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Abstract: A multi-server Markovian queueing system with alternatives between regular busy state, repair state and working vacation
state has been considered. When the system is busy, it functions as a multi-server Markovian queue. When it is on vacation, again it
functions as a multi-server Markovian queue but with different arrival and service rates. The vacation policy is multiple vacation policy
and the vacation period follows a negative exponential distribution. Also, the servers return to the queue only if there are N customers in
the queue at a vacation completion point. Besides, during service the server may break down, the repair of the server starts immediately.
The repair period follows a negative exponential distribution. The steady-state probability vector of the number of customers in the
queue and the stability condition are obtained using the Matrix-Geometric method. Some performance measures and some illustrative

examples are also provided.
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1 Introduction

In many practical queueing situations, we can see the
following one or more features : (i) The queueing system
has more than one server (ii) The arrival rate to the
system varies (iii) The service rate to the customer varies
(iv) The system may fail while in working state and (v)
The vacation completion may depend on the number of
customers in the queue.With all these points in mind, we
propose a queuueing model in this article.

In real life, while working a system may breakdown
due to some kind of service interruption, which is beyond
the control of the management.Some earlier notable works
in this direction are [1,5,21,26,27,31,35,36,37].

In many real-life queueing situations, it can be seen
that the server works during his rest period, if necessity
occurs, called the working vacation period. Recently there
have been an increasing interest in queueing systems with
server working vacations, due to their applications in
telecommunication systems, manufacturing systems and
computer systems. But, in such a queue, the server works
with a variable service rate, in particular a reduced service
rate, rather than completely stops service during the

vacation period. [32] have first analyzed an M/M/1
queue with multiple working vacation, in which the
vacation times are exponentially distributed. [41] extend
the work for M/G/1 queue. [12] analyzed the queue
length distribution of the M/G/1 queue with working
vacations. [24], examined the stochastic decomposition
structure of the queue length and waiting time in an
M/M/1 working vacation queue. [42] extended the
M /M /1 working vacation queue to an M™ /M /1 working
vacation queue. [22] used the matrix analytic method to
analyze an M/G/1 queue with exponential working
vacation under a specific assumption. [23] consider a
multi-server queue with a single working vacation. [6]
investigated a single working vacation model with a
server breaks down. [9] have given a short survey on
vacation models in recent years.

The C—server Markovian queue with exponentially
distributed vacation was first studied by [20]. The same
model has been studied by [40] using the matrix
geometric method. [2] investigated a multi-server model
and provided an algorithm for finding the stationary
distribution and performance measures. [38,39]
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established stochastic decomposition results for a

multi-server Markovian queue with vacation.

[44] have considered an unreliable single-server
exponential queueing model with the arrival state
depending on the operational state or breakdown state of
the server. [4] analyzed the same model with the
assumption that any arrival finding the server busy is lost,
and they obtained the steady-state proportion of
customers lost. [34] has dealt with a single server
queueing model with an arrival rate depending on the
server state. [33] has analyzed a single server Poisson
queue with arrival rate depending on the state of the
server. [7] analyzed a general bulk service queue with
arrival rate depending on server breakdowns. [38]
discussed the queueing system with a variable arrival rate.
The authors studied the model by using the principle of
quasi-birth and death process(QBD) and
matrix-geometric method. Furthermore, they calculated
some performance measures. Matrix-geometric method
approach is a useful tool for solving the more complex
queueing problems. The matrix-geometric method has
been applied by many researchers to solve various
queueing problems in different frameworks. [29]
explained various matrix geometric solutions of
stochastic models. The Matrix-geometric approach is
utilized to develop the computable explicit formula for
the probability distributions of the queue length and other
system characteristics.

For optimal design and control of queueing system
one can use the concept of N-policy. The policy states that
the server remains idle until the queue size becomes N.
The queueing model with N-policy has applications in
flexible manufacturing systems, service systems,
computer and telecommunication systems. Multiple
vacation queue with N-policy was first introduced by
[43]. Latter queue with N-policy was investigated by [17,
10]. Some other notable works are [3,13,16,18,19]. [8]
analysed a single server Markovian queue with unreliable
server, N-policy and with working vacation.

In this paper, we consider a M/M/C queues with
multiple working vacation. Besides the system may
breakdown (Unreliable system). For this model the arrival
rate and service rate depend on the server states. The
model has been analyzed using the matrix geometric
method. The rest of this paper is organized as follows: In
section 2, we give the model description, establish its
quasi-birth-death process. In section 3, we present the
steady-state solution using the matrix geometric method
and we derive some performance measures. In section 4,
we derived the stationary waiting time distribution in
queue. Section 5 gives some numerical examples related
to the model discussed in this paper. The last section ends
with a conclusion.

2 The Model Definition

In this article a C-server queueing system with the
following characteristics has been analysed:

1. The system alternate between two states, up state and
down state. In the up state it is either in regular state or in
working vacation state. In the down state it is in the repair
state.

2. Arrival process follows Poisson with parameter A
during regular state.

3. The servers serve the customers based on exponential
distribution with rate u during regular state.

4. All the server takes vacation, if there are no customer
in the system at a service completion point. If there are
less than C customers in the system, that is, less than C
servers are busy, the remaining server waits in idle mode.

5. During vacation, the arrival follows Poisson with rate
l[ ()L] < )L)

6. Vacation period follows negative exponential
distribution with rate 6 and the vacation policy is multiple
vacation policy, that is, the servers continue the vacation
until the servers finds N(> C) customers at a vacation
completion point.

7. When the servers are in vacation, if customer arrives,
one of the the server serve the customer using exponential
distribution with rate (t; (1) < f). As this vacation period
ends before the current service completion, the server
instantaneously switches over to the normal service rate
u, if there are N customers waiting for service. Upon
completion of a service at a vacation period, the server
will (i) Continue the current vacation if it is not finished
and no customer is waiting for service; (ii) Continue the
service with rate [, if the vacation has not expired and if
there are customers waiting for service.

8. The system may break down during a service and the
break downs are assumed to occur according to a Poisson
process with rate o.

9. Once the system break downs, the customer whose
service is interrupted goes to the head of the queue and
the repair to the system starts immediately.

10. Duration of repaired period follows
exponential distribution with rate f3.

11. During repair period no service takes place but
customers arrive according to a Poisson process with rate
A (),2 < ﬂvl)

12. The first come first served (FCFS) service rule is
followed to select the customer for service.

negative

3 The Mathematical Description and
Analysis

The model defined in the Section-2 can be studied as a
Quasi birth and death(QBD) process. The following
notations are necessary for the analysis:
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Let L(r) be the number of customers in the queue at
time ¢ and let

0,if the servers are on working vacation

J(r) = < 1,if the servers are busy

2,if the servers are on repaired period

be the server state at time ¢.

Let X(¢) = (L(z),J(¢)), then {(X(¢)): ¢t >0} is a
Continuous time Markov chain (CTMC) with state space
S={(@,j): i>0;j=0,1,2}, where i denotes the
number of customer in the queue and j denotes the server
State.

Using the lexicographical sequence for the states, the
rate matrix Q has been formed, is the infinitesimal
generator of the Markov chain.

The model has been analyzed in this section.

o 1 2 3 .. C-1 C C+l .. N-2 N-1 N N+1 ..
0 By Ag
! Bio Bir 49
2 Byt By A
3 B3 B3
c-1 Bt 4o
¢ Ay Ber A
0=C+1 Ay Bep
N-2 Bey Ay
N-1 Ay By Ao
N Ay AL A
N+1 Ay A

where the sub-matrices Ao, Ay, and A; are of order 3 x 3
and are appearing as

4100
Ag=|0 21 0
00X
7(AI+C[.L1+9) 0 0
A= 0 —(A+Cu+a) o
0 B —(h+h)
[cur 0 0
Ay=10 Cuo
0 00
and the boundary matrix is defined by
[~ 0 0
By=| 4t —-(A+u+o) o
| 0 B —(2+B)
(1100
Bip= 0 [LO
000
— (M + ) 0 0
By = 0 *(kﬁLH‘F(X) (04
| 0 B —(22+B)
i[.L] 00
Bi= |0 inu0f,fori=2,3,4,..C—1
0 00
— (A +ipr) 0 0
Bpn = 0 —(A+ip+o) o , for
0 B —(L2+B)
i=234,.C

We define the matrix A = Ag+ A +A,. This matrix A is a
3 x 3 matrix and it can be written as

-0 6 0
A=|0 —a o
0 B -p

3.1 The Steady State Solution

Let P = (po, p1,p2,- - .) be the stationary probability vector
associated with Q, such that PQ = 0 and Pe = 1, where e
is a column vector of 1’s of appropriate dimension.

Let pi = (pio, pi1, pi2) fori > 0.
If the steady state condition is satisfied, then the sub
probability vectors p; satisfies following equations:

poBo+p1B1o =0 (1
PoAo+p1Bi1+p2By1 =0 (2)

PiAo+Pit1B(it 12+ Pit2B(it21 =0, fori=1,2,3,..C-3
3)

pc—2Ao+ pc-1Bc_1)2+ pcA2 =0 “4)

pido+ pitv1Bca + piy2Ar =0,i=C—1,C,..N—=3 (5)

PN—2A0+ pn—1Bca + pvA2 =0 (6)
PiAo~+ piy1A1+ piy2Ar =0, i > N—1 @)
pi=pn R~V D> N (8)

where R is the rate matrix, is the minimal non-negative
solution of the matrix quadratic equation (see [29]).

R*A>+RA| +A¢ =0, 9)

the matrices Ag, A, and A, are upper triangular matrices
of order 3.
Substituting the equation (8) in (6), we have

pN-2A0+ pN-1(Bca +RA2) =0 (10)
and the normalizing condition is

N-2

Y pie+pyi(I-R)'e=1 (11)
i=0

Theorem 3.1 The queueing system described in section 2

(Ao +AB)

is stable if and only if p < 1, where p = Cup

Proof. Consider the infinitesimal generator A =
-6 6 0
0 —o o |, which is a square matrix of order 3, the
0 B B
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row vector T = (7, M, m3) satisfying the condition
A =0and e = 1.

Following [29], the system is stable if and only if
TApe < TAje.

That is,

(ha+AB)
Cup
Theorem 3.2 If p < 1, the matrix equation (9) has the

minimal non-negative solution R = —AOAI’l — RzAzAl’l

The system is stable if and only if <10

Proof. Since A is reducible. The analysis present in [28] is
not applicable. In [25], similar reducible matrix is treated
for the case when the elements are probabilities.

Equation (9), can be written as,

AoAT + RAIAT + RPApAT = 0A]!
Since A; is non-singular,AI’1 exists
R=—AoA[ ' —R*AA[! (12)

where

—1

— (L +B)6Sy a6y

A Soo
1 0 So(lz + ﬁ)Soo SoaSoo
0 SoBSoo  So(A+Cu+a)Soo

So0 = (A1 +Cu1 +0)
1
—Soo[(A2+B)(A +Cu+a)—ap]

Using [30], the matrix R is numerically computed by using
the recurrence relation with R(0) = 0 in equation (12). [1.

So =

Let
0 1 2 3 Cc-2 C—1 c C+1 ... N-2 N-1
0 By Ag
1 Bio Bir Ao
2 By By A
3 B31 B3y
o o2 - B2 Mo
-1 Bic—1)y1 Bic-12 4o
¢ Ay Ber Ay
Cc+1 Ay By
-2 - By Ao
N-1 Ay By +RAy
is also irreducible and let P* = (po, p1,p2,-..,Pn—1) be a
solution of P*Q* =0
Solving equations (1) and (2), we get
-1
po= —(p1B1oBy ') (13)
-1 -1
p2 = p1(B1oB," — Bi1)By, (14)

In this way we can calculate all the pls, 0 <i <N —2.
Finally we get

PN—1[DAg+Bca+RA2) =0 (15)

where the matrix D is readily computed
pn—1 is the left eigen vector of the matrix (DA + Bea +

RA;) of order 3 corresponding to the eigen value zero.
It is normalized so that,

N-2

) pie+pn_1(I—R)le=1.
i=0
and '
pi=py R~V >N
Remark 3.1

The computation of R can be carried out using a
number of well-known methods. We use Theorem 1 of

[15]. The matrix R is computed by successive
substitutions in the recurrence relation:
R(0)=0 (16)

R(n+1)=—ApA;' — [R(n)]*A2A[ forn >0 (17)

and is the limit of the monotonically increasing sequence
of matrices {R(n),n > 0}.

3.2 Some Performance Measures

Using  straightforward calculations the following
performance measures have been obtained for the Model
discussed in this article:
(i) Mean queue length E(L) = poR(I — R) %e
(i) E(L*) = poR(I+R)(I—R) 3
(iii) Variance of L = var(L)

= poR{(I+R) — poR(I—R)~'e}(I—R) >
(iv) Probability that the servers are in vacation and no
customer in the system =pgpe
(v) Mean queue length when the servers are in vacation

period = Z ipio
(vi) Mean queue length when the servers are in regular
busy period = ): ipil

(vii) Mean queue length when the servers are in
breakdown period = ): ipin
(viii) Probability that the servers are in working vacation
period= pr{J =0} = ):on
(ix) Probability that the servers are in regular busy
period=pr{J =1} = ): Dil
(x) Probability that the servers are in breakdown
period=pr{J =2} = ,zl pi
i=

4 Stationary Waiting Time Distribution in
the Queue

In this section, we derive the stationary waiting time
distribution. Let W(z) be the distribution function for the
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waiting time in the queue of an arriving (tagged)
customer. Note that if there is no customer in the system,
the arrival receives service immediately. If the server is
not busy then also there would be no delay in getting
service. Thus, the probability that the customer gets his

1
N—1
service without waiting is Y, pje(where e = |1]).
i=0 1

N—1
Hence, with probability 1 — ( ¥ p;e), the customer has to
i=0

wait before getting the service. The waiting time may be
viewed as the time until absorption in a Markov chain
with state space

Q ={x}|JINN+1,N+2..}

Here * is the absorbing state, which corresponds to taking
the tagged customer into service and is obtained by
lumping together the level states 0 = {(0,0),(0,1),(0,2)}
and i = {(i,0),(i,1),(i,2)}; 1 <i<N—1.Fori >N, the
level i is given by i = {(i,j),j =0, 1, or 2}. The states
other than the absorbing state correspond to the number
of customers present in the system as the tagged customer
arrives. Once the tagged customer joins the queue, the
subsequent arrivals will not affect his waiting time in the
queue. Hence the parameter A does not show up in the

generator matrix Q of this Markov process, given by

* N N-+1
*
~ C Aze‘ D
Q:C+1 Ar D )
where

7C[J]79 2] 0

D= 0 —Cu—a «o

0 B B

Now define the vector

where

Yi(t) = (io(2), i1 (1),yn(t)), fori > N.

The components of the Y;(t) are the corresponding
probabilities in regular state and working vacation state at
time ¢, the CTMC with generator Q is in the respective
state of level i. Note that the scalar Y, (r) is the probability
that the process is in the absorbing state at time 7. By the
PASTA property, we get

Y(0) = (poo + por +po2+ -+ pv—1)0 T P(N-1)1

+P(N=1)2, PNs PN+15 - -)-

Clearly
W(t) =Y.(t), fort >0

The LST of W(z) is given by (see [29])

W(s) =Y ¥i(0) [(sT— D) '45] ™" (sT— D) 'Aze (18)

Is

1

The mean waiting time can be obtained from V~V(s) as

o i1
EW)=-W'(0)=Y pyvu Y U/(=D)"'U" /U
= oo

+ Y pviiU'(—D) 2Aze,
i=0

where U = (—D)~'A, is a stochastic matrix. Hence, (18)
can be simplified as

) i—1
EW)=-W'(©0)=Y pvii Y. U/(-D) e
i=1 j=0

+Y pviiU'(=D) e, (19)
i=0
Let
H=Y pyuU',
i=0

Since U is stochastic, we get
He=pn(I—R)™'e=1~poo—po1 — Po2— p1o— P11 — P12

T PWN-1)0 — P(N-1)1 — P(N-1)2
This result can be used to find an approximate value of H
and hence that of the second term in (19) to any desired
degree of accuracy. Thus, only the first term in (19)
demands serious computation. For this we make use of
the ideas in ([14,29,30]).
Now consider the matrix

001
U,=[001],
001

which has the property that
U, =0,U =0,
Then we get
i-1 .
U(I-U+U,)=1-U"+iU,, fori> 1
j=0

By the classical theorem on finite Markov chains, the
matrix (I — U + U,) is nonsingular (see [11]). In view of
the last equation, the first term in (19) becomes

li prn+i(I—U'+ilh) | (I —U+Us)"' (—D) e

i=1
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With this simplification, we get

E(W)=[py(RU—R)""+I+R(I-R)*U,) — H]

(I-U+Uy)" ' (=D) 'e+H(-D)'e  (20)

Equation (20) becomes
EW)= [py (RU—R)"+I+R(I—R)U,) —H]

(I—U+Uy)"(=D) 'e+H(-D) e

5 Numerical Study

In this section, some examples are given to show the effect
of the parameters A, A, Ap, u, i, 6, @, B, C and N
on the performance measures mean queue length, E(L?),
variance of L, probability that no customer in the queue,
mean queue length when the servers are in vacation period,
mean queue length when the servers are in regular busy
period, probability that the servers are in working vacation
period and probability that the servers are in regular busy
period analyzed in this paper. The corresponding results
are presented as case(1), case(2) and case(3).

Case(1): If A =0.6, A, =04, 1, =02, u=4, yu =
3,06=25 a=0.5 =09, C=3and N =5, the matrix
R = R, is obtained using the equations (16) & (17)

0.034515 0.007448 0.003385
R= 0 0.05 0.022728
0 0.016667 0.189394

and the invariant probability vector is

P =(po,p1,p2,...) where

p0=(0.875168979, 0.000000324, 0.000000147)
p1=(0.116688751,0.000000380, 0.000000199)
p2=(0.007779024, 0.000000195, 0.000000125)
p3=(0.000345583, 0.000000120, 0.000000077)
p4=(0.000015208, 0.000000121, 0.000000070)
and the remaining vectors ps are evaluated using the
relation

pi=paR™*, fori>5

p5=(0.000000525, 0.000000120, 0.000000067)
P6=(0.000000018, 0.000000011, 0.000000017)
p7=(0.000000001, 0.000000001, 0.000000004)

For the chosen parameters p7 — 0, and the sum of the
steady state probabilities is found to be 0.999999225.
The performance measures are
(i) Mean queue length E(L) = 0.134452
(i) E(L?) = 0.235557
(iil) Variance of L=var(L) = 0.217853
(iv) Probability that no customer in the queue =0.875169
(v) Mean queue length when the servers are in vacation
period =0.127435
(vi) Mean queue length when the servers are in regular
busy period =0.008967

(vii) Probability that the servers are in working vacation
period= pr{J =0} = 0.998886

(viii) Probability that the servers are in regular busy
period=pr{J =1} = 0.006874

Case(2): If A =08, A, =05, 1, =03, u=5, u =
2,0=18, =04, B =08, C=3and N = 5, the
matrix R = R; is obtained using the equations (16) & (17)

0.063121 0.008085 0.002940
0 0.053333 0.019394
0 0.02 0.28

R

and the invariant probability vector is

P =(po,p1,p2;.-..) where

po=(0.778764546, 0.000004010, 0.000001458)
p1=(0.194681108, 0.000004739, 0.000002121)
p2=(0.024330126, 0.000002448, 0.000001469)
3=(0.002024168, 0.000001497, 0.000000945)
p4=(0.000165339, 0.000001435, 0.000000780)
and the remaining vectors ps are evaluated using the
relation

pi=paR™*, fori>5

p5=(0.000010436, 0.000001429, 0.000000732)
Pp6=(0.000000659, 0.000000175, 0.000000263)
p7=(0.000000042, 0.000000020, 0.000000079)
ps=(0.000000003, 0.000000003, 0.000000023)

For the chosen parameters pg — 0, and the sum of the
steady state probabilities is found to be 0.999986172.
The performance measures are
(i) Mean queue length E(L) = 0.206637
(ii) E(L?) = 0.326744
(iil) Variance of L=var(L) = 0.296738
(iv) Probability that no customer in the queue =0.778770
(v) Mean queue length when the servers are in vacation
period =0.308647
(vi) Mean queue length when the servers are in regular
busy period =0.007986
(vii) Probability that the servers are in working vacation
period= pr{J =0} = 0.977646
(viii) Probability that the servers are in regular busy
period=pr{J = 1} = 0.004743
Case(3): If 1 = A, =A =04, yy =u=3, 6 =
36, a =0.5, B =08, C=3and N =5, the matrix
R = R, is obtained using the equations (16) & (17)

0.031454 0.012990 0.005413
0 0.044445 0.018519
0 0.044444 0.351852

R

and the invariant probability vector is

P =(po,p1,p2;.-..) where

po=(0.875167668, 0.000000591, 0.000000246)
p1=(0.116688430, 0.000000702, 0.000000375)
P2=(0.007778933, 0.000000367, 0.000000278)
p3=(0.000345533, 0.000000226, 0.000000187)
14=(0.000015160, 0.000000215, 0.000000152)

and the remaining vectors p)s are evaluated using the
relation
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pi=paR~* fori>5
p5=(0.000000477,0.000000213, 0.000000140)
P6=(0.000000015, 0.000000022, 0.000000056)
p7=(0.000000001, 0.000000004, 0.000000020)

For the chosen parameters p; — 0, and the sum of the
steady state probabilities is found to be 0.999999046.
The performance measures are
(i) Mean queue length E(L) = 0.236748
(i) E(L?) = 0.495774
(iil) Variance of L=var(L) = 0.428754
(iv) Probability that no customer in the queue =0.875168
(v) Mean queue length when the servers are in vacation
period =0.126477
(vi) Mean queue length when the servers are in regular
busy period =0.007576
(vii) Probability that the servers are in working vacation
period= pr{J =0} = 0.958638
(viii) Probability that the servers are in regular busy
period=pr{J =1} = 0.008576

6 Conclusion

An N-policy multi-server Markovian working vacation
queue and with unreliable system has been analyzed in
this article. Besides the arrival rates, the service rate also
depends on the server state. The waiting time distribution
is also derived. The model can be generalized by taking
arrival time/service time to follow a general distribution.
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