlapping intervals [,, =
[an,bn] C I =[0,b] with n=1,...,N. Define the function

G)(1) = g(t) + F(x)(1),

and 2CL, 3.11)

© 2020 NSP
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Fo(t) = /0 "K(,5)f(x(s))ds for 1 € [0,B],

x € B, = {xe ABV(I)/|Ixlla, <7}
= [ K(t,s), 0<s<t
and set I((t,s)—{07 t<s<b.
Let us prove that G(B,) C B,. Working as in the proof
of Lemma 26 we have that
G H < Hf H , 3.12
|6, <lsls, +[Fe, . @2
but
[Fea], = ]ﬁ<x><o>\ +Va, (F())

—/ (t,5) (x(s))ds + Va, (F(x))
= Vp, (F(x)).

In order to estimate V4, (f (x)), we proceed as in the proof
of Lemma 24 to obtain

|F@)(ba) — F(x)(an)|

N
)y T

Now, by hypothesis Hy we have that

K (s,9)]

1 +VA(K('7
(A1)?

s) - [s,b]) <mfs),

where m is an L, integrable function. Hence,

up21(a(6)| [ (m(s)),,ds),—t

Va, (F(x)) < sup2| f (x(

Thus, using this last estimate in (3.12), we obtain

6w, <l +sup2ir0x60)1 (] tntopras)’

<r

Now, we will show that G (x) is a contraction. For any x,y €
B,, we have

n=1
N fOn K(bn,s)f(x(s))ds — anK(anaS)f(x(s))ds‘p N ‘f(x)(ln)_ﬁ()’)(ln) !
- ; )Ln ngl 2
~ bz 4 P
N | 2R by, ) f(x(s))ds — £ K(an,s)f(x(s))ds P _ i ’fo [K(bn,s)fK(an.s)] [f(x(s)) = f(¥(s))] ds‘
= Z A{ n=1 A’”
n=1 n ~ P
~ PN P N K(by,s) —K(an,
i I [K(bn,s) K(an,S)] f(x(s))ds < Y supf(x(s)) — f ()| Ob ‘ (Fr:2) . « s)’ ds
= 2 n=1 S€l n
n=1 n P b
_ P (K
) Rons) Rl < (Lrsupbts) 560 ) [ VA (RC.9), 0800
< Y sl > ds
=1s€l 70 " Hence, applying a similar technique as above, we have
N |K(bn,s) — K(an,s) ! 1
= sup £ (x( |p/ 7l ds. ~ - b oo \7
n VAP(F(x)—F(x) §2LrC||x—yHAp /0 (m(s))Pds
Thus
l Moreover,
¥, [F0)ba) ~ F)(an)| "\ P 1
)y - . b o \7
= ; HG(x) 60| =2nc / (m(s))Pds )" x—ylla,-
| » 0
< sup |f (x( (/ Vp [0 b])ds) Therefore, by inequality (3.11), G(x) is a contraction and
by Theorem 21, we have that there exists a unique X € B,
and by Lemma 27, we have such that
Vy, (F(x)) < ,
1 £+ /O K(t,5)f(R(s))ds = X(1).
0o [IKGs.5)] AV
< 2P| —=+V,y (K(-,5),[5,b])| d . . ) ) )
- iléll)|f(x(s))| </0 (A1)? 4y (Ko s D} s) Hence, x is the unique solution of equation (1.2). O
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4 Existence and uniqueness of solutions for
the Volterra equation

In this section we shall prove existence and uniqueness of
solutions for the equation (1.3) in the space of functions
of Shiba bounded variation. To prove these results two
Theorems are established: one guarantees existence and
the other guarantees uniqueness of solutions. In addition
to the hypotheses raised in section2, we consider the
additional hypothesis

(Hs)Let K : {(t,5) € [a,b] x
such that

[a,b] : s <t} — R the function

,8) : [s,b]) < h(s), forae. s € [a,b],

where i : I — Ry is a function L, integrable and K, -)
is Lebesgue integrable on [a, ] for each ¢ € [a,b].

Theorem 41 Suppose that hypotheses H,, H> and FAI5
hold, then there exists a solution X € ApBV for the
equation (1.3).

Proof. The proof of this Theorem is based on verifying
that the hypotheses of Theorem22, the Leray-Shauder
alternative, are satisfied. As in the proof of Theorem 32,
let » > 0 and let L, be the Lipschitz constant such that

1

(/ab(h(s))ﬂ); <r and

(4.13)

18lla, +2 sup [f(x(s))|

s€la,b]

2L, (/f(h@))ﬂ)i <1.

Let {I,} be a sequence of non-overlapping intervals
I, = [an,by] C Ja,b] =1 with n = 1,...,N. Let us define
the functions

H(x)(t) =

(4.14)

where

g(t) +F(x)(1),
Flo)(r) = / "K(1,)f(x(s))ds with 1€ [a,b],
x€B,={xe A,BV(I)/|Ix][s, <r}and

~ <s<
Rit.s) = {K(l,s)7 a<s<t

0, t<s<b; (@.15)

By the same reasoning used in the proof of Theorem 32,
we have that

[,

1

< liglla, + sup 21f(x(s))| (/ab (h(S))”dS)p <r

s€la,b

(4.16)

b ,
10~ HO)p, <2, ([ o) as) =l @17
[0, +o°) by

21,C </b (h(s))”ds) ’]’] Z

clearly ¢(z) < z by inequality (4.14). Let x € B, be such
that x = A H (x) for some A € (0,1]. Then

Now, we define the function ¢ : [0, 4+c0) —

#(z) =

xlla, = AIHE) A, < [H@la, <7 @18)
by inequality (4.16). In particular, x ¢ dB,. On the other
hand, H(x) € A,BV since g,F(x) € A,BV, so H(x) is
bounded. By Theorem 22, the Leray-Shauder Alternative,
H(x) has a single fixed point, that is, there exists
X € A,BV such that H(x)(r) = x(¢). Thus, X is solution of
the Volterra equation (1.3). ]

Theorem 42  Suppose the hypotheses H,, H, and Hs
hold, then there exists a unique solution x € A,BV for the
equation (1.3).

Proof. Working as in the proofs of the previous
Theorems. Let {I,} be a sequence of non-overlapping
intervals I, = [ay,b,] C [a,b] =1 withn = 1,...,N and let
us take s € [a;,b;] for some i, 1 <i < N. Suppose without
loss of generality that

1
b -
Lo |2(b—a)7 sup |[K(s,s)|+4(A)7 (/ (h(s))Pds)P <1,
s€la,b) e
(4.19)
where L, 1is the Lipschitz constant of f and

SUPye(a ] [K(5,5)| < +oo. By Theorem 41, there exists a
solution of the Volterra equation (1.3). To prove
uniqueness, we proceed by reduction to the absurd.
Suppose that there are two different solutions of the
equation (1.3), x, y. Then

p
50) 501 = | [ K(es)L510) - 160l
< [ KG9 11 G0) — £ Pds

< [[IKGIP @150 ~50) " ds

and so

50) —50)| < L, ( [ K9P 150 —mw’ds) ’

Hence
sup [y(s) —x(s)| <L, sup |[y(s)— sup (/ |K(t,s \pds)
s€la,b) s€la,b) t€la,b]
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or
1
t »
1 <L, sup (/ |K(t,s)|Pds)' . (4.20)
t€la,b] \Va
On the other hand, for T € [s,b]
N - P
‘K(T,s) —K(s,s)‘
A
v, |R(bas) = K(anss)|
nyS) — Aan, S ~
< <v? .
S

1
Raising to the — power, applying basic absolute value
p

inequality, Lemma 27 and the hypothesis ﬁ5, we have

IK(T,SI)I < |K(”])| +2 |K(s’s])| +Vy, (K(-aS)a[va])]
()r (M) ()7
< M + 2h(s).
(M)?
Therefore,

p
m@mngw{E%§L+@mmﬂ.
Consequently

t
[ K@) as
a

ot
g/ sup |K(,s)|" ds

a tels,b]

SUPsela,b] |K(S7S)|p n
1

b K P
S/ 2P [Supse[a’b])J (=9l +(2h(s))p1 ds

ot
S/ A2P
Ja

(Zh(s))”] ds

b
=2P(b—a) sup |K(s,s)|” + 1,47 / (h(s))Pds,

s€la,b]

from which we deduce that

t »
L, sup (/ |K(t,s)\pds)
te€la,b) \Ja

1
<L {2(1;—61)# sup |K(s,5)| +4(A)7 (/b(h(s))pds) ”] .

s€la,b) a

From this and inequalities (4.19) and (4.20), we get a
contradiction. Hence, the solution of equation (1.3) is
unique. 0

5 Applications

This section shows an application, where the non-linear
integral equation of Hammerstein-Volterra is solved by
numerical methods and it guarantees that the solution is
considered unique in the space of functions Shiba
bounded variation. In addition, the examples 52 and 53
are given to illustrate the conclusions of Theorems 31
and 32, respectively.

Example 51 (Aplication) Because dynamic models of
chemical reactors or stationary study in a chemical
reactor can be described by a Hammerstein-Volterra
mixed integral equation, or by the fact that fluid dynamics
can also be modeled by these, many researchers study the
solutions of these types of nonlinear integral equations
using numerical methods to find the approximate
solution, for example the use of the hybrid function with
some matrix properties, the Sinc placement based on the
exponential double transformation or the Adomian
decomposition method. All these methods convert these
integral equations into an algebraic equation see [19],
[20], and [21]. However, it must be noted that in most of
these works, they start from the fact that there is a
solution. In [21] consider the Hammerstein-Volterra
integral equation

it
x(1) 16’7(t+1)sint+/ e P sintx?(s)ds,
J—1

with —1 <t <1, (5.21)

which has x(t) = €' as an exact solution. Conclude that
for large values of M, the approximate solution is
indistinguishable from the exact solution and that the
method considered is quite powerful. However, to
complement these approximate methods we will
demonstrate that the considered solution is unique in the
space of function of Shiba-bounded variation.

Let’s verify that the hypotheses of the Theorem 32 are
satisfied
1. Let us prove that g(t) = €' — (¢t + 1)sint is a function
of A, bounded variation. Consider a partition {tn} of I,
h=0<n<..<ty1<l=ty, then0<ty—t,_; <1;
since A, is a nondecreasing sequence, we have

i e — (1 + 1) sin(y) — €1 + (tg_1 + 1) sin(ty_1)|”
n=1 A’”

< i e — (£, + 1) sin(t,,) — =1 + (t—1 + l)sin(tn,1)|p,
n=1 A
Applying triangular inequality and
la+bl7 <27 (|af? + [b]?),

we have that

i e — (t, + 1) sin(ty) — e + (t,—1 + 1) sin(t,_1)|”

© 2020 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

402 — S P ; J. Eredt et al.: On solutions of nonlinear integral equations...
where Example 52  Consider the equation
H(ty,ty—1) =47 " — "1 |V + 4P |ty sin(ty) — 1,1 sin(ty—1)|”

+ 27 |sin(t,) —sin(t,—1)|",
by the Mean Value Theorem, fort € [—1,1]
|e”’ — -1 | <elty—ty,—1],
tnsin(t,) — ty—1sin(t,—1)| < 2|tn — t—1],
sin(z,) — sin(t,—1)| < |tn — tp—1]
and by Lemma 2.5 in [16],
xP < pbP~'x  for xe€[0,b] with 1 < p < oo,

it follows that

i e — (ty + 1) sin(ty) — €1 + (ty_1 -+ 1) sin(ty_1)|?

n=1 )L]
N (e22P 422P%1 4 2P) p
Z ltn — ta—1]
o= A
(2% 4221 4 2P)
P R =M < +oo,

Sfrom here it follows, g € A,BV.
2. It is clear that f(x) = x* is locally Lipschitz.
3. Let us define

2s

I?(t,s) _ {8 sint, —1<s<t

r<s<l1. (522)

Hence

1 t
/ K(t,s)ds:/ e~ Fsintds
-1 -1

P R
5 sin (ec—e )

It follows that K(t,.) is Lebesgue integrable, so K(t,-) is
Lebesgue integrable. On the other hand, by Lemma27

Va, (R(.5).[0.1]) <2 ("“)' +Va, (K(s), s, 1]))
()7

—28 .
=2 ('e(lisl,nsl +Va, (6725 sint, [s, 1]))
1

)

(|51ns| +Vy, [sint, [s, l]])
(M)7
( ! -+ V2, [sint,[s,l]])
(A1)7
= M(s).

It is evident that M(s)

1
+ V3, [sint, 1] <
(2)?
Theorem 32 are satisfied. Thus, the equation (5.21) has a
unique A,BV -solution, defined on [—1,1]. O

= 2‘e72s

< 2‘e72s

is Lp integrable since

+o0, Therefore all conditions of

x(t) = sint—l—l/I‘K(t,s)(x(s))zds, Aeltel=|0,1],

(5.23)
where K : [0,1] x [0,1] = R is given by K(t,s) = costK; (s)
with
1
- 0,1];
Ki(s)=1 ¥/s’ s€(0.1]
0, s=0.

We started to verify that the hypothesis of Theorem 31 is
satisfied:

1. Let us prove that g(t) = sint is a function of A, bounded
variation. Consider a partition {ty} of I, 1o =0 <11 <
L<tvo1 <1=ty, then 0 <ty —t_1 < 1; since A, is a
nondecreasing sequence, we have

i |sin(z,) — sin(t,_1)|”
A

n=1

N, |sin(t,) — sin(t,_1)|”
<Y pr

n=1
Applying triangular inequality, the inequalities

la4bP <22 (laP +[bf7), & <pbP'x for xel0
and by the Mean Value Theorem on the interval [0, 1], we
have

N |sin(z,) — pbP~1 X

sin(t,_1)[?

< ltn — 1 1]
= A A Z "
P!
gpk (1-0) =M < oo,
1

from here it follows, g € Ap,BV.
2. By example 51 you have f(x) = x* is locally Lipschitz.
1
1
3. JyKi(s)ds = fy s

is Lebesgue integrable, even more K, (s) is L, integrable.
Now

/IK(t,s)ds = /[costKl (s)ds

= cost/K] (s)ds
1

As K\(s) is Lebesgue integrable, K(t,-) is Lebesgue
integrable. On the other hand
Va, [K(-,5),1] = Va, [costKi (s),[0,1]]

= |Ki(s)| Va, [cost, [0, 1]]

= M(s).

——=ds is convergent, therefore K| (s)

Evidently M(s) is L, integrable, since Ki(s) is L,
integrable and V), [cost,I] < +oo (the bounded variation
proof is analogous to that of the function sint given
above). Therefore all conditions of Theorem31 are
satisfied. Hence, there exists a number T > 0 such that for
every A with |A| < 1, the equation (5.23) has a unique
ApBV-solution, defined on I = [0,1]. O
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Example 53 Consider the equation
1
xU):cmt+/ﬂKUJ)mﬂx@Dd&tEIz{QlL(iZ@
o

where the kernel K : T — R, with T = {(t,5) : 0 <t <
1,0 < s <t}, is given as in the previous example.

1. g(t) = cost is a function of A, bounded variation from
the previous example.

2. Evidently f(x) = sinx is locally Lipschitz.

3. Just like the example 51 let us define

k\(t,s) _ {K(t,s), 0<s<t

0, t<s<l. (5.25)

Fort €0,1],
1 t
/0 K(t,s)ds = /0 K(t,s)ds
:wammm
:m@£m®m

As K\ (s) is Lebesgue integrable, it follows that K(t,.) is
Lebesgue integrable, so K(t,-) is Lebesgue integrable.
Working analogously to example 51 it follows that

Va, (E(.,s),[o, 1}) < 20Ki ()| (m(s)' +Vy, [cost,[s,lﬂ)

(M)

=< 2K1(S)|<

= M(s).

+ V), [cost, [s, lH)

(A1)

It is evident that M(s) is Lp integrable, for K (s) is L,

1
integrable and  + V), [cost,I] < +oo. Therefore all
()7
conditions of Theorem 32 are satisfied. Hence, the
equation (5.23) has a unique ApBV-solution defined on
[0,1]. O

6 Conclusion

In this paper, we demonstrate the existence and
uniqueness of solutions of the nonlinear integral
equations of Hammerstein, Hammerstein-Volterra and
Volterra in the space of functions of Shiba-bounded
variation. As the main tool for the proof of the main
theorems of the Hammerstein and Hammerstein-Volterra
nonlinear equations, the Banach fixed point Theorem is
used. However, for the Volterra nonlinear equation, the
Leray-Schauder Theorem is used. We also give some
examples of some nonlinear integral equations, where the
existence and uniqueness of the solutions are guaranteed
by verifying the hypotheses of the theorems, and an
application is shown. We hope that the ideas and

techniques used in this article can inspire readers
interested in studying these different nonlinear integral
equations as well as some new spaces of generalized
bounded variation. Moreover, these results are a
contribution to the different areas which apply this type of
integral equations.
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