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Abstract: In this article, two new dual Petrov-Galerkin algorithms for solving high odd-order boundary value problems (BVPs) are
presented and implemented. The philosophy of applying the Petrov-Galerkin method is built on choosing the trial and test functions
such that they satisfy the underlying boundary and dual boundary conditions, respectively. The presented approaches are based on
employing the shifted Chebyshev polynomials of third and fourth kinds, respectively, as basis functions. Several numerical experiments
are included to ascertain the validity and efficiency of the proposed algorithms. Moreover, comparisons with some other numerical
methods in the literature are given.
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1 Introduction

Spectral approximations seek to obtain numerical solutions of differential equations by utilizing expansions of orthogonal
functions. Spectral methods have the characteristic that various orthogonal systems of infinitely differentiable global
functions are chosen as trial functions. Of course, various choices of basis functions lead to various spectral numerical
solutions, see, [1,2,3,4].

Due to their high accuracy, spectral methods have been widely used and fruitfully applied to numerical simulations
in numerous fields. They are extensively used for solving various physical problems that appear in fluid and heat flow. It
is well-known that there are three main types of spectral methods, namely, Galerkin, tau and collocation methods. The
collocation method is often employed for treating nonlinear problems, see, [5,6,7]. Galerkin method is basically built
on choosing suitable combinations satisfying the underlying boundary conditions, see, [8,9, 10,11, 12]. Regarding the tau
method, it is utilized if the underlying boundary conditions are complicated, see for example, [13,14,15,16,17].

Chebyshev polynomials are crucial in analysis and its applications, and in particular in numerical analysis and
approximation theory. It is well-known that there are four kinds of Chebyshev polynomials which are considered as
special cases of Jacobi polynomials. Great interests were devoted to employing first and seconds kinds of Chebyshev
polynomials 7;(¢) and U;(¢) in various numerical applications, see for example, [18,19,20,21], while some other interests
ware confined to utilizing third and fourth kinds V;(r) and W;(z), see for instance, [22].

Because of their significance in different applications, high even-order BVPs were extensively studied by several
researchers. Doha et al. in [23] and [24] employed Chebyshev polynomials of the third and fourth kinds (CPs3 and CPs4)
for treating multi-dimensional even-order BVPs. Furthermore, the investigation of odd-order BVPs is crucial in physical
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applications. For example, some draining or coating fluid flow problems can be described by third-order ordinary
differential equations, see, [25]. Again, the third-order differential equation involves an operator that arises in some
important partial differential equations such as the Kortweg-de Vries equation. Fifth-order BVPs appear in the
mathematical modeling of viscoelastic flows, see, [26]. Abd-Elhameed et al. [27] presented a numerical algorithm for
treating third and fifth-order BVPs. This algorithm was built on applying the Petrov-Galerkin method using two families
of generalized Jacobi polynomials.

The main purpose of the current article is to develop some efficient spectral algorithms based on the shifted Chebyshev
polynomials of the third and fourth kinds (SCPs3 and SCPs4) for the numerical treatment of special types of odd-order
BVPs.

The rest of the paper is as follows. Section 2 displays some fundamental properties and formulas concerned with
CPs3 and CPs4 and their shifted polynomials. In Sections 3 and 4, we present two numerical algorithms for treating high
odd-order BVPs based on Petrov-Galerkin methods in terms of SCPs3 and SCPs4, respectively. Section 5 presents some
numerical examples accompanied by comparisons with some other techniques in the literature aiming to demonstrate the
accuracy and applicability of the two proposed methods. We end the paper with some conclusions in Section 6.

2 Shifted Chebyshev polynomials of third and fourth kinds
The classical CPs3 and CPs4 are defined, respectively, by [28]:

/ 1 19 22i 11
vy = L0 2 pidd) ()

cos(3) (%)

and sin(i+%)19 221 (11
Wi(t) = oy 2—,)Pz (1), @)

sin(z) (5

is the classical Jacobi polynomial of degree i.

(%ﬁ)(ﬂ

where t = cos ¥ and P

The orthogonality relations of CPs3 and CPs4 are given as

1 [ i=j
[l,/l—iw(t)vj(t)dt:L] ]—+;m(t)wj(t)dt {g i#JJ.-,

Using (1) and (2), one can show that .
Wi(r) = (=1)"Vi(=1).

The polynomials V;(¢) and W;(¢) may be generated by using the recurrence relations:
Vilt) =20V (1) = Vial), Vo) =1, Vi()=21—1, i>2,
Wilt) = 26 Wi s (1) = Wia(t), Wolt) =1, W()=2t+1, i>2.
The following particular values are of interest:

Vi(l) =1, Vi(=1)=(=1)'(2i+1), Wi(1)=Q2i+1), Wi(=1)=(-1),

1

Vali+o) | To+3)

C2v(i—0)! ) (=1)*P(2i+1)
20 (v+3)

ifr=1,
D V(1)
. ifr=—1

)

where D = % and v € N.

The SCPs3 and SCPs4 may be defined respectively on (a,b), by

Vi) =V, (?) W) =W (”b‘—"’) .
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It is easy to transform all results and relations of CPs3 and CPs4 to give their counterparts of shifted polynomials.
The orthogonality relations of V;(¢) and W;(¢) are given by

N r— b= h—a)E i
/a,/;_tvi(z)vj(t)dt:/a gw,-(t)wj(;)d;{; )7 z#j 3)

The following theorem and its corollary are needed hereafter.

Theorem 1. For v € N, the vth— derivative of the SCPs3 can be expressed in the form
i—v
vai(t) = Z Ci,m,v Vm(t); V> 1; (4)
m=0
where ) ) )
(lfmél)f ) ! (H»ﬂ?»l) ) !

(b—a)* | (B2 (2g2)

(i—v —m) even,

Ci.,m,U: (1)71)' (l'fmél)fl)! (i+m§l)71)! (5)
(Em_o=Tyy (Hm_vil)p (i—v—m) odd.
2 : 2 :
Proof. For the proof of Theorem 1, see, [8].
Corollary 1. For v € N, the vth— derivative of the SCPs4 can be expressed in the form
i—v
DUW,'(Z‘) = Z gi,m,v Wm(t)7 V> ]7
m=0
with _
‘:i,m,v = (_ 1 )l+m+v Ci,m,v; (6)

where §; 1 are as given in (5).

3 Shifted Chebyshev third-kind Petrov-Galerkin method

In this section, we implement a numerical method namely, shifted Chebyshev third-kind Petrov-Galerkin method (SC3-
PGM) to treat numerically the high odd-order differential equation:

2n
D () + Yt D"y(t) = (1), 1€ (a,b),n>1, (7)
m=0
subject to the homogeneous boundary conditions
YW(a) =y (b) =y (@) =0, 0<r<n-1, (8)
with ,,,0 < m < 2n, are real coefficients. We define the following spaces
Qy :span{\?o(t),\?l (l),Vz(t), e VN (t)},
By ={p(1) € Qv : 9V (@) =9 (b) = 9" (a) =0,0<r <n—1},
W ={w(t) € y : ¥ (a) =y (b) =y (b) =0, 0<r<n—1}.
The SC3-PGM is to find yy, € Py, such that
2n
(D" (@, w (D), + Yt (D" Y30, w(2)),, = (1), w(0)w, ¥ W) € W, )

m=0

b
where (y(1), y(t))w = / w()y(t) y(t)dt and w(t) =/ —.
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3.1 Selection of trial and test basis

Without loss of generality, we consider (a,b) = (—1,1). We are going to select suitable trial and test functions.

Forthisend, for0 <i<N—-2n—1,n>1, let

2n+1

Gin(t) =Vit)+ Y, PmiViem(t), 1€ (=1,1),
m=1

2n+1

lI/zn = Z sz l+m tE(fl,l),

m=1

where the coefficients {p,,;} and {0, ;} are chosen such that ¢; ,(¢) € @, 12,11 and W, (¢) € Wip2+1, respectively.

The conditions ¢i(,:z) (—=1)=0, 0 <r<n,lead to:

D" Rit2m+ D(itm+r)! i+ 1D)(i4n)!

Gtm—n)! Pmi = =)

m=1

while, the conditions q)ﬁ? (1)=0,0<r<n—1,lead to:

Hence, Egs. (12) and (13) constitute a system of (2n+ 1) equations whose determinant differs from zero.

coefficients {p,,;} are given by

)" () i+ 1) (i4+m)!(2i+4m+2n+3) l<m<
Pom,i = z'(z+n+m+1) (21+2n+3) ) m<n,
_1 m l+n+] l-|—m 2i4+4m+2n+1
p2m+l,i: e )v( - ) pEmen

i'i+n+m+1)1(2i+2n+3) ’

Similarly, it can be verified that the coefficients {0, ;} take the form

—1 1
Gth':( )" (i m)Li+n 1)1 ) 1<m<n,
’ ii+n+m+1)!

(=)™ (Y (i+m)! (i+n+1)! 0<m<n
Ni+n+m+1) ’ -

O2m+1 g =

Now, if we set (

basis given as
2n+1

¢i,n(t) = Vi(t) + Z pm,ivi+m(t)7

m=1

and
2n+1

Vin(t) = Vi(t) + Z O, Vitm(t),
m=1
fulfill (8), i.e. §;(t) € Piyop+1 and Wi ,(t) € Wirnpr1, respectively.

For subsequent computations, we write ¢; ,(¢) and y; , () as

2n+1

¢1n Z sz 1+m

)

0<i<N-2n—1,

0<i<N-2n—-1.

0<i<N-2n-—1,

0<i<N—2n-—1.

(10)

1)

12)

13)

The

) instead of ¢ in (10) and (11), then, it is easy to see that the basis functions and their dual

(14)
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2n+1
Wln Z Gml l+m (15)

where p,,; are given by

)2 (%) N(Gi+n+1)(2i+2m+2n+3)
i! (z+n+”’+1) (2i+2n+3) ’ meven, 16)
p i = m—
R e (1) (i+ 2 (i n+ 1)1 (2i+2m+2n+3)
2 : , m odd,
il(i+n+"2)!(2i+2n+3)
and 0,,; are given by
(—1)% (5) (+5)(+n+1)!
'(2,_’_ Y , m even,
nirtrn 5 .
Omi = o (17)
(=17 (W) G+ 2501 n+ 1)
— ,  modd.

Note that the linear independence of the basis ¢; ,(t) and y; ,(¢) yields
Py =span{@;,(t) :0<i<N-—-2n—1},

and
Py =span{y;,(t) : 0 <i<N-—-2n—1}.
Now, using (9), the Petrov-Galerkin approximation leads to the following equation
2n
(DY (1), Win(0),,+ Y Mo (D" (0), Wjn(1)),, = (8(0), Wi (0))w, Win(1) € . (18)
m=0
Let us denote
An= (atr'lj)ogi,jngznq ’ afy = (D" 91(1), (1)),
Byn = (bmn)0<t J<N—-2n—1’ b;'jm = (Dm¢i7n(t)a ijn(t))uﬂ 0<m<2n,
T
Gn = (ggagrlla oo 7gnN72n7]) ) g;l = (g(t)v Wj,n(t))wa
N—-2n—1 T
y;l\/(t): Z Czr'l¢i,n(t)7 C.= (Cgacrlla"'vc;lvfznfl) :
i=0
Then (18) is equivalent to the following linear system
2n
A, + Zﬂman Cn:Gn; (19)
m=0

and the nonzero entries of A, and B,,,, (0 < m < 2n) are given as follows.
in (14) and (15), respectively. In addition, let

Theorem 2. Let ¢;,(t) and ;,(t) be as selected
0<m<2n, then

af’l = (DZH](P,'J, (l), l[lj’,, (l))w and b;’;" = (Dm(b,',n(t), Wj,n(t))wa
(DN = Slmn{¢0,n(t)v (Pl,n(t)a Tt 5¢N72n71,n(t)}7
Wy = span{Wo (1), Y1 a(t), -, Wn-20—12(1)},
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and the nonzero elements of the matrices A, and By, (0 < m < 2n) are given explicitly by:

w (D)2 (4 1),)2(i4+n+1)(2i+2n+ 1)

i = (b—ay(2i+2n+3) ’ 20
) 2n 2n412n+1
af-’jZ(ba) Y Y PniotiCivkjieantt, Ji=itss>1, (2D
=0 =0
2 m—1  2p4+12n+1
bﬂ"=<m> YN piior;Civkjiom Jj=its,—2n—1<s<4n+1, (22)
k=0 (=0

where Ci,k,m Pk, and Oy ; are defined as in (5), (16) and (17), respectively.

Proof. Each member of the two families {@; (1)}, and {¥ix(?)},5 satisfies the homogeneous boundary conditions (8)
and their dual conditions, that is ¢; ,(t) € @y and y; ,(¢) € Wy for 0 < i <N —2n— 1. Moreover, {; ,(¢) }o<i<n—2n—1 and
{Win(t) }o<i<n—2s—1 are linearly independent. Both of them is of dimension (N — 2n). Hence

¢N = Span{‘PO,n(t)v (Pl,n(t); R ¢N72n71,n(t)};
and

lPN = Span{‘l’o,n(l), V’l,n(t)v ceey WNfznfl,n(t)}-
To prove (20) and (21), we make use of relation (4) to get

2 2n+1i-2pn—1
o) L Geaa, iz, 3
k=0

D2n+lvi(t) — (
where (; ¢ 2,41 is defined as in (5).

Replacing i by i+ k in (23) and using the orthogonality relation (3), it can be shown that, fori+k > j+/{+2n+1, we
have
2

b—a

2n
(D2n+lvi+ (1), V)1 /z(t))w = ( ) 7 Civke jort,2m+1- (24)

Due to (14), (15) and (24), al’-’j takes the form

2 2n 2n+12n+1

n o __

ajj = T Z Pri 00, Citk jrt2nts
b—a k=0 (=0

which proves (21).

If we set i = j in (21) and make use of formulae (5), (16) and (17), then we get
w o (=D (i 1)) (i +n+1)(2i+2n41)

i (b—a)?"(2i+2n+3) ’

which proves (20).

Finally to prove (22), for 0 < m < 2n, we have

2n+12n+1

bl = (D" in(t), Win(0),, = Y. Y Prior; (D" Vigk(t),Vjre(1)),,
=0 {=0

and with the aid of the orthogonality relation (3), b;’}” can be computed to give formula (22).

Based on Theorem 2, if p,, = 0, 0 < m < 2n, a nonsingular upper triangular linear system is obtained. The following
corollary exhibits this result.

Corollary 2. For the cases U, = 0, the system (19) reduces to A, C, = G,, where A, is an upper triangular matrix with

the following solution
N—2n—1
=g Z af’jc;? /ag, 0<i<N-2n-1,
j=it1

where aj; and aj; are given by (20) and (21), respectively.
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3.2 Nonhomogeneous boundary conditions
In this section, we consider the odd-order differential equations (7) subject to the nonhomogeneous boundary conditions
YWia)=a, YB)=B. y(@=y 0<r<n-1. (25)

With the aid of the following transformation:
2n s
2t—a—>
v =0+ Yo (2420
s=0 —a
where 1), are uniquely determined such that Y (¢) satisfies the homogeneous boundary conditions

Y@y =y (b)) =y"M(@)=0, 0<r<n-—1, (26)

problem (7) governed by (25) is equivalent to the following modified problem:

2n
Dy (1) + Z wnD"Y (1) =g*(), t€(ab),n>1,
m=0

governed by (26), where

2n

g1 =g(t)+}). &1,

s=0

and J; are some constants to be determined in terms of 7;.

Now, after the application of SC3-PGM, a linear system similar to that given in (19) can be obtained.

4 Shifted Chebyshev fourth-kind Petrov-Galerkin method

In this section, we focus on solving the high odd-order differential equation (7)-(8) using the shifted Chebyshev
fourth-kind Petrov-Galerkin method (SC4-PGM).

If we set
Oy = span{Wo(t),W] (l‘),Wz(l‘),...,WN,Qn,I (t)},

Oy ={d(1) €UVy : ¢ (a) = () =" (a) =0, 0< r<n—1},

Wy ={P(t) €Oy : V(@) = (b) =™ (b) =0, 0< r<n—1},
then, the SC4-PGM for solving (7)-(8) is to find yy, € @y such that

(D" Y 0(0) 5+ 3. b (D" Y30 0(1))y = (20 b)) Y1) € Wi,
m=0

b—t

t—a’

where @ () =

We choose the basis functions in terms of SCPs4 to be as follows:

2n+1

bin(1) = Y PmiWism(1), 27
m=0
2n+1

wi,n(t) = Z Qm,iwi+in(t)7 (28)
m=0
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with
Gm,h meven,
Pmi = (29)
—Om,i, m odd,
Pmis meven,
Qm,i = (30)
—Pmi,is m Odd7

and the coefficients p,,; and ©;,; are given as in (16) and (17), respectively.

Now, we are ready to state the main theorem of the current section.

Theorem 3. If we take the basis functions and their dual basis §; ,(t) and \p; ,(t) as given in (27) and (28), respectively,

and if we assume yy(t) = f]: 702"71 ! &in(t) is the Petrov-Galerkin approximation to (7)-(8), then the expansion

coefficients {¢}, 0 <i < N —2n— 1} satisfy the matrix system.:

m=0

2n
(An + Z Hm an) Gn = gn; (3])

where the nonzero elements of the matrices A, and By, (0 < m < 2n) are given as follows:

L (=02 ((i41),)%(i+n+1)

o = (bia)zn ) (32)
2 2n 2n+412n+1

afj = (b_a) Y X kGt J=itss 2], (33)
2 m—1 2p+12n+1

b = (m) 7Tk . ;E)pk,i%,jéﬂrk,jw,ma j=i+ts, 2n—1<s<4n+1, (34)

where éi,k,mvpk,i and qi; are defined as in (6), (29) and (30), respectively.

Proof. Each of the two families individual {¢;,(¢)},~, and {W;.(¢)},-, satisfies the homogeneous boundary conditions
(8) and their dual conditions, that is ¢; , () € Oy and ; (1) € Yy for 0 <i <N —2n— 1. Moreover, {$; »(t) fo<i<N—2n-1
and {;,(¢) fo<i<n—24—1 are linearly independent. Both of them is of dimension (N — 2n). Hence

Oy = span{ g (1), b1, (1), ..., dN-20—12() ]},

and

Wy = span{$ox(t),Y1.a(t),- -, UN-20-1(t)}.

Now, Applying the same technique introduced in Theorem 2, we can get the elements (32)-(34).
The following corollary treats the case in which u,, =0, 0 <m < 2n.

Corollary 3. If W, =0, 0 <m < 2n, then the system (31) reduces to A, C, = G, where A, is an upper triangular matrix
and its solution is given explicitly as

N—2n—1
c:fl: g:'lf Z a,’»’jc;? /ﬂg', OS[SN*ZH*L
Jj=i+1

where a; and a;?j are given by (32) and (33), respectively.

5 Numerical results

In this section, some numerical results are presented aiming to exhibit the efficiency and applicability of the proposed
algorithms in Sections 3 and 4.
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Example 1. Consider the following singulary perturbed linear third-order BVP [29]:
—ey (0 +y(0) =g(), 0<r<1,
subject to
y0)=0, y1)=0, yV(©)=0,

where g(¢) is taken to be compatible with the exact solution: y(¢) = 6e£> (1 —¢)°.

Akram [29] introduced this problem and applied the quartic spline method (QSM) for its numerical solution. In
Table 1, we list the L™-error using the SC3-PGM and SC4-PGM with N = 6,8,10 and € = 11—6, 3—'2, é. In addition, Table 2
displays a comparison between the best absolute errors resulted using the application of SC3-PGM and SC4-PGM, in case
of N = 10, with those obtained using QSM [29]. This table demonstrates the accuracy of our algorithms comparable with
the method developed in [29]. Furthermore, Figure 1 displays the maximum various absolut? err(l)rs if our two algorithms

SC3-PGM and SC4-PGM are applied for N = 8 and various values of € = %, é, ﬁlg, ﬁ, 513 Tood -

Table 1: L*-error for N = 6,8, 10 for Example 1.
N | & | SC3-PGM [ SC4-PGM
1/16 | 40-107* | 5.8-107%
6 | 1/32 | 1.7-107% | 2.9-107*
1/64 | 7.0-107° | 1.4-107*
1/16 | 1.3-10755 | 8.3.10°1°
8 | 1/32 | 49-107'% | 5.0.10716
1/64 | 2.9-10716 | 2.2.10716
1/16 | 1.3-10715 | 8.1.10716
10 | 1/32 | 3.3-1071¢ | 49.10716
1/64 | 1.9-10716 | 2.0.10716

Table 2: Comparison of our methods and the QSM [29] for Example 1.

€ | QSM[29] [ SC3-PGM | SC4-PGM
1/16 | 6.4-107° | 1.3.1075 | 8.1-10716
1/32 | 2.1-107% | 3310716 | 4.9.10716
1/64 | 46-1077 | 1.9-107'° | 2.0.10716

Example 2. Consider the following BVP [30,31]:
Y3 () +y(t) = (r —4) sin(r) + (1 —1) cos(t), 0<r<1,
subject to
w0)=0, y(©O)=-1, ¥1)=0,

with the analytical solution: y(¢) = (r — 1) sin(z).

For solving the above problem, Khan and Sultana [31] used the second, fourth and sixth order parametric quintic
spline methods (PQSMs), while Abd El-Salam et al. [30] applied a nonpolynomial spline technique (NST). In Table 3,
we list the L™-error using the SC3-PGM and SC4-PGM with N = 6,8,10,12,14,16, 18. Moreover, Table 4 exhibits a
comparison between the best absolute errors if SC3-PGM and SC4-PGM are applied with those obtained using the NST
[30] and second, fourth and sixth order PQSM [31]. Figure 2 illustrates L2 and L™ errors if our two algorithms are applies

for N =6,8,10,12,14,16,18.
Example 3. Consider the following fifth-order BVP [32,33,34,35,36,37]:

YO (1) = y(1) —15¢' — 101, 0<t<I,

@© 2022 NSP
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-155+ p
-16.0 + ]
; L |
d
-16.5 -¢—Ch3 .
—s—Ch4
-17'07\"H\‘H‘\HH\HH\HH\HH\f
0.000 0.005 0.010 0.015 0.020 0.025 0.030
€
Fig. 1: L~ — error of our algorithms for N = 8 and various values of € for Example 1.
Table 3: L™-error for various values of N for Example 2.
N | SC3-PGM | SC4-PGM
6 | 6.0-1077 | 57-1077
8 | 8.6-10710 | 6.7-10710
10 | 7.3-10713 | 48-10713
12 | 45-10716 | 3.3.10716
14 | 84-1077 | 4.6-1077
16 | 83-10717 | 42.1077
18 | 3.7-10°17 | 4.0-10717
Table 4: Comparison between our methods with those obtained in [30] and [31] for Example 2.
NST Second-order | Fourth-order | Sixth-order | SC3-PGM | SC4-PGM
[30] [31] [31] [31]
6.30-10°TT | 2.00-107% | 9.48.10712 | 7.15-1071% | 3.7-10777 | 4.0-10°7
subject to

y0)=0, yV©0)=1, y?0)=0,

with the exact solution: y(r) = (1 —¢)¢'.

This problem is introduced in many articles, see, [32,33,34,35,36,37]. In Table 5, the L”-error using SC3-PGM and
SC4-PGM are listed for N = 8,10,12,14,16,18. Moreover, Table 6 illustrates a comparison between the best absolute
errors if SC3-PGM and SC4-PGM are applied with N = 18, with the following methods:

—Homotopy perturbation method (HPM) [32].
—Iteration method (IM) [32].

—Sextic spline method (SPM) [33].

—B-spline method in [34].

—Residual correction method (RCM) [36].
—Variational iteration method (VIM) [37].

Table 6 demonstrates the high accuracy of our methods compared with the above methods. In addition, Figure 3
displays the errors in L? and L* if our two algorithms are applied for N = 4,6,8,10, 12, 14.
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Fig. 2: (L2 — error) and (L™ — error) for our al gorithms for various values of N for Example 2.

Table 5: L™-error for various values of N for Example 3.
N | SC3-PGM | SC4-PGM
8 | 1.0-1077 | 5.7-10°%
10 | 1.3-10710 | 5.6-10~ 1
12 | 1.0-10713 | 3.7.1071
14 | 1.1-10710 | 1.0-10716
16 | 9.5-10717 | 9.6-107Y7
18 | 8.4-10717 | 8.7-10°V7

Example 4. Consider the linear ninth-order BVP [38]:
Y (1) =—=9¢ +y(1), 0<r<], (35)

subject to the boundary conditions
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Table 6: Comparison between our methods with those obtained in [34,32,33,36,37] for Example 3.

t | B-Spline | HPM ™M SPM RCM VIM | SC3-PGM | SC4-PGM
[34] [32] [32] [33] [36] [37]
01| 8103 [ 3102102 [1-10B [ 1108 [ 4-1077 | 1-10710 1-10°16
02 1-103 | 210010 ] 1.107% | 1-10713 | 61078 | 3-107°¢ | 1-10710 1-10716
03] 51073 | 4.10710 | 2.107* | 3-1074 | 2.1077 | 9.10°° 0 0
04| 3-1073 | 8-1071° | 4.107* | 1-10713 | 3-1077 | 2-107° 0 0
05| 8103 | 1-1072 | 4-107* | 3-10°13 | 4.1077 | 2-1075 | 6-10717 6-10717
06| 6-1073 | 2.107% | 4-107% | 5-10°13 | 4.1077 | 3-1075 | 6-10717 0
07| 51073 | 2.107% | 2:107* | 6-10713 | 41077 | 3-107° 0 1-10716
081 91073 | 21072 | 1-107* | 6-10713 | 3.1077 | 210> | 1-10"!6 1-10716
0919103 | 1-10° | 9103 | 4-10°3 | 1.1077 | 7-10°% | 1-10716 6-10717

Log,o(L?)

Fig. 3: (L2 — error) and (L™ — error) for our algorithms for various values of N for Example 3.

with the exact solution: y(r) = (1 —1)¢'.
Wazwaz [38] used the modified decomposition method (MDM) for obtaining the approximate solution to (35).

Table 7 lists the maximum absolute error using our two methods SC3-PGM and SC4-PGM, for N = 10,12, 14, 16.
Moreover, Table 8 displays a comparison between the best absolute errors resulted if SC3-PGM and SC4-PGM are applied
with N = 16, with those obtained using the MDM [38]. Furthermore, Figure 4 displays the log, error in L? if our two
algorithms are applied for N = 6,8,10,12, 14.

Table 7: L*-error for various values of N for Example 4.

N | SC3-PGM | SC4-PGM
10 ] 95-10°1T | 8.2-10°11
12| 80-10714 | 41-10°14
14| 12-1071% | 1.2.10°16
16 | 1.1-1071¢ | 1.1-10°16
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Table 8: Comparison between our methods with the MDM for Example 4.

t Modified SC3-PGM | SC4-PGM
Decomp. [38]
0.0 0.0 0.0 0.0

0.1 2.0-10710 2.2-10716 | 2.2.10716
02| 2.0-10710 1.1-10716 | 1.1-10716
0.3 2.0-10710 1.1-10716 | 1.1-10716

04 | 2.0-10710 1.1-10°16 0.0
05| 2.0-10710 1.1-10716 0.0
0.6 | 6.0-10710 1.1-10716 | 1.1-10716
0.7 1.0-107° 0.0 1.1-10°16
0.8 2.0-107° 1.1-10716 | 1.1-10716
0.9 3.4-107° 1.1-10716 0.0
1.0 0.0 2.2-10716 | 2.2.10716

Log1O(L2)

6 8 10 12 14 16
N

Fig. 4: log,((L> — error) and log (L — error) for our algorithms for various values of N for Example 4.

6 Conclusion

Two efficient direct solvers for (2n + 1)th-order boundary value problems are presented. Shifted Chebyshev polynomials
of third and fourth kinds are employed as basis functions and the Petrov-Galerkin method is applied to transform the
odd-order problems governed by their boundary conditions into linear algebraic systems that can be efficiently solved. It
was found that for specific kinds of odd-order boundary value problems, the resulting systems are upper triangular and
this greatly simplifies the numerical computations required for obtaining the numerical solutions corresponding to such
cases. We tested the accuracy of the presented algorithm by means of four examples and we compared the results with
those given using some other approaches. It was shown that, high accuracy results may be obtained using a low number
of Chebyshev basis, the numerical errors decay rapidly as the number of the basis functions increases and that the new
approach is more accurate than the quartic spline, parametric quintic spline, nonpolynomial spline technique, B-spline,
homotopy perturbation, variational iteration, residual correction and modified decomposition methods.
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