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Abstract: In this paper, we study the estimation of the bispectral density function of a strictly stationary r-vector valued continuous
time series. The case of interest is when some of observations are mising due to some random failure. Bispectral density function is
devoleped in case of L—joint segments of observations. The modified biperiodogram is defined and smoothed to estimate the bispectral
density matrix. The theoriotical properties of the proposed estimator are explored.
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1 Introduction

Second order spectra plays an important role in signal processing and the need for power spectral analysis arises in
a variety of contexts, such as the design of optimal filters, detection of narrow band signals, the estimation of finite
parameter linear models, ... etc. Though not explicitly stated, the assumption is that the signal is Gaussian. If the signal is
non-Gaussian, there is a need for higher order spectral analysis. The simplest higher order spectrum one can compute is
the bispectrum, which is the Fourier transform of the third order lagged moments.

Mostly all estimation methods developed for the analysis of second and higher order spectra in case of all the
observations are available as in [1], [2],[3], [4], [5], [6], and [7]. There are also several literature on the estimation of
second order spectrum only when some of observations are missing. [8], [9], [10], [11] and [12] studied untapered time
series with some randomly missed observations. [13] estimated the spectral estimator of the multidimensional strictly
stationary continuous time process. [14] studied the periodogram analysis with missing observations. [15] studied the
spectral analysis of timr series in joint segmants of observations. [16] introduced the asymptotic properties of spectral
estimates of second-order with missed observations. [17] addressed the spectral analysis of a strictly stationary r-vector
valued continuous time series with randomly missing observations in disjoint segments of observations . [18] discussed
the spectral analysis of a strictly stationary r-vector valued continuous time series with randomly missing observations in
joint segments of observations. [19] studied the periodogram analysis with missed observations between two vector
valued stochastic process. [20] proposed a quasi-Whittle spectral estimator for parametric families of time series models
in the presence of missing data. It is noticeable that until the late 19th century, no methods are available for the
estimation of the bispectrum where observations are missing and the data is irregularly spaced. [21] first introduced the
estimation of bispectral density function in the case of randomly missing observations from discete time series. [22]
studied the trispectrum deconvolution of linear discrete processes with randomly missing observations. In this paper, we
study the estimation of bispectral density function for a zero-mean strictly stationary r-vector valued continuous time
series when some observations are missing.
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2 Observed series

Let X (¢)(r € R) be a zero mean r-vector valued third order stationary continuous time series with
EX (@)X (1 +1)X (1 +12)) = Cxxx (11, 12), (8,11, 12 € R), M

and

oo oo

//|Cxxx(t1,t2)|dt1dt2 < oo, (2)

—00 —00

where Cxxx (t1,12) is the third order covariance function of X (7), then the bispectral density function fxxx (A1, 4) is given
as

=)

1 7 o
Sxxx (A, 02) = e / /Cxxx(tl,tz)eﬂ“llf”ﬂzdtldtz,(ll,lz ER), 3)

—o00 —o0

it exists for all A1, 4, if Eq.(2) is achieved. Using the assumed stationary, we then set down

Assumption I. X(z)(t € R) is a strictly stationary continuous series all of whose moments exist. For each
j=1,2,....,k—1 and any K-tuble a;,ay, ...,a;, we have (see [18])

/ujcala2 ,,,,, ak(t,,tz,...,tk,l)’<oo, k=23,... )
Rl;—]
where
Cal,az,...,ak (tlvtzv"';tk71> = Cum{Xal (t+tl>;Xa2 (t+t2),...,Xak (t>}a (5)

(al,az,...,ak =1,2,...,rit1,b, ..., k1, E Rk = 2,3,...)

Because cumulants are measures of the joint dependence of random variables, Eq.(4) is a form of mixing or asymptotic
independence requirement for values of X (¢) well separated in time. If X (¢) satisfies Assumption I, we may define its
cumulant bispectral densities by

k=1
fa|,...,ak(3117)~27 ---Afk—l) = (27[)7k+1 / Cal,...,ak(tla ...,tk,l)exp ( —1 Z ljtj)dll...dlk,h (6)
j=1
(-0 < Aj < o0,ay,an,...;ar = 1,2,...,r;k =2,...). If k=3 the bi-spectra fy,a,a;(A1,A2) are collected together in the

matrix fxl X2 X3 (3,1 s ),2) of (3).

Assumption IL Let hl (1) = hq(%),r € [0,T) is bounded and vanishes for all ¢ outside the interval [0,7') , that is called
data window.

3 Modified series

of random vaiables) where
Da(t) = 1 if X,(r) is observed at time #;
AN 0if X,(¢) is missed at time 7.
Let D(z) be independant of X (¢) such that for every ¢
P{Dy(t) =1} = p,P{Du(1) = 0} = g,

note that

E{D4(1)} = p.
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The modified time series can be represented by

with components,

Y,(t) = Dy(1)X,(2).
Let X (t)(t € (O,T)) be an observed stretch of data with some randomly missing observations, then the third order
periodogram Iyyy (A1, A2) “the so-called biperiodogram” is given by (see [23])

Iyyy (A] ,12 2T /Y ﬂlltdt/Y ﬂlztdt/y i(hi+42) [dt —o0 < Ay ,12 < oo, (7)

Now, let T = L(N — M)+ M, where L is the number of joint segments, N is the length of each segment and M is the length
of joint parts, 0 < M < N — M. The given stretch of data has the following tapered biperiodogram (see [6])

(I+1)(N—M)+M R
1M (34, 20) = {(27:)2 [ [ (-w-m))] dt}
I(N=M)
I+ 1) (N—M)+M
RIN=M) (t—l(N—M))e*"’ll’Y(t)dt / RIN=M) (t—l(N—M))e*"’b’Y(t)dt
I(N=M)

‘(l+ 1 )(N*M)ﬁLM
~ /
1

Jin-m)

(l+1)(NTM)+M
x / Rl (V=) (t (N M)) MRy (1) gy )
I(N=M)
where -c0 < 4,4 < 00,1 =0,1,....L— 1 and h(z) is the data window satisfies Assumption II. We can put IYYY (7L] ,A2)
as
(1+1)(N—M)+M L 112
YYY M (M d) = (2m)7/2 [ / [h(N) (tfl(N—M))} dt} df,(NfM) (A )dé(NiM) (lz)di(NiM) (M+A) 9

I(N—M)
where
(I+1)(N—M)+M Sy (I4+1)(N—M)+M
JNM () {2,[ / {hm (l _IN— M))} d;] / R N=M) (; - z(zv_M))e*WY(t)dt (10)
I(N—M) I(N-M)

is the expanded finite Fourier transform of a given stretch of data. Now, fora=1,2, ..., r, then d,ll(NfM) (1) has the following
properties (see [18])

E{di" ™ (2)} =0 (11
COV{di(NfM) (11),d113(N7M)(—12)} = pPe =Rl /fab( )Pap (A1 — v, A2 —v)dv, (12)
R
where
o 2 2 2 —————
¢(§/];v)(117)»2)=(2”)1[//(/15\7)01)) (h/(;N)(fz)) dt1dtz] HM M N (22), (13)
00
N
and HM ) =[5V (1)e ™ ar
0

W) 2 B ) k L
(H D) dts ) SorazaBasdos 2 )G | Y2 ) +O[N7E) a4
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where O(N’g) is uniformin Ay, A,...,44_1 as N — o0, k > 2 and

G, = /(Hha, t,) e ™Mdt, A #0,4,t €R. (15)

Now, let h®) (t —I(N— M)) be a set of orthonormal taperes, i.e.

(I4+1)(N-M)+M

/ [W) (t—l(N—M))rdt =1 (16)

I(N—M)

(see [24]). From this orthonormality and by Egs.(9) and (10), one can write

M (A, A) = (27) 2N (2)d N (20)d N M (24 + 1) (17)

abc

4 Statistical properties of the proposed esimator
Using the expanded finite Fourier transform (10), we construct the modified biperiodogram as
—1
L " (,70) = l(zmzf [ o op” <t>dr] o™ ()" ()™ (a4 22). - (18)

such that

The smoothed bispectral density estimate is constructed as:
L
S0 20) = / INM) () Aa)du,aboe=1,2, ... (19)
0

Theorem 4.1. Let X (7)(r € R) be a strictly stationary r-vector valued continuous time series with mean zero, and satisfy

Assumption I. Let Ig/)y(livv) = {I(gc) (y,v)}abc:] . be given by (18), and ¢,(z) satisfy Assumption II for
a=1,2,....r, then T
[N~ _3
E{Iagg M)(.uvv)} = fare(L, V) +ON"2),p— 1 (20)
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[
COV{ a(,IZ,C],W) (11, vy )Ja(zbm (2, Vz)}

1
= <2nGa1b161 Ga2b262 ¢l§€\22( ”2)¢b]b2(v] - v2)¢CI02( '}/2))

X | Gayby Geyay Obyey d’,gl.\g, (1 — v (n — ﬂ2)¢1§ivc>2 (—12) fay b, (1) feray (V1) fozer (V2)

+ Ga|b| GC|b2 arcy albl H1— v1)¢c(1b2 (Yl - V2)¢a262( )fa1b1 (.ul )fc1b2(Y1)fa202 (“2)
+ Gayby GeresGan L1, (111 = V)OS (1 — 1) 0 (12— V) Fug (1) Ferey (1) Fagy (112)

+ GalchblaszzQ ¢alcl ( Vi )d’bI,\Qz(Vl - ”2)@52?2(*#2)&101 (ﬂl )fblaz(vl )fb2c2(V2)
+Gaye, Gpyby Ganes Obrer (—V1) Byt (VI = V2) s (—V2) farer (1) o (V1) Fner (1)
(N N
+Ga|C| Gb]CZ azb2¢a161( Vl ¢b1¢)2(v - )¢¢§2b)2(“2_v2)f0161 (ul)fbwz(vl)fazbz(NZ)
+Gala2GbICIGb2C2¢ala2(l'L1 uz ¢blcl( l'L) bzcz( .uz)fmaz(“l)fb]q (vl)szCz(vz) (21)
+ Gayay G,y 6162¢a|a2(ﬂl ”2)%,1,2("1 *V2)¢6262( i = Y2) faras (M) S5, (V1) fer1 02 (M)
+GalaQGblcQ c1b2¢a1a2(ﬂl ”2)¢b|62(v1 ’VZ) c]b)z(’yl VZ)falaQ(ﬂl)beCQ(Vl)fclbz('}/l)
+Gayb, Gy Gaye alb2(“1 V2)9 blcl( V2 ¢a262(“1)ft11b2(“1)fb16| (Vl)fazCz(NZ)
+Ga|b2Gb|az cpep alb2(“1 VZ) b1a2(vl “2)‘1)0162(')/1 )falbz(ul)fhm (Vl)f6262(71)
+Ga|b2Gb|62 cray alb2(“1 VZ) b1¢2(v1 ¢C|(12( uZ)fmbz(l'Ll)fbwg(Vl)fC]az(Yl)
+Gay,Gpy ¢, azbzd’mq(ﬂl 72)‘1’1,]0]( H1)o azbz(ﬂz V2)fa102(Ul)fb1c1 (V1) fay, (H2)
+ Guanes G ay Gy 01y (M1 *Vz)%]az(vl 12) C]b)z( N = V2) fayes (1) foyan (Vi) ferp, (1)
JrG61162Gb1b2G01az¢a|62 (g — 72)4’1,]1,2(‘/1 - V2)¢C|az( IJ'Z)fal(Q (ﬂl)fblbz(vl )fclaz(yl)
+0(N’1)
where 1 = U; + vy and 5 = Up + va.
l N—M L (N—M I, (N—M
Cum{ all(blcl )(Hl,Vl)Jazz(bm )(.uZaVZ)a'-'aIal;(bkck )(Nk,Vk)}
—1
k
=[] Gawie: H dbéi,vﬁq(uﬂrum) 1513 (Vi+ Viet )P (% + Y1)
i=1
=13,k (22)

k
XZ{HGajbjijdjEij(gja6])}{ H (5]+€j+1) epeq(a +5]+1) S]JSq(ﬁj+ﬁ]+1)}
J=1 J

v ‘:1,3,...,/&1
+O(N

where k is even number and the summation extends over all partitions

{(al,ul), (bl,\/l), (61,71)},...,{(ak,uk), (bk,\/k), (Ck,’)/k)} with note that ([,L,'-i-\/,') =%Vi=12,..k
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Proof. From (18), we get:

-1
I, v) = l(zn)zﬁ [ e (t)h,@N)(t)dt]

l(NfM)
x[ o /// ( ) (héw(tz))z<h£N>(;3)>2dt,dt2dt3]%
xdg™" M><u>dz<” M) ()

Take the expectation
(I+1)(N-M)+M

-1
E{Iiﬁ,fM’(u,V)}(Zﬂ)iﬂl / ht(lm(t)hl(yN)(t)th)(t)dt]

X [ o (7/7 ( ) (hg\ﬂ (;2))2(th> (;3)) thldtzdmr

xE{dJ”*M’ (u)dé,‘N*M%v)dé‘N*M) (u+v)}

from stationarity of time series and cumulants properties, then

(I+1)(N-M)+M

-1
E{IiiﬁM)(u,V)}=(2n)%p3l / héN)(t)h,(,N)(t)th)(t)dt]

I(N—M)
1

(1+1)( ) , 2
// / < > (hém(fz)) <h§N)(t3)) dtldtzdt3]

xCum{déW M)m),dff” w),di™ (v}

X

then by (14), the proof of (20) is complete. Take y;=p;+Vv; and Y=l +V,, then
N-M !
COV{ a(|b]c] )(”l » VI )ala(zbzcz )(”27 VQ)}
(I+1)(N—M)+ 1

2 2 2
_ —1
= 271) "N (Gaybye; Garpres) l // <hg7>(,,)> (hgzw(tl)) dtf]
(I+1)(N—M)+ 5 5 % 1) (N—M)+M 5 5 i
[ // (hﬁf.“(tz)) () dé] [ [ (#w) (w) dé]
I(N—M)
x Cov{da™ ™ (u)dy ™ (vl (1), () (v2)dl T () }

from (13), then

[ N=M)

-1
1
COV{ arbyc (”lavl)ala(zbzcz >(I'L27V2)} = Z”GalblchaszcZ¢t§11\22( ﬂ2)¢b]b2(vl - V2)¢clcz( 7’2)]

x Cov{daf ™ (u)ady ™™ (vl (), i (o) M (v2)dl T () |
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since

— I(N— I(N— — —
Cov{dil™ (™ (v)al™ ™ (), il () (va) i () }
= £ () (v )d” )(u )y~ M’(w)d ;- %)}

—E{dn™ (a0 e () fE{ il )y (v)ail M ) |

and from Isserlis theorem (see [25]), then

—1
COV{ ufllm >(u1,v1),liiiw )(uz,V2)} = 270Gy, Gasbcs Oy (1 — ﬂz)%l;ﬁ(vl —v)el(n ?’2)}

x cOv{diﬁN*Mm>,d,iﬁN*M>(vl)}cOv{dZ-EN*MW>,d52N*M>(uz)} x Cor{dy™ ™ (va), di* () }
+Cov{di™ ™ (), dy™ (v x cor{ a0 (), a0 (va) feor{dil M (o), dil M () §
+Cor{di™ (), a0 (vr) beor{ e (1),dl M () | x Cov{ i (o) M (v2)
+Cov{di™™ (), dt™ M) b < Cor @™ (), dilY M (a) beor{ ™ M (v2), M () }
+Cov{da" ¢ N*M%m)}Cov{d,’,ﬁ”*m(vl>,d,ii”*M>( )} x Con{di ™M (o), diN M () }
+Cov{da™™ (), a0 ) b < Cor M (), dlY M ) feon{ a0 () 4 (v) }
+Cor M ). ) feor{ ™ n). a0 () } < Cor a0 (va), M )}
+C0V{d VM (), it )(Nz)} ><COV{dll,EMm(V1)?dll,iNiM)(Vz)}COV{dﬁMm(Yl),dégN M)(Yz)}
+C0V{d(IN M) (), di N M>(u2)}cOv{dl’,<]N*M>(vl),dégN*m(yz)} xCov{déﬁN i),y M>(v2)}
+Cov{di N*M>(v2)} xCon{dy™ M (1), dl M () heor{ i () d M () }
+Cov{di™™™ (), dp ™M (va) beon{di™ M (vr), di M a0) } e Cor{ MM ), dl M () }
+Cov{da™™ (), dy ™ (va) b xcor{ )™M (), il () feor{al M ()i () }
+Cov{d ﬁN M N*M)(yz)}cgv{df,ﬁN*M)(vﬂ,dﬁ.ﬁ”*’”)(yl)} xcov{diz’v*m(uz),d;(z”*m(vz)}
+Cov{di ™ chN*M%m} x Con{di™ ™ (v1), dis* () fcor ™ (1), dfN M (v2) }

+Cov{di§N*M) ()i ) oy ), M (v2) | e Con{ e ).l () }] @3)

then by (12), the proof of (21) is completed. From (18), we have

JiiN-M L(N—M
Cum{ 111|<b|€| )(ul’vl)"“’[u];(bkck )(”lﬂvk)}

. R GRN L E ,
. -
= (271)7§p73k[HGaib,-c,-:| [H / |:hui (ti)] dt(;)
i=1 i=1 l,-(N*M)
(li+1)(N—M)+M

(Li+1 i

=

Y(N—M)+M 2 . ,
[ ol )] %}
L;(N—M) =1

x Cum{ i ™M )y ™ ()™ a4 v, ™ (ot O N e vio |

L(N=M)
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By theorem(2.3.2) in [4] p.21, we get

Cum{dllw M)(N1)dzl;]1(N7M>(V1)df-]1(N M v di ™ M)(Hk)dlk<N7M)(Vk)dl-k<N7M)(Hk+Vk)}

by Ck

- ;Cum{d’xwfm (W)iew }A.Acum{dl‘(NiMN,u,‘),i c VS},

where the summation extens over all indecomposable partitions V = [ U V_,} el l=(ay,...,ar;by,....bp;c1,...,cr), 1 <s <k of the
j=1
transformed table

(), Grv)sCenp+vi) {@dné) (80, 60,81 }

(a2, 2), (b2,v2), (2, 2 +V2) _ {(d27€2)7(6’2752)7(327B2)} ,

(akylik):(bkyvl;):(ck:ﬂk+vk) {(dkaék)»(ekask)»(skaﬁk)}
Cum{ ™ )ap ™ ()l (v ),y (N )l N (4 v }
. kK /N , X , XN 5 -2
—;@n)zf"[j_] ( 0/ (1, (t1)] "ty 0/ (e, (0] et 0/ [h,17)] dw)]

k
X {I—I] Gajbjc,'fd,'ejs,'(éjv 6])} + O(Nil )
j=
Then,
Cum{ 1M (v, LY i vi) b =

(1t 1) (N—M) M (14 1) (V=)

[HGabcl] [H / rate)] ]

(l;+l)(NfM)+M

[hbi (ti)] zdti

rem

Li(N—M)

3 k
[hq () ] dt,:| Z{HG“ bicifde;s; (M 6j)
\4

Jj=1

k
<I1
i=1

L(N-M)

k N ) N » N 2
x [Hl (/ [y 4)] s [ [mesep)] s [ [, 0] drj)
J=1\o 0 0

_1
2

}+0(N'). (24)

if k is even number and by (13), we get the proof of (22).

Theorem 4.3. Let X (1)(r € R) be a strictly stationary r-vector valued continuous time series with mean zero, and satisfy Assumption I.
Let f(ngc)(,u,v) be given by (19), a,b,c = 1,2,...,r, then:

E{fhe(u )} = fape(w,v) + O H), (25)
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COV{féQIC, (1, V1)7f52T,,)m (M2, Vz)}
Lk .
= (277L2¢l§{\l]1>2 (:ul _NZ)(PIE:\QZ(VI - VZ)(PC({Q(% - YZ)) //(Galblcl (11>11711)Gazb202 (12712’12))
00
Gayty (11,11) Gy (11 12) G (1, 12)9) sy —vi) 00 (11 — )9 (— .
X albl( 1> 1) 61642( 1> 2) bzcz( 2 2)¢a|b| (:ul Vl)¢0|az(’)/l Mz)%m( p'z)fmh(ul)ft]az(% )fbgcz(VZ)
+Gayp, (11,11) Gy, (1, 12) Gayey (1 Jz)%lb](m—vl) lez(’yl_VZ)q)uzCo( V2) farby (1) ferb, (V1) fare, (H2)
+Gayb, (ll?ll)GL‘lCz(ll?lz)Gazbz(12712)¢a]b (11— V1)l (1 — YZ)Q)(EZI;)Z(/-Q_VZ)fa]b] (1) ferer (M) farb, (H2)
+ Gayey (11.11) Gy (11.12) Gy (12, 12) 810 (— V1)¢b,az(V1 m)@iﬁi(—uz)fu.cl (11) fb1a, (V1) fope, (V2)
+Ga|c| (llall)Gb]bz(ll7l2)Guzco (12712)¢a|c|( Vl)(Pb]bz(Vl _v2)¢ao(,‘2( V2)fu|c| (.ul)fblbz(vl)fazcz(”2)
+Gaye, (11,11) G, ey (11>12)Ga2b2(127l2)¢a|c|( V1)¢b]U(V1 72)¢£7b)7(N2—V2)fa,cl (1) by e, (V1) fapr (12)
+Ga|ﬂ2(11>ZZ)Gb1L1(llvll)Gb 62(12712)(1)111117(“1 ”2)(1)1,]“( ”1)¢bzu( ”2)fu|ﬂz(”1)fb1c1(Vl)szcz(VZ)
+Ga|u2(11>12)Gb1bz(11712)G6107 (11712)4)(11(17 (,Lt] ”2)¢b]bz(v1 )¢C|07 (YI 7/2)]0111117 (,ul)fb]bz(vl)fc,a (YI)
+Gayay (11,12) Gy e (llvlz)Gc]bz(llJz)fPala (1 — uz)%,m(vl %)9, C,;,)7(?’1—Vz)falao(Hl)fb,u(Vl)ﬁ,bz(%)
+Gayb, (ll?lz)Gbm(11711)Gu2c7(lz712) a,b ) (11 =)o, b]gl( V2)¢aocz(ﬂl)falb7(”l)fblcl(Vl)faocz(.uZ)
+ Gayby (1.1 Gyay (11 12) Gy (1. 1) L0y (111 = V2) By (Vi = 12) 016N (11— 12 Fago (1) iy (V1) Fener (1) +
+Ga|bz(llle)Gb|Cz(ll 712)G01az (ll 712)¢a,b>7( )¢b,c>( 72)(1)0({\;)2(*7] 7:“’2)]‘61][)2 (:u'l)fblcz(vl)fc]az(%)
+Géiltz(l ) )Gbm(ll ll)Gazbz(lle)Qg\éz(ul 772)(%,01(7 )(péi\[z)o(uZ*VZ)falcz(.ul)fb]c.(Vl)fuzbz(MZ)
+ Gayes (11,12) Gy (11.12) Gy (11 2) 0810 (11— 12) 85k (Vi — 12)03) (11— V2) fares (111) Fonas (V1) Fer (1) 6
+Ga|cz(11>12)Gb]bz(ll712)Gc|ag(llvl2)¢c£{\i'>z(”l ?’2)¢blb7(V1—Vz)¢c,m( = 12) fayer (1) fo,6, (V1) fera, (1)
xdu]du2+0<N’])
Proof. By (19), we have
L
E{fabc H, V / abc )}du (27)
0
then by (20), the proof of (25) is completed. From (19), we get
17
COV{f(ElT;,CI (ﬂl,lz%fﬁjl,)zcz(/%ﬂzt)} = ﬁ//COV{’iE]Z;y)(MJz),’ii];\,];y)(ls,h)}duldbtz (28)
00

Then by (21), the proof of (26) is completed.

5 Conclusion

In this paper, we discussed the bispectral analysis of a strictly stationary r-vector valued continuous time series with randomly missing
observations in joint segments of observations. The modified biperiodogram and smoothed biperiodogram were defined to estimate
the bispectral density function. Finally, we explored the statistical properties of both the modified biperiodogram and the smoothed
biperiodogram.

Conflict of Interest

The authors declare that they have no conflict of interest.

@© 2021 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

704 ~N S B M. H. El-Menshawy et al.: Bispectral density estimation of...

References

[1] IG Zhurbenko. Statistical estimation of higher-order spectra. Theory of Probability & Its Applications, 30(1):75-86, 1986.
[2] Nuno Crato. Some results on the spectral analysis of nonstationary time series. Portugaliae Mathematica, 53(2):179-186, 1996.
[3] Yngve Birkelund and Alfred Hanssen. Multitaper estimators for bispectra. In Proceedings of the IEEE Signal Processing Workshop
on Higher-Order Statistics. SPW-HOS 99, pages 207-211. IEEE, 1999.
[4] David R Brillinger. Time series: data analysis and theory. Society for Industrial and Applied Mathematics, 2001.
[5] A A M Teamah and Hassan S Bakouch. Asymptotic statistical properties of spectral estimates with different tapers for discrete
time processes. Applied Mathematics and computation, 150(3):681-695, 2004.
[6] Hassan S Bakouch. Higher-order moments, cumulants and spectral densities of the nginar (1) process. Statistical Methodology,
7(1):1-21, 2010.
[7] Ruofan Wang, Jiang Wang, Huiyan Li, and Yingyuan Chen. Power spectral density and high order bispectral analysis of alzheimer’s
eeg. pages 1822-1826, 2015.
[8] E. Parzen. On spectral analysis with missing observations and amplitude modulation. The Indian Journal of Statistics, Series A,
pages 383-392, 1963.
[9] P Bloomfield. Spectral analysis with randomly missing observations. Journal of the Royal Statistical Society: Series B
(Methodological), 32(3):369-380, 1970.
[10] Rainer Dahlhaus. Nonparametric spectral analysis with missing observations. The Indian Journal of Statistics, Series A, pages
347-367, 1987.
[11] Yoshihiro Yajima and Haruhisa Nishino. Estimation of the autocorrelation function of a stationary time series with missing
observations. The Indian Journal of Statistics, Series A, pages 189-207, 1999.
[12] MA Ghazal. Statistical analysis for stationary time processes with irregular observations. Applied mathematics and computation,
134(2-3):363-370, 2003.
[13] A A M Teamah and H S Bakouch. Multitaper multidimensional spectral estimators for a continuous time process with missed
observations. International Journal of Applied Mathematics & Statistics, 3(M 05):87-104, 2005.
[14] M.A Ghazal and A Elhassanein. Periodogram analysis with missing observations. Journal of Applied Mathematics and Computing,
22(1-2):209-222, 2006.
[15] MA Ghazal and A Elhassanein. Spectral analysis of time series in joint segments of observations. Journal of applied mathematics
& informatics, 26(5.6):933-943, 2008.
[16] GS Mokaddis, MA Ghazal, and AE El-Desokey. Asymptotic properties of spectral estimates of second-order with missed
observations. Applied Mathematics and computation, 6(1):10-16, 2010.
[17] A Elhassanein. On the theory of continuous time series. Indian Journal of Pure and Applied Mathematics, 45(3):297-310, 2014.
[18] A Elhassanein. Spectral density estimation of continuous time series. Applied Mathematics, 7(17):2140, 2016.
[19] MA Ghazall, Al El-desokey, and AM Ahmed Ben Aros. Periodogram analysis with missed observation between two vector valued
stochastic process. International Journal of Advanced Research, 5(11):336-349, 2017.
[20] Natalia Bahamonde and Paul Doukhan. Spectral estimation in the presence of missing data. Theory of Probability and
Mathematical Statistics, 95:59-79, 2017.
[21] MM Gabr and T Subba Rao. On the estimation of bispectral density function in the case of randomly missing observations. /[EEE
transactions on signal processing, 42(1):211-216, 1994.
[22] MM Gabr and AH Al-Ibrahim. Trispectrum deconvolution of linear processes with randomly missing observations. International
Journal of Systems Science, 33(8):643-648, 2002.
[23] T Subba Rao and MM Gabr. An introduction to bispectral analysis and bilinear time series models. 24, 2012.
[24] A A M Teamah and Hassan Salah Bakouch. Some asymptotic properties of a kernel spectrum estimate with different multitapers.
Vladikavkaz. Mat. Zh., 9(1), 2007.
[25] Leon Isserlis. On a formula for the product-moment coefficient of any order of a normal frequency distribution in any number of
variables. Biometrika, 12(1/2):134-139, 1918.

@© 2021 NSP
Natural Sciences Publishing Cor.



	Introduction
	Observed series
	Modified series
	Statistical properties of the proposed esimator
	Conclusion

