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Abstract: In this paper the pseudo almost periodic solutions of a class of nonautonomous third-order differential equation with multiple
finite delay is studied by various fixed-point theorems. Moreover, by using new and sufficient conditions, we study the uniformly-
bounded and global attractivity of the pseudo almost periodic solutions. Further, an example is given to illustrate the validity of the

obtained results.
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1 Introduction

As we all known in applied science some practical and
complex problems are associated with higher order
nonlinear differential equations, such as non-linear
oscillations ( see [1]-[4]). Furthermore, the most attractive
topics are dedicated to the stability, instability,
boundedness, oscillations, non-oscillations of the
solutions ( see [5]-[13]).

On the other hand, the study of real phenomena often
requires notions that go beyond the concept of periodicity,
which take into account the fact that these phenomena are
not entirely periodic. The central tool in this work is the
concept of pseudo almost periodic functions which is a
naturale generalization of bohr almost periodic. This
notion was introduced by Zhang in 1992 ( see [14]).
Consequently, the existence of almost periodic, pseudo
almost periodic solutions are one of the most attracting
topics in the qualitative theory of differential equations
thanks to their significance and applications in various
fields ( see [15]-[19]).

Furthermore, systems of differential equations with
delay argument occupy more than a place of central
importance in all areas of science and particularly in the
biological sciences. These equations are used as models
to describe many physical and biological systems ( see
[6]-[10]). Therefore, it is very important to determine the
qualitative behavior of solutions when there is a delay.

Motivated by the above discussion, the main aim is to
study the existence and uniqueness of the pseudo almost
periodic of the nonautonomous third-order differential
equation with multiple and finite delay described by the
the following equation

O 0) +a(Dx® @) + b (1) + Y giltxlt — (1))
i=1

=p(t).

where a(.), b(.) and p(.) and for i = 1,2,...,n, gi(.x(. —
ri(.))) are real valued and continuous, bounded functions,
with g;(0,0) =0 foralli=1,...,n and r;(.) is real-valued
positive and continuous function.

By new and sufficiently condition we prove the
existence of the pseudo almost periodic solution by using
various fixed point. First, by Banach’s fixed point theorem
and some operator we prove the existence and uniqueness
of the solution. In addition, by Schauder and
Leray-Schauder fixed-point theorems, we establish the
existence of the third-order differential equation as above,
finally we prove the existence of the pseudo almost
periodic solutions by Krasnoselskii fixed-point theorem.

Therefore, by using new technics and new sufficiently
condition we prove the uniformly-bounded solution, and
the attractivity global of the pseudo almost periodic
solutions. Finally, an example is given to demonstrate our
result.
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This article is organized as follows. In section 2 we
recall some basic definitions of the pseudo almost
periodic functions. In section 3, we introduce some
necessary notations, lemma which are used later, and we
study the uniformly-bounded of the solutions. Section 4 is
dedicated to prove the existence and uniqueness of the
pseudo almost periodic solution from three theorems of
fixed point. In the next section we study the attractivity
global by new approach. Finally, an example is given to
demonstrate the effectiveness of our results.

2 Pseudo almost periodic functions

This paragraph recalls some interesting properties of the
pseudo almost periodic functions which is necessary for
the study of the existence and uniqueness of the pseudo
almost periodic solutions.

Let BC(R,R) be the space of bounded continuous
functions f : R — R. Obviously, the space BC(R,R) is
equipped with the super norm

[[flleo = suplf (1)1,
teR
is a Banach space.

Definition 1.//3] A function f € BC(R,R) is called
(Bohr) almost periodic if for each € > 0, there exists
le > 0 such that every interval of length Il contains at
least a number T with the following property:

sup|f(r+7)— f(2)| < €.
1eR

The collection of all almost periodic functions f : R — R
is denoted by AP(R,R).

Besides, we define the class of functions PAP)(R,R)
as follows

PAPy(R,R) = {g € BC(R,R) : Mlg] = o},

where M(g] = lim, o 5 [, |g()|dt.

Definition 2.//4] A function f € BC(R,R) is called

pseudo almost periodic if it can be expressed as

f=g+h

where g € AP(R,R) and h € PAPy(R,R).
The collection of such functions are denoted by
PAP(R,R).

Remark. The functions g and / in the above definitions
are respectively called the almost periodic and the ergodic
perturbation components of the pseudo almost periodic
function f. The decomposition given in definition above
is unique. We observe that (PAP(R,R), ||.||) is a Banach
space.

Example 1. Consider the function defined by

ft)= Sinl+sin(\/§t)+ (1 +t2)72,

for all # € R. It can be easily checked that the function f is
pseudo almost periodic. Indeed, the function  — sin(¢) +

sin(1/2¢) belongs to AP(R,R) and the function r — (1 +
1*)72 is in PAPy(R,R).

Lemma 1./16] Suppose that x(.), r(.) € AP(R,R,),
7(.) € BC(R,R}) and x,(.) € PAP(R,R), then

(1) x1(t—r()) e AP(R,R,).
(2) x2(t —r(t)) € PAP(R,Ry), if infier(1 —#(2)) > 0.

3 Main assumptions and preliminary results

We consider the nonautonoumous differential equation of
the third order with multiple deviating arguments:

n

X0 +a()xP (@) + b()xV (1) + ; gi(t,x(t —ri(1)))

=p(1), 1)
where a(.),r;(.) are almost periodic functions and p(.) is
pseudo almost periodic function.

Throughout this paper, given a bounded continuous
function f defined on R, let f and f be defined as

f = suplf(0)]. £ = inf|f ()]

Let us pose

X (1) = y(t) — aux(r),y'(r) = 2(t) — By(t)

where o, 8 are constants.
Then the equation (1) can be written as follows:

X (1) = y(1) — ox(1)

Y (1) = z(r) = By(r)

Z(1) = —(a(t) — a— B)z(t) + [(o+ B)(a(r) — &) = b(1)
—B2y(t) — [ (a(r) — o) — ob(1)]x(t)

*Zn:gi(t,x(t*ri(t)))ﬂ(t)- 2)
i=1

Let A = (PAP(R,R))3. Then, A is a Banach space with
the norm defined by

lolla = supller(z)]| = sup max | (1)

In order to establish our results let us consider the
following conditions

(H1) Forall 1 <i<n,rt)is continuous differentiable
ont € R, 7;(¢) that is uniformly continuous on R with
inf,eR(l — i’,’(l)) > 0.
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(H2) The function g is global Lipschitz continuous, that
is, there exists Lg > 0 such that for all u,v € R

|gi(t,u) = 8i(t,v)| < Lg|u—vl.

(H3) There exist constants & > 1,3 > 1 such that

0 < sup, <|(a+ﬁ)(a(t) —a) B+ alalr) — ) -
b(1)(1+ @) nLg|> <inf{a(t) — 0 — B,

which is denote by
_ sup,(|(a+B) (a(t)—a)—>+o> (a(t)—a) —b(t) (1+a) —nL))
M= inf, {a(t)—a—p] :
Now we establish some Lemmas in order to obtain our
main results.

Lemma 2. If f(.) € PAP(R,R), then the function G : t —
[". e~ =9 £(s)ds is pseudo almost periodic function.

Proof-First, the function G satisfies

1
GO < — Il

which proves that the integral is well defined. Since f is
pseudo almost periodic function, one can write

f=hH+1,

where f; € AP(R,R) and f, € PAP,(R,R). Hence

t 1
G(t) :/ e =ay, (s)ds+/ e UYL (5)ds
= G(t) + Ga2).
Let us prove the almost periodicity of # — Gj(¢).
f1 € AP(R,R), then for all € > 0 there exists a number /¢

such that in any interval [p,p + /] (p € R) one finds a
number T, with property

sup|fi(t+7)— fi(t)] <e.
teR
We can write
| Gi(t+71)—Gi(1)]
:|/7oof](s+7:) O‘ds—/ fi(s == H7‘ds|

< /w [fils+7) = fils)|e™)%s
< LG+ A [ as< O

Consequently, G;(.) € AP(R R). Next, we have to prove
that G, € PAP)(R,R), i.

limy—see 7 27| [ e 0% f(s)dsdr =

limy e ZT/ |/ (=)
< Tlﬂﬁ// (=902 £, ()| dsdi
< 1 _ lS(Z
- TT:QZT// fas
lim —
+TlflozT//

=1 +1,

I, = lim —
. TliriozT//

(s)ds|dt

)|dsdt

(s 0‘|f2 (s)|dsdt

0799 £y () |dsd,

7% fy(s)|dsdr.

Now, we have to prove that I} = I, = 0.

I < | fo]l fim —/ /

1 e Ta a
< oo lm — —drt
< [ all i 2T o /,T

~=9)eggq

[1—e 2T =0.

1
= |2l li
1falles lim 5

On the other hand
i [
2T
"T+u o

< — —au —
< 2T./7T./0 e~ | fo(t — u)|dudt
< s e[ pwlasa

- e S s)au
o 2T-0 —T—u 2

oo o 1 T+u 25\
< o —
< [ [ 1nWds)du
Since f, € PAPy(R,R), then

% fy(s)|dsd

T+u
lim —
T—0 2T J_7_y

|f2(s)|ds =0

uniformly with respect to u. Finally, by the Lebesgue’s
dominated convergence Theorem, we obtain I, = 0.
Consequently, G belongs to PAP(R,R).

Lemma 3. Let a(.) € AP(R,R) and f(.) € PAP(R,R),
then the function

tre [Lf(s)e

perlodlc function.

a(u)—a—P)dugs s pseudo almost

Proof:Let us pose that y(t)
function F' satisfies

= a(t) — a — B. First, the

F(1)] < @fnm <o
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Hence, F is well defined. Since f € PAP(R,R), then one
can write f as follows f = fi + f», where f; € AP(R,R),
and f> € PAPO(R,R). Hence,

+/ fals
= Fi(t) + F2(2).

Let us prove that F; belongs to AP(R,R). Since
fi(.),a(.) € AP(R,R), then for all € > 0 there exists a
number /¢ such that in any interval [p,p + ] (p € R) one

finds a number 7, with property
€

sup|fi(t+7)— fi(t)| < —, supla(t+7)—alr)| <e.

teR VR

We can write
| Fi(t+7)—Fi(t)|

S/ fi(s+ 1)||e b vlutDd
+/ fi(s+7T) — fi(s)|e 5 vidugg

7f[ du|

< _/ ~=¥ g
+||f| ||oo /7 fv du|67 f; IH“T)*V/(M))du o 1|
! 1
<et|fille [ o= |~ S lurr)—y(w)du _ |

< E.

Consequently, Fj(.) € AP(R,R).
ergodicity of F(.).

. LY Y Ly SV
limye 5 / | / o~ B g (sl de

Let us study the

On the other hand

w0

< ﬁ/ e,w(/; \f2(s)|ds)du

< AL
< [Tevin [ inelasd

Since f, € PAP)(R,R), then

e Y| fo(t — u)|dudt

T+u

hm — |f2 )|ds =0,

w 2T

uniformly with respect to u. Finally, by the Lebesgue’s
dominated convergence Theorem, we obtain I, = 0.
Consequently, F belongs to PAP(R,R).

3.1 Uniformly-bounded

Theorem 1. Assume that (H1) — (H3) are satisfied, then
all the solutions of equation (2) are uniformly bounded. In
other words, there exists M > 0 such that

IX(@)lla <M.

Proof.In order to prove the inequalities as above, let us
prove that for every & > 1, and for each t > 1

[X(@)lla < hM.

Let us prove that by contradiction. Suppose there exists

t
< Thjloﬁ/ / * W|f2 (s)|dsdt t' > 0, such that
s _/ / SOV fa(s)|dsdr 1X(")]la = hM,
e 2T IX(0)|la <hM,0<r<t.
+limﬁ/ / Yy ()| dsdt < I + Do, , .
T—e We have to prove this result in three cases.
where
Casel.||X(¢)||a = |x(¢)|. Then
[1 — 711m 711m ﬁ/ / I*X)ﬂlfz(s)ldsdt, H ( )HA | ( )|
—oo T —o0
— %S —at'
b= Jim ﬁ/ / U £y (s) | dsdr. M = () +/ dsle
—yo0
Now, we shall prove that; =L =0. < hM[1+ a(em - 1)]e70"/ < hM,
- ~(t—-s)y
5L < ||f2||oo hm / / VEdsdt which gives a contradiction. Consequently, for all 1 >
O |X()]|a <hM. Let us take h — 1, then || X (¢)||a <
< [ /2l Jin e Y
=27 Jr CaSGZHX( Ma = ly@)l.
_ t " (s )ePsds)e P!’ similarly of case 1,
HfZHM o 2[176 ZTY]:O_ ¥ )b [v(0) + fo z(s) le y
I we obtain | X (¢)|[x <M
© 2020 NSP

Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci. 14, No. 2, 223-235 (2020) / www.naturalspublishing.com/Journals.asp

%N S\ 227

Case3.||X(¢')||a = |z(t')|. Then
hM = |z(t')]
* vl als
O+ [ B (ot B(ats)
~a) = B~ b))

(0 (als) — &) - atb(s))x(s)
- ;gi(s,x(s —ri(s))) + p(s)} ds

o 8 vl

< hMe™

(a+pB)(a(t) - @)
—B?—b(1) + (o*(a(t) — ) — ab(1))

!
—nL

5
eYds
| [ evas

< hMe "Y[1 4+ (Y —1)]
< hM,

which gives a contradiction. Consequently, for all # > 0,
1X(#)[[a =M.

"Y1+ sup
t

4 Existence of the pseudo almost periodic
solutions

In this section, under new sufficient conditions we prove
the existence of the pseudo almost periodic solution of (2).
In our study we will use different fixed point theorems.

4.1 Banach’s Fixed point Theorem

Theorem 2. Assume that (H1) — (H3) hold, then the
system (2) has a unique pseudo almost periodic solution
X*(t).

Proof.Let us consider the operator T defined by, for all
(x,5,2) €A,

T(x,y,2)(t) = (/[ y(s)e*(’*s)“ds,/t 7(s)e

[ o
where

duds)
(1) = p(r) + (ot + B)(alr) — &) — B>~ b(1)]y(r)
~[o*(a(r) — &)

In virtue of Lemma (2) and (3) the operator 7 is a mapping
of A into itself. Now, we have to prove that the operator
T is a contraction. For X = (x,y,2),V = (u,v,w) € A, we
have

't t
TV(t) = (/ v(s)ef(’fs)ads,/ w(s)e =P ds,

[t tiviaias)

*(Y*S)ﬁds,

Y giltox(t — (1))
i=1

where

0(1) = p(t) + [(a+ B)(a(t) — &) = B — b(1)]v(7)
—[o*(a(t) — o) — ab(1)]u(t)
*;gi(fvu(t*ri(t))),

and

ot
I =77 = supmax ([ ((6) < v(se - as|
t .

—o0

[ (als) = wis)ye = Bas,
[ _006) - otse v )|

Case 1.

ITX —TV|, = sup/ (s)|e =%
<|lx - VHAsup/ ~agy
< —I|X—=V|a-
< X~V

Consequently,

1
ITX=TVIA < X =V]s.
Case 2.

r
ITX =TV, = sup / 12(s) — w(s)]e~ B ds.
t —0

Similarly of case 1, we obtain
1
ITX =TV < X =V,
Case 3.

|ITX —=TV|[s = sup/ y(u)du ds

o(s) —(s)

(a+B)(a(§) —a)

—B*-b()(1+a)
+o?(a(E) — a) —nL,

< pfX =V]a-

Which proves that T is a contraction. Consequently, 7" has
a unique fixed point X* € A.

< HX_VHA(Slgp

e =¥y

/.

4.2 Schauder’s, Leray Schauder’s fixed point
Theorem

Now we introduce the Theorem of Schauder and Leray-
Schauder fixed point which are used to prove the existence
of a pseudo almost periodic solution.

Let us recall the Schauder’s second Theorem.

© 2020 NSP
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Theorem 3./23] Let .4 be a non-empty convex subset of
a normed space AB. Let T be a continuous mapping of M
into a compact set 7 C M. Then T has a fixed point.

Let us denote by K = max( ' B L.

Theorem 4. Suppose that (HI1)-(H3) hold and if the
operator T : B — B, where B={X € A : || X||a < M} is
continuous and compact operator. Then the equation (2)
has a fixed pseudo almost periodic solution.

ProofLet B={X € A : | X||x» < M}, clearly that B is a
closed convex subset of A. For all (x,y,z) € A,r € R

T(6.2)00) = </" vy as, [ <(s)e

[ ots

It is clear that, by Lemma (2) and (3) the operator T is a
pseudo almost periodic function.

Now, we have to prove that T is continuous. Let (X,,),
be a sequence of A, such that X, — X in A as n — oo, i.e.
Xn — X, yp — y and z, — z as n — oo, Given 6 > 0, there
exists N such that, for n > N we have ||X, — X||s < 6.
Hence, fort € R;

X0~ (T =1 Onls) ~s))e s,
[m(Z"(s)_Z(S))e*(f*s)ﬁd&
/;((P” (5) — @(s))e s vwduy)

*(I*S)ﬁds7

ly du)

we have

[ ) ~yts)le9%s < < K%~ Xl
[ lnls) =26l Pt < 5 <K, =Xl
[ lou(s) = g(s)le™ V0% < 1 < K~ .

Clearly, that |(TX,)(t) — (TX)(t)| < K||Xn — X||a-
Consequently, 7X,, — TX as n — o which follows that T
is continuous.

Now, we have to show that T(B) C B. For X € B and
teR,

)0 = ([ ys)et-%as,

ot 13 "
/ (s)e 9B gs, / o(s)e s vduy

On the other hand, we have
4 e 1
)l s < X0 < Xl

nt _ s 1
[ _Jets)ie=Pds < X4 < X[,

and

[ttt
= [ 1= ps) - [+ B)(ats) -
+[a2<a<s> - @)~ ab(s)x(s)

+ Z gi(s,x(s —ri(s)))|e” Js wwdugg
i=1

o) — B> —b(s)]y(s)

< [ 1=+ Byats) ~ @)~ B>~ blsv(s)
+o2 (als) — @) — ab(s)(s)

+ Z gi(s,x(s —ri(s)))|e” [ wwdugg
i=1

< [ o+ B)(als) - o)~ B~ b(s))(~(5)
Hloals) ~ @)~ ab(o)(s)

+Zgzsx (5))) — i(0,0)|e” k¥

< [ o+ B)(als) - o)~ B2~ b(s))(~(5)
Hol als) - @) - ab(s)]x(5)
+Y Lobe(s = ri(s)le ¥

< [ lit@+B)ats) @)~ B2 = bls)(s)
Hlaals)— a0 - b —x()

—nLg||X||ple s Vg

duds

d“ds

< [IX1la Sgp\[(a+ﬁ)(a(€) —a) =B b(&)]

t
+0‘2(a(§)*a)—ab(§)—nLg|/ e K wudu g
< ulXlla < [X]a-
Therefore

[(TX)(0)] < [1X]|a-

Consequently, |(TX)(¢)] <M. Then T is a self mapping.
Now we have to prove the following

1.{(TX)(z) : X € B} is arelatively compact subset of A
foreacht € R.
2{TX : X € B} is equi-continuous.

l.Let Y,(t) = (TX,)(t) be a sequence of
{(TX)(t) : X € B}. X, € B, ie. X, € A and
||Xa]l4 < M. Therefore (X,), is a bounded sequence,
then there exists a subsequence (X, ) of (X,) in B,
such that X, — X as nmy — o in B. Since T is
continuous, then 7X,, — TX as n;y — o in B, ie.
sup, max<j<3 |(TX,, )(r) — (TX)(t)| < €. Then there

© 2020 NSP
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exists a subsequence Y, () of Y,(z) such that
Y, (1) — Y(r) as m — oo. Consequently,
{(TX)(t) : X € B} is relatively compact in A.

2.For X € B, such that#; <, and |t — ;| < 8. Let

(TX)(12) = (TX)(1)
— ((e*(fszl)a, 1)/1 y(s)ef(”*s)“ds

—o0

+e*(’2*t1)0‘ /ltzy(S)e*(flfs)O‘d&
J1

1

(efhm)ﬁ_])/ 2(s)e”

—oo

t=9)B 44

te—(2—1)B 2 2(s)e”(179)B gs
4l

(e i vtwdu _ ) / " p(s)e B i
5}
+/ )du)

We have to show the result by term:

' ( e (2=t _ 1)/tl y(s)ef(t‘ﬂ')ads

—oo

pertees (% e 1-0

n

1 — ef(t27t1)a
< 2Yjx | |

Similarly

‘ ( e*(zrtl)ﬁ_w/n 2(s)e”(179)B gs

—o0

4o (2—1)B lzz(s)e*(nfs)ﬁds
151
1 — e (2=11)B
<apxp =
Moreover

(e~ vl _ / " p(s)e I vl
|

1 — e (2-1)Y¥ 1 B
<= ol / -y

+||<p|\A|/ sy

_ ()Y
<21 e

viola-

For |t; — t1| < 8, we have the following estimates

|1 _ef(t27tl)a| F
< )
o 2[1X|a
|1 —e(2=11)B| €
< )
B 2[4
1797(&7”)! £
< .
v 2[|olla

Hence, |(TX)(t;) — (TX)(f1)| < € which shows that
{TX : X € B} is equicontinuous.

Consequently, T : B — B is relatively compact.

Next, we have to prove that T is compact. Denote by

¢oT (B) the closed convex of T'(B). Since T(B) C B and B
is closed  convex, c¢oT(B) C B. Further
T(c¢oT(B)) C T(B) C ¢oT (B).
Clearly that {(TX)(¢) : X € coT (B)} is relatively compact
in A for every ¢t € R, and ¢oT (B) is uniformly bounded
and equicontinuous. By the Arzela Ascoli theorem the
restriction of ¢oT (B) to every compact subset K of R, i.e.
{(TX)(t) : X € ¢coT(B)}:ck is relatively compact in A.
Then T : ¢oT(B) — ¢oT(B) is a compact operator, by
Schauder’s fixed point Theorem 7 has a fixed point X.

Lemma 4.(Leray-Schauder Alternative Theorem,[20])
Let D be a closed convex subset of a Banach space X such
that 0 € D. Let §: D — D be a completely continuous
map. Then the set {x € D : x = AF(x),0 < A < 1} is
unbounded or the map § has a fixed point in D.

Theorem 5. Suppose that (HI1)-(H3) hold and if the
operator T : A — A is completely continuous. Then the
equation (2) has a fixed pseudo almost periodic solution.

Proof.For all (x,y,z) € A, t € R the operator T is defined
as follows

! t
T(y2)(0) = ([ y(0)e s, [ z(s)e”Pas,

ot .
/ (p(s)97 fx W(u)du)_

It is clear that, by Lemma (2) and (3) the operator T is a
mapping of A into itself. Then T is a mapping of
(BC(R,R))? into itself.

Now, we have to prove that T is continuous. Let (X;,),
be a sequence of A, such that X;, — X in A as n — oo, i.e.
Xp — X, yp — y and z, — z as n — o. Given 6 > 0, there
exists N such that, for n > N we have ||X, — X|[x < 6.
Hence, fort € R;

(TXu) (1) = (TX)(1)] < K[| Xn = XA

Consequently, TX,, — TX as n — o which follows that T
is continuous. Next, let us prove that T is completely
continuous. Let B(0,r) be the closed ball with center 0
and radius r in the space (BC(R,R))3. Let V = T(B(0,r))
and v = TX for X € B(0,r). We have to prove that V is
relatively compact, and we prove this in two steps.
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Step1:V (¢) is relatively compact subset of (BC(IR,R))? for
eacht € R.

ol = 001 = |( [ st -as
[ stk

/ (P duds>
Similarly, by the proof of theorem (4), we have

v(0)] < K[IX[la <IX]l4,
then, |v(t)| < r. Consequently, v(¢) € B(0,r). Hence,
V(?) is relatively compact.
Step2:V is equi-continuous. In fact, for each € > 0,72 > 0
IX(t+h) =Xl < %
1
Ve h) = v(0) = ([ (s +h) = 3(s))e s,
ot
[ (el +h) = zlse s,

[ (0l = ps)e viias)

hence,
vt +h) —v(1)] < K[| X(t+h)—X(1)]|
< E.

(i)Now, we have to prove that, the set E = {u’L ut =
ATu*, A € (0,1)} is bounded. If u* is a solution of the
equation u* = ATu* for some 0 < A < 1, then
ju (1)] = |ATu?|

< A|Tu?|
< |Tu|
< KI|X]|a
< Kr.

Hence |u?|| < Kr, we conclude that the set E = {u*
A = ATu*, A € (0,1)} is bounded.

T is a mapping of A into itself, and 7 : A — A is
completely continuous. By the above Lemma and (i), T
has a fixed point X € A. Let (X,,) be a sequence in A such
that it converge to X € (BC(R,R))>. For € > 0,letn >0,
there exists nyp € N such that || X,, — X|| < 1 for all n > ny.
For n > nyg;

17X, —TX|a < K[ X0 —X||.

Consequently (TX,), converge to TX = X uniformly,
which implies that X € A.

4.3 Krasnoselskii’s fixed point Theorem

Theorem 6./21] Let Q be a closed convex nonempty
subset of a Banach space (S, ||.||), Suppose that A and B
map L2 into S such that

—-Ax+By € Q (Vx,y € Q).

—A is continuous on Q and A(Q) is a relatively compact
subset of S.

-B is a contraction mapping.

Then there exists y €  such that Ay+ By = y.

Theorem 7. Suppose that (HI)-(H3) are satisfied, then
the operator T :  — Q has a fixed pseudo almost
periodic solution, where Q = {X € A;||X||a < M}.

Proof.Clearly, that Q2 is a convex subset of A. For all
(x,y,2) € A, t € R the operator T is defined as follows

! t
T30 = ([ e s, [ a(s)ePas,

4 t
| ol v,

It is clear that, by Lemma (2) and (3) the operator T is a
pseudo almost periodic function. Besides, one can write T
as follows, for X € Q, and forr € R

(TX)(1) = (AX)(r) + (BX) (1),

where

Ay 2)(0) = ( / o) =%ds, [ <(s)ePas,0)

0.0, e v (ot B)(als) - o)

—B* —b(s))y(s)
—(0*(als) — @) — ab(s))x(s)

n
=¥ s =)+ p(5)| )
i=1
Let us prove that AX + BY € Q,VX,Y € Q. Fort > 0,

Z(t) = (AX)(1) + (BY)(1).

B(x,y,2)(t)

Hence,

t t
1Zlla = supmax|(/ )’(S)ef(’ﬂ)ads,/ 2(s)e” =P gs,
t —oo -

[ v (@t B)ats) - o)
B b(5)(s) ~ (@(als) — @) — ab(s)uls)

—lilgi(su 60+ (5] )
Since
/joo| (s)|e~9%ds < HXollA
[ et pas < 1,
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and
[ e v (@ B)ats) - o) — 2= b(s)v(s)
(@ (a(9) @) ~ ab{s)uts)
—Zgzsus—rz )+ pls)|ds
< Whan

hence, we need to prove the inequality desired in three
steps.

_If max(llxoltl" : 1X1IA Y llap) = HXOUA then
X1l
< — <X
Z(n)] = == <IXlla
—If max(”xoltlf‘ , X1 Y lap) = XlA e give
X
2] < 200 <y <.
B
—Ifmax(llx(ilA, H’%HA Y lame) = ||Y||a 4, we obtain
ZOI <Y llap <|¥]a <M

Consequently, ||Z||x < M.
Now we have to prove that Z € A. For ¢+ > O,
Z( ) = (AX)(¢ )—|— (BY)(t), from Lemma (2), the function

= ([Loy(s)et=9)gs, [T z(s)e~=9Bds) belongs to
PAP(R R), then (AX)(.) belongs to A, and from Lemma

(3) the function r — [ e~ wlwdu [((Oc + B)(a(s) —
a) — B* = b(s))v(s) — (o*(als) — &) — ab(s)uls) —
Y2 gi(s,u(s —ri(s))) + p(s)] ds belongs to PAP(R,R),

hence (BY)(.) belongs to A. Besides, Z € Q.
Now, we have to prove B is a contraction mapping. Let

X = (x,9,2),U = (u,v,w) € Q
(BX)(0) ~ (BU)(0) = (0,0, [ & 5V (g(s) - g(s))ds).
Since
|(BX)(1) = (BU)(1)]| = supmax (0,0,
[ e Bvinps) — o(s))as)),

then
1(BX)(2) — (BU)(1)|| fSHP|/ Ve (@ (s)— 9 (s))ds].
Consequently,

| (BX)(1) — (BU)(1)]

< ||X—U|\Q[Sl‘gp|((0‘+ﬁ)(d(5) — o)~ B2 b(8))

+(a2(a(€)—(X)*(Xb(é))inLgH/t e =V o

—oo

By hypothesis (P4.2), we have
|(BX)(1) = (BU)(1)| < [IX = Ul o-
Then B is a contraction mapping.

Now, we have to see that A is continuous. Fix
X = (x6,0,2),U = (u,v,w) € & with |[X —Ula <7,
|X|l@ < M. Then, fort > 0 we have

| (AX)(0) — (4U) (1)
= |(/700Y(S)@7([7S)adsf/mv(s)e*(”s)“ds,

[ e Bas— [ wisyet-Pas,0))
=1/ 05) ~ o),

[ (als) = wis)e = Pas,0)
lax) (1) -
v(s))e =gy, / t

—oo

Since (AU)(0)l| = sup,max|( [ (v(s) —

(z(s) —w(s))e "B ds,0)|, and

ot 1
[ ) =vle s < X ~Ulla < XUl

[ )= we)ePas < LI -la < [X=Ull.
then
(4X)(0) ~ A0)O] < X~ U]

Next we show that the operator AQ2 is relatively compact.
We prove this in two steps

Stepl:{AX : X € Q} is equi-continuous. Note that if s < 7,

we have

| AX)(0) - (4X) ()
- 1) J( g [ y(g)e s,

JES

~=)B gy / ' 2(s)e B ds,0))|

(/t]y —(n Sads—i—/ —(tr— Sads
_/ y(s)e =%y,

1 1,
/l 2(s)e” )% 4 2z(s)ef(trs)‘)‘ds
e '

15
*/ ' 2(s)e”179%ds,0)

—o0

= (e e [

—o0

te~ e /Qy(s)e*(" % s,

n

(e~-mB _ 1) /" 2(s)e= =B g

— (12— tlﬁ/

|

y(s)e~ %

~=9Bg5.0)).
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Since

(et [

—o0

t
! y(s)ef(tlfs)ocds

't
fe(2—n)a /t zy(s)ef(tlfs)adﬂ
J1

1 — (-t

< 2[[X1|a
it
| (e B _ 1) /;Z(S) ~(n=5)B g
—(r 11[3/ 2(s)e” (h— Yﬁds|
_(-n)p
e
smxm%.

then, we have to prove |(AX)(¢) —
in two cases.

LIf  max(2]|X||a
201X ]|a %ﬂ'ﬁ\ then

(AX)(s)] > 0ast—s

[1— 3(2

—1))o l—e—(2—11)B
| 2||XH %

) =

|1 — e~ (2—1)B|

(AX) (1) — (AX)(3)] < 2[X ][4

et
letting s — 1. we obtain 1 — (1) 0, and |(AX) (1) —
(AX)(s)] — 0.

20F max(2))X [ L= g L2

201X ]|a M then

|1 — e~ (2—0)|

(AX) (1)~ (X)) < 2JX[Jp =,

letting s — ¢ , we obtain 1 — e®=1) 1 — oBls=1) 5 0,
and |(AX)(t) — (AX)(s)| — 0.
Step2:{AX (t) : X € Q} is relatively compact subset of A for

eacht € R.

let Y,(t) = (AX,)(z) be a sequence of
{AX)(t) : X € Q}. X, € Q, ie. X, € A and
||Xx]l4 < M. Therefore (X,), is a bounded sequence,
then there exists a subsequence (X, ) of (X,) in Q,
such that X, — X as m; — o in £. Since A is
continuous, then AX,, — AX as ny — o in Q, ie.
sup, max<j<3 |(AXy,)(t) — (AX)(¢)| < €. Then there
exists a subsequence Y, () of Y,(r) such that
Y, (t) — Y() as m — oo. Consequently,
{(AX)( ): X € Q} is relatively compact in A.

This completes the proof of Theorem. Hence, by
Krasnoselskii’s Theorem 7X* = X* and the equation (2)
has a fixed pseudo almost periodic solution in €.

5 Stability of the pseudo almost periodic
solution

Theorem 8. Suppose that assumptions (H1) — (H3) hold.
Then the unique pseudo almost periodic solution X*(t) of
equation (2) in Theorem (2) is globally attractive.

ProofLet X(t) be a solution of system (2). We need to
prove lim;_,. |X () — X*(¢)| = 0. By contradiction, we

pose limsup |[X*(r) — X (¢t)| = o > 0.
Casel.limsup |[X*(¢) — X (¢)| = limsup |x*(¢) —x(¢)| = 0 >
0. Then
(1) — x(1)| = ‘ / (s)|e~ )%
<y yles 2
> V' =Vl = e
then o < %, Wthh is a contradiction, then

limsup |x*(t) — x(t)] = 0.
Case 2.limsup |X*(t) — X (¢)| = limsup [y*(t) —y(t)| = ©
The same of case 1, o = limsup|y*(r) — y(r)| < 3.

Then limsup [y*(z) — y(t)] =0
Case 3.limsup |X*(¢) — X (¢)| = limsup|z*(¢) — z(¢)| = ©.
Then
[ () = 2(1)| < up (a+B)(a(§) —a) —p>—b(&)
+a*(a(§) —a) - ab(§)
Y L] [ X=Xl BV
i=1 -
< [IX* = Xlan-
Besides,

o = limsup|z* () — z(t)| < ou,

which is a contradiction. Hence limsup|z* (¢) —
Consequently, limsup |X*(#) — X (¢)| =0

z(t)] = 0.

6 Example

In this section we give an example in order to illustrate
the validity of Theorem (2). Let us consider the following
pseudo almost periodic Third-order differential equation

) _ 6 e
+ (10 1+ 4 (cos(t)2 + cos(v/2t)? )

6 D)
1+ 4 (cos(mt)2 + cos(v2t)?)

+ el gin(x(r — 0.2))

(13—

= cos(7t) + cos(V/21) + e~ 1e0s1)? 3)
For
a(t) = 10— 0
B 1+ % (cos(mt)? + cos(v/2t)? )’
6
b(t) =13 —
1) =13 1+ L (cos(mt)? +cos(v2t)2)’
n=1,
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Fig. 1: Curves of the pseudo almost periodic solution of equation
(3) above with multiple delays.

and
§(ex(t = r(0))) = =0 sin(x(r —0.2)),

p(t) = cos(mt) + cos(v/2t) + e 1eos)’,
in addition to that o = 8 = 1.02, the equation (3) satisfies

(H1)— (H2) and
sup; (<a+ﬁ)(a(t)a)ﬁ2+a2(a(t)a)b<r)<l+a)Lg>
inf {a(t)—a—p}

Then the equation (3) has a unique pseudo almost periodic
solution.

<0.168<1.

7 Conclusion

Nonlinear differential differential equations of higher
order have been extensively studied with high degree of
generality. In  particular, boundedness, uniform
boundedness, ultimate boundedness, uniform ultimate
boundedness and asymptotic behaviour of solutions have
been recently discussed by many authors (one can see
[5LI71,[81,[91,[10],[11],[13]). In this paper a third-order
differential equation with multiple delays is studied. By
new and sufficient conditions we prove the
uniformly-bounded solutions. In addition, we establish
the existence, uniqueness of the pseudo almost periodic
solutions, which is done by the use of different fixed point
theorems (Banach, Schauder, Leray-Schauder and
Krasnoselskii). Furthermore, the global attractivity of the
pseudo almost periodic solutions is proved. Finally, we
show the validity of our result by an example.

_2 1 1 1 1 1 1 1 1 1
0 100 200 300 400 500 600 700 800 900 1000

Fig. 2: Curve of the x(t) with initial time t=0.

051
0 j
0.5 j

_1.5 1 1 1 1 1 1 1 1 1
0 100 200 300 400 500 600 700 800 900 1000

Fig. 3: Curve of the y(t) with initial time t=1.5.
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Fig. 4: Curve of the z(t) with initial time t=2.
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