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Abstract: In this paper, we establish a new hypergeometric transformation involving Gauss function using fractional calculus
technique. We also obtain some other known and new identities involving Gauss function as special cases of our main result. As
application of our result, we give two new hypergeometric transformations involving the products of the hypergeometric functions.
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1 Introduction and preliminaries

The Pochhammer symbol (&), (o, p € C) ([1, p.22eq(1),
p-32 Q.N.(8) and Q.N.(9)], see also [2, p.23, eq(22) and
eq(23)]), is defined by

I'(ot+ p)
I'(a)
1 (v=0;41 € C\{0})

= (1)
AA+LD)...A+n—1) (v=neN;1eC),

(a)p:=

it being understood conventionally that (0)g = 1 and
assumed tacitly that the Gamma quotient exists.

The generalized hypergeometric function ,F; ([,
Art.44, pp.73-74], see also [3]), is defined by

0; p=g+1,]zl=1,z# 1 and — 1 <R(w) <0)
where

q P
o= Z ﬁj - Z aj,
==

(OCjE(C (j= 1,2,...,p);ﬁj€(C\Za(j= 1,2,...,q)).

The classical summation theorems for the series ,F}
such as Gauss, Kummer, and Bailey play an important
role in the theory of hypergeometric series. For the
extensions of these classical summation theorems, we
refer to [4,5].

By employing the classical summation theorems,
Bailey [6] obtained a large number of very interesting

01, @2, - s o (@); results (including some results due to Ramanujan, Gauss,
rkq 2| =rfq < Kummer, and Whipple) involving products of generalized
ﬁ17ﬁ27"'7ﬁ; (ﬁ ), ’ . pp gp g
0 4 hypergeometric series.
p
(x.
o 11;11( )n 1 On the other hand, from the theory of differential
=) L (2)  equations, Kummer [7] established following very
n=0 H (B)n : interesting and useful result known in the literature as
j=1 Kummer’s second theorem
(pg € Noy p =g+l 5 p=gq and |7 < o N I B ey ;
p=q+land [z <13 p=g+ 1Ll =1and R(w) > ¢ 17 27| T atLi76) ©)
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In 1836, Kummer gave the following hypergeometric
transformation [7, p. 82, Entry 72]

i s _MEENG) e
2F1|:1+g+b_ ) ]:F( % +%)2F1[2§Z2]

2F(a+b+

(e C\Z )z < 1, orz e {~1,1},R(a+b) < 1

or z€{—i,i},R(a+b)<3;i= (—1)) .

It is also worthy to mention here that the above
formula (4) was discovered by S. Ramanujan
independently [8, p. 64, Entry 21], and also recorded in
[9, p. 65, Equation 2.1.5(28), p. 111, Equation 2.11(3)].

Further in equation (4), if we seta = b = %, then we
get the following result of Ramanujan [8, p. 96]

11 14g
R
2F1{ 1.2 ]
11, 3 3.
= A1 2k [4 iz }+A22F1 [4 3.12]7 &)
2> 2>

where Ay = 5, and Ay = { (%)}
rey

—~

—~
Bl | =
— |

In 1995, Rathie and Nagar [10] obtained two results
closely related to Kummer’s second theorem (3), one of
those results is given below

_x a;
e 21l |:2a+1'x]

‘_ oo ; x Y
"% a+316] 22a+1)°

[a+2,16] ©

In 2008, Rathie and Pogany [11] established a new
summation formula for 3F>(1/2) and as an application,
the following result which is known as an extension of the
Kummer’s second theorem (3)

_x 1+d;
¢ 22F2{2Z+Td ]
_ —;ﬁ ~ xd(1-2a/d) —;ﬁ
“ M a+316 22a+1) “'a+3;16
(7
providedd #£0,—1,—-2,-3,....

It is to be noted that if we set d = 2a in equation (7) then
it reduces to Kummer’s second theorem (3).

In 2018, Qureshi and Baboo [12] gave a novel unified
and generalised result on Kummer type transformation as

follows

ab 14z 2a+b721—~ ( 1+g+b)
F 7, 9 —
2171 |: 1+a+2b 2m; ) :| ﬁl"(a)l"(b)
oo Ltatby (3tatb) 2
L (F52), (572) 27

Z ( )p ( 1+a2b72n1)p (3+a+b72m)pp!

1
=0 \2

|

" o <a+2p+r)F (b+22p+r) 2(1+a+b)
. r;) (r) (1+a+b72m+4p) * (I+a+b—2m)

= 7

.
oo 3tatbhy) (Statb) 2
( 3ta+b )p( +Z+ )pzp

<) g 3+a+b ) (SEaibdm) )

p= 0 2 7 P 4 o P’

m N\ 2T <a+2p2+r+1) r (b+2p2+r+1) .
Z <3+a+b72m+4p) ®)
2
P

(a,b, l+a+2b72m, l+a+2b72m cC \ Z(;

).

2 Pochhammer contour integral
representation for fractional derivative

The most familiar Pochhammer contour integral
representation for fractional derivative of order o of
7P f(z) is the Riemann-Liouville integral [13], (see also
[14,15,16]), that is,

1

TSI = Fgy |, FOEE -7 e ©)

(R(a) <0,%R(p) > 1),

where the integration is done along a straight line from 0
to z in the &-plane. By integrating by parts m-times, we
obtain

2L f(2)} = -

@@f"’"zpf(z} (10
This allows us to modify the restriction R(ct) < 0 to
R(ar) < m (see [17]).

Another representation for the fractional derivative is
based on the Cauchy integral formula. This representation
has been widely used in many interesting papers (see, for
example [17,18,19,20]).

Definition 1. Let f(z) be analytic in a
simply-connected region % of the complex z-plane. Let
g(z) be regular and univalent on % and let g~'(0) be an
interior point of %. Then, if @ is not a negative integer, p
is not an integer, and z is in Z {g~'(0)}, we define the
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fractional derivative of order o of [g(z)]? f(z) with respect
to g(z) by

78, (e 1@ = o
F©)s(E)I"g'(8)
. /C(thg"(O)+,zf,g*](O)f;F(a),F(a)) [8(€) —g(z)]* ! ds.
(1)

For non-integers a and p, the functions [g(£)]” and
[g(&) — g(z)] %! in the integrand have two branch lines
which begin, respectively, at & = z and & = ¢~!(0), and
both branches pass through the point & = a without
crossing the Pochhammer contour
P(a) = {CiUC,UC3UC4} at any other point. Here F(a)
denotes the principal value of the integrand in (11) at the
beginning and the ending point of the Pochhammer
contour P(a) which is closed on the Riemann surface of
the multiple-valued function F(&).

Remark 1. In Definition 1, the function f(z) must be
analytic at & = g~!(0). However, it is interesting to note
here that, if we could also allow f(z) to have an essential
singularity at £ = g~1(0), then equation (11) would still
be valid.

Remark 2. Since Pochhammer contour never crosses
the singularities at & = g~!(0) and & = z in (11), then we
know that the integral is analytic for all p and for all o
and for z in #Z {g~'(0)}. Indeed, in this case, the only
possible  singularities  of 7§ {[s(2)]"f(z)} are
a=-1,-2,-3,...and p=0,41,£2,..., which can be
directly identified from the coefficient of the integral (11).
However, by integrating by parts N times the integral in
(11) by two different ways, we can show that
a = —1,-2,... and p = 0,1,2,... are removable
singularities (see, for details, [21]).

It is well known that (see, [22], [23, p. 83, Eq. (2.4)])

I'(1+p) p—a

F(1+pf(x)z (R(p) > —1). (12)
Adopting the Pochhammer representation for the

fractional derivative modifies the restriction to the case

when p is non-negative integer.

a_p __
D =

A large number of transformation formulas involving
hypergeometric functions were obtained, recently, by
using the so-called Beta integral method [24,25,26,27].
The beta function B(o,f3) is defined by the following
integral representation

B(a,pB) = % =./0‘]t°‘*1(1 — )P ar (13)

(R(a) > 0.%(B) > 0)).

The so-called Beta integral method consists essentially of
an integral from O to 1 of expressions which contain terms
in the form z%(1 — z)” to obtain new transformations
formulas.

Fractional calculus has various applications in the
fields of natural science and technology, including
chemistry, biology, physics, engineering, as well as pure
and applied mathematics [28,29,30,31,32]. Many
physical phenomena can be described more effectively
via fractional calculus. Most of them are portrayed via
nonlinear fractional differential equations. Thus, scientists
in various branches of science have tried to solve them.

3 The well poised fractional calculus

operator ZOg

In this section, we recall some important properties of the

fractional calculus operator zOg that was introduced by

Tremblay [33] as follows

F(ﬁ) ZlfﬁDgfﬁZafl

0 = Fa) (B € No). (14)

Here, we have some properties of the fractional calculus
operator ZOg as follows

1. Linearity:
05 f(2) + M28(2)] = A1 05 f(2) + A2 :05g(z).  (15)
2. Identity:

ZOE‘ =1l (16)
3. Reduction:
ZOgZO’}O/‘ = ZO?, (17)
ZOgZOZc = 10%- (18)
4. Elementary cases:
ZOgl =1 (19)
(@)n
0% = b (20)
P (B
0%(1-2)7 =,F, [Y’gfz]. 1)

5. Useful cases:

o LP)LP — ot 0
0§ [ f(2)] = (Fﬁ()a)(ﬁ(ﬁ ?—l) :
08w =2)° £ (2)w=

_ T(B)(a+A)
T(B-a)l(B+6

20514 11(2)] (22)

)z"zog‘w[f(z)]- (23)

It is admirable to mention that the fractional calculus
operator zOg has a lot more interesting properties and
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applications. Tremblay [33] introduced this operator in
order to deal with special functions more accurately and
obtained the new relations such as hypergeometric
transformations (see also [34]).

For this work, one of the most important property of the
operator ZOg is given by the following relation

F@TB+Y) garpy| o

PP = Tlarpiy %

z=1

This relation shows, in fact, that the so-called beta integral
method consists in a fractional derivative evaluated at the
pointz = 1.

4 Main results

Theorem 1.7he following transformation holds true

" Jn(b)n {y—n,a; }
. \EmEr U F _
; <1+a+2b 2m> g B~ ¢

n
_ 1+a+b 3+a+b
sath 2F<l+g+b> (+)p (+)p

T VAl (a)r(b) p20<1+a+4b2m)p(3+u+4b2m)p
2 i( )2F<#)F(%)

p! ( 1+u+b;2m+4p)

o, r
(o) ,
<@ | h
200(1+a+b)z i (WL(SW‘—M)/J
ﬁ (] +a+b— 2m) =0 (3+u+4b72m> <5+a+4b72m>
P p

Z2p m ( ) 2r <a+2p2+r+1 ) r <b+2p2+r+] )

(%) P20 (w)
(06 1)ap
N

ﬁ+l)2p

r

R {yg sz (25)

(%@%BJ’*",W:H%—M 6(C\Z(;JZ' < 1;m7n € NO) .

Proof.On multiplying the equation (8) by [1 — (—2)]7
where 7Y is a complex number, expressing > F| involved as
a series, applying the operator ZOg and changing the
order of integration and summation, which is easily seen
to be justified due to the uniform convergence of the

involved series, gives

i b)n

g g BT

_ 1 b 3 b
na+b 21—~<1+g+b> <#)[) (%)p

V7l (a)I(b) p;) ( Ltath=dm )p ( Sta+b=dm ) ,
m 27 at2p+r r b+2p+r
it

< 0§ {2P[1—(~2)] )

r

<3+a+b) ( 5+a+b)
2(14+a+b) ), ),

(l +a+b— 2m) =0 <3+a+4b72m)p <5+a+4b72m)
1 m (m) 7 <u+2p2+r+1 ) r (b+2p2+r+1)
X
(%)p pe\r (3+a+b;2m+4p)

x 03{2 1= (=) 7], (26)

r

which on using the following properties of ZOE‘

LO{[1 - (=) 7"} =P [Y*”’gi —z} ,

9 7y =D 2 [”‘;—J

oy 2
O = ), 0

and

OB 11— (-

91y = (Dt 2ty [%g%ﬂ},

(ﬁ)2p+1

we get our desired result (25).

5 Corollaries and consequences

Corollary 1.The following transformation holds true

5] Ha

20 (et (L atl bl.

( az )b(2)2F1|: 2 0 2 2:|, (27)
r5r(3)

(2l e C\Z75lz| < 1, orz € {—1,1},R(a+b

orz € {—i,i},Rla+b) < 3i= (—1)).

Proof.On setting m = 0, @ = f and y = 1 in equation (25),

we get Kummer transformation formula (27). We omit the
details.

Corollary 2.The following transformation holds true

ab1]_T(EEr(d) ar(e4r()
A w3 Farmh e

(28)
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(2) On setting m = 1 in our main result (25), we get
following interesting result

(“5— ecvz). F o 1t

SJeE e B
2a+b ZF(aer 1) a b
i = = = =1 =—— Iz )T =
Proof-On setting m =1, z=0, o« = and y =1 in Val(a)(b) 2 2
equation (25), we get Kummer transformation formula 3dath a b o o4l
i i T4 9393925 3 , O
(28). We omit the details. ><5F4[ t+b72] 2l é é.zz LF, [}’ﬁ _Z]
4 02020 2 > ’
atl b+l
Corollary 3.The following transformation holds true 2F( (2+271—;() 2 )
b
4
3tatb atl btl o a+l
a,b; 1 F<a+b 3)F(%) X5F4[ TN %7[331’12] 2F [% TZ}
2 F u+g,3 5 = ) 4 2020 2 > ’
2az(a+b+1)C() (2
) o ar(e2=1\r(} + s
« (Ll+b) +4(ab a b)+3+ ( 2 ) (2) (29) ﬁ(aﬁ’b*l)
or(r () ®r(s) s et bl e a2 ) Tre
X5k atb+1 3 [3+1 [3+2 22| 2F B: —Z
4 72’ 2 0 2 ’
doz(a+b+ 1)L (42) T (42)
b 3 a+b—1 _
<a+ e(C\Z> (“2=1) Bla+b—1)
2 5a+ba+blﬂﬂa_+la_+2
Xer[ 4 a+1+1 a%rb+12§ é w Z]
4 02 2 0 2
Proof:On setting m =2, z=0, a = and y =1 in X Fi [y,(x; —z}}. (31)
equation (25), we get Kummer transformation formula B:

(29). We omit the details.
7 Conclusion and observation:

We have established a new result on identity involving
6 Applications Gauss function using fractional calculus technique. The
results as application of our main result are simple but
interesting. Both two identities in applications are derived
just setting m = 0, and m = 1 in (25). For different values
of m, one can get another different new identities
involving Gauss function.

In this section, we get some new identities involving the
product of the hypergeometric function as application of
our result.

(1) On setting m = 0 in our main result (25), we get

following interesting result Acknowledgement
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